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Preface

The monograph is devoted to the study of optimization problems on com-
plete metric spaces and Banach spaces. It contains a number of recent results
obtained by the author in the last ten years. It is a well-known fact that so-
lutions exist for minimization problems on compact metric spaces with lower
semicontinuous objective functions. Solutions also exist for minimization prob-
lems on metric spaces such that all their bounded closed subsets are compact
if objective functions are lower semicontinuous and satisfy a coercivity growth
condition. Since in the book we do not use compactness assumptions on spaces
where optimization problems are considered the situation becomes more diffi-
cult. We overcome this difficulty in the following way: in Chapters 2 and 3 we
deal with approximate solutions of optimization problems which always exist
and in Chapters 4–10 we use the so-called generic approach which is applied
fruitfully in many areas of Analysis (see, for example, [3, 74, 130] and the
references mentioned there).

According to the generic approach we say that a property holds for a
generic (typical) element of a complete metric space (or the property holds
generically) if the set of all elements of the metric space possessing this prop-
erty contains a Gδ everywhere dense subset of the metric space which is a
countable intersection of open everywhere dense sets. In Chapters 4–10 we
use this approach in order to establish a generic existence of solutions for
various classes of minimization problems.

We begin the study of minimization problems on normed spaces and met-
ric spaces with a discussion of penalty methods in constrained optimization
(Chapters 2 and 3). Penalty methods were one of the first methods employed
for solving constrained minimization problems about 60 years ago. According
to these methods instead of solving a constrained minimization problem we
solve a penalized unconstrained minimization problem. It is well-known that
when penalty coefficients tend to infinity the solutions of the perturbed uncon-
strained problems converge to a solution of the original constrained problem.
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In Chapters 2 and 3 we study an exact penalty property in constrained op-
timization — the existence of a penalty coefficient for which any solution of
a penalized unconstrained problem is a solution of the original unconstrained
problem. Exact penalty properties are of great interest (see, for example,
[14, 16, 33] and the references mentioned there) and the results known in the
literature show that the existence of exact penalty is related to calmness of the
perturbed constraint mapping. In our recent research we established simple
sufficient conditions of a different nature for the existence of exact penalty.
This research was begun with the work [122] where a sufficient condition for
the exact penalty property was established for an equality-constraint prob-
lem and for an inequality-constrained problem with one constraint in Banach
spaces with locally Lipschitz constraint and objective functions. In our series
of subsequent papers the main result of [122] was generalized for different
classes of constrained minimization problems and Chapters 2 and 3 are based
on these papers. Since in these chapters we consider optimization problems in
general Banach spaces and metric spaces, not necessarily finite-dimensional,
the existence of solutions of original constrained problems and correspond-
ing penalized unconstrained problems is not guaranteed. By this reason we
deal with approximate solutions and establish an approximate exact penalty
property which contains the classical exact penalty property as a particular
case.

In Chapters 4–10 we use the generic approach in order to show that solu-
tions of minimization problems exist generically for different classes of prob-
lems which are identified with corresponding spaces of functions with natural
complete metrics. It should be mentioned that the author obtained his first
generic existence result in [103] for general Bolza and Lagrange optimal con-
trol problems without usual convexity assumptions. This result was published
in [108].

The Tonelli classical existence theorem in the calculus of variations [93]
is based on two fundamental hypotheses concerning the behavior of the inte-
grand as a function of the last argument (derivative): one that the integrand
should grow superlinearly at infinity and the other that it should be convex
(or exhibit a more special convexity property in case of a multiple integral
with vector-valued functions) with respect to the last variable. In [103, 108]
it was shown that the convexity condition is not needed generically, and not
only for the existence but also for the uniqueness of a solution and even
for well-posedness of the problem (with respect to some natural topology in
the space of integrands). More precisely, in [103, 108] we considered a class
of optimal control problems (with the same system of differential equations,
the same functional constraints and the same boundary conditions) which
is identified with the corresponding complete metric space of cost functions
(integrands), say F . We did not impose any convexity assumptions. These
integrands are only assumed to satisfy the Cesari growth condition. The main
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result in [103, 108] establishes the existence of an everywhere dense Gδ-set
F ′ ⊂ F such that for each integrand in F ′ the corresponding optimal control
problem has a unique solution. The next step was done in a joint paper by
Alexander Ioffe and the author [52]. There we introduced a general variational
principle having its prototype in the variational principle of Deville, Godefroy
and Zizler [31]. A generic existence result in the calculus of variations without
convexity assumptions was then obtained as a realization of this variational
principle. It was also shown in [52] that some other generic well-posedness
results in optimization theory known in the literature and their modifications
are obtained as a realization of this variational principle.

The paper [52] became a starting point of the author’s research on op-
timization problems which has been continued in the last ten years. Many
results obtained during this period of time are presented in Chapters 4–10
of the book. Among them generic existence results for classes of constrained
minimization problems with different type of constraints, for classes of para-
metric minimization problems, for classes of problems with increasing objec-
tive functions, classes of vector minimization problems and infinite horizon
optimization problems. Any of these classes of problems is identified with a
space of functions equipped with a natural complete metric and it is shown
that there exists a Gδ everywhere dense subset of the space of functions such
that for any element of this subset the corresponding minimization problem
possesses a unique solution and that any minimizing sequence converges to
this unique solution. These results are obtained as realizations of variational
principles which are extensions or concretization of the variational principle
established in [52]. Instead of considering the existence of a solution for a
single minimization problem, we investigate it for a class (space) of problems
and show that a unique solution exists for most of the problems in the class.
A reader can ask how these results can help if one needs to solve a single
(individual) problem. It turns out that our results provide a proper explana-
tion of what happens with individual problems in practice. The thing is that
because of computational errors and errors in data which are always present,
instead of solving an individual problem with certain objective (constraint)
function we actually solve a similar problem with an approximation of the ob-
jective (constraint) function. Probably this new problem possesses desirable
properties which hold for most of the problems. This explains, for example,
the fact that sometimes in practice we can get results which are better than
their theoretical expectations. This happens when an algorithm works under
some conditions which hold for “almost all” problems.

Haifa, December 31, 2009 Alexander J. Zaslavski



 



Contents

Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Penalty methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Generic existence of solutions of minimization problems . . . . . . 6
1.3 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2 Exact Penalty in Constrained Optimization . . . . . . . . . . . . . . . . 11
2.1 Problems with a locally Lipschitzian constraint function . . . . . . 11
2.2 Proofs of Theorems 2.1–2.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.3 An optimization problem in a finite-dimensional space . . . . . . . 20
2.4 Inequality-constrained problems with convex constraint

functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.5 Proofs of Propositions 2.15, 2.17 and 2.18 . . . . . . . . . . . . . . . . . . 28
2.6 Proof of Theorem 2.11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.7 Optimization problems with mixed nonsmooth nonconvex

constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.8 Proof of Theorem 2.22 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
2.9 Optimization problems with smooth constraint and objective

functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
2.10 Proofs of Theorems 2.26 and 2.27 . . . . . . . . . . . . . . . . . . . . . . . . . . 52
2.11 Optimization problems in metric spaces . . . . . . . . . . . . . . . . . . . . 59
2.12 Proof of Theorem 2.35 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
2.13 An extension of Theorem 2.35 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
2.14 Exact penalty property and Mordukhovich basic subdifferential 73
2.15 Proofs of Theorems 2.40 and 2.41 . . . . . . . . . . . . . . . . . . . . . . . . . . 76
2.16 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

3 Stability of the Exact Penalty . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
3.1 Minimization problems with one constraint . . . . . . . . . . . . . . . . . 81
3.2 Auxiliary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86



x Contents

3.3 Proof of Theorems 3.4 and 3.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
3.4 Problems with convex constraint functions . . . . . . . . . . . . . . . . . . 93
3.5 Proof of Theorem 3.12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
3.6 An extension of Theorem 3.12 for problems with one

constraint function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
3.7 Proof of Theorem 3.14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
3.8 Nonconvex inequality-constrained minimization problems . . . . . 107
3.9 Proof of Theorem 3.16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
3.10 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

4 Generic Well-Posedness of Minimization Problems . . . . . . . . . 121
4.1 A generic variational principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
4.2 Two classes of minimization problems . . . . . . . . . . . . . . . . . . . . . . 123
4.3 The generic existence result for problem (P1) . . . . . . . . . . . . . . . 124
4.4 The weak topology on the space M . . . . . . . . . . . . . . . . . . . . . . . . 127
4.5 Proofs of Theorems 4.4 and 4.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
4.6 An extension of Theorem 4.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
4.7 The generic existence result for problem (P2) . . . . . . . . . . . . . . . 135
4.8 Proof of Theorem 4.19 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
4.9 A generic existence result in optimization . . . . . . . . . . . . . . . . . . . 141
4.10 A basic lemma for Theorem 4.23 . . . . . . . . . . . . . . . . . . . . . . . . . . 142
4.11 An auxiliary result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
4.12 Proof of Theorem 4.23 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
4.13 Generic existence of solutions for problems with constraints . . . 148
4.14 An auxiliary variational principle . . . . . . . . . . . . . . . . . . . . . . . . . . 148
4.15 The generic existence result for problem (P3) . . . . . . . . . . . . . . . 153
4.16 Proof of Theorem 4.31 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
4.17 The generic existence result for problem (P4) . . . . . . . . . . . . . . . 157
4.18 Proof of Theorem 4.33 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
4.19 Well-posedness of a class of minimization problems . . . . . . . . . . 161
4.20 Auxiliary results for Theorems 4.36 and 4.37 . . . . . . . . . . . . . . . . 164
4.21 Auxiliary results for Theorem 4.38 . . . . . . . . . . . . . . . . . . . . . . . . . 166
4.22 Proofs of Theorems 4.36 and 4.37 . . . . . . . . . . . . . . . . . . . . . . . . . . 168
4.23 Proof of Theorem 4.38 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
4.24 Generic well-posedness for a class of equilibrium problems . . . . 172
4.25 An auxiliary density result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174
4.26 A perturbation lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176
4.27 Proof of Theorem 4.48 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178
4.28 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

5 Well-Posedness and Porosity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181
5.1 σ-porous sets in a metric space . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181
5.2 Well-posedness of optimization problems . . . . . . . . . . . . . . . . . . . 183
5.3 A variational principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186



Contents xi

5.4 Well-posedness and porosity for classes of minimization
problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

5.5 Well-posedness and porosity in convex optimization . . . . . . . . . . 192
5.6 Proof of Theorem 5.10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194
5.7 A porosity result in convex minimization . . . . . . . . . . . . . . . . . . . 200
5.8 Auxiliary results for Theorem 5.12 . . . . . . . . . . . . . . . . . . . . . . . . . 201
5.9 Proof of Theorem 5.12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203
5.10 A porosity result for variational problems arising in

crystallography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205
5.11 The set M\Mr is porous . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207
5.12 Auxiliary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208
5.13 Proof of Theorem 5.20 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
5.14 Porosity results for a class of equilibrium problems . . . . . . . . . . . 216
5.15 The first porosity result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 217
5.16 The second porosity result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219
5.17 The third porosity result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221
5.18 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224

6 Parametric Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225
6.1 Generic variational principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225
6.2 Concretization of the hypothesis (H) . . . . . . . . . . . . . . . . . . . . . . . 227
6.3 Two generic existence results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232
6.4 A generic existence result in parametric optimization . . . . . . . . . 237
6.5 Parametric optimization and porosity . . . . . . . . . . . . . . . . . . . . . . 238
6.6 A variational principle and porosity . . . . . . . . . . . . . . . . . . . . . . . . 239
6.7 Concretization of the variational principle . . . . . . . . . . . . . . . . . . 244
6.8 Existence results for the problem (P2) . . . . . . . . . . . . . . . . . . . . . 248
6.9 Existence results for the problem (P1) . . . . . . . . . . . . . . . . . . . . . 255
6.10 Parametric optimization problems with constraints . . . . . . . . . . 257
6.11 Proof of Theorem 6.25 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259
6.12 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 265

7 Optimization with Increasing Objective Functions . . . . . . . . . 267
7.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 267
7.2 A variational principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 268
7.3 Spaces of increasing coercive functions . . . . . . . . . . . . . . . . . . . . . 273
7.4 Proof of Theorem 7.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 274
7.5 Spaces of increasing noncoercive functions . . . . . . . . . . . . . . . . . . 277
7.6 Proof of Theorem 7.10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 278
7.7 Spaces of increasing quasiconvex functions . . . . . . . . . . . . . . . . . . 280
7.8 Proof of Theorem 7.14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281
7.9 Spaces of increasing convex functions . . . . . . . . . . . . . . . . . . . . . . 286
7.10 Proof of Theorem 7.21 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 288
7.11 The generic existence result for the minimization problem (P2) 289
7.12 Proofs of Theorems 7.29 and 7.30 . . . . . . . . . . . . . . . . . . . . . . . . . . 291



xii Contents

7.13 Well-posedness of optimization problems with increasing cost
functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 295

7.14 Variational principles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 298
7.15 Spaces of increasing functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 303
7.16 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 309

8 Generic Well-Posedness of Minimization Problems with
Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 311
8.1 Variational principles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 311
8.2 Proof of Proposition 8.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 313
8.3 Minimization problems with mixed continuous constraints . . . . 317
8.4 An auxiliary result for (A2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 320
8.5 An auxiliary result for (A3) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 321
8.6 An auxiliary result for (A4) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 322
8.7 Proof of Theorems 8.4 and 8.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 327
8.8 An abstract implicit function theorem . . . . . . . . . . . . . . . . . . . . . . 328
8.9 Proof of Theorem 8.10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 329
8.10 An extension of the classical implicit function . . . . . . . . . . . . . . 333
8.11 Minimization problems with mixed smooth constraints . . . . . . . 336
8.12 Auxiliary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 338
8.13 An auxiliary result for hypothesis (A4) . . . . . . . . . . . . . . . . . . . . . 341
8.14 Proof of Theorems 8.15 and 8.16 . . . . . . . . . . . . . . . . . . . . . . . . . . 346
8.15 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 347

9 Vector Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 349
9.1 Generic and density results in vector optimization . . . . . . . . . . . 349
9.2 Proof of Proposition 9.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 350
9.3 Auxiliary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 352
9.4 Proof of Theorem 9.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 360
9.5 Proof of Theorem 9.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 361
9.6 Vector optimization with continuous objective functions . . . . . . 368
9.7 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 370
9.8 Auxiliary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 371
9.9 Proof of Theorem 9.9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 377
9.10 Vector optimization with semicontinuous objective functions . . 381
9.11 Auxiliary results for Theorem 9.14 . . . . . . . . . . . . . . . . . . . . . . . . . 384
9.12 Proof of Theorem 9.14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 388
9.13 Density results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 390
9.14 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 394

10 Infinite Horizon Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 395
10.1 Minimal solutions for discrete-time control systems in metric

spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 395
10.2 Auxiliary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 397
10.3 Proof of Theorem 10.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 401



Contents xiii

10.4 Properties of good sequences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 407
10.5 Convex discrete-time control systems in a Banach space . . . . . . 408
10.6 Preliminary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 410
10.7 Proofs of Theorems 10.13 and 10.14 . . . . . . . . . . . . . . . . . . . . . . . . 413
10.8 Control systems on metric spaces . . . . . . . . . . . . . . . . . . . . . . . . . . 420
10.9 Proof of Proposition 10.23 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 421
10.10 An auxiliary result for Theorem 10.24 . . . . . . . . . . . . . . . . . . . . . 423
10.11 Proof of Theorem 10.24 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 424
10.12 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 425

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 427

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 433



 



1

Introduction

1.1 Penalty methods

Penalty methods are an important and useful tool in constrained optimization.
See, for example, [5, 6, 14, 15, 16, 20, 21, 28, 29, 30, 33, 34, 38, 39, 42, 44, 47,
48, 49, 66, 68, 72, 73, 75, 86, 87, 99] and the references mentioned there. In this
book we use the penalty approach in order to study constrained minimization
problems in infinite-dimensional spaces.

Assume that X is a Banach space with the norm || · || and consider an
inequality-constrained problem

minimize f(x) subject to g(x) ≤ c,

where f, g : X → R1 are continuous functions and the set {x ∈ X : g(x) ≤ c}
is nonempty, and an equality-constrained problem

minimize f(x) subject to g(x) = c,

where f, g : X → R1 are continuous functions and the set {x ∈ X : g(x) = c}
is nonempty. Here c is a real number.

We associate with these two constrained minimization problems the cor-
responding penalized unconstrained problems

minimize f(x) + λ max{g(x)− c, 0} subject to x ∈ X

and
minimize f(x) + λ|g(x)− c| subject to x ∈ X,

where λ > 0.
It is well known that if the space X is finite-dimensional and the objective

function f satisfies a coercivity growth condition, then all these problems
possess solutions and solutions of penalized unconstrained problems converge
to a solution of the corresponding constrained problem. Indeed, assume that

© Springer Science+Business Media, LLC 2010 

1A.J. Zaslavski, Optimization on Metric and Normed Spaces, Springer Optimization
and Its Applications 44, DOI 10.1007/978-0-387-88621-3_1, 



2 1 Introduction

X is finite-dimensional, lim||x||→∞ f(x) = ∞ and consider the inequality-
constrained minimization problem. By the growth condition on f the original
inequality-constrained problem possesses a solution x∗ and for each λ > 0
the corresponding penalized unconstrained problem with penalty λ possesses
a solution xλ. It is clear that for each λ > 0,

f(xλ) + λ max{g(xλ)− c, 0} ≤ f(x∗).

Assume that a sequence of positive numbers {λk}∞k=1 tends to infinity. Then
by the inequality above and the growth condition on f ,

lim
k→∞

max{g(xλk
)− c, 0} = 0

and the sequence {xλk
}∞k=1 is bounded. Extracting a subsequence and re-

indexing if necessary we may assume that there exists x̄ = limk→∞ xλk
. Now

it is not difficult to see that g(x̄) ≤ c and f(x̄) ≤ f(x∗). Hence x̄ is a solution
of the original inequality-constrained problem. Analogous arguments work for
the equality-constrained problem and for constrained minimization problems
with several mixed constraints.

In Chapters 2 and 3 we study the existence of an exact penalty for con-
strained minimization problems. A penalty function is said to have the exact
penalty property [14, 16, 33, 44] if there is a penalty coefficient for which
a solution of an unconstrained penalized problem is a solution of the corre-
sponding constrained problem.

The notion of exact penalization was introduced by Eremin [38] and Zang-
will [99] for use in the development of algorithms for nonlinear constrained
optimization. Since that time, exact penalty functions have continued to play
a key role in the theory of mathematical programming [5, 6, 15, 20, 21, 28,
29, 34, 39, 42, 47, 48, 49, 66, 68, 72, 73, 86, 87]. For historical reviews of the
literature on exact penalization see [14, 16, 33].

Chapters 2 and 3 are based on our recent research where we obtained a
number of existence results on the exact penalty with a different nature than
previous results known in the literature which usually relate the existence of
exact penalty to calmness of the perturbed constraint mapping.

The starting point of this research was the paper [122] where we consid-
ered problems with one constraint (an equality-constrained problem and an
inequality-constrained problem) in Banach spaces with locally Lipschitz ob-
jective and constraint functions stated above. The results established in [122]
are discussed in Sections 2.1–2.3.

Here in order to demonstrate the idea of the proof of the main result of
[122] we consider a simplified version of the problem

minimize f(x) subject to g(x) ≤ c,

where the Banach space X is finite-dimensional, the functions f, g : X → R1

are continuously differentiable, lim||x||→∞ f(x) = ∞ and the set {x ∈ X :
g(x) ≤ c} is nonempty.
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Assume that the exact penalty does not exist and that a sequence of posi-
tive numbers {λk}∞k=1 tends to infinity as k →∞. Then for any natural num-
ber k there exists a solution xk of the penalized unconstrained problem with
the penalty coefficient λk which is not a solution of the original constrained
problem. We have already shown that the sequence {xk}∞k=1 is bounded. We
may assume without loss of generality that there exists x̄ = limk→∞ xk. We
have shown above that x̄ is a solution of the original inequality-constrained
minimization problem.

Let k be a natural number. If g(xk) ≤ c, then

f(xk) = f(xk) + λk max{g(xk)− c, 0} ≤ f(x̄) + λk max{g(x̄)− c, 0} = f(x̄)

and xk is a solution of the inequality-constrained problem. The contradiction
we have reached proves that g(xk) > c. Then there exists an open neighbor-
hood Vk of xk in X such that g(z) > c for all z ∈ Vk. Now it is clear that for
all z ∈ Vk

f(z) + λk(g(z)− c) = f(z) + λk max{g(z)− c, 0}

≥ f(xk) + λk max{g(xk)− c, 0} = f(xk) + λk(g(xk)− c).

This implies that

0 = ∇f(xk) + λk∇g(xk) and ∇g(xk) = −λ−1
k ∇f(xk).

Evidently,

∇g(x̄) = lim
k→∞

∇g(xk) = − lim
k→∞

λ−1
k ∇f(xk) = 0.

Since g(xk) > c for all natural numbers k we obtain that g(x̄) ≥ c and since x̄
is an admissible point of the original constrained problem we have g(x̄) = c.
Therefore assuming that the exact penalty does not exist we obtain that the
set {x ∈ X : g(x) = c and ∇g(x) = 0} is nonempty, or in other words c is a
critical value of the function g. Thus if c is not a critical value of the function
g, then the exact penalty exists. The main results of [122] stated in Section 2.1
and proved in Section 2.2 are actually a generalization of the result obtained
above for an equality-constrained problem and an inequality-constrained prob-
lem in infinite-dimensional Banach spaces with locally Lipschitz objective and
constraint functions. In [122] we used the notion of a critical point with respect
to the Clarke’s generalized gradient [21] and a version of Palais–Smale con-
dition [8, 76, 100] because the Banach space X is infinite-dimensional. Since
the existence of solutions of optimization problems in the infinite-dimensional
Banach space X is not guaranteed we deal in Sections 2.1 and 2.2 with approx-
imate solutions and employ Ekeland’s variational principle [37]. In Sections
2.1 and 2.2 we establish the existence of a penalty coefficient for which ap-
proximate solutions of the unconstrained penalized problem are close enough
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to approximate solutions of the corresponding constrained problem. This is a
novel approach in the penalty-type methods.

Consider a problem minimize h(z) subject to z ∈ X where h : X → R1

is a continuous bounded from below function. We say that x ∈ X is a δ-
approximate solution of the problem minimize h(z) subject to z ∈ X, where
δ > 0, if h(x) ≤ inf{h(z) : z ∈ X}+ δ.

The main result of Section 2.1 which is established for the equality-
constrained problem and for the inequality-constrained problem stated at the
beginning of this section implies that if c is not a critical value of g, then
for each ε > 0 there exists δ(ε) > 0 which depends only on ε such that the
following property holds:

If λ ≥ λ̄ and x is a δ(ε)-approximate solution of the penalized uncon-
strained problem, then there exists a (λ̄ε)-approximate solution of the original
penalized problem such that ||y − x|| ≤ ε.

Here λ̄ is a positive constant which does not depend on ε.
This property implies that any exact solution of the unconstrained penal-

ized problem whose penalty coefficient is larger than λ̄, is an exact solution
of the corresponding constrained problem. Indeed, let x be a solution of the
unconstrained penalized problem whose penalty coefficient is larger than λ̄.
Then for any ε > 0 the point x is also a δ(ε)-approximate solution of the same
unconstrained penalized problem and in view of the property above there is a
(λ̄ε)-approximate solution yε of the corresponding constrained problem such
that ||x − yε|| ≤ ε. Since ε is an arbitrary positive number we can easily de-
duce that x is an exact solution of the corresponding constrained problem.
Therefore the result also includes the classical penalty result as a particular
case.

In Chapters 2 and 3 we establish several extensions and generalizations of
the main result of Section 2.1 for various classes of constrained minimization
problems. In Sections 2.4–2.6 we establish the exact penalty property for a
large class of inequality-constrained minimization problems

minimize f(x) subject to x ∈ A

where
A = {x ∈ X : gi(x) ≤ ci for i = 1, . . . , n}.

Here X is a Banach space, ci, i = 1, . . . , n are real numbers, the constraint
functions gi : X → R1 ∪ {∞}, i = 1, . . . , n are convex and lower semicontinu-
ous and the objective function f : X → R1{∞} belongs to a certain space of
functions. This space of functions includes the set of all convex bounded from
below semicontinuous functions f : X → R1 which satisfy the growth condi-
tion lim||x||→∞ f(x) = ∞ and the set of all functions f on X which satisfy the
growth condition above and which are Lipschitzian on all bounded subsets of
X. We associate with the inequality-constrained minimization problem above
the corresponding family of unconstrained minimization problems
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minimize f(z) + γ
n∑

i=1

max{gi(z)− ci, 0} subject to z ∈ X

where γ > 0 is a penalty. Under the assumption that there is x̃ ∈ X such that

gj(x̃) < cj for all j = 1, . . . , n and f(x̃) < ∞

we establish the existence of a penalty coefficient for which approximate solu-
tions of the unconstrained penalized problem are close enough to approximate
solutions of the corresponding constrained problem.

The existence of exact penalty is established in Sections 2.7 and 2.8 for
constrained minimization problems with mixed nonconvex nonsmooth con-
straints in a Banach space. In Sections 2.9 and 2.10 we study an equality-
constrained problem and an inequality-constrained problem with one con-
straint in a Hilbert space assuming that an objective function and a constraint
function are Frechet differentiable. We establish the following sufficient con-
dition for the existence of exact penalty which involves the second Frechet
derivative:

In the case of the inequality-constrained problem (the equality-constrained
problem, respectively) the set {x ∈ X : g(x) = c} does not contain a critical
point of g whose second derivative generates a positively semidefinite (posi-
tively semidefinite or negatively semidefinite, respectively) quadratic form.

The existence of exact penalty is obtained in Sections 2.11–2.13 for con-
strained minimization problems with locally Lipschitzian mixed constraints in
complete metric spaces and in Sections 2.14 and 2.15 we establish an extension
of the main result of Section 2.1 using Mordukhovich’s basic subdifferential
[71, 73].

In Chapter 3 we study the stability of the exact penalty. It is shown that if
a sufficient condition for the existence of exact penalty holds for a constrained
minimization problem, then the same exact penalty exists for a family of con-
strained minimization problems which are obtained from the original problem
by perturbations. These results show that exact penalty is stable under influ-
ence of computational errors and this stability is important for practice from
the computational point of view.

The stability results are established for equality-constrained problems and
inequality-constrained problems with one constraint and with locally Lips-
chitz objective and constrained functions in Sections 3.1–3.3, for inequality-
constrained problems with a lower semicontinuous objective function and
convex lower semicontinuous constraint functions in Sections 3.4–3.7, and
for inequality-constrained problems with locally Lipschitz objective and con-
straint functions in Sections 3.8 and 3.9.



6 1 Introduction

1.2 Generic existence of solutions of minimization
problems

In the second part of the monograph (Chapters 4–10) we use the generic
approach in order to study the existence of solutions of various optimization
problems in Banach spaces and complete metric spaces and show that for most
problems (in the sense of Baire category) all minimizing sequences converge
to a unique solution. Here we demonstrate simple applications of this generic
approach in optimization.

Let (X, ρ) be a bounded complete metric space. Put

diam (X) = sup{ρ(x, y) : x, y ∈ X}

and denote by M the space of all bounded continuous functions f : X → R1

equipped with a metric

d(f1, f2) = sup{|f1(x)− f2(x)| : x ∈ X}, f1, f2 ∈M.

Clearly, (M, d) is a complete metric space. It is well-known that if the space X
is compact, then for every ∈M, the problem minimize f(x) subject to x ∈ X
possesses a solution. Since in our book we do not assume the compactness
of X the situation becomes more difficult and less understood. Nevertheless,
there exists a subset F ⊂M which is a countable intersection of open every-
where dense subsets of M such that for each element of F the corresponding
minimization problem has a unique solution.

Denote by L the set of all f ∈ M for which the problem minimize f(x)
subject to x ∈ X possesses a solution. It turns out that L is an everywhere
dense subset of M.

Indeed, let f ∈ M and ε be a positive number. There exists xε ∈ X such
that

f(xε) ≤ f(x) + ε for all x ∈ X.

Put
fε(x) = max{f(x), f(xε)}, x ∈ X.

Clearly, fε ∈ M, xε is a point of minimum of the function fε and therefore
fε ∈ L. It is not difficult to see that for all x ∈ X,

f(x) ≤ fε(x) ≤ f(x) + ε

and that d(f, fε) ≤ ε. Thus L is an everywhere dense subset of M.
For any f ∈ L let xf ∈ X be a point of minimum of the function f such

that
f(xf ) ≤ f(x) for all x ∈ X.

Let f ∈ L and n be a natural number. Define fn ∈M by

fn(x) = f(x) + (4n)−1(diam(X) + 1)−1ρ(x, xf ), x ∈ X.
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It is easy to see that
d(f, fn) ≤ (4n)−1.

Choose a number

δ(f, n) ∈ (0, (12n2)−1(diam(X) + 1)−1)

and set
V (f, n) = {g ∈M : d(fn, g) < δ(f, n)}.

Assume that

g ∈ V (f, n), x ∈ X and g(x) ≤ inf{g(z) : z ∈ X}+ δ(f, n).

It follows from the relations above, the definitions of fn, V (f, n), xf and
δ(f, n) that

f(x) + (4n)−1(diam(X) + 1)−1ρ(x, xf )

= fn(x) ≤ g(x) + δ(f, n) ≤ g(xf ) + 2δ(f, n)

≤ fn(xf ) + 3δ(f, n) = f(xf ) + 3δ(f, n) ≤ f(x) + 3δ(f, n)

and that
ρ(x, xf ) ≤ 3δ(f, n)4n(diam(X) + 1) < 1/n.

Thus for each g ∈ V (f, n) the following property holds:
if x ∈ X satisfies g(x) ≤ inf{g(z) : z ∈ X}+ δ(f, n), then ρ(x, xf ) < 1/n.

Set
F = ∩∞n=1 ∪ {V (f, k) : f ∈ L and an integer k ≥ n}.

Clearly, F is a countable intersection of open everywhere dense subsets of M.
Assume that g ∈ F and that n is a natural number. By definition of

F , there exist a natural number k ≥ n and f ∈ L such that g ∈ V (f, k).
Combined with the property above this implies that the following property
holds:

for each x ∈ X satisfying g(x) ≤ inf{g(z) : z ∈ X}+δ(f, k) the inequality
ρ(x, xf ) < 1/n holds.

Since n is an arbitrary natural number we conclude that any minimizing
sequence for the problem minimize g(z) subject to z ∈ X converges to its
unique solution, where g is an arbitrary element of F .

There is also another way to prove the result obtained above.
Let f ∈M and n be a natural number. Choose a positive number

δ(f, n) < (32n2)−1(diam(X) + 1)−1

and choose xf ∈ X such that

f(xf ) ≤ inf{f(z) : z ∈ X}+ δ(f, n).

Put
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fn(z) = f(z) + (4n)−1(diam(X) + 1)−1ρ(z, xf ), z ∈ X.

Clearly fn ∈M and
d(f, fn) ≤ (4n)−1.

Set
V (f, n) = {g ∈M : d(fn, g) < δ(f, n)}.

Assume that

g ∈ V (f, n), x ∈ X and g(x) ≤ inf{g(z) : z ∈ X}+ δ(f, n).

By the relations above, the definitions of fn, V (f, n), xf and δ(f, n),

f(x) + (4n)−1(diam(X) + 1)−1ρ(x, xf ) = fn(x)

≤ g(x) + δ(f, n) ≤ g(xf ) + 2δ(f, n)

≤ fn(xf ) + 3δ(f, n) = f(xf ) + 3δ(f, n) ≤ f(x) + 4δ(f, n)

and
ρ(x, xf ) ≤ 4δ(f, n)4n(diam(X) + 1) < 1/n.

Thus for each g ∈ V (f, n) the following property holds:
if x ∈ X satisfies g(x) ≤ inf{g(z) : z ∈ X}+ δ(f, n), then ρ(x, xf ) < 1/n.

Set
F = ∩∞k=1 ∪ {V (f, n) : f ∈M and an integer n ≥ k}.

Clearly, F is a countable intersection of open everywhere dense subsets of M.
Assume that g ∈ F and that k is a natural number. By definition of

F , there exist a natural number n ≥ k and f ∈ M such that g ∈ V (f, n).
Combined with the property above this implies that the following property
holds:

for each x ∈ X satisfying g(x) ≤ inf{g(z) : z ∈ X}+δ(f, n) the inequality
ρ(x, xf ) < 1/k holds.

Since k is an arbitrary natural number we conclude that any minimizing
sequence for the problem minimize g(z) subject to z ∈ X converges to its
unique solution, where g is an arbitrary element of F .

We presented above two proofs of the same generic well-posedness result.
In both proofs for a given f ∈ M and a positive number ε we defined a
function f̄ ∈ M, x̄ ∈ X and a positive constant δ such that if x ∈ X is a
δ-approximate solution of the problem g(z) → min, z ∈ X, where g belongs
to a δ-neighborhood of f̄ , then x belong to an ε-neighborhood of x̄.

Many results of this type for various classes of minimization problems are
collected in Chapters 4–10. Here we briefly describe some of them.

In Chapter 4 we consider problems minimize f(x) subject to x ∈ X where
X is a complete metric space and f belongs to a space of lower semicontinuous
functions on X satisfying a certain growth condition. The class of minimiza-
tion problems is identified with this space of functions. We endow the space
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of functions with an appropriate metric and show that for most functions f
in this metric space the corresponding minimization problem has a unique
solution and is well-posed.

In Chapter 4 we also consider the following class of minimization problems

minimize f(x) subject to x ∈ A

studied in [52, 110, 111], where A is a nonempty closed subset of a complete
metric space X and f belongs to a space of lower semicontinuous functions
on X. This class of problems is identified with a space of pairs (f, A) which is
equipped with appropriate complete uniformities. It is shown that for a typical
pair (f,A) the corresponding minimization problem has a unique solution and
is well-posed.

Chapter 4 also contains several other interesting generic results in opti-
mization.

In Chapter 5 we continue to consider various classes of minimization prob-
lems showing that most problems in these classes are well-posed. In that
chapter in order to meet this goal we use a porosity notion. As in Chapter 4
we identified a class of minimization problems with a certain complete metric
space of functions, study the set of all functions for which the corresponding
minimization problem is well-posed and show that the complement of this set
is not only of the first category but also a σ-porous set.

We now recall the concept of porosity [10, 26, 27, 84, 97, 98, 112].
Let (Y, d) be a complete metric space. We denote by Bd(y, r) the closed

ball of center y ∈ Y and radius r > 0. A subset E ⊂ Y is called porous in
(Y, d) if there exist α ∈ (0, 1] and r0 > 0 such that for each r ∈ (0, r0] and
each y ∈ Y there exists z ∈ Y for which

Bd(z, αr) ⊂ Bd(y, r) \ E.

A subset of the space Y is called σ-porous in (Y, d) if it is a countable
union of porous subsets in (Y, d).

Since porous sets are nowhere dense, all σ-porous sets are of the first
category. If Y is a finite-dimensional Euclidean space, then σ-porous sets are
of Lebesgue measure 0. In fact, the class of σ-porous sets in such a space
is smaller than the class of sets which have measure 0 and are of the first
category.

To point out the difference between porous and nowhere dense sets note
that if E ⊂ Y is nowhere dense, y ∈ Y and r > 0, then there is a point z ∈ Y
and a number s > 0 such that Bd(z, s) ⊂ Bd(y, r) \ E. If, however, E is also
porous, then for small enough r we can choose s = αr, where α ∈ (0, 1) is a
constant which depends only on E.

In Chapter 5 we employ the notion of porosity in order to study well-
posedness of convex minimization problems, well-posedness of a certain class
of problems arising in crystallography and well-posedness for a class of equi-
librium problems.
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In Chapter 6 we study a parametric family of the problems minimize f(b, x)
subject to x ∈ X on a complete metric space X with a parameter b which
belongs to a Hausdorff compact space B. Here f(·, ·) belongs to a space of
functions on B × X endowed with an appropriate uniform structure. Using
the generic approach and the notion of porosity we show that for a typical
function f(·, ·) the minimization problem has a solution for all parameters
b ∈ B.

Chapter 7 is devoted to the study of problems minimize f(x) subject to x ∈
K where K is a closed subset of an ordered Banach space X and f belongs to
a space of increasing lower semicontinuous functions on K. Using the generic
approach and the notion of porosity we show that for most functions f in this
space the corresponding minimization problem has a unique solution.

In Chapter 8 we study minimization problems with mixed constraints

minimize f(x) subject to G(x) = y, H(x) ≤ z,

where f is a continuous (differentiable) finite-valued function defined on a Ba-
nach space X, y is an element of a finite-dimensional Banach space Y , z is an
element of a Banach space Z ordered by a convex closed cone and G : X → Y
and H : X → Z are continuous (differentiable) mappings. We consider two
classes of these problems and show that most of the problems (in the Baire
category sense) are well-posed. Our first class of problems is identified with the
corresponding complete metric space of quintets (f, G, H, y, z). We show that
for a generic quintet (f, G, H, y, z) the corresponding minimization problem
has a unique solution and is well-posed. Our second class of problems is identi-
fied with the corresponding complete metric space of triples (f, G,H) while y
and z are fixed. We show that for a generic triple (f, G, H) the corresponding
minimization problem has a unique solution and is well-posed.

In Chapter 9 we study classes of vector minimization problems on a com-
plete metric space which are identified with the corresponding complete metric
spaces of objective functions. We show that for most (in the sense of Baire
category) functions the corresponding vector optimization problem has a so-
lution. Using generic approach we also study other interesting properties of
such classes of problems.

Chapter 10 is devoted to the study of infinite horizon minimization prob-
lems.

1.3 Comments

The book contains two parts. In the first part (Chapters 2 and 3) we study
the exact penalty property for constrained minimization problems in Banach
spaces and in complete metric spaces and in the second part (Chapters 4–10)
using the generic approach we study the existence of solutions of various opti-
mization problems in Banach spaces and complete metric spaces. In Chapter
1 we describe with more details the subject and the structure of the book.
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Exact Penalty in Constrained Optimization

2.1 Problems with a locally Lipschitzian constraint
function

Let (X, ||·||) be a Banach space and (X∗, ||·||∗) its dual space. For each x ∈ X,
each x∗ ∈ X∗ and each r > 0 set

B(x, r) = {y ∈ X : ||y − x|| ≤ r}, B∗(x∗, r) = {l ∈ X∗ : ||l − x∗||∗ ≤ r}.

Let f : X → R1 be a locally Lipschitzian function. For each x ∈ X let

f0(x, h) = lim sup
t→0+,y→x

[f(y + th)− f(y)]/t, h ∈ X

be the Clarke generalized directional derivative of f at the point x [21], let

∂f(x) = {l ∈ X∗ : f0(x, h) ≥ l(h) for all h ∈ X}

be Clarke’s generalized gradient of f at x [21] and set

Ξf (x) = inf{f0(x, h) : h ∈ X and ||h|| = 1}

[100].
A point x ∈ X is called a critical point of f if 0 ∈ ∂f(x). It is not difficult

to see that x ∈ X is a critical point of f if and only if Ξf (x) ≥ 0.
A real number c ∈ R1 is called a critical value of f if there is a critical

point x of f such that f(x) = c.
It is known that ∂(−f)(x) = −∂f(x) for any x ∈ X (see Section 2.3 of

[21]). This equality implies that x ∈ X is a critical point of f if and only if x
is a critical point of −f and c ∈ R1 is a critical value of f if and only if −c is
a critical value of −f .

For each function f : X → R1 set inf(f) = inf{f(z) : z ∈ X}. For each
x ∈ X and each B ⊂ X put

© Springer Science+Business Media, LLC 2010 
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d(x,B) = inf{||x− y|| : y ∈ B}.

Let f : X → R1 be a function which is Lipschitzian on all bounded subsets
of X and which satisfies the following growth condition:

lim
||x||→∞

f(x) = ∞. (2.1)

It is easy to see that inf{f(z) : z ∈ X} > −∞.
Let g : X → R1 be a locally Lipschitzian function which satisfies the

following Palais–Smale (P-S) condition [8, 76, 100]:
If {xi}∞i=1 ⊂ X, the sequence {g(xi)}∞i=1 is bounded and if

lim inf
i→∞

Ξg(xi) ≥ 0,

then there is a norm convergent subsequence of {xi}∞i=1.
Let c ∈ R1 be such that g−1(c) is nonempty.
We consider the constrained problems

minimize f(x) subject to x ∈ g−1(c) (Pe)

and
minimize f(x) subject to x ∈ g−1((−∞, c]). (Pi)

We associate with these two problems the corresponding families of uncon-
strained minimization problems

minimize f(x) + λ|g(x)− c| subject to x ∈ X (Pλe)

and
minimize f(x) + λ max{g(x)− c, 0} subject to x ∈ X (Pλi)

where λ > 0.
Set

inf(f ; c) = inf{f(z) : z ∈ g−1(c)}, (2.2)

inf(f ; (−∞, c]) = inf{f(z) : z ∈ X and g(z) ≤ c}. (2.3)

The next theorem is the main result of this section.

Theorem 2.1. Assume that the number c is not a critical value of the func-
tion g. Then there exist numbers λ0 > 0 and λ1 > 0 such that for each positive
number ε there exists δ ∈ (0, ε) such that the following assertions hold:

1. For each λ > λ0 and each x ∈ X which satisfies

f(x) + λ|g(x)− c| ≤ inf{f(z) + λ|g(z)− c| : z ∈ X}+ δ

there exists y ∈ g−1(c) such that

||y − x|| ≤ ε and f(y) ≤ inf(f ; c) + λ1ε.
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2. For each λ > λ0 and each x ∈ X which satisfies

f(x) + λ max{g(x)− c, 0} ≤ inf{f(z) + λ max{g(z)− c, 0} : z ∈ X}+ δ

there exists y ∈ g−1((−∞, c]) such that

||y − x|| ≤ ε and f(y) ≤ inf(f ; (−∞, c]) + λ1ε.

Theorem 2.1 will be proved in Section 2.2. In this section we present several
important results which follow from Theorem 2.1. We will prove these results
in Section 2.2.

Theorem 2.1 implies the following result.

Theorem 2.2. Assume that the number c is not a critical value of the func-
tion g. Then there exists a positive number λ0 such that the following asser-
tions hold:

1. If λ > λ0 and if a sequence {xi}∞i=1 ⊂ X satisfies

lim
i→∞

[f(xi) + λ|g(xi)− c|] = inf{f(z) + λ|g(z)− c| : z ∈ X},

then there exists a sequence {yi}∞i=1 ⊂ g−1(c) such that

lim
i→∞

f(yi) = inf(f ; c) and lim
i→∞

||yi − xi|| = 0.

2. If λ > λ0 and if a sequence {xi}∞i=1 ⊂ X satisfies

lim
i→∞

[f(xi) + λ max{g(xi)− c, 0}] = inf{f(z) + λ max{g(z)− c, 0} : z ∈ X},

then there exists a sequence {yi}∞i=1 ⊂ g−1((−∞, c]) such that

lim
i→∞

f(yi) = inf(f ; (−∞, c]) and lim
i→∞

||yi − xi|| = 0.

Assertion 1 of Theorem 2.2 implies the following result.

Theorem 2.3. Assume that the number c is not a critical value of the func-
tion g and that there exists x̄ ∈ g−1(c) for which the following conditions
hold:

f(x̄) = inf(f ; c);
any sequence {xn}∞n=1 ⊂ g−1(c) which satisfies limn→∞ f(xn) = inf(f ; c)

converges to x̄ in the norm topology.
Then there exists a positive number λ0 such that for each λ > λ0 the point

x̄ is a unique solution of the minimization problem

minimize f(z) + λ|g(z)− c| subject to z ∈ X.

Assertion 2 of Theorem 2.2 implies the following result.
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Theorem 2.4. Assume that the number c is not a critical value of the func-
tion g and that there exists x̄ ∈ g−1((−∞, c]) for which the following condi-
tions hold:

f(x̄) = inf(f ; (−∞, c]);
any sequence {xn}∞n=1 ⊂ g−1((−∞, c]) which satisfies limn→∞ f(xn) =

inf(f ; (−∞, c]) converges to x̄ in the norm topology.
Then there exists a positive number λ0 such that for each λ > λ0 the point

x̄ is a unique solution of the minimization problem

minimize f(z) + λ max{g(z)− c, 0} subject to z ∈ X.

The next result follows from Theorem 2.2.

Theorem 2.5. Assume that X = Rn and the number c is not a critical value
of the function g. Then there exists a positive number λ0 such that the follow-
ing assertions hold:

1. For each λ > λ0 and for each solution x of the minimization problem

minimize f(z) + λ|g(z)− c| subject to z ∈ X

the following relations hold:

x ∈ g−1(c) and f(x) = inf(f ; c).

2. For each λ > λ0 and each solution x of the minimization problem

minimize f(z) + λ max{g(z)− c, 0} subject to z ∈ X

the following relations hold:

g(x) ≤ c and f(x) = inf(f ; (−∞, c]).

Example 2.6. Assume that X = Rn, g ∈ C1(Rn) and that the gradient of g is
not zero at any point x ∈ Rn. Then Theorems 2.1, 2.2 and 2.5 hold.

Example 2.7. Assume that X = Rn, g is convex and bounded from below and
c > inf(g). Then Theorems 2.1, 2.2 and 2.5 hold.

Theorems 2.1–2.5 have been established in [122].
Now we give an example which shows that exactness fails when c is a

critical value of g.

Example 2.8. Let X = R1 and consider the minimization problem

minimize f(x) subject to x ∈ R1, g(x) = 0

where f(x) = (x− 10)2, x ∈ R1 and

g(x) = (x− 1)2, x ∈ [1,∞),
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g(x) = (x + 1)2, x ∈ (−∞,−1], g(x) = 0, x ∈ (−1, 1).

This problem is equivalent to the problem

minimize f(x) subject to x ∈ R1, g(x) ≤ 0.

Clearly zero is a critical value of g and x̄ = 1 is a unique solution of the
problem.

We show that for each λ > 0, inf(f + λg) < f(1) = 81. Fix λ > 0. For
each x ∈ [1, min{2, 1 + 4/λ}]

(f +λg)′(x) = 2(x−10)+2λ(x−1) ≤ −16+2λ(x−1) ≤ −16+2λ(4/λ) = −8.

This relation implies that inf(f + λg) < f(1).

2.2 Proofs of Theorems 2.1–2.4

Proof of Theorem 2.1: We prove Assertions 1 and 2 simultaneously.
Set

A = g−1(c) in the case of Assertion 1

and
A = g−1((−∞, c]) in the case of Assertion 2.

For each positive number λ define a function ψλ : X → R1 by

ψλ(z) = f(z) + λ|g(z)− c|, z ∈ X (2.4)

in the case of Assertion 1 and by

ψλ(z) = f(z) + λ max{g(z)− c, 0}, z ∈ X (2.5)

in the case of Assertion 2.
Note that the function ψλ is locally Lipschitzian for all positive numbers

λ.
We show that there exists a positive number λ0 such that the following

property holds:
(P1) For each ε ∈ (0, 1) there exists δ ∈ (0, ε) such that for each λ > λ0

and each x ∈ X which satisfies

ψλ(x) ≤ inf(ψλ) + δ

the set A ∩B(x, ε) is nonempty.
Assume the contrary. Then for each integer k ≥ 1 there exist

εk ∈ (0, 1), λk > k and xk ∈ X (2.6)

such that
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ψλk
(xk) ≤ inf(ψλk

) + 2−1εkk−2, (2.7)

d(xk, A) ≥ εk. (2.8)

Let k ≥ 1 be an integer. By (2.7) and Ekeland’s variational principle [37],
there exists yk ∈ X for which

ψλk
(yk) ≤ ψλk

(xk), (2.9)

||yk − xk|| ≤ 2−1k−1εk, (2.10)

ψλk
(yk) ≤ ψλk

(z) + k−1||z − yk|| for all z ∈ X. (2.11)

It follows from (2.8) and (2.10) that

yk 6∈ A for all integers k ≥ 1. (2.12)

In the case of Assertion 2 we obtain that

g(yk) > c for all integers k ≥ 1. (2.13)

In the case of Assertion 1 we obtain that for each integer k ≥ 1

either g(yk) > c or g(yk) < c.

In the case of Assertion 1 extracting a subsequence and reindexing we may
assume that either g(yk) > c for all integers k ≥ 1 or g(yk) < c for all integers
k ≥ 1. Replacing g by −g and c by −c, if necessary, we may assume without
loss of generality that (2.13) is valid in the case of Assertion 1 too. Now (2.13)
is valid in both cases.

Let k ≥ 1 be an integer. In view of (2.11),

0 ∈ ∂ψλk
(yk) + B∗(0, 1/k). (2.14)

It follows from (2.4), (2.5) and (2.13) that

∂ψλk
(yk) = ∂(f + λkg)(yk) ⊂ f(yk) + λk∂g(yk). (2.15)

By (2.14) and (2.15),

0 ∈ ∂g(yk) + λ−1
k ∂f(yk) + B∗(0, (kλk)−1). (2.16)

By (2.4)–(2.7), (2.9) and (2.13), for each integer k ≥ 1

f(yk) ≤ f(yk) + λ(g(yk)− c) = ψλk
(yk) ≤ inf(ψλk

) + 1

≤ inf{ψλk
(z) : z ∈ A}+ 1 = inf{f(z) : z ∈ A}+ 1.

It follows from this inequality and growth condition (2.1) that the sequence
{yk}∞k=1 is bounded. Since f is Lipschitzian on bounded subsets of X it follows
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from the boundedness of the sequence {yk}∞k=1 that there exists a positive
number L such that

∂f(yk) ⊂ B∗(0, L) (2.17)

for each integer k ≥ 1.
By (2.13), (2.4)–(2.7) and (2.9), for each integer k ≥ 1,

f(yk) + λk(g(yk)− c) = ψλk
(yk) ≤ ψλk

(xk) ≤ inf(ψλk
) + 1 (2.18)

≤ inf{ψλk
(z) : z ∈ A}+ 1 = inf{f(z) : z ∈ A}+ 1.

It follows from (2.13), (2.18) and (2.6) that for each natural number k

0 < g(yk)− c ≤ λ−1
k [inf{f(z) : z ∈ A} − inf(f) + 1] → 0 as k →∞.

Hence
lim

k→∞
g(yk) = c. (2.19)

In view of (2.16), (2.17) and (2.6), for each natural number k,

0 ∈ ∂g(yk) + λ−1
k B∗(0, L) + B∗(0, k−1)

⊂ ∂g(yk) + B∗(0, k−1(1 + L)).

This inclusion implies that

lim inf
k→∞

Ξg(yk) ≥ 0. (2.20)

By (2.20), (2.19) and (P-S) condition, there exists a strictly increasing se-
quence of natural numbers {kj}∞j=1 such that {ykj}∞j=1 converges in the norm
topology to y∗ ∈ X. Equality (2.19) implies that g(y∗) = c. It follows from
(2.20) and upper semicontinuity of the Clarke generalized directional deriva-
tive g0(ξ, η) with respect to ξ that Ξg(y∗) ≥ 0 and 0 ∈ ∂g(y∗). Since g(y∗) = c
we obtain that c is a critical value of g, a contradiction. The contradiction we
have reached proves that there exists a positive number λ0 such that property
(P1) holds.

By growth condition (2.1), there exists a number K1 > 0 such that

||x|| ≤ K1 for each x ∈ X satisfying f(x) ≤ inf{f(z) : z ∈ A}+ 1. (2.21)

Since f is Lipschitzian on bounded subsets of X there is λ1 > 2 such that

||f(x1)− f(x2)|| ≤ 2−1λ1||x1 − x2|| (2.22)

for each x1, x2 ∈ B(0,K1 + 1).
Assume that ε ∈ (0, 1). Let δ ∈ (0, ε) be as guaranteed by property (P1).

Now assume that

λ > λ0, x ∈ X and ψλ(x) ≤ inf(ψλ) + δ. (2.23)
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Property (P1) implies that there exists y ∈ X such that

y ∈ A ∩B(x, ε). (2.24)

By (2.4), (2.5) and (2.23),

f(x) ≤ ψλ(x) ≤ inf(ψλ) + δ ≤ inf(ψλ) + 1

≤ inf{ψλ(z) : z ∈ A}+ 1 = inf{f(z) : z ∈ A}+ 1. (2.25)

In view of (2.21) and (2.25),

x ∈ B(0,K1). (2.26)

Relations (2.24) and (2.26) imply that

||y|| ≤ ||x||+ ||y − x|| ≤ K1 + 1. (2.27)

It follows from (2.26), (2.27), the choice of λ1 (see (2.22)) and (2.24) that

|f(y)− f(x)| ≤ 2−1λ1||y − x|| ≤ 2−1λ1ε. (2.28)

By (2.28), (2.4), (2.5), (2.23) and the inequalities δ < ε and λ1 > 2,

f(y) ≤ 2−1λ1ε + f(x) ≤ 2−1λ1ε + ψλ(x) ≤ 2−1λ1ε + inf(ψλ) + δ

≤ λ1ε + inf{f(z) : z ∈ A}.
This completes the proof of Theorem 2.1.

Proof of Theorem 2.2: We prove Assertions 1 and 2 simultaneously. Let num-
bers λ0 > 0 and λ1 > 0 be as guaranteed by Theorem 2.1. For each positive
number λ define a function ψλ : X → R1 by (2.4) in the case of Assertion 1
and by (2.5) in the case of Assertion 2. Set A = g−1(c) in the case of Assertion
1 and A = g−1((−∞, c]) in the case of Assertion 2.

Assume that λ > λ0 and that a sequence {xi}∞i=1 ⊂ X satisfies

lim
i→∞

ψλ(xi) = inf(ψλ). (2.29)

By the choice of λ0, for each natural number j there is a positive number δj

such that the following property holds:
(P2) If x ∈ X satisfies ψλ(x) ≤ inf(ψλ) + δj , then the set A ∩B(x, 1/j) is

nonempty.
Equality (2.29) implies that there exists a strictly increasing sequence of

natural numbers {tj}∞j=1 such that for each natural number j

ψλ(xi) ≤ inf(ψλ) + δj for all natural numbers i ≥ tj . (2.30)

By property (P2) and (2.30), for each natural number j ≥ 1,
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d(xi, A) ≤ 1/j for all natural numbers i ≥ tj .

This implies that there exists a sequence {yi}∞i=1 ⊂ A such that

lim
i→∞

||yi − xi|| = 0. (2.31)

It follows from (2.1) and (2.29) that the sequence {xi}∞i=1 is bounded. Since
f is Lipschitzian on bounded subsets of X it follows from (2.4), (2.5), (2.29)
and (2.31) that

inf{f(z) : z ∈ A} ≥ inf(ψλ) = lim
i→∞

ψλ(xi) ≥ lim sup
i→∞

f(xi) = lim sup
i→∞

f(yi).

Combined with the inclusion {yi}∞i=1 ⊂ A this relation implies that

lim
i→∞

f(yi) = inf{f(z) : z ∈ A}.

This completes the proof of Theorem 2.2.

Proofs of Theorems 2.3 and 2.4: We prove Theorems 2.3 and 2.4 simulta-
neously. Let a number λ0 > 0 be as guaranteed by Theorem 2.2. For each
positive number λ define a function ψλ : X → R1 by (2.4) in the case of
Theorem 2.3 and by (2.5) in the case of Theorem 2.4. Set A = g−1(c) in the
case of Theorem 2.3 and A = g−1((−∞, c]) in the case of Theorem 2.4.

Let λ > λ0. Assume that a sequence {xi}∞i=1 ⊂ X satisfies

lim
i→∞

ψλ(xi) = inf(ψλ). (2.32)

Theorem 2.2 implies that there exists a sequence

{yi}∞i=1 ⊂ A (2.33)

such that
lim

i→∞
||yi − xi|| = 0 (2.34)

and
lim

i→∞
f(yi) = inf{f(z) : z ∈ A}. (2.35)

By (2.33) and (2.35), limi→∞ ||yi−x̄|| = 0. Combined with (2.34) this equality
implies that

lim
i→∞

||xi − x̄|| = 0. (2.36)

Thus we have shown that if {xi}∞i=1 ⊂ X satisfies (2.32), then (2.36) is
true. This implies that x̄ is a unique solution of the minimization problem
minimize ψλ(z) subject to z ∈ X. Theorems 2.3 and 2.4 are proved.
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2.3 An optimization problem in a finite-dimensional
space

Let p ≥ 0 be an integer, m,n be natural numbers such that p ≤ m ≤ n, let
X = Rn with the Euclidean norm and let

I1 = {i : i is an integer such that 1 ≤ i ≤ p}, (2.37)

I2 = {i : i is an integer such that p < i ≤ m}. (2.38)

(Note that one of the sets I1, I2 may be empty.)
For each h : Rn → R1 set

inf(h) = inf{h(z) : z ∈ Rn}. (2.39)

For each h ∈ C1(Rn) put

∇h(z) = (∂h/∂z1(z), . . . , ∂h/∂zn(z)), z ∈ Rn. (2.40)

Assume that f0 : Rn → R1 is a locally Lipschitzian function which satisfies
the following growth condition:

lim
||x||→∞

f0(x) = ∞. (2.41)

Let F = (f1, . . . , fm) : Rn → Rm and let fi ∈ C1(Rn), i = 1, . . . , m. The
points of Rn where the rank of F is less than m are called critical points of F .
A point c ∈ Rm such that F−1(c) contains at least one critical point is called
a critical value of F .

Let c = (c1, . . . , cm) ∈ Rm. In this section we consider the following opti-
mization problem:

minimize f0(x) (P)

subject to x ∈ Rn, fi(x) = ci for all i ∈ I1, fj(x) ≤ cj for all j ∈ I2.

Set

A = {z ∈ Rn : fi(z) = ci, i ∈ I1 and fj(z) ≤ cj , j ∈ I2}. (2.42)

We assume that A 6= ∅. Since f0 satisfies growth condition (2.41) problem (P)
has a solution. Set

inf(f0; A) = inf{f0(z) : z ∈ A}.
For each vector γ = (γ1, . . . , γm) ∈ (0,∞)m define

ψγ(z) = f0(z) +
∑

i∈I1

γi|fi(z)− ci|+
∑

i∈I2

γi max{fi(z)− ci, 0}, z ∈ Rn. (2.43)

Clearly for each γ ∈ (0,∞)m the function ψγ is locally Lipschitzian and the
problem

minimize ψγ(z) subject to z ∈ Rn

has a solution.
In this section we prove the following result.
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Theorem 2.9. Assume that the following condition holds:
For each finite strictly increasing sequence of natural numbers {ji}q

i=1

which satisfies
I1 ⊂ {j1, . . . , jq} ⊂ {1, . . . , m}

the point (cj1 , . . . , cjq ) is not a critical value of the mapping (fj1 , . . . , fjq ) :
Rn → Rq.

Let γ = (γ1, . . . , γm) ∈ (0,∞)m. Then there exists a positive number λ0

such that for each λ > λ0 if x ∈ Rn satisfies

ψλγ(x) = inf(ψλγ),

then fi(x) = ci for all i ∈ I1, fj(x) ≤ cj for all j ∈ I2 and f0(x) = inf(f ;A).

Proof: Assume the contrary. Then there exist a sequence {λk}∞k=1 ⊂ (0,∞)
and a sequence {x(k)}∞k=1 ⊂ Rn such that

λk ≥ k for all integers k ≥ 1, (2.44)

ψλkγ(x(k)) = inf(ψλkγ) for all integers k ≥ 1, (2.45)

x(k) 6∈ A for all integers k ≥ 1. (2.46)

For each integer k ≥ 1 set

I1k+ = {i ∈ I1 : fi(x(k)) > ci}, I1k− = {i ∈ I1 : fi(x(k)) < ci}, (2.47)

I2k+ = {i ∈ I2 : fi(x(k)) > ci}, I2k− = {i ∈ I2 : fi(x(k)) < ci}.
It follows from (2.47), (2.46) and (2.42) that

I1k+ ∪ I1k− ∪ I2k+ 6= ∅ for all natural numbers k. (2.48)

Extracting a subsequence and reindexing we may assume without loss of gen-
erality that for all integers k ≥ 1

I1k+ = I11+, I1k− = I11−, I2k+ = I21+, I2k− = I21−.

Put
I11 = I1 \ (I11+ ∪ I11−), I21 = I2 \ (I21+ ∪ I21−). (2.49)

In view of (2.43) and (2.45), for each integer k ≥ 1

inf{f0(z) : z ∈ A} = inf{ψλkγ(z) : z ∈ A} ≥ inf(ψλkγ)

= ψλkγ(x(k)) = f0(x(k))+
∑

i∈I1

λkγi|fi(x(k))−ci|+
∑

i∈I2

λkγi max{fi(x(k))−ci, 0}.

(2.50)
By (2.50),

f0(x(k)) ≤ inf{f0(z) : z ∈ A} for all integers k ≥ 1. (2.51)
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Since f0 satisfies growth condition (2.41) it follows from (2.51) that the se-
quence {x(k)}∞k=1 is bounded. Extracting a subsequence and reindexing we
may assume without loss of generality that there exists

x̄ = lim
k→∞

x(k). (2.52)

Since f0 is locally Lipschitzian there exists a positive number L such that

∂f0(x(k)) ⊂ B(0, L) for all integers k ≥ 1. (2.53)

Let i ∈ I1. Relations (2.52) and (2.50) imply that

|fi(x̄)− ci| = lim
k→∞

|fi(x(k))− ci| ≤ lim sup
k→∞

λ−1
k γ−1

i [inf(f0;A)− inf(f0)] = 0.

Hence
fi(x̄) = ci for all i ∈ I1. (2.54)

Let i ∈ I2. By (2.52) and (2.50),

max{fi(x̄)− ci, 0} = lim
k→∞

max{fi(x(k))− ci, 0}

≤ lim sup
k→∞

λ−1
k γ−1

i [inf(f0;A)− inf(f0)] = 0.

Thus
fi(x̄) ≤ ci for all i ∈ I2. (2.55)

In view of (2.45), (2.43), (2.47) and (2.49) for each natural number k

0 ∈ ∂ψλkγ(x(k)) ⊂ ∂f0(x(k)) +
∑

i∈I11+

λkγi∇fi(x(k))

−
∑

i∈I11−

λkγi∇fi(x(k)) +
∑

i∈I11

λkγi{α∇fi(x(k)) : α ∈ [−1, 1]}

+
∑

i∈I21+

λkγi∇fi(x(k)) +
∑

i∈I21

λkγi{α∇fi(x(k)) : α ∈ [0, 1]}. (2.56)

It follows from (2.56) and (2.53) that for each natural number k

[ ∑

i∈I11+

γi∇fi(x(k))−
∑

i∈I11−

γi∇fi(x(k)) +
∑

i∈I21+

γi∇fi(x(k))

+
∑

i∈I11

{α∇fi(x(k)) : α ∈ [−γi, γi]}+
∑

i∈I21

{α∇fi(x(k)) : α ∈ [0, γi]}
]

∩B(0, L/λk) 6= ∅.
Therefore for each integer k ≥ 1 and each i ∈ I11 ∪ I21 there exists
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αki ∈ [−γi, γi] (2.57)

such that
∥∥∥∥

∑

i∈I11+

γi∇fi(x(k))−
∑

i∈I11−

γi∇fi(x(k)) +
∑

i∈I21+

γi∇fi(x(k))

+
∑

i∈I11∪I21

αki∇fi(x(k))
∥∥∥∥≤ L/λk. (2.58)

Extracting a subsequence and reindexing we may assume without loss of gen-
erality that for each i ∈ I11 ∪ I21 there exists

αi = lim
k→∞

αki. (2.59)

By (2.58), (2.59), (2.52) and (2.44),
∑

i∈I11+

γi∇fi(x̄)−
∑

i∈I11−

γi∇fi(x̄) +
∑

i∈I21+

γi∇fi(x̄)

+
∑

i∈I11∪I21

αi∇fi(x̄) = 0. (2.60)

It follows from (2.47), (2.49) and (2.55) that

fi(x̄) = ci, i ∈ I21+ ∪ I21.

Combined with (2.54) this implies that

fi(x̄) = ci, i ∈ I1 ∪ I21+ ∪ I21. (2.61)

If I21+ ∪ I21 = ∅ set

F̃ = (f1, . . . , fp) : Rn → Rp, c̃ = (c1, . . . , cp).

If I21+ ∪ I21 6= ∅ put

F̃ = (f1, . . . , fp, fj1 , . . . , fjq
) : Rn → Rp+q,

c̃ = (c1, . . . , cp, cj1 , . . . , cjq ),

where {ji}q
i=1 is a strictly increasing sequence of integers such that

{j1, . . . , jq} = I21+ ∪ I21.

By (2.60) and (2.48), x̄ is a critical point of F̃ . Combined with (2.61) this
implies that c̃ is a critical value of F̃ , a contradiction. The contradiction we
have reached proves Theorem 2.9.

Theorem 2.9 has been established in [122].
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2.4 Inequality-constrained problems with convex
constraint functions

In this section we begin to study the existence of the exact penalty for a large
class of inequality-constrained minimization problems

minimize f(x) subject to x ∈ A,

where
A = {x ∈ X : gi(x) ≤ ci for i = 1, . . . , n}.

Here X is a Banach space, ci, i = 1, . . . , n are real numbers, the constraint
functions gi, i = 1, . . . , n are convex and lower semicontinuous and the objec-
tive function f belongs to a space of functions M described below. This space
of objective functions M is a convex cone in the vector space of all functions
on X. It includes the set of all convex bounded from below semicontinuous
functions f : X → R1 which satisfy the growth condition lim||x||→∞ f(x) = ∞
and the set of all functions f on X which satisfy the growth condition above
and which are Lipschitzian on all bounded subsets of X. It should be men-
tioned that if f belongs to this class of functions and g : R1 → R1 is an
increasing Lipschitzian function, then g ◦ f also belongs to M. Moreover, if
f ∈ M and if a function g : X → R1 is Lipschitzian on all bounded subsets
of X and the infimum of g is positive, then f · g ∈M.

We associate with the inequality-constrained minimization problem above
the corresponding family of unconstrained minimization problems

minimize f(z) + γ

n∑

i=1

max{gi(z)− ci, 0} subject to z ∈ X

where γ > 0 is a penalty. We establish the existence of a penalty coefficient for
which approximate solutions of the unconstrained penalized problem are close
enough to approximate solutions of the corresponding constrained problem.

We use the convention that λ ·∞ = ∞ for all λ ∈ (0,∞), λ +∞ = ∞ and
max{λ,∞} = ∞ for any real number λ and that supremum over empty set is
−∞. We use the following notation and definitions.

Let (X, || · ||) be a Banach space. For each x ∈ X and each r > 0 set

B(x, r) = {y ∈ X : ||x− y|| ≤ r}.

For each function f : X → R1 ∪ {∞} and each nonempty set A ⊂ X put

dom(f) = {x ∈ X : f(x) < ∞},

inf(f) = inf{f(z) : z ∈ X}
and

inf(f ; A) = inf{f(z) : z ∈ A}.
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For each x ∈ X and each B ⊂ X set

d(x,B) = inf{||x− y|| : y ∈ B}.
Let n ≥ 1 be an integer. For each κ ∈ (0, 1) denote by Ωκ the set of all
γ = (γ1, . . . , γn) ∈ Rn such that

κ ≤ min{γi : i = 1, . . . , n} and max{γi : i = 1, . . . , n} = 1. (2.62)

Let gi : X → R1 ∪ {∞}, i = 1, . . . , n be convex lower semicontinuous
functions and c = (c1, . . . , cn) ∈ Rn. Set

A = {x ∈ X : gi(x) ≤ ci for i = 1, . . . , n}. (2.63)

Let f : X → R1∪{∞} be a bounded from below lower semicontinuous function
which satisfies the following growth condition:

lim
||x||→∞

f(x) = ∞. (2.64)

We suppose that there is x̃ ∈ X such that

gj(x̃) < cj for j = 1, . . . , n and f(x̃) < ∞. (2.65)

We consider the following constrained minimization problem:

minimize f(x) subject to x ∈ A. (P)

By (2.65) A 6= ∅ and inf(f ;A) < ∞.
For each vector γ = (γ1, . . . , γn) ∈ (0,∞)n define

ψγ(z) = f(z) +
n∑

i=1

γi max{gi(z)− ci, 0}, z ∈ X. (2.66)

It is easy to see that for each γ ∈ (0,∞)n the function ψγ : X → R1 ∪ {∞}
is lower semicontinuous and satisfies −∞ < inf(ψγ) < ∞. We associate with
problem (P) the corresponding family of unconstrained minimization problems

minimize ψγ(z) subject to z ∈ X (Pγ)

where γ ∈ (0,∞)n.
In this section we assume that there exists a function h : X × dom(f) →

R1 ∪ {∞} such that the following assumptions hold:
(A1) h(z, y) is finite for each y, z ∈ dom(f) and h(y, y) = 0 for each

y ∈ dom(f).
(A2) For each y ∈ dom(f) the function h(·, y) → R1 ∪ {∞} is convex.
(A3) For each z ∈ dom(f) and each positive number r,

sup{h(z, y) : y ∈ dom(f) ∩B(0, r)} < ∞.

(A4) For each positive number M there exists a positive number M1 such
that for each y ∈ X satisfying f(y) ≤ M there exists a neighborhood V of y
in X such that f(z)− f(y) ≤ M1h(z, y) for each z ∈ V .
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Remark 2.10. Note that if f is convex, then assumptions (A1)–(A4) hold with
h(z, y) = f(z)− f(y), z ∈ X, y ∈ dom(f). In this case M1 = 1 for all M > 0.
If the function f is finite-valued and Lipschitzian on all bounded subsets of
X, then assumptions (A1)–(A4) hold with h(z, y) = ||z − y|| for all z, y ∈ X.

The next theorem is the main result of the section.

Theorem 2.11. Let κ ∈ (0, 1). Then there exists a number Λ0 > 0 such that
for each ε > 0 there exists δ ∈ (0, ε) such that the following assertion holds:

If γ ∈ Ωκ, λ ≥ Λ0 and if x ∈ X satisfies

ψλγ(x) ≤ inf(ψλγ) + δ,

then there exists y ∈ A such that

||y − x|| ≤ ε and f(y) ≤ inf(f ;A) + ε.

Theorem 2.11 will be proved in Section 2.6. In this section we present
several important results which easily follow from Theorem 2.11.

Theorem 2.11 implies the following result.

Corollary 2.12. Let κ ∈ (0, 1). Then there exists a positive number Λ0 such
that for each γ ∈ Ωκ, each λ ≥ Λ0 and each sequence {xi}∞i=1 ⊂ X which
satisfies

lim
i→∞

ψλγ(xi) = inf(ψλγ),

there exists a sequence {yi}∞i=1 ⊂ A such that

lim
i→∞

f(yi) = inf(f ; A) and lim
i→∞

||yi − xi|| = 0.

The next result follows from Corollary 2.12.

Corollary 2.13. Let κ ∈ (0, 1). Assume that there exists x̄ ∈ A for which the
following conditions hold:

f(x̄) = inf(f ;A);

any sequence {xn}∞n=1 ⊂ A which satisfies limn→∞ f(xn) = inf(f ; A) con-
verges to x̄ in the norm topology.

Then there exists a positive number Λ0 such that for each γ ∈ Ωκ and each
λ ≥ Λ0 the point x̄ is a unique solution of the minimization problem

minimize ψλγ(z) subject to z ∈ X.

Corollary 2.12 implies the following result.
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Corollary 2.14. Let κ ∈ (0, 1). Then there exists Λ0 > 0 such that if γ ∈ Ωκ,
λ ≥ Λ0 and if x is a solution of the minimization problem

minimize ψλγ(z) subject to z ∈ X,

then x ∈ A and f(x) = inf(f ; A).

It is clear that Corollary 2.14 is the classical exact penalty result.
Denote by M the set of all bounded from below lower semicontinuous

functions f : X → R1∪{∞} satisfying (2.64) which are not identically infinity
and for which there exists a function hf : X× dom(f) → R1∪{∞} such that
assumptions (A1)–(A4) hold with h = hf .

We have already mentioned (see Remark 2.10) that f ∈M if at least one
of the following conditions holds:

f : X → R1 ∪ {∞} is a convex bounded from below lower semicontinuous
function satisfying (2.64) which is not identically infinity;

f : X → R1 is a function which satisfies (2.64) and which is Lipschitzian
on all bounded subsets of X.

Obviously, if f ∈ M and λ > 0, then λf ∈ M. It is not difficult to see
that the following properties hold:

if f1 ∈ M and f2 : X → R1 is a convex lower semicontinuous bounded
from below function, then f1 + f2 ∈M;

if f1 ∈ M and f2 : X → R1 is a bounded from below function which is
Lipschitzian on all bounded subsets of X, then f1 + f2 ∈M.

Note that we establish our result (Theorem 2.11) for any f ∈M such that
(2.65) holds with some x̃ ∈ X.

In Section 2.5 we will prove the following three results which show that the
class M is essentially larger than the union of the set of all convex bounded
from below lower semicontinuous functions satisfying the growth condition
(2.64) and the set of all functions satisfying (2.64) which are Lipschitzian on
all bounded subsets of X.

Proposition 2.15. Let f1, f2 ∈M, dom(f1) ⊂ dom(f2), hi : X×dom(fi) →
R1∪{∞}, i = 1, 2 and let for i = 1, 2 assumptions (A1)–(A4) hold with f = fi,
h = hi. Then f1 + f2 ∈ M and (A1)–(A4) hold with f = f1 + f2 and with a
function h : X × dom(f1) → R1 ∪ {∞} defined by

h(z, y) = max{h1(z, y), 0}+ max{h2(z, y), 0}, x ∈ X, y ∈ dom(f1). (2.67)

Corollary 2.16. Let f1 ∈ M be a convex function and f2 ∈ M be a finite-
valued function which is Lipschitzian on all bounded subsets of X. Then f1 +
f2 ∈ M and (A1)–(A4) hold with f = f1 + f2 and with a function h : X ×
dom(f1) → R1 ∪ {∞} defined by

h(z, y) = max{f1(z)− f1(y), 0}+ ||z − y||, x ∈ X, y ∈ dom(f1).

Proposition 2.17. Let f ∈M and g : R1 → R1 be an increasing Lipschitzian
function such that limt→∞ g(t) = ∞. Then g ◦ f ∈M.
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(Here we assume that g(∞) = ∞.)

Proposition 2.18. Let f ∈M and let a function g : X → R1 be Lipschitzian
on all bounded subsets of X and satisfy

inf{g(x) : x ∈ X} > 0.

Then f · g ∈M.

The results of this section have been obtained in [133].

2.5 Proofs of Propositions 2.15, 2.17 and 2.18

Proof of Proposition 2.15: Clearly, the function f1+f2 is bounded from below,
lower semicontinuous and satisfies

lim
||x||→∞

(f1 + f2)(x) = ∞ and dom(f1 + f2) = dom(f1).

There exists a number c0 such that

fi(x) ≥ −c0 for all x ∈ X and i = 1, 2. (2.68)

Put f = f1 + f2. Evidently, (A1)–(A3) hold for the function h defined by
(2.67). In order to complete the proof of the proposition it is sufficient to
show that (A4) holds for h.

Let M be a positive number. Since for j = 1, 2 the assumption (A4) holds
with f = fj , h = hj there exist positive numbers M1,M2 such that the
following property holds:

(i) For j = 1, 2 and each y ∈ X satisfying fj(y) ≤ M + c0 there exists
a neighborhood V of y in X such that fj(z) − fj(y) ≤ Mjhj(z, y) for each
z ∈ V .

Assume that y ∈ X satisfies (f1 + f2)(y) ≤ M . Combined with (2.68) this
inequality implies that fj(y) ≤ M + c0, j = 1, 2.

It follows from this inequality and property (i) that there exists a neigh-
borhood V of y in X such that

fj(z)− fj(y) ≤ Mjhj(z, y) (2.69)

for each z ∈ V and j = 1, 2. By (2.69) and (2.67), for each z ∈ V ,

(f1 + f2)(z)− (f1 + f2)(y) ≤ M1h1(z, y) + M2h2(z, y)

≤ (M1 + M2)[max{h1(z, y), 0}+ max{h2(z, y), 0}] = (M1 + M2)h(z, y).

Proposition 2.15 is proved.

Proof of Proposition 2.17: Clearly, the function g ◦ f is bounded from below,
lower semicontinuous and satisfies
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lim
||x||→∞

g(f(x)) = ∞ and dom(g ◦ f) = dom(f) 6= ∅.

Since f ∈ M there exists a function h : X × dom(f) → R1 ∪ {∞} such that
assumptions (A1)–(A4) hold.

Since the function g : R1 → R1 is Lipschitzian there exists a positive
number L such that

|g(t2)− g(t1)| ≤ L|t2 − t1| for each t2, t1 ∈ R1. (2.70)

Set

ξ(z, y) = Lmax{h(z, y), 0} for all z ∈ X and all y ∈ dom(f). (2.71)

Evidently, assumptions (A1)–(A3) hold with h = ξ.
In order to complete the proof of the proposition it is sufficient to show

that the following property holds:
(ii) For each positive number M there exists a positive number M0 such

that for each y ∈ X satisfying g(f(y)) ≤ M there exists a neighborhood V of
y in X such that

g(f(z))− g(f(y)) ≤ M0ξ(z, y)

for each z ∈ V .
Let M be a positive number. There exists M1 > 0 such that

t ≤ M1 for each t ∈ R1 satisfying g(t) ≤ M. (2.72)

It follows from (A4) that there exists a positive number M0 such that the
following property holds:

(iii) For each y ∈ X satisfying f(y) ≤ M1 there exists a neighborhood V
of y in X such that

f(z)− f(y) ≤ M0h(z, y)

for each z ∈ V .
Assume that y ∈ X satisfies

g(f(y)) ≤ M. (2.73)

By the choice of M (see (2.72))

f(y) ≤ M1. (2.74)

By (2.74) and property (iii), there is a neighborhood V of y in X such that

f(z)− f(y) ≤ M0h(z, y) (2.75)

for each z ∈ V .
Let z ∈ V . We estimate g(f(z))− g(f(y)). Since g is increasing we have

g(f(z))− g(f(y)) ≤ 0 if f(z) ≤ f(y). (2.76)
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Assume that
f(z) > f(y). (2.77)

Since the function g is increasing we have g(f(z)) ≥ g(f(y)). Combined with
(2.70), (2.77) and (2.75) this inequality implies that

0 ≤ g(f(z))− g(f(y)) = |g(f(z))− g(f(y))|

≤ L|f(z)− f(y)| = L(f(z)− f(y)) ≤ M0Lh(z, y).

Combined with (2.76) and (2.71) this inequality implies that in both cases

g(f(z))− g(f(y)) ≤ M0Lmax{h(z, y), 0} = M0ξ(z, y).

Thus we have shown that for each y ∈ X satisfying (2.73) there exists a
neighborhood V of y in X such that

g(f(z))− g(f(y)) ≤ M0ξ(z, y)

for each z ∈ V . Thus property (ii) holds. This completes the proof of Propo-
sition 2.17.

Proof of Proposition 2.18: There exists a positive number c0 such that

g(x) ≥ c0 for all x ∈ X. (2.78)

Clearly, the function f · g is lower semicontinuous and satisfies

lim
||x||→∞

f(x)g(x) = ∞ and dom(fg) = dom(f). (2.79)

Let us show that the function f · g is bounded from below. In view of (2.79)
there exists a positive number M0 such that

f(x)g(x) ≥ 1 for all x ∈ X satisfying ||x|| ≥ M0. (2.80)

Since g is Lipschitzian on bounded subsets of X there exists a positive number
c1 such that

g(x) ≤ c1 for all x ∈ B(0,M0). (2.81)

Since f is bounded from below there exists a real number c2 such that

f(x) ≥ c2 for all x ∈ X. (2.82)

It follows from (2.78), (2,82) and (2.81) that for each x ∈ B(0,M0),

f(x)g(x) ≥ g(x)c2 ≥ −|g(x)c2| ≥ −c1|c2|.

Together with (2.80) this inequality implies that

f(x)g(x) ≥ −c1|c2| for each x ∈ X.
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Thus we have shown that the function f · g is lower semicontinuous, bounded
from below and satisfies (2.79).

Since f ∈ M there exists a function h : X × dom(f) → R1 ∪ {∞} such
that assumptions (A1)–(A4) hold. We may assume without loss of generality
that h(z, y) ≥ 0 for all z ∈ X and all y ∈ dom(f). Set

ξ(z, y) = h(z, y) + ||z − y|| for all z ∈ X and all y ∈ dom(f). (2.83)

It is not difficult to see that assumptions (A1)–(A3) hold with h = ξ.
In order to complete the proof of the proposition it is sufficient to show

that the following property holds:
(iv) For each positive number M there exists a positive number M0 such

that for each y ∈ X satisfying g(y)f(y) ≤ M there exists a neighborhood V
of y in X such that

g(z)f(z)− g(y)f(y) ≤ M0ξ(z, y)

for each z ∈ V .
Let M be a positive number. By (A4) there exists M1 > 0 such that the

following property holds:
(v) For each y ∈ X satisfying f(y) ≤ M/c0 there exists a neighborhood V

of y in X such that
f(z)− f(y) ≤ M1h(z, y) (2.84)

for each z ∈ V .
It follows from (2.64) that there exists a positive number M2 such that

if x ∈ X satisfies f(x) ≤ Mc−1
0 , then ||x|| ≤ M2. (2.85)

Since the function g is Lipschitzian on bounded subsets of X there exists a
positive number M3 such that

g(x) ≤ M3 for each x ∈ B(0,M2 + 1), (2.86)

|g(y1)− g(y2)| ≤ M3||y1 − y2|| for each y1, y2 ∈ B(0,M2 + 1). (2.87)

Assume that y ∈ X satisfies

g(y)f(y) ≤ M. (2.88)

By (2.88) and (2.78),

f(y) ≤ Mg(y)−1 ≤ Mc−1
0 . (2.89)

Let a neighborhood V of y in X be as guaranteed by the property (v). Hence
(2.84) is valid for each z ∈ V . We may assume without loss of generality that

V ⊂ B(y, 1). (2.90)
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Let z ∈ V . Relations (2.89), (2.85) and (2.90) imply that

||y|| ≤ M2 and ||z|| ≤ M2 + 1.

By these inequalities, (2.84), (2.78), nonnegativity of h, (2.86), (2.89), (2.82),
(2.83) and (2.87),

g(z)f(z)− f(y)g(y) = g(z)(f(z)− f(y)) + f(y)(g(z)− g(y))

≤ g(z)M1h(z, y)+|f(y)||g(z)−g(y)| ≤ M3M1h(z, y)+(|c2|+Mc−1
0 )M3||z−y||

≤ [h(z, y) + ||z − y||](M3M1 + M3(|c2|+ Mc−1
0 ))

= ξ(z, y)(M3M1 + M3(|c2|+ Mc−1
0 )).

Thus we have shown that for each y ∈ X satisfying (2.88) there exists a
neighborhood V of y in X such that

g(z)f(z)− f(y)g(y) ≤ ξ(z, y)(M3M1 + M3(|c2|+ Mc−1
0 ))

for each z ∈ V . Thus property (iv) holds. This completes the proof of Propo-
sition 2.18.

2.6 Proof of Theorem 2.11

We show that there exists a positive number Λ0 such that the following prop-
erty holds:

(P1) For each ε ∈ (0, 1) there exists δ ∈ (0, ε) such that for each λ ≥ Λ0,
each γ ∈ Ωκ and each x ∈ X which satisfies

ψλγ(x) ≤ inf(ψλγ) + δ (2.91)

there is y ∈ A for which

y ∈ B(x, ε) and ψλγ(y) ≤ ψλγ(x). (2.92)

Assume the contrary. Then for each integer k ≥ 1 there exist

εk ∈ (0, 1), γ(k) = (γ(k)
1 , . . . , γ(k)

n ) ∈ Ωκ, λk ≥ k and xk ∈ X (2.93)

such that
ψλkγ(k)(xk) ≤ inf(ψλkγ(k)) + 2−1εkk−2 (2.94)

and
{y ∈ B(xk, εk) ∩A : ψλkγ(k)(y) ≤ ψλkγ(k)(x)} = ∅. (2.95)

Let k ≥ 1 be an integer. By (2.94) and Ekeland’s variational principle [37],
there exists yk ∈ X such that
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ψλkγ(k)(yk) ≤ ψλkγ(k)(xk), (2.96)

yk ∈ B(xk, 2−1k−1εk), (2.97)

and
ψλkγ(k)(yk) ≤ ψλkγ(k)(z) + k−1||z − yk|| for all z ∈ X. (2.98)

It follows from (2.95)–(2.97) that

yk 6∈ A for all integers k ≥ 1. (2.99)

For each integer k ≥ 1 we put

I1k = {i ∈ {1, . . . , n} : gi(yk) > ci}, (2.100)

I2k = {i ∈ {1, . . . , n} : gi(yk) = ci},
I3k = {i ∈ {1, . . . , n} : gi(yk) < ci}.

By (2.99),
I1k 6= ∅ for all natural numbers k. (2.101)

Extracting a subsequence and reindexing we may assume without loss of gen-
erality that

I1k = I11, I2k = I21, I3k = I31 for all integers k ≥ 1. (2.102)

By (2.63), (2.66), (2.94), (2.93), (2.96), (2.100) and (2.102) for each integer
k ≥ 1,

inf{f(z) : z ∈ A} = inf{ψλkγ(k)(z) : z ∈ A} ≥ inf(ψλkγ(k)) (2.103)

≥ ψλkγ(k)(xk)− 1 ≥ ψλkγ(k)(yk)− 1 = f(yk) +
∑

i∈I11

λkγ
(k)
i (gi(yk)− ci)− 1.

Relations (2.100), (2.102) and (2.103) imply that

f(yk) ≤ inf{f(z) : z ∈ A}+ 1 for all integers k ≥ 1. (2.104)

In view of (2.104) and (2.64) the sequence {yk}∞k=1 is bounded. Fix a number
M > 2 such that

yk ∈ B(0, M − 2) for all integers k ≥ 1. (2.105)

Assumption (A4) implies that there exists a positive number M1 such that
the following property holds:

(P2) for each y ∈ X satisfying f(y) ≤ 1 + | inf(f ;A)| there exists a neigh-
borhood V of y in X such that

f(z)− f(y) ≤ M1h(z, y)
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for each z ∈ V .
By (P2) and (2.104) for each integer k ≥ 1 there exists a neighborhood Vk

of yk in X such that
f(z)− f(yk) ≤ M1h(z, yk) (2.106)

for each z ∈ Vk. It follows from (2.103), (2.102), (2.100) and (2.93) that for
each i ∈ I11 and each natural number k

0 < gi(yk)− ci ≤ [1 + inf(f ;A)− inf(f)](γ(k)
i )−1k−1. (2.107)

Let k be a natural number. Since the functions gi, i = 1, . . . , n are lower
semicontinuous it follows from (2.100) and (2.102) that there exists rk ∈ (0, 1)
such that for each y ∈ B(yk, rk)

gi(y) > ci for each i ∈ I11. (2.108)

By (2.108), (2.98), (2.100), (2.102), (2.96), (2.94) and (2.66) for each z ∈
B(yk, rk) ∩ dom(f)

∑

i∈I11

λkγ
(k)
i (gi(z)− ci) +

∑

i∈I21∪I31

λkγ
(k)
i max{gi(z)− ci, 0}

−
∑

i∈I11

λkγ
(k)
i (gi(yk)− ci)−

∑

i∈I21∪I31

λkγ
(k)
i max{gi(yk)− ci, 0}

= ψλkγ(k)(z)− ψλkγ(k)(yk)− f(z) + f(yk) ≥ −k−1||yk − z|| − f(z) + f(yk).

It follows from this inequality that for each z ∈ B(yk, rk)
∑

i∈I11

γ
(k)
i gi(z) +

∑

i∈I21∪I31

γ
(k)
i max{gi(z)− ci, 0}

−
∑

i∈I11

γ
(k)
i gi(yk)−

∑

i∈I21∪I31

γ
(k)
i max{gi(yk)− ci, 0}

+λ−1
k (f(z)− f(yk)) ≥ −λ−1

k k−1||yk − z||.
By the inequality above and (2.106) for each z ∈ B(yk, rk) ∩ Vk

∑

i∈I11

γ
(k)
i gi(z) +

∑

i∈I21∪I31

γ
(k)
i max{gi(z)− ci, 0}

+λ−1
k M1h(z, yk) + λ−1

k k−1||z − yk||
≥

∑

i∈I11

γ
(k)
i gi(yk) +

∑

i∈I21∪I31

γ
(k)
i max{gi(yk)− ci, 0}. (2.109)

(A2) implies that the function
∑

i∈I11

γ
(k)
i gi(x) +

∑

i∈I21∪I31

γ
(k)
i max{gi(x)− ci, 0}
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+λ−1
k M1h(x, yk) + λ−1

k k−1||x− yk||, x ∈ X

is convex. Combined with the equality h(yk, yk) = 0 (see (A1)) this implies
that (2.109) holds for all z ∈ X.

Extracting a subsequence and reindexing we may assume without loss of
generality that for each i ∈ {1, . . . , n} there exists

γi = lim
k→∞

γ
(k)
i ∈ [0, 1]. (2.110)

Evidently γ = (γ1, . . . , γn) ∈ Ωκ. Assume that

z ∈ dom(f) ∩ [∩n
i=1 dom(gi)]. (2.111)

Relations (2.105) and (2.93) imply that

lim
k→∞

λ−1
k k−1||z − yk|| = 0. (2.112)

It follows from (2.93), (2.105), (2.104) and (A3) that

lim
k→∞

λ−1
k M1h(z, yk) = 0.

By this equality, (2.111), (2.110), (2.112), (2.109), (2.100), (2.102), (2.107),
(2.93) and the definition of Ωκ (see (2.62)),

∑

i∈I11

γigi(z) +
∑

i∈I21∪I31

γi max{gi(z)− ci, 0}

= lim
k→∞

[
∑

i∈I11

γ
(k)
i gi(z) +

∑

i∈I21∪I31

γ
(k)
i max{gi(z)− ci, 0}

+λ−1
k k−1||z − yk||+ λ−1

k M1h(z, yk)]

≥ lim sup
k→∞

[
∑

i∈I11

γ
(k)
i gi(yk) +

∑

i∈I21∪I31

γ
(k)
i max{gi(yk)− ci, 0}]

= lim sup
k→∞

∑

i∈I11

γ
(k)
i gi(yk) =

∑

i∈I11

( lim
k→∞

γ
(k)
i ) lim

k→∞
gi(yk) =

∑

i∈I11

γici.

Thus we have shown that for each z ∈ X satisfying (2.111) the following
inequality holds:

∑

i∈I11

γigi(z) +
∑

i∈I21∪I31

γi max{gi(z)− ci, 0} ≥
∑

i∈I11

γici.

Combined with (2.65), (2.111) and the inclusion γ ∈ Ωκ this inequality implies
that ∑

i∈I11

γici ≤
∑

i∈I11

γigi(x̃) +
∑

i∈I21∪I31

γi max{gi(x̃)− ci, 0}
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=
∑

i∈I11

γigi(x̃) <
∑

i∈I11

γici.

The contradiction we have reached proves that there is a positive number Λ0

such that property (P1) holds.
Let ε ∈ (0, 1) and let δ ∈ (0, ε) be as guaranteed by property (P1). Assume

that λ ≥ Λ0, γ ∈ Ωκ and that x ∈ X satisfies

ψλγ(x) ≤ inf(ψλγ) + δ. (2.113)

Then by (P1) and the choice of δ there exists y ∈ A such that

y ∈ B(x, ε) and ψλγ(y) ≤ ψλγ(x). (2.114)

By (2.66), (2.114) and (2.113),

f(y) ≤ ψλγ(y) ≤ ψλγ(x) ≤ inf(ψλγ) + δ

≤ inf(ψλγ ;A) + ε = inf(f ; A) + ε.

This completes the proof of Theorem 2.11.

2.7 Optimization problems with mixed nonsmooth
nonconvex constraints

Let (X, || · ||) be a Banach space and (X∗, || · ||∗) be its dual space. For each
x ∈ X, each x∗ ∈ X∗ and each r > 0 set

B(x, r) = {y ∈ X : ||y − x|| ≤ r}, B∗(x∗, r) = {l ∈ X∗ : ||l − x∗||∗ ≤ r}.

Assume that f : U → R1 is a Lipschitzian function which is defined on a
nonempty open set U ⊂ X. For each x ∈ U let

f0(x, h) = lim sup
t→0+,y→x

[f(y + th)− f(y)]/t, h ∈ X

be the Clarke generalized directional derivative of f at the point x [21], let

∂f(x) = {l ∈ X∗ : f0(x, h) ≥ l(h) for all h ∈ X}

be Clarke’s generalized gradient of f at x [21] and put

Ξf (x) = inf{f0(x, h) : h ∈ X and ||h|| ≤ 1}[100].

Recall that a point x ∈ U is called a critical point of f if 0 ∈ ∂f(x). A real
number c ∈ R1 is called a critical value of f if there is a critical point x ∈ U
of f such that f(x) = c.

In Section 2.1 we considered the constrained problems
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minimize f(x) subject to x ∈ g−1(c)

and
minimize f(x) subject to x ∈ g−1((−∞, c])

where c is a real number, f : X → R1 is a function which is Lipschitzian on
all bounded subsets of X and which satisfies the following growth condition

lim
||x||→∞

f(x) = ∞

and g : X → R1 is a locally Lipschitzian function which satisfies the Palais–
Smale (P-S) condition [8, 76, 100]:

If {xi}∞i=1 ⊂ X, the sequence {g(xi)}∞i=1 is bounded and if

lim inf
i→∞

Ξg(xi) ≥ 0,

then there is a norm convergent subsequence of {xi}∞i=1.
The Palais–Smale condition for differentiable functions was introduced in

[76]. Its version for Lipschitzian functions was given in [100]. This condition is
very useful when we consider problems in infinite-dimensional Banach spaces
whose bounded subsets are not compact.

We showed in Section 2.1 that the constrained problems given above have
the exact penalty property if c is not a critical value of g. In order to gener-
alize this result for a constrained problem with mixed constraints we need to
introduce a notion of a critical point for a Lipschitzian mapping F : X → Rn

and a version of (P-S) condition for F .
Assume that n is a natural number, U is a nonempty open subset of X

and F = (f1, . . . , fn) : U → Rn is a locally Lipschitzian mapping.
Let κ ∈ (0, 1). For each x ∈ U set

ΞF,κ(x) = inf{||
n∑

i=1

(αi1ηi1 − αi2ηi2)|| : (2.115)

ηi1, ηi2 ∈ ∂fi(x), αi1, αi2 ∈ [0, 1], i = 1, . . . , n

and there is j ∈ {1, . . . , n} such that αj1αj2 = 0, |αj1|+ |αj2| ≥ κ}.
It is known (see Chapter 2, Section 2.3 of [21]) that for each x ∈ U and

i = 1, . . . , n
∂(−fi)(x) = −∂fi(x). (2.116)

This equality implies that

Ξ−F,κ(x) = ΞF,κ(x) for each x ∈ U. (2.117)

In the sequel we assume that U = X.
A point x ∈ X is called a critical point of F with respect to κ if ΞF,κ(x) =

0.
A vector c = (c1, . . . , cn) ∈ Rn is called a critical value of F with respect to

κ if there is a critical point x ∈ X of F with respect to κ such that F (x) = c.
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Remark 2.19. Let n = 1. Then x ∈ X is a critical point of F with respect to
κ if and only if 0 ∈ ∂F (x). Therefore x is a critical point of F in our sense if
and only if x is a critical point of F in the sense of [100, 122]. It is clear that
in this case the notion of a critical point does not depend on κ.

Remark 2.20. Assume that fi ∈ C1, i = 1, . . . , n and Dfi(x) is the Frechet
derivative of fi at x ∈ X, i = 1, . . . , n. If x ∈ X is a critical point of F with
respect to κ, then Dfi(x), i = 1, . . . , n are linearly dependent.

In the sequel we use the following proposition.

Proposition 2.21. Assume that {xk}∞k=1 ⊂ X, x = limk→∞ xk in the norm
topology and

lim inf
k→∞

ΞF,κ(xk) = 0.

Then ΞF,κ(x) = 0.

Proof: We may assume without loss of generality that

lim
k→∞

ΞF,κ(xk) = 0.

For each natural number k and each i ∈ {1, . . . , n} there exist

α
(k)
i1 , α

(k)
i2 ∈ [0, 1], η

(k)
i1 , η

(k)
i2 ∈ ∂fi(xk)

and jk ∈ {1, . . . , n} such that

α
(k)
jk1α

(k)
jk2 = 0, |α(k)

jk1|+|α(k)
jk2| ≥ κ, ||

n∑

i=1

(α(k)
i1 η

(k)
i1 −α

(k)
i2 η

(k)
i2 )|| ≤ ΞF,κ(xk)+1/k.

(2.118)
Extracting a subsequence and reindexing if necessary we may assume that for
each i ∈ {1, . . . , n} there exist

αi1 = lim
k→∞

α
(k)
i1 , αi2 = lim

k→∞
α

(k)
i2 (2.119)

and jk = j1 for all natural numbers k.
Since the unit ball in the space X∗ with the weak-star topology is compact

there exists
{η11, η12, . . . , ηi1, ηi2, . . . , ηn1, ηn2} ∈ (X∗)2n

which is a cluster point of

{η(k)
11 , η

(k)
12 , . . . , η

(k)
i1 , η

(k)
i2 , . . . , η

(k)
n1 , η

(k)
n2 }∞k=1 ∈ (X∗)2n

in the weak-star topology. It follows from the upper semicontinuity of the
Clarke generalized directional derivative f0

i (ξ, η) with respect to ξ that

ηi1, ηi2 ∈ ∂fi(x), i = 1, . . . , n. (2.120)
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We will show that
∑n

i=1(αi1ηi1 − αi2ηi2) = 0. Let ε be a positive number
and let l ∈ B∗(0, 1). There exists an integer k ≥ 1 such that

1/k < ε/8, ΞF,κ(xk) < ε/8, (2.121)

|α(k)
ij − αij ||ηij | < (8n)−1ε and

|l(ηij − η
(k)
ij )| < (8n)−1ε for i = 1, . . . , n and j = 1, 2.

Combined with (2.118) these relations imply that

|l(
n∑

i=1

(αi1ηi1 − αi2ηi2))| ≤ |l(
n∑

i=1

(α(k)
i1 η

(k)
i1 − α

(k)
i2 η

(k)
i2 ))|

+|l(
n∑

i=1

(αi1ηi1 − α
(k)
i1 η

(k)
i1 ))|+ |l(

n∑

i=1

(αi2ηi2 − α
(k)
i2 η

(k)
i2 ))|

≤ ΞF,κ(xk) + 1/k +
n∑

i=1

(α(k)
i1 |l(ηi1 − η

(k)
i1 )|) +

n∑

i=1

|αi1 − α
(k)
i1 |||ηi1||

+
n∑

i=1

(α(k)
i2 |l(ηi2 − η

(k)
i2 )|) +

n∑

i=1

|αi2 − α
(k)
i2 |||ηi2|| < ε.

Since l is an arbitrary element of B∗(0, 1) and ε is an arbitrary positive number
we conclude that

∑n
i=1(αi1ηi1 − αi2ηi2) = 0. This completes the proof of

Proposition 2.21.

Let M be a nonempty subset of X. We say that the mapping F :
X → Rn satisfies (P-S) condition on M with respect to κ if for each
norm-bounded sequence {xi}∞i=1 ⊂ M such that {F (xi)}∞i=1 is bounded and
lim infi→∞ΞF,κ(xi) = 0 there exists a convergent subsequence of {xi}∞i=1 in
X in the norm topology.

For each function h : X → R1 and each nonempty set A ⊂ X set

inf(h) = inf{h(z) : z ∈ X}, inf(h; A) = inf{h(z) : z ∈ A}. (2.122)

For each x ∈ X and each B ⊂ X set

d(x,B) = inf{||x− y|| : y ∈ B}. (2.123)

We assume that the sum over an empty set is zero.
Let φ : [0,∞) → [0,∞) be an increasing function such that

lim
t→∞

φ(t) = ∞ (2.124)

and ā be a positive number.
Denote by M the set of all continuous functions h : X → R1 such that
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h(x) ≥ φ(||x||)− ā for all x ∈ X. (2.125)

We equip the set M with the uniformity determined by the following base:

E(M, q, ε) = {(f, g) ∈M×M :

|f(x)− g(x)| ≤ ε for all x ∈ B(0,M)}
∩{(f, g) ∈M×M : |(f − g)(x)− (f − g)(y)|

≤ q||x− y|| for each x, y ∈ B(0,M)}, (2.126)

where M, q, ε are positive numbers. This uniform space is metrizable and com-
plete.

Let n ≥ 1 be an integer, G = (g1, . . . , gn) : X → R1 be a locally Lips-
chitzian mapping and let c = (c1, . . . , cn) ∈ Rn.

Assume that an integer p satisfies 0 ≤ p ≤ n and set

I1 = {i is an integer: 1 ≤ i ≤ p}, I2 = {i is an integer : p < i ≤ n}. (2.127)

(Note that one of the sets I1, I2 may be empty.)
Set

A = {x ∈ X : gi(x) = ci for all i ∈ I1; gj(x) ≤ cj for all j ∈ I2}. (2.128)

We assume that A 6= ∅.
We consider the following constrained minimization problem:

minimize f(x) subject to x ∈ A (P)

where f ∈M.
For each f ∈ M we associate with problem (P) the corresponding family

of unconstrained minimization problems

minimize f(x)+
∑

i∈I1

λi|gi(x)−ci|+
∑

i∈I2

λi max{gi(x)−ci, 0} subject to x ∈ X

(Pλ)
where λ = (λ1, . . . , λn) ∈ (0,∞)n.

For each κ ∈ (0, 1) set

Ωκ = {x = (x1, . . . , xn) ∈ Rn : xi ≥ κ, i = 1, . . . , n, max
i=1,...,n

xi = 1}.
(2.129)

Assume that f0 ∈M is Lipschitzian on all bounded subsets of X.
Fix θ ∈ A. It follows from (2.124) that there exists a number M0 such that

M0 > 2 + ||θ||, φ(M0 − 2) > f0(θ) + ā + 4. (2.130)

Fix κ ∈ (0, 1). We use the following assumptions.
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(A1) If x ∈ A, I1 ⊂ {i1, . . . , iq} ⊂ {i ∈ {1, . . . , n} : fi(x) = ci} where
the sequence {i1, . . . , iq} is strictly increasing and if x is a critical point of the
mapping (fi1 , . . . , fiq

) : X → Rq with respect to κ, then f0(x) > inf(f0; A).
(A2) There exists a positive number γ∗ such that for each finite strictly

increasing sequence of natural numbers {i1, . . . , iq} which satisfies

I1 ⊂ {i1, . . . , iq} ⊂ {1, . . . , n}

the mapping (gi1 , . . . , giq
) : X → Rq satisfies (P-S) condition on the set

∩j∈I1(g
−1
j ([cj − γ∗, cj + γ∗])) ∩j∈{i1,...,iq}\I1 (g−1

j ([cj , cj + γ∗]))

with respect to κ.
We show that if assumptions (A1) and (A2) hold, then the problem (P)

has exact penalty property for all objective functions f which belong to a
certain neighborhood U of f0 in M with an exact penalty which depends only
on f0.

The next theorem is the main result of this section.

Theorem 2.22. Let (A1), (A2) hold and let q be a positive number. Then
there exist real numbers Λ0 > 0, Λ1 > 0 and r > 0 such that for each positive
number ε there exists δ ∈ (0, ε) such that the following assertion holds:

If f ∈M satisfies
(f, f0) ∈ E(M0, q, r),

γ = (γ1, . . . , γn) ∈ Ωκ, λ ≥ Λ0

and if x ∈ X satisfies

f(x) +
∑

i∈I1

λγi|gi(x)− ci|+
∑

i∈I2

λγi max{gi(x)− ci, 0} ≤

inf{f(z) +
∑

i∈I1

λγi|gi(z)− ci|+
∑

i∈I2

λγi max{gi(z)− ci, 0} : z ∈ X}+ δ,

then there is y ∈ A such that

||x− y|| ≤ ε, f(y) ≤ inf(f ;A) + Λ1ε.

Theorem 2.22 implies the following result.

Theorem 2.23. Let (A1), (A2) hold and let q be a positive number. Then
there exist real numbers Λ0 > 0 and r > 0 such that for each f ∈M satisfying

(f, f0) ∈ E(M0, q, r),

γ = (γ1, . . . , γn) ∈ Ωκ, λ ≥ Λ0

and each sequence {xk}∞k=1 ⊂ X which satisfies



42 2 Exact Penalty in Constrained Optimization

lim
k→∞

[f(xk) +
∑

i∈I1

λγi|gi(xk)− ci|+
∑

i∈I2

λγi max{gi(xk)− ci, 0}]

= inf{f(z) +
∑

i∈I1

λγi|gi(z)− ci|+
∑

i∈I2

λγi max{gi(z)− ci, 0} : z ∈ X}

there exists a sequence {yk}∞k=1 ⊂ A such that

lim
k→∞

f(yk) = inf(f ; A), lim
k→∞

||yk − xk|| = 0.

Corollary 2.24. Let (A1), (A2) hold and let q be a positive number. Then
there exists a number Λ0 > 0 such that if f ∈M satisfies

(f, f0) ∈ E(M0, q, r),

γ = (γ1, . . . , γn) ∈ Ωκ, λ ≥ Λ0

and if x ∈ X satisfies

f(x) +
∑

i∈I1

λγi|gi(x)− ci|+
∑

i∈I2

λγi max{gi(x)− ci, 0}

= inf{f(z) +
∑

i∈I1

λγi|gi(z)− ci|+
∑

i∈I2

λγi max{gi(z)− ci, 0} : z ∈ X},

then x ∈ A and f(x) = inf(f ; A).

Corollary 2.24 follows from Theorem 2.23. Theorem 2.23 also implies the
following result.

Theorem 2.25. Let (A1), (A2) hold, x̄ ∈ A and let the following conditions
hold:

f0(x̄) = inf(f0; A);

if {xi}∞i=0 ⊂ A satisfies limi→∞ f0(xi) = inf(f0; A), then limi→∞ ||xi −
x̄|| = 0.

Then there exists a number Λ0 > 0 such that for each

γ = (γ1, . . . , γn) ∈ Ωκ, λ ≥ Λ0

x̄ ∈ X is a unique solution of the minimization problem

minimize f0(z) +
∑

i∈I1

λγi|gi(z)− ci|+
∑

i∈I2

λγi max{gi(z)− ci, 0}

subject to z ∈ X.

The results of this section have been established in [126].
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2.8 Proof of Theorem 2.22

For each f ∈M and each λ = (λ1, . . . , λn) ∈ (0,∞)n define a function

ψf,λ(x) = f(x)+
∑

i∈I1

λi|gi(x)−ci|+
∑

i∈I2

λi max{gi(x)−ci, 0}, x ∈ X. (2.131)

It is easy to see that the function ψf,λ ∈ M for each f ∈ M and each
λ = (λ1, . . . , λn) ∈ (0,∞)n.

We show that there exist numbers Λ0 > 0 and r > 0 such that the following
property holds:

(P1) For each positive number ε there exists δ ∈ (0, ε) such that for each
f ∈M satisfying

(f, f0) ∈ E(M0, q, r),

each γ = (γ1, . . . , γn) ∈ Ωκ, each λ ≥ Λ0 and each x ∈ X satisfying

ψf,λγ(x) ≤ inf(ψf,λγ) + δ

the set A ∩B(x, ε) is nonempty.
Assume the contrary. Then for each integer k ≥ 1 there exist

εk ∈ (0, 1), fk ∈M, γ(k) = (γ(k)
1 , . . . , γ(k)

n ) ∈ Ωκ, (2.132)

λk ≥ k and xk ∈ X

such that
(f0, fk) ∈ E(M0, q, k

−1), (2.133)

ψfk,λkγ(k)(xk) ≤ inf(ψfk,λkγ(k)) + (2k2)−1εk, (2.134)

d(xk, A) ≥ εk. (2.135)

Since f0 is Lipschitz on bounded subsets of X there exists a number L0 > 1
such that

|f0(z1)− f0(z2)| ≤ L0||z1 − z2|| for each z1, z2 ∈ B(0,M0). (2.136)

Let k ≥ 1 be an integer. By (2.134) and Ekeland’s variational principle
[37] there exists yk ∈ X such that

ψfk,λkγ(k)(yk) ≤ ψfk,λkγ(k)(xk), (2.137)

||yk − xk|| ≤ 2−1k−1εk, (2.138)

ψfk,λkγ(k)(yk) ≤ ψfk,λkγ(k)(z) + k−1||z − yk|| for all z ∈ X. (2.139)

Relations (2.135) and (2.138) imply that

yk 6∈ A for all integers k ≥ 1. (2.140)
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For each integer k ≥ 1 put

I1k+ = {i ∈ I1 : gi(yk) > ci}, I1k− = {i ∈ I1 : gi(yk) < ci}, (2.141)

I2k+ = {i ∈ I2 : gi(yk) > ci}, I2k− = {i ∈ I2 : gi(yk) < ci}.
It follows from (2.140) and (2.128) that

I1k+ ∪ I1k− ∪ I2k+ 6= ∅ for all natural numbers k. (2.142)

Extracting a subsequence and reindexing we may assume without loss of gen-
erality that for all integers k ≥ 1

I1k+ = I11+, I1k− = I11−, I2k+ = I21+. (2.143)

Put

I11 = I1\(I11+∪I11−), I21 = I2\(I21+∪I21−), I = {1, . . . , n}\I2k−. (2.144)

We show that yk ∈ B(0,M0−2) for all integers k ≥ 1. It follows from (2.132),
(2.125), (2.131), (2.137), (2.134), (2.128) and the inclusion θ ∈ A that for all
integers k ≥ 1

φ(||yk||)− ā ≤ fk(yk) ≤ ψfk,λkγ(k)(yk) ≤ ψfk,λkγ(k)(xk)

≤ inf(ψfk,λkγ(k)) + (2k2)−1 ≤ inf(ψfk,λkγ(k) ; A) + (2k2)−1

= inf(fk;A) + (2k2)−1 ≤ fk(θ) + (2k2)−1.

Together with (2.130), (2.133) and (2.126) this relation implies that for all
integers k ≥ 1

φ(||yk||) ≤ ā + (2k2)−1 + fk(θ) ≤ ā + (2k2)−1 + f0(θ) + k−1.

By this inequality and the choice of M0 (see (2.130))

yk ∈ B(0,M0 − 2) for all integers k ≥ 1. (2.145)

In view of (2.145), (2.133) and (2.126),

∂fk(yk) ⊂ ∂f0(yk) + B∗(0, q) for all integers k ≥ 1. (2.146)

We show that
lim

k→∞
(inf(fk;A)) = inf(f0;A). (2.147)

Let k be a natural number. It follows from (2.130), (2.126), (2.133) and the
inclusion θ ∈ A that

|fk(θ)− f0(θ)| ≤ 1/k (2.148)

and
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inf(fk; A) ≤ fk(θ) ≤ f0(θ) + 1/k < φ(M0 − 2)− ā− 3. (2.149)

Inclusion θ ∈ A and (2.130) imply that

inf(f0; A) ≤ f0(θ) < φ(M0 − 2)− ā− 4. (2.150)

In view of (2.149), (2.150), (2.130) and (2.125)

inf(f0;A) = inf{f0(z) : z ∈ A ∩B(0,M0)}

and
inf(fk; A) = inf{fk(z) : z ∈ A ∩B(0,M0)}.

It follows from these equalities and (2.133) that

| inf(f0; A)− inf(fk; A)|

= | inf{f0(z) : z ∈ A ∩B(0, M0)} − inf{fk(z) : z ∈ A ∩B(0,M0)}| ≤ 1/k.

Since this relation holds for all natural numbers k we obtain that (2.147) is
valid.

By (2.131), (2.142), (2.132), (2.125), (2.137), (2.134), (2.148) and the in-
clusion θ ∈ A, for each i ∈ I1, each j ∈ I2 and each natural number k,

−ā + λkγ
(k)
i |gi(yk)− ci|, −ā + λkγ

(k)
j max{gj(yk)− cj , 0}

≤ ψfk,λkγ(k)(yk) ≤ fk(θ) + (2k2)−1 ≤ f0(θ) + 1/k + (2k2)−1 ≤ f0(θ) + 2.

It follows from the relation above, (2.132) and (2.129) that for each i ∈ I1,
each j ∈ I2 \ I21− and each natural number k that

|gi(yk)− ci|, max{gj(yk)− cj , 0} ≤ k−1κ−1(f0(θ) + 2 + ā).

Then for all sufficiently large natural numbers k

|gi(yk)− ci| ≤ γ∗, i ∈ I1, (2.151)

0 ≤ gi(yk)− ci ≤ γ∗, i ∈ I2 \ I21−. (2.152)

In view of (2.136) and (2.145)

∂f0(yk) ⊂ B∗(0, L0) for all natural numbers k. (2.153)

Let k be a natural number. By (2.141), (2.143) and (2.145) there exists an
open neighborhood V of yk in X such that for each y ∈ V ,

gi(y) > ci, i ∈ I11+, gi(y) < ci, i ∈ I11−, (2.154)

gi(y) > ci, i ∈ I21+, gi(y) < ci, i ∈ I21−,

V ⊂ B(0, M0 − 1). (2.155)
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By (2.131), (2.139), (2.133) and (2.155), for each z ∈ V ,

ψf0,λkγ(k)(yk) = ψfk,λkγ(k)(yk) + f0(yk)− fk(yk)

≤ ψfk,λkγ(k)(z) + k−1||z − yk||+ f0(yk)− fk(yk)

= ψf0,λkγ(k)(z)− f0(z) + fk(z) + k−1||z − yk||+ f0(yk)− fk(yk)

= ψf0,λkγ(k)(z) + k−1||z − yk||+ (fk − f0)(z)− (fk − f0)(yk)

≤ ψf0,λkγ(k)(z) + k−1||z − yk||+ q||z − yk||. (2.156)

It is easy to see that the function ψf0,λkγ(k) is locally Lipschitz. In view of
(2.156),

0 ∈ ∂ψf0,λkγ(k)(yk) + (q + k−1)B∗(0, 1). (2.157)

It follows from (2.157), (2.131), (2.141), (2.143), (2.154), (2.144) and the prop-
erties of Clarke’s generalized gradient (see Chapter 2, Section 2.3 of [21]) that

0 ∈ ∂f0(yk) +
∑

i∈I11+

λkγ
(k)
i ∂gi(yk)−

∑

i∈I11−

λkγ
(k)
i ∂gi(yk)

+
∑

i∈I11

(λkγ
(k)
i ) ∪ {α∂gi(yk) + (α− 1)∂gi(yk) : α ∈ [0, 1]}

+
∑

i∈I21+

λkγ
(k)
i ∂gi(yk) +

∑

i∈I21

(λkγ
(k)
i ) ∪ {α∂gi(yk) : α ∈ [0, 1]}

+(q + k−1)B∗(0, 1). (2.158)

Relation (2.158) implies that there exists l∗ ∈ X∗ satisfying

l∗ ∈ B∗(0, 1), (2.159)

l0 ∈ ∂f0(yk), li ∈ ∂gi(yk), i ∈ I11+ ∪ I11− ∪ I21+ ∪ I21, (2.160)

li1, li2 ∈ ∂gi(yk), i ∈ I11,

αi ∈ [0, 1], i ∈ I11 ∪ I21 (2.161)

such that

0 = (q + k−1)λ−1
k l∗ + λ−1

k l0 +
∑

i∈I11+∪I21+

γ
(k)
i li −

∑

i∈I11−

γ
(k)
i li

+
∑

i∈I11

γ
(k)
i [αili1 + (αi − 1)li2] +

∑

i∈I21

γ
(k)
i αili.

It follows from this equality, (2.159), (2.132), (2.160) and (2.153) that

||
∑

i∈I11+∪I21+

γ
(k)
i li−

∑

i∈I11−

γ
(k)
i li +

∑

i∈I11

γ
(k)
i [αili1 +(αi−1)li2]+

∑

i∈I21

γ
(k)
i αili||

(2.162)
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≤ (λ−1
k q)||l∗||∗ + λ−1

k ||l0||∗ + (kλk)−1||l∗||∗ ≤ k−1q + k−1L0 + k−2.

Put
Ĩ = I1 ∪ I21+ ∪ I21. (2.163)

It is easy to see that
{1, . . . , p} = I1 ⊂ Ĩ .

There exists a finite strictly increasing sequence of natural numbers i1 < · · · <
iq where q is a natural number such that

Ĩ = {i1, . . . , iq}. (2.164)

Consider a mapping G = (gi1 , . . . , giq ) : X → Rq. It follows from (2.162),
(2.115), (2.132), (2.129), (2.161), (2.142) and (2.143) that

ΞG,κ(yk) ≤ k−1(q + L0) + k−2 for each integer k ≥ 1. (2.165)

By (2.165), (A2), (2.164), (P-S) condition, (2.145), (2.151) and (2.152) there
exists a subsequence {ykp}∞p=1 of the sequence {yk}∞k=1 which converges to
y∗ ∈ X in the norm topology:

lim
p→∞

||ykp − y∗|| = 0. (2.166)

Relations (2.166) and (2.165) and Proposition 2.21 imply that

ΞG,κ(y∗) = 0. (2.167)

It follows from (2.151), (2.152), (2.166), (2.164), (2.163) and (2.141) that

gis
(y∗) = cis

, s = 1, . . . , q, y∗ ∈ A. (2.168)

By (2.166), (2.145), (2.133), (2.131), (2.137) and (2.147),

f0(y∗) = lim
p→∞

f0(ykp) ≤ lim sup
p→∞

[fkp(ykp) + k−1
p ]

≤ lim sup
p→∞

ψfkp ,λkp γ(kp)(ykp
) ≤ lim sup

p→∞
inf(ψfkp ,λkp γ(kp))

≤ lim sup
p→∞

inf(fkp ; A) = inf(f0; A). (2.169)

Relations (2.167)–(2.169) contradict (A1). The contradiction we have reached
proves that there exist positive numbers Λ0, r for which property (P1) holds.

We may assume that r < 1. Since f0 is Lipschitz on bounded subsets of X
there exists a positive number L0 such that

|f0(z1)− f0(z2)| ≤ L0||z1 − z2|| for each z1, z2 ∈ B(0,M0). (2.170)

Let ε ∈ (0, 1) and let δ ∈ (0, ε) be as guaranteed by property (P1). Assume
that f ∈M satisfies
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(f, f0) ∈ E(M0, q, r), (2.171)

γ = (γ1, . . . , γn) ∈ Ωκ, λ ≥ Λ0, (2.172)

x ∈ X satisfies
ψf,λγ(x) ≤ inf(ψf,λγ) + δ. (2.173)

In view of the choice of Λ0, r and property (P1) there exists y ∈ A which
satisfies

y ∈ B(x, ε). (2.174)

It follows from (2.125), (2.131), (2.173), the inclusion θ ∈ A, the inequality
r < 1 and (2.130) that

φ(||x||)− ā ≤ f(x) ≤ ψf,λγ(x) ≤ inf(ψf,λγ) + 1

≤ inf(f ;A) + 1 ≤ f(θ) + 1 ≤ f0(θ) + 2.

Combined with (2.130) and (2.174) this inequality implies that

x ∈ B(0,M0 − 2), y ∈ B(0, M0 − 1). (2.175)

By (2.175), (2.170) and (2.171),

|f(y)− f(x)| ≤ |f0(x)− f0(y)|+ |(f − f0)(x)− (f − f0)(y)|

≤ L0||x− y||+ q||x− y||.
It follows from this inequality, (2.131), (2.173) and (2.174) that

f(y) ≤ f(x) + (L0 + q)||x− y|| ≤ inf(ψf,λγ) + ε + (L0 + q)ε

≤ inf(f ;A) + (L0 + q + 1) + ε.

This completes the proof of Theorem 2.22.

2.9 Optimization problems with smooth constraint and
objective functions

In this section we study two constrained nonconvex minimization problems
with smooth cost functions. The first problem is an equality-constrained prob-
lem in a Hilbert space with a smooth constraint function and the second prob-
lem is an inequality-constrained problem in a Hilbert space with a smooth con-
straint function. For these problems we study the existence of exact penalty.
Note that the classes of minimization problems with a smooth objective func-
tion and a smooth constraint are considered in the book by Cesari on optimal
control [18].

Let (X, < ·, · >) be a Hilbert space with the inner product < ·, · > and the
norm ||x|| = < x, x >1/2, x ∈ X. Denote by C1(X;R1) the set of all Frechet
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differentiable functions f : X → R1 such that the mapping x → f ′(x), x ∈ X
is continuous. Here f ′(x) ∈ X is a Frechet derivative of f at x ∈ X.

Denote by C2(X;R1) the set of all Frechet differentiable functions f ∈
C1(X; R1) such that the mapping x → f ′(x), x ∈ X is also Frechet differ-
entiable and that the mapping x → f ′′(x), x ∈ X is continuous. Here f ′′(x)
is a Frechet second-order derivative of f at x ∈ X. It is a linear continuous
self-mapping of X.

For each x ∈ X and each positive number r put

B(x, r) = {y ∈ X : ||x− y|| ≤ r}.

For each function f : X → R1 and each A ⊂ X put

inf(f) = inf{f(z) : z ∈ X}

and
inf(f ; A) = inf{f(x) : x ∈ A}.

For each x ∈ X and each B ⊂ X set

d(x,B) = inf{||x− y|| : y ∈ B}.

Let g ∈ C2(X; R1). A point x ∈ X is called a critical point of g if g′(x) = 0.
Denote by Cr(g) the set of all critical points of g. A real number c is a critical
value of g if there exists x ∈ Cr(g) such that g(x) = c. Denote by Cr(g, +)
the set of all x ∈ Cr(g) such that

< g′′(x)u, u >≥ 0 for all u ∈ X

and by Cr(g,−) the set of all x ∈ Cr(g) such that

< g′′(x)u, u >≤ 0 for all u ∈ X.

Let c ∈ R1, γ > 0 and let g−1(c) 6= ∅. We assume that g satisfies the
following (P-S) condition [76] on the set g−1([c− γ, c + γ]):

(P-S) If {xi}∞i=1 ⊂ g−1([c−γ, c+γ]) is a bounded (with respect to the norm
of X) sequence and if limi→∞ ||g′(xi)|| = 0, then there is a norm convergent
subsequence of {xi}∞i=1.

Let a function f ∈ C1(X; R1) be Lipschitzian on all bounded subsets of
X and satisfy the growth condition

lim
||x||→∞

f(x) = ∞ (2.176)

and let the mapping f ′ : X → X be locally Lipschitzian. Clearly f is bounded
from below.

We consider the constrained problems

minimize f(x) subject to x ∈ g−1(c) (Pe)
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and
minimize f(x) subject to x ∈ g−1((−∞, c]). (Pi)

We associate with these two problems the corresponding families of uncon-
strained minimization problems

minimize f(x) + λ|g(x)− c| subject to x ∈ X (Pλe)

and
minimize f(x) + λ max{g(x)− c, 0} subject to x ∈ X (Pλi)

where λ is a positive number.
The main results of this section imply that exact penalty exists for the

problem (Pe) if g−1(c) ∩ (Cr(g, +) ∪ Cr(g,−)) = ∅ and that exact penalty
exists for the problem (Pi) if g−1(c) ∩ Cr(g, +) = ∅.

The next two theorems are the main results of the section.

Theorem 2.26. Assume that

{x ∈ g−1(c) : f(x) = inf(f ; g−1(c))} ∩ (Cr(g, +) ∪ Cr(g,−)) = ∅. (2.177)

Then there exists a number Λ0 > 0 such that for each positive number ε there
exists δ ∈ (0, ε) such that the following assertion holds:

If λ ≥ Λ0 and if x ∈ X satisfies

f(x) + λ|g(x)− c| ≤ inf{f(z) + λ|g(z)− c| : z ∈ X}+ δ,

then there exists y ∈ g−1(c) such that

||y − x|| ≤ ε and f(y) ≤ inf(f ; g−1(c)) + ε.

Theorem 2.27. Assume that

{x ∈ g−1(c) : f(x) = inf(f ; g−1((−∞, c])} ∩ Cr(g, +) = ∅. (2.178)

Then there exists a positive number Λ0 such that for each positive number ε
there exists δ ∈ (0, ε) such that the following assertion holds:

If λ ≥ Λ0 and if x ∈ X satisfies

f(x) + λ max{g(x)− c, 0} ≤ inf{f(z) + λ max{g(z)− c, 0} : z ∈ X}+ δ,

then there exists y ∈ g−1((−∞, c]) such that

||y − x|| ≤ ε and f(y) ≤ inf(f ; g−1((−∞, c]))) + ε.

Theorems 2.26 and 2.27 will be proved in Section 2.10. In this section we
present several important results which easily follow from Theorems 2.26 and
2.27.

Theorems 2.26 and 2.27 imply the following result.
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Theorem 2.28. 1. Assume that

{x ∈ g−1(c) : f(x) = inf(f ; g−1(c))} ∩ (Cr(g,+) ∪ Cr(g,−)) = ∅.

Then there exists a positive number Λ0 such that for each λ ≥ Λ0 and each
sequence {xi}∞i=1 ⊂ X which satisfies

lim
i→∞

[f(xi) + λ|g(xi)− c|] = inf{f(z) + λ|g(z)− c| : z ∈ X}

there exists a sequence {yi}∞i=1 ⊂ g−1(c) such that

lim
i→∞

f(yi) = inf(f ; g−1(c)) and lim
i→∞

||yi − xi|| = 0.

2. Assume that

{x ∈ g−1(c) : f(x) = inf(f ; g−1((−∞, c])} ∩ Cr(g, +) = ∅.

Then there exists a positive number Λ0 such that for each λ ≥ Λ0 and each
sequence {xi}∞i=1 ⊂ X which satisfies

lim
i→∞

[f(xi) + λ max{g(xi)− c, 0}] = inf{f(z) + λ max{g(z)− c, 0} : z ∈ X}

there exists a sequence {yi}∞i=1 ⊂ g−1((−∞, c]) such that

lim
i→∞

f(yi) = inf(f ; g−1((−∞, c])) and lim
i→∞

||yi − xi|| = 0.

The next result easily follows from Theorem 2.28.

Theorem 2.29. 1. Assume that (2.177) holds. Then there exists a positive
number Λ0 such that if λ ≥ Λ0 and if x ∈ X satisfies

f(x) + λ|g(x)− c| = inf{f(z) + λ|g(z)− c| : z ∈ X},

then g(x) = c and f(x) = inf(f ; g−1(c)).
2. Assume that (2.178) holds. Then there exists a positive number Λ0 such

that if λ ≥ Λ0 and if x ∈ X satisfies

f(x) + λ max{g(x)− c, 0} = inf{f(z) + λ max{g(z)− c, 0} : z ∈ X},

then g(x) ≤ c and f(x) = inf(f ; g−1((−∞, c])).

Theorem 2.28 implies the following result.

Theorem 2.30. 1. Assume that (2.177) holds and that x̄ ∈ g−1(c) satisfies
the following conditions:

f(x̄) = inf(f ; g−1(c));
any sequence {xn}∞n=1 ⊂ g−1(c) which satisfies
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lim
n→∞

f(xn) = inf(f ; g−1(c))

converges to x̄ in the norm topology.
Then there exists a positive number Λ0 such that for each λ ≥ Λ0 the point

x̄ is a unique solution of the minimization problem

minimize f(z) + λ|g(z)− c| subject to z ∈ X.

2. Assume that (2.178) holds and that x̄ ∈ g−1((−∞, c]) satisfies the fol-
lowing conditions:

f(x̄) = inf(f ; g−1((−∞, c]));
any sequence {xn}∞n=1 ⊂ g−1((−∞, c]) which satisfies limn→∞ f(xn) =

inf(f ; g−1((−∞, c])) converges to x̄ in the norm topology.
Then there exists a positive number Λ0 such that for each λ ≥ Λ0 the point

x̄ is a unique solution of the minimization problem

minimize f(z) + λ max{g(z)− c, 0} subject to z ∈ X.

The results of this section have been established in [136].

2.10 Proofs of Theorems 2.26 and 2.27

We prove Theorems 2.26 and 2.27 simultaneously. Put

A = g−1(c) in the case of Theorem 2.26 (2.179)

and
A = g−1((−∞, c]) in the case of Theorem 2.27. (2.180)

For each positive number λ we define a function ψλ : X → R1 by

ψλ(z) = f(z) + λ|g(z)− c|, z ∈ X (2.181)

in the case of Theorem 2.26 and by

ψλ(z) = f(z) + λ max{g(z)− c, 0}, z ∈ X (2.182)

in the case of Theorem 2.27.
It is easy to see that the function ψλ is locally Lipschitzian for all positive

numbers λ.
We show that there exists a positive number Λ0 such that the following

property holds:
(P1) For each ε ∈ (0, 1) there exists δ ∈ (0, ε) such that for each λ ≥ Λ0

and each x ∈ X which satisfies

ψλ(x) ≤ inf(ψλ) + δ
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there is y ∈ A for which

y ∈ B(x, ε) and ψλ(y) ≤ inf(ψλ) + ε. (2.183)

Assume the contrary. Then for each integer k ≥ 1 there exist

εk ∈ (0, 1), λk ≥ k, xk ∈ X (2.184)

such that
ψλk

(xk) ≤ inf(ψλk
) + (8k2)−1ε2k (2.185)

and
{z ∈ A ∩B(xk, εk) : ψλk

(z) ≤ inf(ψλk
) + εk} = ∅. (2.186)

Let k ≥ 1 be an integer. Consider the function

φλk
(z) = ψλk

(z) + (4k2)−1||z − xk||2, z ∈ X. (2.187)

It is not difficult to see that the function φλk
is locally Lipschitzian and

bounded from below. It follows from the variational principle of Deville–
Godefroy–Zizler [31] that there exist hk ∈ C2(X; R1) and yk ∈ X such that

sup{||hk(z)||+ ||h′k(z)||+ ||h′′k(z)|| : z ∈ X} ≤ 32−1k−2ε2k, (2.188)

(φλk
+ hk)(z) > (φλk

+ hk)(yk) for all z ∈ X \ {yk}. (2.189)

We show that ||xk − yk|| < εk. Assume the contrary. Then

||yk − xk|| ≥ εk. (2.190)

Relations (2.187) and (2.185) imply that

φλk
(xk) = ψλk

(xk) ≤ inf(ψλk
) + (8k2)−1ε2k. (2.191)

It follows from (2.187), (2.190) and (2.191) that

φλk
(yk) = ψλk

(yk) + (4k2)−1||yk − xk||2 ≥ ψλk
(yk) + (4k2)−1ε2k

≥ inf(ψλk
) + (4k2)−1ε2k ≥ φλk

(xk) + (8k2)−1ε2k

and
φλk

(yk)− φλk
(xk) ≥ (8k2)−1ε2k.

Together with (2.188) this inequality implies that

(φλk
+hk)(yk)−(φλk

+hk)(xk) ≥ φλk
(yk)−φλk

(xk)−(16k2)−1ε2k ≥ (16k2)−1ε2k.

This inequality contradicts (2.189). The contradiction we have reached proves
that

||yk − xk|| < εk. (2.192)

By (2.181), (2.182), (2.187), (2.188), (2.189) and (2.185),
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f(yk) ≤ ψλk
(yk) ≤ φλk

(yk) ≤ (φλk
+ hk)(yk) + 32−1k−2ε2k

≤ φλk
(xk) + hk(xk) + (32k2)−1ε2k

≤ φλk
(xk) + (16k2)−1ε2k = ψλk

(xk) + (16k2)−1ε2k ≤ inf(ψλk
) + (4k2)−1ε2k.

(2.193)
It follows from (2.192), (2.193) and (2.186) that

yk 6∈ A. (2.194)

By (2.193), (2.181) and (2.182),

f(yk) ≤ 1 + inf(ψλk
;A) = inf(f ;A) + 1. (2.195)

By this inequality and the growth condition (2.176) the sequence {yk}∞k=1 is
bounded. Since the function f is Lipschitzian on bounded subsets of X it
follows from the boundedness of the sequence {yk}∞k=1 that

sup{||f ′(yk)|| : k is a natural number } < ∞. (2.196)

It should be mentioned that (2.194) holds for all integers k ≥ 1.
In the case of Theorem 2.27 we obtain that

g(yk) > c for all integers k ≥ 1. (2.197)

In the case of Theorem 2.26 we obtain that for each integer k ≥ 1 either
g(yk) > c or g(yk) < c. In the case of Theorem 2.26 extracting a subsequence
and reindexing we may assume that either

g(yk) > c for all integers k ≥ 1

or
g(yk) < c for all integers k ≥ 1. (2.198)

Define a function g̃ and a real number c̃ as follows. In the case of Theorem
2.27 put g̃ = g, c̃ = c. In the case of Theorem 2.26, if (2.197) holds then set
g̃ = g and c̃ = c, and if (2.198) is valid then put g̃ = −g and c̃ = −c. Note
that in all these cases we have

g̃(yk) > c̃ for all integers k ≥ 1. (2.199)

Let k ≥ 1 be an integer. There exists an open neighborhood W of yk in X
with the norm topology such that

g̃(z) > c̃ (2.200)

for each z ∈ W .
It follows from (2.187), (2.181), (2.182), the definition of g̃ and c̃ and the

choice of W that for each z ∈ W
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(φλk
+ hk)(z) = ψλk

(z) + (4k2)−1||z − xk||2 + hk(z)

= f(z) + λk(g̃(z)− c̃) + (4k2)−1||z − xk||2 + hk(z). (2.201)

By (2.201), the definition of g̃ and c̃ and the choice of hk, the function φλk
+hk

is Frechet differentiable on the set W . Relations (2.189) and (2.201) imply that

0 = (φλk
+ hk)′(yk) = f ′(yk) + λkg̃′(yk) + (4k2)−12(yk − xk) + h′k(yk).

Combined with (2.184), (2.192) and (2.188) this equality implies that

||g̃′(yk)|| = λ−1
k ||f ′(yk) + (4k2)−12(yk − xk) + h′k(yk)||

≤ k−1(||f ′(yk)||+εk+||h′k(yk)||) ≤ k−1(||f ′(yk)||+1+ε2k) ≤ k−1(||f ′(yk)||+2).

Together with (2.196) and the definition of g̃ this relation implies that

lim
k→∞

||g′(yk)|| = lim
k→∞

||g̃′(yk)|| = 0. (2.202)

Let k ≥ 1 be an integer. By (2.181), (2.182), the definition of g̃ and c̃, (2.199),
(2.193) and (2.184),

f(yk) + λk(g̃(yk)− c̃) = ψλk
(yk) ≤ inf(ψλk

) + 1

≤ inf(ψλk
; A) + 1 ≤ inf(f ; A) + 1.

Combined with (2.199) and (2.184) this relation implies that

0 < g̃(yk)− c̃ ≤ λ−1
k [inf(f ; A) + 1− inf(f)]

≤ k−1[inf(f ; A) + 1− inf(f)] → 0 as k →∞. (2.203)

Hence
lim

k→∞
g̃(yk) = c̃. (2.204)

It follows from (2.204) and the definition of g̃ and c̃ that

c− γ ≤ g(yk) ≤ c + γ for all sufficiently large natural numbers k.

By this inequality, (2.202), the boundedness of the sequence {yk}∞k=1 and (P-S)
condition there exists a norm convergent subsequence of {yk}∞k=1. Extracting
a subsequence and reindexing we may assume without loss of generality that
the sequence {yk}∞k=1 converges to y∗ ∈ X in the norm topology. Equality
(2.204), the definition of g̃ and c̃ and the definition of A imply that

g(y∗) = lim
i→∞

g(yk) = 0 and y∗ ∈ A. (2.205)

By (2.202),
g′(y∗) = lim

k→∞
g′(yk) = 0 (2.206)
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in the norm topology. By the equality limk→∞ yk = y∗, (2.193), (2.184),
(2.181) and (2.182),

f(y∗) = lim
k→∞

f(yk) ≤ lim sup
k→∞

[inf(ψλk
) + (4k2)−1ε2k]

= lim sup
k→∞

inf(ψλk
) ≤ lim sup

k→∞
inf(ψλk

;A) = inf(f ;A).

Combined with (2.205) this relation implies that

f(y∗) = inf(f ; A). (2.207)

Since the mapping f ′ : X → X is locally Lipschitzian there exist positive
numbers r∗ and L∗ such that

||f ′(z1)− f ′(z2)|| ≤ L∗||z1 − z2|| for each z1, z2 ∈ B(y∗, r∗). (2.208)

The equality limk→∞ ||yk−y∗|| = 0 implies that there exists an integer k0 ≥ 1
such that

||yk − y∗|| ≤ r∗/4 for all integers k ≥ k0. (2.209)

Let k ≥ k0 be an integer. Since hk, g ∈ C2(X; R1) it follows from (2.199) that
there exists a positive number

rk < min{εk/2, r∗/4} (2.210)

such that
g̃(z) > c̃ for each z ∈ B(yk, rk), (2.211)

||h′′k(yk)− h′′k(yk + v)|| ≤ k−2 for each v ∈ B(0, rk) (2.212)

and

||g′′(yk + v)− g′′(yk)|| ≤ k−2λ−1
k for each v ∈ B(0, rk). (2.213)

It follows from (2.187), (2.181), (2.182), (2.211) and the definition of g̃ and c̃
that for each z ∈ B(yk, rk)

(φλk
+ hk)(z) = f(z) + λk(g̃(z)− c̃) + (4k2)−1||z − xk||2 + hk(z). (2.214)

By (2.210), (2.208) and (2.209) for each v ∈ B(0, rk)

||f ′(yk + v)− f ′(yk)|| ≤ L∗||v||. (2.215)

Since the sequence {yk}∞k=1 is bounded it follows from (2.192) and (2.184) that
the sequence {xk}∞k=1 is also bounded. Thus there exists a positive number
M such that

yk, xk ∈ B(0,M) for all natural numbers k. (2.216)

Let



2.10 Proofs of Theorems 2.26 and 2.27 57

u ∈ B(0, rk) \ {0}. (2.217)

In view of the inclusion hk ∈ C2(X; R1) and the Taylor theorem there exists
t1 ∈ [0, 1] such that

hk(yk + u) = hk(yk)+ < h′k(yk), u) > + < h′′k(yk + t1u)u, u > /2. (2.218)

Since g ∈ C2(X; R1) it follows from the Taylor theorem that there exists
t2 ∈ [0, 1] such that

g(yk + u) = g(yk)+ < g′(yk), u > + < g′′(yk + t2u)u, u > /2. (2.219)

It follows from the relation f ∈ C1(X; R1) and the Taylor theorem that there
exists t3 ∈ [0, 1] such that

f(yk + u) = f(yk)+ < f(yk + t2u), u > . (2.220)

By (2.212), (2.217) and (2.218),

|hk(yk + u)− hk(yk)− < h′k(yk), u > −2−1 < h′′k(yk)u, u > |

= 2−1| < (h′′k(yk + t1u)− h′′k(yk))u, u > |
≤ 2−1||u||2||h′′k(yk + t1u)− h′′k(yk)|| ≤ k−2||u||2. (2.221)

Relations (2.219), (2.213) and (2.217) imply that

|g(yk + u)− g(yk)+ < g′(yk), u > − < g′′(yk)u, u > /2|

= 2−1| < (g′(yk + t2u)− g′′(yk))u, u > |
≤ 2−1||u||2||g′′(yk + t2u)− g′′(yk)|| ≤ ||u||2k−2λ−1

k . (2.222)

By (2.220), (2.215) and (2.217),

|f(yk + u)− f(yk)− < f ′(yk), u > | = | < f ′(yk + t3u)− f ′(yk), u > |

≤ ||f ′(yk + t3u)− f ′(yk)||||u|| ≤ L∗t3||u||2 ≤ L∗||u||2. (2.223)

It follows from (2.189), (2.217), (2.214), (2.223), (2.222) and (2.221) that

0 < (φλk
+ hk)(yk + u)− (φλk

+ hk)(yk)

= f(yk + u)− f(yk) + λk(g̃(yk + u)− g̃(yk))

+(4k2)−1[||yk + u− xk||2 − ||yk − xk||2] + hk(yk + u)− hk(yk)

≤< f ′(yk), u > +L∗||u||2 +λk[< g̃′(yk), u > + < g̃′′(yk)u, u > 2−1]+ ||u||2k−2

+(4k2)−1[||u||2 + 2 < yk − xk, u >]

+ < h′k(yk), u > +2−1 < h′′k(yk)u, u > +k−2||u||2. (2.224)

Put
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F (u) =< f ′(yk), u > +L∗||u||2 + λk[< g̃′(yk), u > + < g̃′′(yk)u, u > 2−1]

+||u||2k−2 + (4k2)−1[||u||2 + 2 < yk − xk, u >]

+ < h′k(yk), u > +2−1 < h′′k(yk)u, u >, u ∈ X. (2.225)

It is easy to see that F ∈ C2(X; R1). Relations (2.225), (2.224) and (2.217)
imply that

F (u) > F (0) for all u ∈ B(0, rk) \ {0}. (2.226)

In view of (2.226),

F ′(0) = 0 and < F ′′(0)v, v >≥ 0 for all v ∈ X. (2.227)

Denote by I the identity operator I : X → X such that Ix = x for all x ∈ X.
It follows from (2.225) that

F ′′(0) = 2L∗I + λkg̃′′(yk) + (5/2)k−2I + h′′k(yk). (2.228)

By (2.227), (2.228), (2.184) and (2.1888) for each v ∈ X

0 ≤< λ−1
k F ′′(0)v, v >= 2L∗λ−1

k ||v||2+ < g̃′′(yk)v, v >

+(5/2)k−2λ−1
k ||v||2 + λ−1

k < h′′k(yk)v, v >

≤< g̃′′(yk)v, v > +2L∗k−1||v||2 + (5/2)k−3||v||2 + k−1| < h′′k(yk)v, v > |
≤< g̃′′(yk)v, v > +2L∗k−1||v||2 + (5/2)k−3||v||2 + k−3||v||2 →< g̃′′(y∗)v, v >

as k →∞. Hence
< g̃′′(y∗)v, v >≥ 0 for all v ∈ X. (2.229)

In view of (2.205), (2.206) and (2.207),

g(y∗) = c, g′(y∗) = 0, f(y∗) = inf(f ; A). (2.230)

In the case of Theorem 2.26 relations (2.229) and (2.230) contradict (2.177).
In the case of Theorem 2.27 g̃ = g and (2.229) and (2.230) contradict (2.178).
The contradiction we have reached proves that there exists a positive number
Λ0 such that property (P1) holds.

Let ε ∈ (0, 1) and let δ ∈ (0, ε) be as guaranteed by (P1). Assume that
λ ≥ Λ0 and x ∈ X satisfies

ψλ(x) ≤ inf(ψλ) + δ.

It follows from the choice of δ and (P1) that there exists y ∈ A such that

y ∈ B(x, ε), ψλ(y) ≤ inf(ψλ) + ε.

By the relations above, (2.181) and (2.182),

f(y) ≤ ψλ(y) ≤ inf(ψλ) + ε ≤ inf(ψλ; A) + ε = inf(f : A) + ε.

This completes the proof of Theorems 2.26 and 2.27.
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2.11 Optimization problems in metric spaces

In this section we study constrained minimization problems in a complete
metric space with locally Lipschitzian mixed constraints and generalize the
results of Section 2.1. In order to obtain this generalization we need to define
a critical point for a Lipschitzian function defined on a complete metric space.

Let (X, ρ) be a metric space. Assume that U is a nonempty open subset
of X. A function f : U → R1 is called Lipschitzian if there exists a positive
number c such that

|f(x1)− f(x2)| ≤ cρ(x1, x2) for each x1, x2 ∈ U.

Let a function f : U → R1 be Lipschitzian. For each x ∈ U define

Ξf (x) = lim sup
y→x

[ lim inf
z→y, z 6=y

(f(z)− f(y))(ρ(y, z))−1]. (2.231)

Evidently, Ξf (x) is well defined for all x ∈ U .
A point x ∈ U is called a critical point of f if Ξf (x) ≥ 0. A real number

c ∈ R1 is called a critical value of f on U if there is a critical point x ∈ U of
f such that f(x) = c.

For each x ∈ X and each positive number r set

B(x, r) = {y ∈ X : ρ(x, y) ≤ r}.

A set D ⊂ X is called bounded if there exist x ∈ X and a positive number
r such that D ⊂ B(x, r).

It is not difficult to see that the following proposition holds.

Proposition 2.31. A point x ∈ U is a critical point of f if and only if there
exist a sequence {xk}∞k=1 ⊂ U and a sequence {rk}∞k=1 ⊂ (0, 1) such that
ρ(xk, x) → 0 as k →∞ and that for each natural number k

B(xk, rk) ⊂ U,

f(z) ≥ f(xk)− ρ(z, xk)/k for all z ∈ B(xk, rk).

It follows from the definition (2.231) that the following proposition holds.

Proposition 2.32. Let x ∈ U , {xi}∞i=1 ⊂ U and let limi→∞ ρ(xi, x) = 0.
Then

Ξf (x) ≥ lim sup
i→∞

Ξf (xi).

Corollary 2.33. Let x ∈ U , {xi}∞i=1 ⊂ U , limi→∞ ρ(xi, x) = 0 and let
lim supi→∞Ξf (xi) ≥ 0. Then x is a critical point of f .
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Let M be a nonempty subset of U . We say that f satisfies (P-S) condition
on M [76, 100] if each bounded sequence {xi}∞i=1 ⊂ M such that the sequence
{f(xi)}∞i=1 is bounded and lim infi→∞Ξf (xi) ≥ 0, possesses a convergent
subsequence {xik

}∞k=1 in (X, ρ).
The analogs of the notion of a critical point of f and (P-S) condition

introduced above were used in the previous sections in the case when X is a
Banach space.

Now we compare the notion of a critical point introduced above and the
notion of a critical point used in the previous sections when X is a Banach
space.

Assume that (X, || · ||) is a Banach space, (X∗, || · ||∗) is its dual space and
that ρ(x, y) = ||x− y||, x, y ∈ X.

Let f : U → R1 be a Lipschitzian function defined on a nonempty open
subset U of X. For each x ∈ U let

f0(x, h) = lim sup
t→0+,y→x

[f(y + th)− f(y)]/t, h ∈ X

be the Clarke generalized derivative of f at the point x [21], let

∂f(x) = {l ∈ X∗ : f0(x, h) ≥ l(h) for all h ∈ X}
be Clarke’s generalized gradient of f at x [21] and set

Ξ̃f (x) = inf{f0(x, h) : h ∈ X and ||h|| = 1}.

Proposition 2.34. For each x ∈ U , Ξ̃f (x) ≥ Ξf (x).

Proof: Let x ∈ U . In order to prove the proposition it is sufficient to show that
for each h ∈ X satisfying ||h|| = 1 the inequality f0(x, h) ≥ Ξf (x) is valid.
Let

h ∈ X and ||h|| = 1.

By (2.231) for each positive number r which satisfies B(x, 2r) ⊂ U

Ξf (x) ≤ lim sup
y→x

[lim inf
t→0+

(f(y + th)− f(y))/t]

≤ sup
y∈B(x,r)

sup
t∈(0,r]

[f(y + th)− f(y)]/t.

Since this inequality holds for any positive number r satisfying B(x, 2r) ⊂ U
we obtain that Ξf (x) ≤ f0(x, h). This completes the proof of Proposition
2.34.

In Section 2.1 we say that x ∈ U is a critical point of f if Ξ̃f (x) ≥ 0 and
that a real number c is a critical value of f if there is a critical point x ∈ U of
f such that f(x) = c. Proposition 2.34 implies that if x ∈ U is a critical point
of f according to the definition given in this paper, then x is also a critical
point of f in the sense of the definition given in Section 2.1.
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Proposition 2.34 also implies that if c ∈ R1 is a critical value of f according
to the definition given in this section, then c is also a critical value of f in the
sense of the definition given in Section 2.1.

Let M be a nonempty subset of U . In Section 2.1 we consider an analog
of the (P-S) condition above for which the inequality lim infi→∞Ξf (xi) ≥ 0
is replaced by the inequality lim infi→∞ Ξ̃f (xi) ≥ 0.

By Proposition 2.34 (P-S) type condition introduced in this section is
weaker than (P-S) type condition in Section 2.1.

Let (X, ρ) be a complete metric space. For each function f : X → R1

set inf(f) = inf{f(z) : z ∈ X}. For each function f : X → R1 and each
nonempty set A ⊂ X put

inf(f ; A) = inf{f(z) : z ∈ A}.

For each x ∈ X and each B ⊂ X put

ρ(x, B) = inf{ρ(x, y) : y ∈ B}.

We assume that the sum over an empty set is zero. If A is a subset of (X, ρ),
then we consider a metric space A equipped with the metric ρ.

If g : Y → R1 where Y is nonempty and if Z is a nonempty subset of Y ,
then we denote by g|Z the restriction of g to Z.

Fix θ ∈ X. Let φ : [0,∞) → [0,∞) be an increasing function such that

lim
t→∞

φ(t) = ∞ (2.232)

and let ā be a positive number.
Denote by M the set of all continuous functions h : X → R1 such that

h(x) ≥ φ(ρ(x, θ))− ā for all x ∈ X. (2.233)

We equip the set M with the uniformity determined by the following base:

E(M, q, ε) = {(f, g) ∈M×M : |f(x)− g(x)| ≤ ε for each x ∈ B(θ, M)}

∩{(f, g) ∈M×M :

|(f − g)(x)− (f − g)(y)| ≤ qρ(x, y) for each x, y ∈ B(θ,M)} (2.234)

where M, q, ε are positive numbers. It is not difficult to see that this uniform
space is metrizable and complete.

Let n ≥ 1 be an integer, let gi : X → R1, i = 1, . . . , n be locally Lip-
schitzian functions and let c = (c1, . . . , cn) ∈ Rn.

We assume that gi is Lipschitzian on all bounded subsets of X for each
integer i satisfying 2 ≤ i ≤ n.

Let I1 and I2 be subsets of {1, . . . , n} such that

I1 ∩ I2 = ∅ and I1 ∪ I2 = {1, . . . , n}. (2.235)
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(Note that one of the sets I1, I2 may be empty.)
Set

A = {x ∈ X : gi(x) = ci for all i ∈ I1 and gj(x) ≤ cj for all j ∈ I2}.
(2.236)

We assume that A 6= ∅.
In this paper we consider the following constrained minimization problem:

minimize f(x) subject to x ∈ A (P)

where f ∈M.
For each f ∈ M we associate with problem (P) the corresponding family

of unconstrained minimization problems

minimize f(x)+
∑

i∈I1

λi|gi(x)−ci|+
∑

i∈I2

λi max{gi(x)−ci, 0} subject to x ∈ X

(Pλ)
where

λ = (λ1, . . . , λn) ∈ (0,∞)n.

Assume that f0 ∈M is Lipschitzian on all bounded subsets of X.
Fix θ1 ∈ A. By (2.232) there exists

M0 > 2 + ρ(θ, θ1) (2.237)

such that
φ(M0 − 2) > f0(θ1) + ā + 4. (2.238)

For each i ∈ {1, . . . , n} put

Ai = {x ∈ X : gi(x) = ci} if i ∈ I1,

Ai = {x ∈ X : gi(x) ≤ ci} if i ∈ I2. (2.239)

Define

B1 = X, Bj = ∩j−1
i=1 Ai for each integer j satisfying 1 < j ≤ n. (2.240)

We use the following assumptions.
(A1) If p ∈ I1 and if x ∈ A satisfies f0(x) = inf(f0; A), then x is not a

critical point of the function gp|Bp and it is not a critical point of the function
−gp|Bp

. If p ∈ I2 and if x ∈ A satisfies f0(x) = inf(f0; A), then x is not a
critical point of the function gp|Bp .

(A2) There exists a positive number γ0 such that for each j ∈ I1 the
functions gj |Bj and −gj |Bj satisfy (P-S) condition on the set

Bj ∩ g−1
j ([cj − γ0, cj + γ0])

and for each j ∈ I2 the function gj |Bj satisfies (P-S) condition on the set
Bj ∩ g−1

j ([cj , cj + γ0]).
The following theorem is the main result of this section.
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Theorem 2.35. Assume that (A1) and (A2) hold and let q be a positive num-
ber. Then there exist numbers Λ0 > 0 , Λ1 > 0 and r > 0 such that for each
positive number ε there exists δ ∈ (0, ε) such that the following assertion holds:

If f ∈M satisfies
(f, f0) ∈ E(M0, q, r),

if a sequence of positive numbers {λi}n
i=1 satisfies λn ≥ Λ0 and λiλ

−1
i+1 ≥ Λ0

for each integer i such that 1 ≤ i < n and if x ∈ X satisfies

f(x) +
∑

i∈I1

λi|gi(x)− ci|+
∑

i∈I2

λi max{gi(x)− ci, 0}

≤ inf{f(z) +
∑

i∈I1

λi|gi(z)− ci|+
∑

i∈I2

λi max{gi(z)− ci, 0} : z ∈ X}+ δ,

then there exists y ∈ A such that

ρ(x, y) ≤ ε and f(y) ≤ inf(f ; A) + Λ1ε.

Theorem 2.35 implies the following results.

Theorem 2.36. Assume that (A1) and (A2) hold and let q be a positive num-
ber. Then there exist numbers Λ0, r > 0 such that for each f ∈M satisfying

(f, f0) ∈ E(M0, q, r)

and each sequence of positive numbers {λi}n
i=1 which satisfies λn ≥ Λ0 and

λiλ
−1
i+1 ≥ Λ0 for each integer i such that 1 ≤ i < n the following assertion

holds:
If a sequence {xk}∞k=1 ∈ X satisfies

lim
k→∞

[f(xk) +
∑

i∈I1

λi|gi(xk)− ci|+
∑

i∈I2

λi max{gi(xk)− ci, 0}]

= inf{f(z) +
∑

i∈I1

λi|gi(z)− ci|+
∑

i∈I2

λi max{gi(z)− ci, 0} : z ∈ X},

then there exists a sequence {yk}∞k=1 ⊂ A such that

lim
k→∞

f(yk) = inf(f ; A) and lim
k→∞

ρ(xk, yk) = 0.

Theorem 2.36 implies the following result.

Theorem 2.37. Assume that (A1) and (A2) hold and that there exists x̄ ∈ A
for which the following conditions hold:

f0(x̄) = inf(f ; A);
any sequence {xk}∞k=1 ⊂ A which satisfies limk→∞ f0(xk) = inf(f0; A)

converges to x̄ in (X, ρ).
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Then there exists a positive number Λ0 such that for each sequence of posi-
tive numbers {λi}n

i=1 which satisfies λn ≥ Λ0 and λiλ
−1
i+1 ≥ Λ0 for each integer

i such that 1 ≤ i < n the point x̄ is a unique solution of the minimization
problem

minimize f0(z)+
∑

i∈I1

λi|gi(z)−ci|+
∑

i∈I2

λi max{gi(z)−ci, 0} subject to z ∈ X.

Theorem 2.36 implies the following result.

Theorem 2.38. Assume that any bounded subset of X is compact and that
(A1) hold. Let q > 0. Then there exist numbers Λ0 > 0, r > 0 such that for
each f ∈M satisfying

(f, f0) ∈ E(M0, q, r)

and each sequence of positive numbers {λi}n
i=1 which satisfies λn ≥ Λ0 and

λiλ
−1
i+1 ≥ Λ0 for each integer i such that 1 ≤ i < n the following assertion

holds:
If x is a solution of the minimization problem

minimize f(z) +
∑

i∈I1

|gi(z)− ci|+
∑

i∈I2

max{gi(z)− ci, 0} subject to z ∈ X,

then x ∈ A and f(x) = inf(f ; A).

The results of this section have been obtained in [134].

2.12 Proof of Theorem 2.35

For each f ∈M and each λ = (λ1, . . . , λn) ∈ (0,∞)n define

ψfλ(x) = f(x)+
∑

i∈I1

λi|gi(x)−ci|+
∑

i∈I2

λi max{gi(x)−ci, 0}, x ∈ X. (2.241)

It is easy to see that ψfλ ∈ M for each f ∈ M and each λ = (λ1, . . . , λn) ∈
(0,∞)n.

We show that there exist numbers Λ0 > 0 , r > 0 such that the following
property holds:

(P1) For each positive number ε there exists δ ∈ (0, ε) such that for each
f ∈M satisfying

(f, f0) ∈ E(M0, q, r),

each sequence of positive numbers {λi}n
i=1 satisfying λn ≥ Λ0 and λiλ

−1
i+1 ≥ Λ0

for all integers i such that 1 ≤ i < n and for each x ∈ X satisfying

ψfλ(x) ≤ inf(ψfλ) + δ



2.12 Proof of Theorem 2.35 65

the set A ∩B(x, ε) is nonempty.
Assume the contrary. Then for each integer k ≥ 1 there exist

εk ∈ (0, 1), λ(k) = (λ(k)
1 , . . . , λ(k)

n ) ∈ (0,∞)n, fk ∈M and xk ∈ X (2.242)

such that
(f0, fk) ∈ E(M0, q, 1/k), (2.243)

λ(k)
n ≥ k and λ

(k)
i (λ(k)

i+1)
−1 ≥ k for all integers i satisfying 1 ≤ i < n,

(2.244)
ψfkλ(k)(xk) ≤ inf(ψfkλ(k)) + 2−1εkk−2, (2.245)

ρ(xk, A) ≥ εk. (2.246)

Since the functions f0 and gi for integers i satisfying 2 ≤ i ≤ n are Lipschitzian
on all bounded subsets of X there exists a number L0 > 1 such that

|f0(z1)− f0(z2)| ≤ L0ρ(z1, z2) for each z1, z2 ∈ B(θ,M0) (2.247)

and that for each natural number i satisfying 2 ≤ i ≤ n

|gi(z1)− gi(z2)| ≤ L0ρ(z1, z2) for each z1, z2 ∈ B(θ,M0). (2.248)

Let k ≥ 1 be an integer. By (2.245) and Ekeland’s variational principle
[37] there exists yk ∈ X such that

ψfkλ(k)(yk) ≤ ψfkλ(k)(xk), (2.249)

ρ(yk, xk) ≤ (2k)−1εk, (2.250)

ψfkλ(k)(yk) ≤ ψfkλ(k)(z) + k−1ρ(z, yk) for all z ∈ X. (2.251)

In view of (2.246)
yk 6∈ A for all integers k ≥ 1. (2.252)

By (2.252), (2.236) and (2.239) there exists an integer p ∈ {1, . . . , n} such
that the following conditions hold:

the set {k : k is a natural number for which yk 6∈ Ap} is infinite;
if an integer j satisfies 1 ≤ j < p, then the set

{k : k is a natural number for which yk 6∈ Aj}
is finite.

Extracting a subsequence and reindexing we may assume without loss of
generality that the following conditions hold:

yk 6∈ Ap for all integers k ≥ 1; (2.253)

if an integer j satisfies 1 ≤ j < p, then

yk ∈ Aj for all integers k ≥ 1. (2.254)



66 2 Exact Penalty in Constrained Optimization

Relations (2.240) and (2.254) imply that

yk ∈ Bp for each integer k ≥ 1. (2.255)

We show that
yk ∈ B(θ, M0 − 2) for all integers k ≥ 1. (2.256)

By (2.242), (2.233), (2.241), (2.249), (2.245) and the inclusion θ1 ∈ A for all
integers k ≥ 1

φ(ρ(yk, θ))− ā ≤ fk(yk) ≤ ψfkλ(k)(yk) ≤ ψfkλ(k)(xk)

≤ inf(ψfkλ(k)) + 2−1k−2 ≤ inf(ψfkλ(k) ;A) + (2k2)−1

= inf(fk; A) + (2k2)−1 ≤ fk(θ1) + (2k2)−1. (2.257)

Together with (2.243), (2.237) and (2.234) this relation implies that for all
integers k ≥ 1

φ(ρ(yk, θ)) ≤ (2k2)−1 + ā + fk(θ1)

≤ 2−1 + ā + f0(θ1) + k−1 ≤ 2 + ā + f0(θ1). (2.258)

It follows from this inequality and the choice of M0 (see (2.237) and (2.238))
that

yk ∈ B(θ, M0 − 2) for all integers k ≥ 1. (2.259)

If p ∈ I2, then in view of (2.253) and (2.239)

gp(yk) > cp for all integers k ≥ 1. (2.260)

If p ∈ I1, then (2.253) implies that for each integer k ≥ 1 either gp(yk) > cp or
gp(yk) < cp. Extracting a subsequence and reindexing we may assume without
loss of generality that either

gp(yk) > cp for all natural numbers k (2.261)

or
gp(yk) < cp for all natural numbers k ≥ 1. (2.262)

Put
ḡp = gp and c̄p = cp if p ∈ I2, (2.263)

ḡp = gp and c̄p = cp if p ∈ I1 and (2.261) is valid, (2.264)

ḡp = −gp, c̄p = −cp if p ∈ I1 and (2.262) is valid. (2.265)

Clearly, in all these cases

ḡp(yk) > c̄p for all natural numbers k. (2.266)

Let k ≥ 1 be an integer. By (2.239), (2.240), (2.251), (2.241), (2.235) and
(2.255) for each z ∈ Bp,
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−k−1ρ(z, yk) ≤ ψfkλ(k)(z)− ψfkλ(k)(yk)

= fk(z)− fk(yk) +
∑

{λ(k)
i |gi(z)− ci| : i ∈ I1 and i ≥ p}

−
∑

{λ(k)
i |gi(yk)− ci| : i ∈ I1 and i ≥ p}

+
∑

{λ(k)
i max{gi(z)− ci, 0} : i ∈ I2 and i ≥ p}

−
∑

{λ(k)
i max{gi(yk)− ci, 0} : i ∈ I2 and i ≥ p}. (2.267)

It follows from (2.266) that there exists ∆ ∈ (0, 1) such that

ḡp(z) > c̄p for all z ∈ B(yk,∆). (2.268)

By (2.267), (2.268), (2.263)–(2.265) and (2.266) for each z ∈ Bp ∩B(yk,∆)

λ(k)
p (ḡp(z)− ḡp(yk)) ≥ −k−1ρ(z, yk)+

∑
{λ(k)

i |gi(yk)− ci| : i ∈ I1 and i > p}

−
∑

{λ(k)
i |gi(z)− ci| : i ∈ I1 and i > p}

+
∑

{λ(k)
i max{gi(yk)− ci, 0} : i ∈ I2 and i > p}

−
∑

{λ(k)
i max{gi(z)− ci, 0} : i ∈ I2 and i > p}+ fk(yk)− fk(z)

≥ −k−1ρ(z, yk)−
∑

{λ(k)
i |gi(yk)− gi(z)| : i ∈ {1, . . . , n} and i > p}

+fk(yk)− fk(z). (2.269)

By (2.247), (2.259), the relation ∆ ∈ (0, 1), (2.256), (2.243) and (2.234) for
each z ∈ Bp ∩B(yk,∆),

|fk(yk)− fk(z)| ≤ |f0(yk)− f0(z)|+ |(fk − f0)(yk)− (fk − f0)(z)|

≤ L0ρ(z, yk) + qρ(z, yk). (2.270)

In view of (2.248), (2.256) and the relation ∆ ∈ (0, 1) for each z ∈ Bp ∩
B(yk,∆) and each natural number i satisfying 2 ≤ i ≤ n

|gi(yk)− gi(z)| ≤ L0ρ(yk, z). (2.271)

Relations (2.269), (2.270) and (2.271) imply that for each z ∈ Bp ∩B(yk,∆)

λ(k)
p (ḡp(z)− ḡp(yk)) ≥ −k−1ρ(z, yk)− (L0 + q)ρ(z, yk)

−
∑

{λ(k)
i : i ∈ {1, . . . , n} and i > p}L0ρ(yk, z).

Combined with (2.244) this inequality implies that for each z ∈ Bp∩B(yk,∆)

ḡp(z)− ḡp(yk) ≥ −ρ(z, yk)[k−1(λ(k)
p )−1 + (L0 + q)(λ(k)

p )−1
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+L0

∑
{λ(k)

i (λ(k)
p )−1 : i ∈ {1, . . . , n} and i > p}]

≥ −ρ(z, yk)[k−1 + (L0 + q)k−1 + L02k−1].

Together with (2.231) this relation implies that

Ξḡp|Bp
(yk) ≥ −k−1(1 + 3L0 + q) for all natural numbers k

and that
lim inf
k→∞

Ξḡp|Bp
(yk) ≥ 0. (2.272)

It follows from (2.241), (2.257), (2.243) and (2.237) that for each integer j1 ∈
[p, n] ∩ I1, each j2 ∈ [p, n] ∩ I2 and each natural number k

λ
(k)
j1
|gj1(yk)− cj1 |, λ

(k)
j2

max{gj2(yk)− cj2 , 0}

≤ ψfkλ(k)(yk) ≤ fk(θ1) + 1 ≤ f0(θ1) + 2.

Combined with (2.244) this inequality implies that

lim
k→∞

|gj(yk)− cj | = 0 for all j ∈ [p, n] ∩ I1, (2.273)

lim
k→∞

max{gj(yk)− cj , 0} = 0 for all j ∈ [p, n] ∩ I2.

It follows from (2.273) and (2.260) that if p ∈ I1, then

|gp(yk)− cp| ≤ γ0 for all sufficiently large natural numbers k (2.274)

and if p ∈ I2, then

0 < gp(yk)− cp ≤ γ0 for all sufficiently large natural numbers k. (2.275)

By (2.274), (2.275), (2.272), (2.255), (A2), (2.263)–(2.265) and (2.259) there
exists a strictly increasing sequence of natural numbers {kj}∞j=1 such that
{ykj}∞j=1 converges in (X, ρ) to y∗ ∈ X:

lim
j→∞

ρ(ykj , y∗) = 0. (2.276)

Relations (2.276), (2.255), (2.239) and (2.240) imply that

y∗ ∈ Bp. (2.277)

In view of (2.273) and (2.276),

gj(y∗) = cj for all j ∈ [p, n] ∩ I1 and gj(y∗) ≤ cj for all j ∈ [p, n] ∩ I2.

Combined with (2.239), (2.240) and (2.277) this implies that

y∗ ∈ A. (2.278)
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It follows from (2.277), (2.276), (2.272), (2.255) and Proposition 2.31 that

Ξḡp|Bp
(y∗) ≥ 0. (2.279)

Relation (2.257) implies that for each natural number k

fk(yk) ≤ inf(ψfkλ(k)) + (2k2)−1 ≤ inf(fk;A) + (2k2)−1. (2.280)

In view of (2.259) and (2.243)

lim
k→∞

|f0(yk)− fk(yk)| = 0. (2.281)

We show that
lim

k→∞
(inf(fk;A)) = inf(f0;A). (2.282)

It follows from (2.243) and (2.237) that for each integer k ≥ 0

fk(θ1) ≤ f0(θ1) + 1.

By this inequality, (2.242), (2.233), (2.238) and the inclusion θ1 ∈ A for each
integer k ≥ 0 and each z ∈ X satisfying ρ(θ, z) > M0 − 2 we have

fk(z) ≥ φ(ρ(θ, z))− ā > f0(θ1) + 4 > fk(θ1) + 3 ≥ inf(fk; A) + 3.

This relation implies that for each integer k ≥ 0

inf(fk; A) = inf{fk(z) : z ∈ A and ρ(θ, z) ≤ M0 − 2}. (2.283)

Let k be a natural number. In view of (2.243) for each z ∈ B(θ,M0)

|fk(z)− f0(z)| ≤ 1/k.

Combined with (2.283) this implies that

| inf(fk; A)− inf(f0; A)| ≤ 1/k for all integers k ≥ 1.

This relation implies that (2.282) holds.
It follows from (2.276), (2.281), (2.280) and (2.282) that

f0(y∗) = lim
j→∞

f0(ykj
) = lim

j→∞
fkj

(ykj
)

≤ lim
j→∞

[inf(fkj ; A) + (2k2
j )−1] = inf(f0; A).

In view of this relation, (2.279) and (2.278),

y∗ ∈ A, f0(y∗) = inf(f0;A), Ξḡp |Bp(y∗) ≥ 0.

These relations contradict (A1). The contradiction we have reached proves
that there exist numbers Λ0, r > 0 such that property (P1) holds.
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We may assume without loss of generality that r < 1. Since f0 is Lip-
schitzian on bounded subsets of X there exists

Λ1 > 4(q + 1) (2.284)

such that

|f0(x)− f0(y)| ≤ 2−1Λ1ρ(x, y) for each x, y ∈ B(θ, M0). (2.285)

Assume that ε ∈ (0, 1). Let δ ∈ (0, ε) be as guaranteed by property (P1).
Now assume that f ∈M satisfies

(f, f0) ∈ E(M0, q, r), (2.286)

a sequence of positive numbers {λi}n
i=1 satisfies

λn ≥ Λ0 and λiλ
−1
i+1 ≥ Λ0 for each integer i satisfying 1 ≤ i < n (2.287)

and that x ∈ X satisfies

ψfλ(x) ≤ inf(ψfλ) + δ. (2.288)

It follows from (P1) and the choice of δ that there exists y ∈ X such that

y ∈ A ∩B(x, ε). (2.289)

By (2.241), (2.288) and the inclusion θ1 ∈ A,

f(x) ≤ ψfλ(x) ≤ inf(ψfλ) + δ ≤ inf(ψfλ) + 1

≤ inf(ψfλ; A) + 1 = inf(f ; A) + 1 ≤ f(θ1) + 1. (2.290)

It follows from (2.233), (2.290), (2.286), (2.237) and the inequality r < 1 that

φ(ρ(x, θ))− ā ≤ f(x) ≤ f(θ1) + 1 ≤ f0(θ1) + 1 + r ≤ f0(θ1) + 2. (2.291)

In view of (2.291) and (2.238)

x ∈ B(θ, M0 − 2). (2.292)

Relations (2.292) and (2.289) imply that

ρ(θ, y) ≤ ρ(θ, x) + ρ(x, y) ≤ M0 − 1.

Combined with (2.292), (2.285), (2.286) and (2.289) this inequality implies
that

|f(x)− f(y)| ≤ |f0(x)− f0(y)|+ |(f − f0)(x)− (f − f0)(y)|
≤ 2−1Λ1ρ(x, y) + qρ(x, y) ≤ (2−1Λ1 + q)ε.

Together with (2.241), (2.288) and (2.284) this inequality implies that

f(y) ≤ (2−1Λ1 + q)ε + f(x) ≤ (2−1Λ1 + q)ε + ψfλ(x)

≤ (2−1Λ1 + q)ε + inf(ψf,λ) + δ

≤ (2−1Λ1 + q + 1)ε + inf(ψf,λ; A) ≤ Λ1ε + inf(f ; A).

This completes the proof of Theorem 2.35.
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2.13 An extension of Theorem 2.35

In this section we use the notation and the definitions introduced in Section
2.11.

Assume that n is a natural number, f0 ∈M is Lipschitzian on all bounded
subsets of X, gi : X → R1, i = 1, . . . , n are locally Lipschitzian functions such
that gi is Lipschitzian on all bounded subsets of X for any integer i satisfying
2 ≤ i ≤ n and that c = (c1, . . . , cn) ∈ Rn.

Let I1 and I2 be subsets of {1, . . . , n} satisfying (2.235). (Note that one of
the sets I1, I2 may be empty.) Define the set A by (2.236). We assume that
A 6= ∅. We consider the sets Ai, i = 1, . . . , n defined by (2.239) and the sets
Bj , j = 1, . . . , n defined by (2.240).

In the sequel we use the following assumption.
(A3) For each p ∈ I1, cp is not a critical value of gp|Bp and −cp is not a

critical value of −gp|Bp . For each p ∈ I2, cp is not a critical value of gp|Bp .
We will establish the following result.

Theorem 2.39. Assume that (A2) and (A3) hold and let M0 be a positive
number. Then there exists a positive number M1 such that for each q > 0
there exist numbers Λ0 > 0, Λ1 > 0 such that the following assertion holds:

For each positive number ε there exists δ ∈ (0, ε) such that if f ∈ M
satisfies

(f, f0) ∈ E(M1, q, M0), (2.293)

if a sequence of positive numbers {λi}n
i=1 satisfies

λn ≥ Λ0 and λiλ
−1
i+1 ≥ Λ0 for each integer i such that 1 ≤ i < n (2.294)

and if x ∈ X satisfies

f(x) +
∑

i∈I1

λi|gi(x)− ci|+
∑

i∈I2

λi max{gi(x)− ci, 0}

≤ inf{f(z)+
∑

i∈I1

λi|gi(z)−ci|+
∑

i∈I2

λi max{gi(z)−ci, 0} : z ∈ X}+δ, (2.295)

then there exists y ∈ A which satisfies

ρ(x, y) ≤ ε and f(y) ≤ inf(f ; A) + Λ1ε.

Proof: For each f ∈M and each λ = (λ1, . . . , λn) ∈ (0,∞)n define ψfλ : X →
R1 by (2.241). Fix θ1 ∈ A. In view of (2.232) there exists

M1 > ρ(θ, θ1) + 8 (2.296)

such that
φ(M1 − 4) > f0(θ1) + M0 + ā + 8. (2.297)
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Let q be a positive number. We show that there exists a number Λ0 > 0 such
that the following property holds:

(P2) For each positive number ε there exists δ ∈ (0, ε) such that for each
f ∈M satisfying (2.293) each sequence of positive numbers {λi}n

i=1 satisfying
(2.294) and each x ∈ X satisfying (2.295) the set A ∩B(x, ε) is nonempty.

Assume the contrary. Then for each integer k ≥ 1 there exist

εk ∈ (0, 1), λ(k) = (λ(k)
1 , . . . , λ(k)

n ) ∈ (0,∞)n, fk ∈M, xk ∈ X (2.298)

such that (f0, fk) ∈ E(M1, q, M0) and the relations (2.244) and (2.246) hold.
Arguing as in the proof of Theorem 2.35 we can show that there exists a

sequence {yk}∞k=1 ⊂ X \A such that for each integer k ≥ 1 relations (2.249)–
(2.251) are valid. Arguing as in the proof of Theorem 2.35 we can show that
(without loss of generality) there exists p ∈ {1, . . . , n} such that yk ∈ Bp for
all integers k ≥ 1, if p ∈ I2, then (2.260) holds and if p ∈ I1, then either (2.261)
holds or (2.262) is valid. Define ȳp, c̄p as in the proof of Theorem 2.35 (see
(2.263)–(2.265)). Then we have that (2.266) holds in all the cases. Since the
functions f0 and gi for natural numbers i satisfying 2 ≤ i ≤ n are Lipschitzian
on all bounded subsets of X there exists a positive number L0 > 1 such that

|f0(z1)− f0(z2)| ≤ L0ρ(z1, z2) for each z1, z2 ∈ B(θ, M1)

and that for each natural number i satisfying 2 ≤ i ≤ n

|gi(z1)− gi(z2)| ≤ L0ρ(z1, z2) for each z1, z2 ∈ B(θ, M1).

Arguing as in the proof of Theorem 2.35 we can show that

yk ∈ B(θ, M1 − 4) for all integers k ≥ 1 (2.299)

and that for any integer k ≥ 1

Ξḡp
|Bp

(yk) ≥ −k−1(1 + 3L0 + q) and lim inf
k→∞

Ξḡp
|Bp

(yk) ≥ 0. (2.300)

As in the proof of Theorem 2.35 we show that (2.274) and (2.275) hold. By
(A2), (2.274), (2.275), (2.300) and the inclusion yk ∈ Bp for all integers k ≥ 1
there exists a strictly increasing sequence of natural numbers {kj}∞j=1 such
that {ykj}∞j=1 converges in (X, ρ) to y∗ ∈ X. Arguing as in the proof of
Theorem 2.35 we show that

y∗ ∈ Bp y∗ ∈ A and Ξḡp|Bp
(y∗) ≥ 0. (2.301)

Relations (2.301) contradict (A1). The contradiction we have reached proves
that there exists Λ0 > 0 such that (P2) holds. Arguing as in the proof of
Theorem 2.35 we show that Theorem 2.39 follows from property (P2).

Theorem 2.39 has been obtained in [134].
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2.14 Exact penalty property and Mordukhovich basic
subdifferential

In this section we study two constrained minimization problems in infinite-
dimensional Asplund spaces and establish a sufficient condition for exact
penalty property using the notion of the Mordukhovich basic subdifferential
[71, 73]. Note that a Banach space is an Asplund space if and only if every
separable subspace has a separable dual [73].

In Section 2.1 the existence of the exact penalty for the equality-constrained
problem is established under the assumption that the set of admissible points
does not contain critical points of the constraint function. The notion of crit-
ical points used in Section 2.1 is based on Clarke’s generalized gradients [21].
It should be mentioned that there exists also the construction of the Mor-
dukhovich basic subdifferential introduced in [71] which is intensively used in
the literature. See, for example, [73, 85] and the references mentioned there. In
this section we generalize the results of Section 2.1 for minimization problems
on Asplund spaces using the (less restrictive) notion of critical points via the
Mordukhovich basic subdifferential.

Let (X, || · ||) be an Asplund space and (X∗, || · ||∗) its dual equipped with
the weak topology w∗.

If F : X → 2X∗
is a set-valued mapping between the Banach space X and

its dual X∗, then the notation

lim sup
x→x̄

F (x) := {x∗ ∈ X∗ : there exist sequences xk → x̄ and x∗k
w∗→ x∗

as k →∞ with x∗k ∈ F (xk) for all integers k ≥ 1} (2.302)

signifies the sequential Painleve–Kuratowski upper limit with respect to the
norm topology of X and the weak* topology of X∗.

For each x ∈ X, each x∗ ∈ X∗ and each positive number r put

B(x, r) = {y ∈ X : ||y − x|| ≤ r},
B∗(x∗, r) = {l ∈ X∗ : ||l − x∗||∗ ≤ r}. (2.303)

In this section in order to obtain a sufficient condition for the existence
of an exact penalty we use the notion of Mordukhovich basic subdifferential
introduced in [71] (see also [73]). In order to meet this goal we first present
the notion of an analytic ε-subdifferential [73].

Let φ : X → R1, ε be a positive number and let x̄ ∈ X. Then the set

∂̂aεφ(x̄) := {x∗ ∈ X∗ : lim inf
x→x̄

[(φ(x)−φ(x̄)− < x∗, x− x̄ >)||x− x̄||−1] ≥ −ε}
(2.304)

is the analytic ε-subdifferential of φ at x̄. By Theorem 1.8.9 of [73], the set

∂φ(x̄) = lim sup
x

φ→x̄, ε→0+

∂̂aεφ(x) (2.305)
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is the Mordukhovich basic (limiting) subdifferential of the function φ at the
point x̄.

Here we use the notation that x
φ→ x̄ if and only if x → x̄ with φ(x) → φ(x̄),

where φ(x) → φ(x̄) is superfluous if φ is continuous at x̄.
Note that in this section we do not provide a definition of the Mor-

dukhovich basic (limiting) subdifferential as it appears in the literature (see
page 82 of [73]). Instead of it we work with the formula (2.305) which is more
convenient for our goals.

Let f : X → R1 be a locally Lipschitzian function. For each x ∈ X denote
by ∂f(x) the Mordukhovich basic subdifferential of f at x and set

Ξf (x) = inf{||l||∗ : l ∈ ∂f(x)}. (2.306)

(We suppose that the infimum of an empty set is ∞.)
A point x ∈ X is a critical point of f if 0 ∈ ∂f(x).
A real number c ∈ R1 is called a critical value of f if there exists a critical

point x of f such that f(x) = c.
For each function h : X → R1 and each nonempty set A ⊂ X set

inf(h) = {h(z) : z ∈ X}, (2.307)

inf(h; A) = inf{h(z) : z ∈ A}. (2.308)

For each x ∈ X and each B ⊂ X put

d(x,B) = inf{||x− y|| : y ∈ B}. (2.309)

Let f : X → R1 be a function which is Lipschitzian on all bounded subsets
of X and which satisfies the growth condition

lim
||x||→∞

f(x) = ∞. (2.310)

Clearly, the function f is bounded from below.
Let g : X → R1 be a locally Lipschitzian function.
We say that the function g satisfies the (P-S) condition on a set M ⊂ X

if for each normed-bounded sequence {zi}∞i=1 ⊂ M such that the sequence
{g(zi)}∞i=1 is bounded and lim infi→∞Ξg(zi) = 0 there exists a norm-
convergent subsequence of {zi}∞i=1 [8, 76, 100].

Let c ∈ R1 be such that g−1(c) 6= ∅.
We consider the following constrained minimization problems:

minimize f(x) subject to x ∈ g−1(c) (Pe)

and
minimize f(x) subject to x ∈ g−1((−∞, c]). (Pi)

We associate with these two problems the corresponding families of uncon-
strained minimization problems
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minimize f(x) + λ|g(x)− c| subject to x ∈ X (Pλe)

and
minimize f(x) + λ max{g(x)− c, 0} subject to x ∈ X (Pλi)

where λ > 0.
The following two theorems are our main results in this section.

Theorem 2.40. Assume that there exists a positive number γ∗ such that the
functions g and −g satisfy the (P-S) condition on the set g−1([c− γ∗, c + γ∗])
and the following property holds:

If x ∈ g−1(c) is a critical point of the function g or a critical point of the
function −g, then f(x) > inf(f ; g−1(c)).

Then there exists a number λ̄ > 0 such that for each positive number ε
there exists δ ∈ (0, ε) such that the following assertion holds:

If λ > λ̄ and if x ∈ X satisfies

f(x) + λ|g(x)− c| ≤ inf{f(z) + λ|g(z)− c| : z ∈ X}+ δ,

then there is y ∈ g−1(c) such that

||y − x|| ≤ ε and f(y) ≤ inf(f ; g−1(c)) + δ.

Theorem 2.41. Assume that there exists a positive number γ∗ such that the
function g satisfies the (P-S) condition on the set g−1([c, c + γ∗]) and the
following property holds:

If x ∈ g−1(c) is a critical point of the function g, then

f(x) > inf(f ; g−1(−∞, c]).

Then there exists a number λ̄ > 0 such that for each positive number ε
there exists δ ∈ (0, ε) such that the following assertion holds:

If λ > λ̄ and if x ∈ X satisfies

f(x) + λ max{g(x)− c, 0} ≤ inf{f(z) + λ max{g(z)− c, 0} : z ∈ X}+ δ,

then there is y ∈ g−1(−∞, c]) such that

||y − x|| ≤ ε and f(y) ≤ inf(f ; g−1(−∞, c]) + δ.

Theorems 2.40 and 2.41 have been established in [142].
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2.15 Proofs of Theorems 2.40 and 2.41

We prove Theorems 2.40 and 2.41 simultaneously. Set

A = g−1(c) in the case of Theorem 2.40 (2.311)

and
A = g−1((−∞, c]) in the case of Theorem 2.2. (2.312)

For each positive number λ define a function ψλ : X → R1 by

ψλ(z) = f(z) + λ|g(z)− c|, z ∈ X (2.313)

in the case of Theorem 2.40 and by

ψλ(z) = f(z) + λ max{g(z)− c, 0}, z ∈ X (2.314)

in the case of Theorem 2.41.
Evidently, the function ψλ is locally Lipschitzian for all positive numbers

λ. We show that there exists λ̄ > 0 such that the following property holds:
(P) For each ε ∈ (0, 1) there exists δ ∈ (0, ε) such that for each λ > λ̄ and

each x ∈ X which satisfies

ψλ(x) ≤ inf(ψλ) + δ

the set
{y ∈ A ∩B(x, ε) : ψλ(y) ≤ ψλ(x)}

is nonempty.
It is easy to see that the existence of λ̄ > 0 for which the property (P)

holds implies the validity of Theorems 2.40 and 2.41.
Assume the contrary. Then for each integer k ≥ 1 there exist

εk ∈ (0, 1), λk > k, xk ∈ X (2.315)

such that
ψλk

(xk) ≤ inf(ψλk
) + 2−1εkk−2 (2.316)

and
{z ∈ A : ||z − xk|| ≤ εk and ψλk

(yk) ≤ ψλk
(xk)} = ∅. (2.317)

Let k ≥ 1 be an integer. By (2.316) and Ekeland’s variational principle [37]
there exists yk ∈ X such that

ψλk
(yk) ≤ ψλk

(xk), (2.318)

||yk − xk|| ≤ (2k)−1εk, (2.319)

ψλk
(yk) ≤ ψλk)(z) + k−1||z − yk|| for all z ∈ X. (2.320)

It follows from (2.318), (2.319) and (2.317) that
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yk 6∈ A for all integers k ≥ 1. (2.321)

In the case of Theorem 2.41 we obtain that

g(yk) > c for all integers k ≥ 1. (2.322)

In the case of Theorem 2.40 we obtain that for each integer k ≥ 1 either
g(yk) > c or g(yk) < c.

In the case of Theorem 2.40 by extracting a subsequence and reindexing
we may assume that either g(yk) > c for all integers k ≥ 1 or g(yk) < c for
all integers k ≥ 1. Replacing g with −g and c with −c if necessary we may
assume without loss of generality that (2.322) holds in the case of Theorem
2.40 too. Now (2.322) is valid in both cases.

Let k ≥ 1 be an integer. Then by (2.322) there is an open neighborhood
Vk of yk in X such that

g(z) > c for all z ∈ Vk.

Combined with (2.313), (2.314) and (2.320) this implies that for all z ∈ Vk

f(yk)+λk(g(yk)−c) = ψλk
(yk) ≤ f(z)+λk(g(z)−c)+k−1||z−yk||. (2.323)

Set
φk(z) = f(z) + λkg(z) + k−1||z − yk||, z ∈ Vk. (2.324)

It follows from (2.305), (2.304), (2.324) and (2.323) that

0 ∈ ∂(φk)(yk). (2.325)

By (2.325), (2.324) and Theorem 3.36 of [73],

0 ∈ ∂f(yk) + λk∂g(yk) + k−1∂(|| · −yk||)(yk). (2.326)

Relation (2.326) and Corollary 1.8.1 of [73] imply that

0 ∈ ∂g(yk) + λ−1
k ∂f(yk) + λ−1

k k−1∂(|| · −yk||)(yk) (2.327)

⊂ ∂g(yk) + λ−1
k ∂f(yk) + λ−1

k k−1B∗(0, 1).

By (2.313)–(2.316) and (2.318) for all integers k ≥ 1,

f(yk) ≤ ψλk
(yk) ≤ inf(ψλk

) + 1 ≤ inf(ψλk
; A) + 1 = inf(f ;A) + 1. (2.328)

It follows from this inequality and the growth condition (2.310) that the se-
quence {yk}∞k=1 is bounded. Since the function f is Lipschitzian on bounded
subsets of X it follows from the boundedness of the sequence {yk}∞k=0 and
Corollary 1.8.1 of [73] that there exists a positive number L such that

∂f(yk) ⊂ B∗(0, L) for all integers k ≥ 1. (2.329)
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In view of (2.315), (2.327) and (2.329) for all integers k ≥ 1,

0 ∈ ∂g(yk) + λ−1
k B∗(0, L) + k−1B∗(0, 1)

and by (2.306),
lim

k→∞
Ξg(yk) = 0. (2.330)

It follows from (2.313)–(2.316), (2.318) and (2.322) that for all natural num-
bers k,

inf(f) + λk(g(yk)− c) ≤ f(yk) + λk(g(yk)− c) = ψλk
(yk)

≤ inf(f ;A) + 1

and

0 < g(yk)− c ≤ λ−1
k [inf(f ; A) + 1− inf(f)] → 0 as k →∞. (2.331)

Thus there exists an integer k0 ≥ 1 such that for all integers k ≥ k0

g(yk) ∈ (c, c + γ∗]. (2.332)

It follows from (2.332), the boundedness of the sequence {yk}∞k=1 in the norm
topology and the (P-S) condition that there exists a strictly increasing se-
quence of natural numbers {kj}∞j=1 such that {ykj

}∞j=1 converges in the norm
topology to y∗ ∈ X. Relation (2.331) implies that

g(y∗) = c. (2.333)

It follows from (2.313), (2.314), (2.318) and (2.326) that

f(y∗) = lim
j→∞

f(ykj
) ≤ lim sup

j→∞
ψλkj

(ykj
)

≤ lim sup
j→∞

inf(ψλkj
) ≤ lim sup

j→∞
inf(ψλkj

;A) = inf(f ;A).

Combined with (2.333), (2.311) and (2.312) this implies that

f(y∗) = inf(f ; A). (2.334)

We have already mentioned that the sequence {yk}∞k=1 is bounded. Fix a
number M > 4 for which

{yk}∞k=1 ⊂ B(0,M − 2). (2.335)

Since the function f is Lipschitz on bounded subsets of X there exists L0 ≥ 1
such that

|f(z1)− f(z2)| ≤ L0||z1 − z2|| for all z1, z2 ∈ B(0,M). (2.336)
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Let k ≥ 1 be an integer. We may assume that

Vk ⊂ B(yk, 1) ⊂ B(0,M). (2.337)

It follows from (2.323), (2.337), (2.336) and (2.325) that for all z ∈ Vk \ {yk},

(g(z)− g(yk))||z − yk||−1 ≥ ||z − yk||−1[f(yk)− f(z)]λ−1
k − k−1λ−1

k

≥ −L0λ
−1
k − k−1 ≥ −k−1(1 + L0).

In view of the relation above and the definition (2.304),

0 ∈ ∂̂aγk
gk(yk)

with
γk = k−1(1 + L0).

Combined with (2.305) and the equality y∗ = limj→∞ ykj
in the norm topology

this implies that 0 ∈ ∂g(y∗). This contradicts the relation (2.333) and (2.334).
The contradiction we have reached proves the existence of λ̄ > 0 for which
the property (P) holds.

This completes the proofs of Theorems 2.40 and 2.41.

2.16 Comments

In this chapter we use the penalty approach in order to study various classes
of constrained minimization problems on Banach spaces and on metric spaces.
Our goal is to find simple sufficient conditions for the existence of an exact
penalty for which any solution of a penalized unconstrained problem is a solu-
tion of the original unconstrained problem. Since in this chapter we consider
minimization problems on a general Banach space and on a general metric
space the existence of their solutions is not guaranteed. Therefore we are
interested in approximate solutions of the unconstrained penalized problem
and in approximate solutions of the corresponding constrained problem. Un-
der mild assumptions we establish the existence of a penalty coefficient Λ0 > 0
such that the following property holds:

For each ε > 0 there exists δ(ε) > 0 which depends only on ε such that
if x is a δ(ε)-approximate solution of the unconstrained penalized problem
whose penalty coefficient is larger than Λ0, then there exists an ε-approximate
solution y of the corresponding constrained problem such that ||y − x|| ≤ ε.

In our study we use tools and methods of variational analysis and, in
particular, the nonsmooth version of the (P–S) condition introduced in [100]
for Lipschitzian functions. Note that recently a subdifferential (P–S) condition
for set-valued mappings was introduced and applied in [9] for multiobjective
optimization problems.





3

Stability of the Exact Penalty

3.1 Minimization problems with one constraint

In this section we study two constrained nonconvex minimization problems
with Lipschitzian (on bounded sets) objective functions. The first problem is
an equality-constrained problem in a Banach space with a locally Lipschitzian
constraint function and the second problem is an inequality-constrained prob-
lem in a Banach space with a locally Lipschitzian constraint function.

Let (X, || · ||) be a Banach space, (X∗, || · ||∗) its dual space and let f :
X → R1 be a locally Lipschitzian function.

For each x ∈ X let

f0(x, h) = lim sup
t→0+, y→x

[f(y + th)− f(y)]/t, h ∈ X,

be the Clarke generalized directional derivative of f at the point x [21], let

∂f(x) = {l ∈ X∗ : f0(x, h) ≥ l(h) for all h ∈ X}

be Clarke’s generalized gradient of f at x, [21] and set

Ξf (x) = inf{f0(x, h) : h ∈ X and ||h|| ≤ 1} (3.1)

[100].
Recall that a point x ∈ X is called a critical point of f if 0 ∈ ∂f(x). It is

not difficult to see that x ∈ X is a critical point of f if and only if Ξf (x) = 0.
A real number c ∈ R1 is called a critical value of f if there is a critical

point x of f such that f(x) = c.
It is known that ∂(−f)(x) = −∂f(x) for any x ∈ X (see Chapter 2, Section

2.3 of [21]). This equality implies that x ∈ X is a critical point of f if and
only if x is a critical point of −f and c ∈ R1 is a critical value of f if and only
if −c is a critical value of −f .

For each function h : X → R1 set inf(h) = inf{h(z) : z ∈ X}.
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For each x ∈ X and each nonempty set B ⊂ X put

d(x,B) = inf{||x− y|| : y ∈ B}.
We say that a locally Lipschitz function f : X → R1 satisfies the Palais–

Smale (P-S) condition on a set A ⊂ X if for any sequence {xi}∞i=1 ⊂ A for
which the sequence {f(xi)}∞i=1 is bounded and limi→∞Ξf (xi) = 0 there exists
a norm convergent subsequence in X [8, 76, 100].

Remark 3.1. In Section 2.1 instead of the function Ξf we introduced a function
Ξ̃f : X → R1 defined by

Ξ̃f (x) = inf{f0(x, h) : h ∈ X and ||h|| = 1}, x ∈ X.

Clearly for all x ∈ X we have Ξf (x) ≤ Ξ̃f (x) and Ξ̃f (x) ≥ 0 if and only if
Ξf (x) = 0. It is not difficult to see that for each sequence {xi}∞i=1 ⊂ X

lim
i→∞

Ξf (xi) = 0 if and only if lim inf
i→∞

Ξ̃f (xi) ≥ 0.

For each x ∈ X, each x∗ ∈ X∗ and each r > 0 set

B(x, r) = {y ∈ X : ||y − x|| ≤ r}, B∗(x∗, r) = {l ∈ X∗ : ||l − x∗||∗ ≤ r},
B0(x, r) = {y ∈ X : ||y − x|| < r}, B0

∗(x
∗, r) = {l ∈ X∗ : ||l − x∗||∗ < r}.

We assume that the infimum over an empty set is infinity.
For each c ∈ R1 and each pair of functions f, g : X → R1 set

inf(f, c, g) = inf{f(z) : z ∈ g−1(c)}, (3.2)

inf(f, (−∞, c], g) = inf{f(z) : z ∈ g−1((−∞, c])}.
Let φ : [0,∞) → R1 be an increasing function such that

lim
t→∞

φ(t) = ∞. (3.3)

Let M0,M1,M2 be positive numbers and let h : X → R1 be a continuous
function. Now we define a family of functions which are close to the function
h. This family is determined by the parameters M0,M1,M2.

Denote by U(h,M0,M1,M2) the set of all continuous functions g : X → R1

such that
|g(x)− h(x)| ≤ M1 for all x ∈ B(0,M0), (3.4)

|h(x)− g(x)− (h(y)− g(y))| ≤ M2||x− y|| for all x, y ∈ B(0, M0) (3.5)

and denote by Uφ(h,M0,M1,M2) the set of all g ∈ U(h,M0,M1,M2) such
that

g(x) ≥ φ(||x||) for all x ∈ X. (3.6)

Let f0 : X → R1 be a locally Lipschitzian function which satisfies



3.1 Minimization problems with one constraint 83

f0(x) ≥ φ(||x||) for all x ∈ X, (3.7)

g0 : X → R1 be a locally Lipschitzian function and let

a0 < c0 < b0. (3.8)

We assume that
g−1
0 (c0) 6= ∅ (3.9)

and consider the following constrained minimization problems:

minimize f0(x) subject to x ∈ g−1
0 (c0) (Pe)

and
minimize f0(x) subject to x ∈ g−1

0 ((−∞, c0]). (Pi)

We suppose that there exists θ ∈ X such that the following assumption
holds:

(A0) In the case of the problem (Pe)

θ ∈ g−1
0 (c0) and 0 6∈ ∂g0(θ);

in the case of the problem (Pi)

θ ∈ g−1
0 ((−∞, c0]) and if θ ∈ g−1

0 (c0), then 0 6∈ ∂g0(θ).

Assume that
f : X → R1, g : X → R1, c ∈ R1.

If g−1(c) 6= ∅, then we consider the equality-constraint problem

minimize f(x) subject to x ∈ g−1(c) (P(f,g)
c,e )

and if g−1((−∞, c]) 6= ∅, then we consider the inequality-constraint problem

minimize f(x) subject to x ∈ g−1((−∞, c]). (P(f,g)
c,i )

We associate with these two problems the corresponding families of un-
constrained minimization problems

minimize f(x) + λ|g(x)− c| subject to x ∈ X, (P(f,g)
λ,c,e)

minimize f(x) + λ max{g(x)− c, 0} subject to x ∈ X (P(f,g)
λ,c,i)

where λ is a positive number.
In view of (3.3) there exists a number M̄ > 0 such that

M̄ > ||θ||+ 4 and φ(M̄ − 4) > f0(θ) + 4. (3.10)

In this paper we use the following assumptions:
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(A1) f0 is Lipschitz on B(0, M̄);
(A2) for each positive number ε there exists xε ∈ g−1

0 (c0) such that
f0(xε) ≤ inf(f,c0, g0) + ε and 0 6∈ ∂g0(xε);

(A3) for each positive number ε there exists xε ∈ g−1
0 ((−∞, c0]) such that

f0(xε) ≤ inf(f0, (−∞, c0], g0) + ε

and if xε ∈ g−1
0 (c0), then 0 6∈ ∂g0(xε);

(A4) if y ∈ g−1
0 (c0) satisfies f0(y) = inf(f0, c0, g0), then 0 6∈ ∂g0(y);

(A5) if y ∈ g−1
0 (c0) satisfies f0(y) = inf(f0; (−∞, c0]; g0), then 0 6∈ ∂g0(y);

(A6) each sequence {yk}∞k=1 ⊂ {z ∈ B0(0, M̄) : g0(z) ∈ [a0, b0]} which
satisfies lim infk→∞Ξg0(yk) = 0 possesses a norm-convergent subsequence;

(A7) each sequence

{yk}∞k=1 ⊂ {z ∈ B0(0, M̄) : g0(z) ∈ [c0, b0]}

which satisfies lim infk→∞Ξg0(yk) = 0 possesses a norm-convergent subse-
quence.

Remark 3.2. If (A1) holds, then it follows from (3.7) and (3.10) that f0 is
bounded from below on X.

Remark 3.3. Assumption (A6) ((A7) respectively) means that g0 satisfies the
(P-S) condition on the set g−1

0 ([a0, b0]) ∩ B0(0, M̄) (g−1
0 ([c0, b0]) ∩ B0(0, M̄)

respectively).

We will prove the following two results.

Theorem 3.4. Suppose that (A1), (A2), (A4) and (A6) hold. Let M be a
positive number. Then there exist positive numbers α, λ0 such that for each
positive number ε there exists δ ∈ (0, ε) such that the following assertion holds:

For each λ ≥ λ0, each c ∈ R1 satisfying |c−c0| ≤ α, each pair of functions
f : X → R1 and g : X → R1 which satisfy

f ∈ Uφ(f0, M̄ , α,M), g ∈ U(g0, M̄ , α, α)

and each x ∈ X satisfying

f(x) + λ|g(x)− c| ≤ inf{f(z) + λ|g(z)− c| : z ∈ X}+ δ

there exists y ∈ g−1(c) such that ||y − x|| ≤ ε and

f(y) ≤ f(x) + λ|g(x)− c| ≤ inf{f(z) + λ|g(z)− c| : z ∈ X}+ δ.
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Theorem 3.5. Suppose that (A1), (A3), (A5) and (A7) hold. Let M be a
positive number. Then there exist positive numbers α, λ0 such that for each
positive number ε there exists δ ∈ (0, ε) such that the following assertion holds:

For each λ ≥ λ0, each c ∈ R1 satisfying |c−c0| ≤ α, each pair of functions
f : X → R1 and g : X → R1 which satisfy

f ∈ Uφ(f0, M̄ , α,M), g ∈ U(g0, M̄ , α, α)

and each x ∈ X which satisfies

f(x) + λ max{g(x)− c, 0} ≤ inf{f(z) + λ max{g(z)− c, 0} : z ∈ X}+ δ

there is y ∈ g−1((−∞, c]) such that ||y − x|| ≤ ε and

f(y) ≤ f(x)+λ max{g(x)−c, 0} ≤ inf{f(z)+λ max{g(z)−c, 0} : z ∈ X}+ε.

Theorems 3.4 and 3.5 will be proved in Section 3.3. They imply the fol-
lowing result.

Theorem 3.6. 1. Suppose that (A1), (A2), (A4) and (A6) hold. Let M be a
positive number. Then there exist positive numbers α, λ0 such that for each
f ∈ Uφ(f0, M̄ , α, M), each g ∈ U(g0, M̄ , α, α), each c ∈ [c0 − α, c0 + α], each
λ ≥ λ0 and for each sequence {xi}∞i=1 ⊂ X which satisfies

lim
i→∞

[f(xi) + λ|g(xi)− c|] = inf{f(z) + λ|g(z)− c| : z ∈ X}

there exists a sequence {yi}∞i=1 ⊂ g−1(c) such that

lim
i→∞

f(yi) = inf(f, c, g), lim
i→∞

||yi − xi|| = 0.

2. Suppose that (A1), (A3), (A5) and (A7) hold. Let M be a posi-
tive number. Then there exist positive numbers α, λ0 such that for each
f ∈ Uφ(f0, M̄ , α, M), each g ∈ U(g0, M̄ , α, α), each c ∈ [c0 − α, c0 + α],
each λ ≥ λ0 and for each sequence {xi}∞i=1 ⊂ X which satisfies

lim
i→∞

[f(xi) + λ max{g(xi)− c, 0}] = inf{f(z) + λ max{g(z)− c, 0} : z ∈ X}

there exists a sequence {yi}∞i=1 ⊂ g−1((−∞, c]) such that

lim
i→∞

f(yi) = inf(f ; (−∞, c], g), lim
i→∞

||yi − xi|| = 0.

Note that the results of this section have been obtained in [140].
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3.2 Auxiliary results

In this section we use the notation and definitions introduced in Section 3.1.
Let (Y, || · ||) and (Z, || · ||) be Banach spaces, A ⊂ Y , B ⊂ Z. We say that

h : A → B is an L-mapping if for each x ∈ A there is a positive number r
such that the restriction h : A ∩B(x, r) → B is Lipschitzian.

Assume that g : X → R1 is a locally Lipschitz function. We use the
following auxiliary result of [100].

Lemma 3.7. Let δ > 0 and let A ⊂ X be a nonempty closed subset of X such
that Ξg(x) < −δ for all x ∈ A. Then there exists an L-mapping V : X → X
such that

V x ∈ B(0, 2) for all x ∈ X, g0(x, V x) ≤ 0 for all x ∈ X,

g0(x, V x) ≤ −δ for all x ∈ A.

Lemma 3.8. Let x0 ∈ X, δ be a positive number and let Ξg(x0) < −δ. Then
there exist a positive number r and an L-mapping V : X → X such that

V x ∈ B(0, 2) for all x ∈ X, g0(x, V x) ≤ 0 for all x ∈ X,

g0(x, V x) ≤ −δ for all x ∈ B(x0, r).

Proof: It follows from upper semicontinuity of the Clarke generalized direc-
tional derivative g0(ξ, η) with respect to ξ that there exists a positive number
r such that Ξg(x) < −δ for all x ∈ B(x0, r). Now Lemma 3.8 follows from
Lemma 3.7.

Proposition 3.9. Let

x0 ∈ B0(0, M̄) ∩ g−1
0 (c0), (3.11)

0 6∈ ∂g0(x0) (3.12)

and let ε0 > 0. Then there exists δ0 ∈ (0, ε0) such that for each function
g : X → R1 which satisfies

|g(z)− g0(z)| ≤ δ0, z ∈ B0(0, M̄), (3.13)

|(g − g0)(z1)− (g − g0)(z2)| ≤ δ0||z1 − z2|| for all z1, z2 ∈ B0(0, M̄) (3.14)

and each c ∈ R1 satisfying
|c− c0| ≤ δ0 (3.15)

there exists x ∈ B0(0, M̄) such that

x ∈ B0(x0, ε0) and g(x) = c. (3.16)
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Proof: It follows from (3.1) and (3.12) that

Ξg0(x0) < 0.

Choose a positive number δ such that

Ξg0(x0) < −δ. (3.17)

Lemma 3.8 implies that there exist a positive number r and an L-mapping
V : X → X such that

r < ε0, B(x0, r) ⊂ B0(0, M̄), (3.18)

V x ∈ B(0, 2) for all x ∈ X, g0
0(x, V x) ≤ 0 for all x ∈ X, (3.19)

g0
0(x, V x) ≤ −δ for all x ∈ B(x0, r). (3.20)

It is easy to see that there exist a positive number t0 and a differentiable
function φ : [−t0, t0] → X such that

φ′(t) = V φ(t), t ∈ [−t0, t0], (3.21)

φ(0) = x0, (3.22)

φ(t) ∈ B0(x0, r), t ∈ [−t0, t0]. (3.23)

By the properties of the Clarke generalized directional derivative [21] for each
t1, t2 ∈ [−t0, t0] satisfying t1 < t2,

g0(φ(t2))− g0(φ(t1)) = l(φ′(s))(t2 − t1),

where s ∈ [t1, t2] and l ∈ ∂g0(φ(s)), and by (3.20), (3.21), (3.23) and the
definition of Clarke’s generalized gradient

g0(φ(t2))− g0(φ(t1)) = (t2 − t1)l(V (φ(s)))

≤ (t2 − t1)g0
0(φ(s), V (φ(s))) ≤ −δ(t2 − t1).

Therefore

g0(φ(t2))−g0(φ(t1)) ≤ −δ(t2− t1) for each t1, t2 ∈ [−t0, t0] such that t1 < t2.
(3.24)

Fix a number δ0 > 0 such that

δ0 < min{ε0, δt0/8}. (3.25)

Assume that g : X → R1 satisfies (3.14) and c ∈ R1 satisfies (3.15). It
follows from (3.18) and (3.23) that for all t ∈ [−t0, t0],

φ(t) ∈ B0(x0, r) ⊂ B0(0, M̄) ∩B0(x0, ε0). (3.26)
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By (3.11), (3.22) and (3.24),

g0(φ(t0/2)) ≤ g0(φ(0))− δt0/2 = g0(x0)− δt0/2 = c0 − δt0/2, (3.27)

g0(φ(−t0/2)) ≥ g0(φ(0)) + δt0/2 = g0(x0) + δt0/2 = c0 + δt0/2. (3.28)

In view of (3.14), (3.18) and (3.23),

|(g − g0)(φ(t0/2))|, |(g − g0)(φ(−t0/2))| ≤ δ0. (3.29)

It follows from (3.29), (3.27), (3.15), (3.25) and (3.28) that

g(φ(t0/2)) ≤ g0(φ(t0/2)) + δ0 ≤ c0 − δt0/2 + δ0 ≤ c− δt0/2 + 2δ0 ≤ c− 2δ0,
(3.30)

g(φ(−t0/2)) ≥ g0(φ(−t0/2))− δ0 = c0 + δt0/2− δ0 ≥ c+ δ0/2− 2δ0 ≥ c+2δ0.

By (3.30) there exists s ∈ (−t0/2, t02) such that

g(φ(s)) = c.

Relations (3.23) and (3.26) imply that

φ(s) ∈ B0(0, M̄) ∩B0(x0, ε0).

Proposition 3.9 is proved.

3.3 Proof of Theorems 3.4 and 3.5

We prove Theorems 3.4 and 3.5 simultaneously. For each real number c and
each function g : X → R1 put

Ag,c = g−1(c) in the case of Theorem 3.4, (3.31)

Ag,c = g−1((−∞, c]) in the case of Theorem 3.5.

For each positive number λ, each real number c and each pair of functions
f, g : X → R1 define a function ψ

(f,g)
λ,c : X → R1 by

ψ
(f,g)
λ,c (z) = f(z) + λ|g(z)− c|, z ∈ X (3.32)

in the case of Theorem 3.4 and by

ψ
(f,g)
λ,c (z) = f(z) + λ max{g(z)− c, 0}, z ∈ X (3.33)

in the case of Theorem 3.5.
Let M be a positive number. We assume that Theorem 3.4 (Theorem 3.5

respectively) does not hold. Then for each integer k ≥ 1 there exist
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εk ∈ (0, 1), λk ≥ k, ck ∈ R1

satisfying
|ck − c0| ≤ k−1, (3.34)

a pair of functions fk, gk : X → R1 which satisfy

fk ∈ Uφ(f0, M̄ , k−1,M), gk ∈ U(g0, M̄ , k−1, k−1) (3.35)

and xk ∈ X satisfying

ψ
(fk,gk)
λk,ck

(xk) ≤ inf(ψ(fk,gk)
λk,ck

) + εk2−1k−2, (3.36)

{y ∈ Agk,ck
∩B(xk, εk) : ψ

(fk,gk)
λk,ck

(y) ≤ ψ
(fk,gk)
λk,ck

(xk)} = ∅. (3.37)

Set
φ(k) = ψ

(fk,gk)
λk,ck

, k = 1, 2, . . . . (3.38)

Let k ≥ 1 be an integer. It follows from Ekeland’s variational principle
[37], (3.32), (3.33), (3.35), (3.36) and (3.38) that there exists yk ∈ X such
that

φ(k)(yk) ≤ φ(k)(xk), (3.39)

||yk − xk|| ≤ (2k)−1εk, (3.40)

φ(k)(yk) ≤ φ(k)(z) + k−1||z − yk|| for all z ∈ X. (3.41)

Relations (3.37), (3.38), (3.39) and (3.40) imply that

yk 6∈ Agk,ck
. (3.42)

In the case of Theorem 3.5 we obtain that

gk(yk) > ck. (3.43)

In the case of Theorem 3.4 we obtain that either gk(yk) > ck or gk(yk) < ck.
In the case of Theorem 3.4 extracting a subsequence, reindexing and replacing
g0 by −g0, gk by −gk, c0 by −c0 and ck by −ck, we may assume without loss
of generality that in both cases

gk(yk) > ck for all integers k ≥ 1. (3.44)

By (A1) there exists a positive number L0 such that

|f0(z1)− f0(z2)| ≤ L0||z1 − z2|| for all z1, z2 ∈ B(0, M̄). (3.45)

Evidently, for all integers k ≥ 1, φ(k) is locally Lipschitz on B(0, M̄).
We continue the proof with four steps.
Step 1. We show that yk ∈ B(0, M̄ − 4) for all sufficiently large natural

numbers k. By (3.10), (A0), Proposition 3.9, (3.31), (3.34) and (3.35), there
exists an integer k0 ≥ 1 such that for each natural number k ≥ k0 there exists
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θk ∈ B0(0, M̄) ∩Agkck
(3.46)

such that
lim

k→∞
||θk − θ|| = 0. (3.47)

By (3.10), (3.32), (3.33), (3.35), (3.36), (3.38), (3.39), (3.45) and (3.46) for
each natural number k ≥ k0

fk(yk) ≤ φ(k)(yk) ≤ φ(k)(xk) ≤ inf(φ(k)) + 2−1k−2

≤ φ(k)(θk)+2−1k−2 = fk(θk)+2−1k−2 = f0(θk)+ [fk(θk)− f0(θk)]+ 2−1k−2

≤ f0(θk) + k−1 + k−2 = f0(θ) + [f0(θk)− f0(θ)] + k−1 + k−2

≤ f0(θ) + L0||θk − θ||+ 2k−1. (3.48)

Since limk→∞ ||θk − θ|| = 0 it follows from (4.48) that there exists an integer
k1 ≥ k0 such that for all natural numbers k ≥ k1,

fk(yk) ≤ f0(θ) + 2−1.

Combined with (3.6), (3.10) and (3.35) this implies that

yk ∈ B(0, M̄ − 4) for all natural numbers k ≥ k1. (3.49)

Step 2. We show that limk→∞Ξg0(yk) = 0. Let k ≥ k1 be an integer. It
follows from (3.35) and (3.49) that for each z ∈ B(yk, 3/2),

|[gk(z)− g0(z)]− [gk(yk)− g0(yk)]| ≤ k−1||z − yk||, (3.50)

|[fk(z)− f0(z)]− [fk(yk)− f0(yk)]| ≤ M ||z − yk||. (3.51)

In view of (3.44) there exists rk ∈ (0, 3/2] such that

gk(z) > ck for all z ∈ B(yk, rk). (3.52)

It follows from (3.52), (3.41), (3.38), (3.32) and (3.33) that for all z ∈
B(yk, rk),

fk(yk) + λk(gk(yk)− ck) ≤ fk(z) + λk(gk(z)− ck) + k−1||z − yk||. (3.53)

Relations (3.50), (3.51), (3.52) and (3.53) imply that for all z ∈ B(yk, rk),

f0(yk)+λkg0(yk) ≤ fk(yk)+λkgk(yk)+[f0(yk)−fk(yk)]+λk[g0(yk)−gk(yk)]

≤ fk(z) + λkgk(z) + k−1||z − yk||+ [f0(yk)− fk(yk)] + λk[g0(yk)− gk(yk)]

≤ f0(z) + λkg0(z) + (fk(z)− f0(z))

+λk[gk(z)− g0(z)] + k−1||z − yk||+ [f0(yk)− fk(yk)] + λk[(g0(yk)− gk(yk)]

= f0(z) + λkg0(z) + k−1||z − yk||
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+[(fk − f0)(z)− (fk − f0)(yk)] + λk[(gk − g0)(z)− (gk − g0)(yk)]

≤ f0(z) + λkg0(z) + k−1||z − yk||+ M ||z − yk||+ λkk−1||z − yk||. (3.54)

By (3.54) for all z ∈ B(yk, zk)

g0(yk) + λ−1
k f0(yk) ≤ g0(z) + λ−1

k f0(z) + λ−1
k ||z − yk||(k−1 + M + k−1).

By the inequality above and the properties of Clarke’s generalized gradient
(see Chapter 2, Sect. 2.3 of [21])

0 ∈ ∂g0(yk) + λ−1
k ∂f0(yk) + λ−1

k (2/k + M)B∗(0, 1). (3.55)

Relations (3.45) and (3.49) imply that for each integer k ≥ k1,

∂f0(yk) ⊂ B∗(0, L0).

Combined with (3.55) this implies that for each integer k ≥ k1

0 ∈ ∂g0(yk) + λ−1
k (L0 + 2/k + M)B∗(0, 1)

and
lim

k→∞
Ξg0(yk) = 0. (3.56)

Step 3. Let us show that limk→∞ g0(yk) = c0 and that {yj}∞j=1 possesses
a convergent subsequence. It follows from (3.49), (3.35), (3.44), (3.38), (3.32),
(3.33), (3.39), (3.36) and (3.46) that for all integers k ≥ k1,

−M+λk(gk(yk)−ck)+f0(yk) ≤ fk(yk)+λk(gk(yk)−ck) = φ(k)(yk) ≤ φ(k)(xk)

≤ inf(φ(k)) + 1 ≤ φ(k)(θk) + 1 ≤ fk(θk) + 1 = f0(θk) + 1 + fk(θk)− f0(θk)

≤ f0(θk) + 2

and

0 < gk(yk)− ck ≤ λ−1
k [sup{f0(z) : z ∈ B(0, M̄)} − inf(f0) + 2 + M ].

Hence limk→∞(gk(yk)− ck) = 0. Combined with (3.34), (3.35) and (3.49) this
implies that

lim
k→∞

g0(yk) = c0. (3.57)

It follows from (3.56), (3.57), (3.49), (A6), (A7), (3.8) and (3.43) that there
exists a strictly increasing sequence of natural numbers {kj}∞j=1 such that
{ykj}∞j=1 converges in the norm topology of X to y∗ ∈ X. By (3.57)

g0(y∗) = c0. (3.58)

Step 4. Let us show that f0(y∗) = inf(f0; Ag0,c0).
By (3.56) and and upper semicontinuity of the Clarke generalized direc-

tional derivative g0(ξ, η) with respect to ξ [21], Ξg0(y∗) = 0 and
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0 ∈ ∂g0(y∗). (3.59)

It follows from (3.45) and (3.49) that

f0(y∗) = lim
j→∞

f0(ykj
). (3.60)

Let ∆ ∈ (0, 1). (A2) and (A3) imply that there exists

x(∆) ∈ Ag0,c0 (3.61)

such that
f0(x(∆)) ≤ inf(f0;A(g0, c0)) + ∆, (3.62)

0 6∈ ∂g0(x(∆)) if g(x(∆)) = c0. (3.63)

It follows from (3.61) and (A0) that

f0(x(∆)) ≤ f0(θ) + 1. (3.64)

By (3.64), (3.7) and (3.10),

x(∆) ∈ B0(0, M̄ − 4). (3.65)

In view of (3.65), (3.61), (3.63), (3.34), (3.35) and Proposition 3.9 there exists
an integer k2 ≥ k1 such that for each integer k ≥ k2 there exists

xk(∆) ∈ B0(0, M̄) ∩Agk,ck
(3.66)

such that
lim

k→∞
||xk(∆)− x(∆)|| = 0. (3.67)

It follows from (3.49), (3.35), (3.38), (3.32), (3.33), (3.39), (3.36), (3.66), (3.49)
and (3.45) that for all natural numbers k ≥ k2,

f0(yk)− k−1 ≤ fk(yk) ≤ φ(k)(yk) ≤ φ(k)(xk) ≤ inf(φ(k)) + 2−1k−2

≤ φ(k)(xk(∆)) + 2−1k−2

= fk(xk(∆)) + 2−1k−2 = f0(xk(∆)) + [fk(xk(∆))− f0(xk(∆))] + 2−1k−2

≤ f0(xk(∆)) + k−1 + 2−1k−2

= f0(x(∆)) + [f0(xk(∆))− f0(x(∆))] + 1/k + (2k2)−1

≤ f0(x(∆)) + L0||xk(∆)− x(∆)||+ 2k−1

and together with (3.62) this implies that

f0(yk) ≤ 3k−1 + L0||xk(∆)− x(∆)||+ inf(f0; Ag0,c0) + ∆.

Combined with (3.67) this implies that
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lim sup
k→∞

f0(yk) ≤ inf(f0;Ag0,c0) + ∆.

Since ∆ is an arbitrary number from the interval (0, 1) we conclude that

lim sup
k→∞

f0(yk) ≤ inf(f0; Ag0,c0).

Together with (3.60) this implies that

f0(y∗) = lim
j→∞

f0(ykj ) ≤ inf(f0; Ag0,c0)

and by (3.58),
f0(y∗) = inf(f0;Ag0,c0).

The relation above, (3.58) and (3.59) contradict (A4) in the case of Theorem
3.4 and (A5) in the case of Theorem 3.5. The contradiction we have reached
proves Theorems 3.4 and 3.5.

3.4 Problems with convex constraint functions

In this section we study a large class of inequality-constrained minimization
problems

minimize f(x) subject to x ∈ A (P)

where
A = {x ∈ X : gi(x) ≤ ci for i = 1, . . . , n}.

Here X is a Banach space, ci, i = 1, . . . , n are real numbers, and the constraint
functions gi, i = 1, . . . , n and the objective function f are lower semicontinu-
ous and satisfy certain assumptions.

We associate with the inequality-constrained minimization problem above
the corresponding family of unconstrained minimization problems

minimize f(z) + γ

n∑

i=1

max{gi(z)− ci, 0} subject to z ∈ X

where γ > 0 is a penalty. This problem is studied in Sections 2.4–2.6 where we
establish the existence of a penalty coefficient for which approximate solutions
of the unconstrained penalized problem are close enough to approximate solu-
tions of the corresponding constrained problem. In this chapter we show that
the exact penalty property is stable under perturbations of cost functions,
constraint functions and the right-hand side of constraints. More precisely, we
consider a family of constrained minimization problems of type (P) with an
objective function close to f and with constraint functions close to g1, . . . , gn

in a certain natural sense. We show that all the constrained minimization
problems belonging to this family possess the exact penalty property with
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the same penalty coefficient which depends only on f , g1, . . . , gn, c1, . . . , cn.
It should be mentioned that for a general natural number n we suppose that
constraint functions of any problem from our family are convex while for n = 1
constraint functions are not assumed to be necessarily convex.

In this section we use the convention that λ · ∞ = ∞ for all λ ∈ (0,∞),
λ +∞ = ∞ and max{λ,∞} = ∞ for any real number λ and that supremum
over empty set is −∞.

Let (X, || · ||) be a Banach space. For each x ∈ X and each r > 0 set

B(x, r) = {y ∈ X : ||x− y|| ≤ r}, Bo(x, r) = {y ∈ X : ||x− y|| < r}.
For each function f : X → R1 ∪ {∞} and each nonempty set A ⊂ X put

dom(f) = {x ∈ X : f(x) < ∞}, inf(f) = inf{f(z) : z ∈ X},
inf(f ; A) = inf{f(z) : z ∈ A}.

For each x ∈ X and each B ⊂ X set

d(x,B) = inf{||x− y|| : y ∈ B}. (3.68)

Let n ≥ 1 be an integer. For each κ ∈ (0, 1) denote by Ωκ the set of all
γ = (γ1, . . . , γn) ∈ Rn such that

κ ≤ min{γi : i = 1, . . . , n} and max{γi : i = 1, . . . , n} = 1. (3.69)

Assume that φ : X → R1 satisfies

lim
||x||→∞

φ(x) = ∞ and inf(φ) > −∞. (3.70)

We consider problems of type (P) with objective functions f which satisfy
f(x) ≥ φ(x) for all x ∈ X.

Let c̄0 ∈ R1, c̄ = (c̄1, . . . , c̄n) ∈ Rn and let fi : X → R1∪{∞}, i = 1, . . . , n
be convex lower semicontinuous functions and put

A = {x ∈ X : fi(x) ≤ c̄i for all i = 1, . . . , n}. (3.71)

We consider a family of problems of type (P) with constraint functions close
to f1, . . . , fn in a certain natural sense. We assume that θ ∈ X satisfies

fi(θ) < c̄i, i = 1, . . . , n. (3.72)

Let us now describe the collection of objective functions (denoted by A)
which corresponds to our family of constrained minimization problems.

It follows from (3.70) there exists a positive number M0 such that

||θ||+ 4 < M0,

φ(z) > c̄0 + 4 for all z ∈ X satisfying ||z|| ≥ M0 − 4. (3.73)
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Let X0 be a nonempty convex subset of Bo(0,M0) such that θ ∈ X0.
Assume that a function h : Bo(0,M0) × X0 → R1 ∪ {∞} satisfies the

following assumptions:
(A1) h(z, y) is finite for all y, z ∈ X0 and h(y, y) = 0 for each y ∈ X0;
(A2) for each y ∈ X0 the function h(·, y) : Bo(0,M0) → R1 ∪ {∞} is

convex;
(A3) for each z ∈ X0

sup{h(z, y) : y ∈ X0} < ∞.

Let M1 be a positive number. We denote by A a set of all lower semicon-
tinuous functions f : X → R1 ∪ {∞} such that

f(x) ≥ φ(x) for all x ∈ X, (3.74)

f(θ) ≤ c̄0,

Bo(0,M0) ∩ dom(f) ⊂ X0

and that the following assumption holds:
(A4) for each y ∈ dom(f) ∩Bo(0, M0) there exists a neighborhood V of y

in X such that V ⊂ Bo(0,M0) and that

f(z)− f(y) ≤ M1h(z, y) for all z ∈ V.

Below we consider two examples of the function h and the set A.

Example 3.10. Assume that a function f0 : X → R1 is Lipschitz on bounded
subsets of X, f0(θ) ≤ c̄0 and that f0(x) ≥ φ(x) for all x ∈ X. Then there
exists a positive number L0 such that

|f0(z1)− f0(z2)| ≤ L0||z1 − z2|| for all z1, z2 ∈ B(0, M0).

Let L1 be a positive number and put

M1 = L0 + L1, h(z, y) = ||z − y||, z, y ∈ X,

X0 = Bo(0,M0).

Clearly, the set A contains all lower semicontinuous functions f : X → R1 ∪
{∞} such that f(x) ≥ φ(x) for all x ∈ X, f(θ) ≤ c̄0, f(z) is finite for all
z ∈ Bo(0,M0) and that

|(f − f0)(z1)− (f − f0)(z2)| ≤ L1||z1 − z2|| for all z1, z2 ∈ Bo(M0).

Example 3.11. Assume that f0 : X → R1 ∪ {∞} is a lower semicontinuous
convex function such that f0(x) ≥ φ(x) for all x ∈ X and f0(θ) ≤ c̄0. Let L1

be a positive number and put

X0 = dom(f0) ∩Bo(0,M0).
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It is easy to see that θ ∈ X0. Set M1 = 1.
For each z ∈ Bo(0,M0) and each y ∈ X0 define

h(z, y) = sup{ξ(z)− ξ(y) : ξ ∈ B}+ L1||z − y||, (3.75)

where B is the set of all convex functions ξ : Bo(0,M0) → R1∪{∞} such that

|ξ(v)− f0(v)| ≤ L1 for all v ∈ dom(f0) ∩Bo(0, M0).

It is not difficult to see that the function h(·, ·) is well defined and that
the assumptions (A1), (A2) and (A3) hold.

Assume that f : X → R1 ∪ {∞} is a lower semicontinuous function such
that

f(θ) ≤ c̄0, f(x) ≥ φ(x) for all x ∈ X, (3.76)

dom(f) ∩Bo(0, M0) = dom(f0) ∩Bo(0,M0)

and that there exists a convex function g : Bo(0,M0) → R1 ∪ {∞} such that

dom(f) ∩B0(0,M0) = dom(g) ∩Bo(0,M0), (3.77)

|f0(z)− g(z)| ≤ L1 for all z ∈ dom(f0) ∩Bo(0,M0), (3.78)

|(f − g)(z1)− (f − g)(z2)| ≤ L||z1 − z2|| for all z1, z2 ∈ dom(f0) ∩Bo(0,M0).

We show that f ∈ A. In order to meet this goal it is sufficient to show
that (A4) holds.

Let y ∈ Bo(0,M0) ∩ dom(f) and z ∈ Bo(0,M0). It is easy to see that if
f(z) = ∞, then f0(z) = ∞ and

h(z, y) ≥ f0(z)− f0(y) = ∞ = f(z)− f(y).

If f(z) < ∞, then by (3.76) and (3.77) f0(z) < ∞, g(z) < ∞, f0(y) < ∞
and g(y) < ∞. Combined with (3.75)–(3.78) this implies that

f(z)− f(y) = g(z)− g(y) + [(f − g)(z)− (f − g)(y)]

≤ g(z)− g(y) + L1||z − y|| ≤ h(z, y).

Therefore f(z)− f(y) ≤ h(z, y) in both cases, (A4) holds and f ∈ A.

Let us now describe the collections of constraint functions which corre-
spond to our family of constrained minimization problems.

For each i ∈ {1, . . . , n} and each positive number ε denote by V(i, ε) the
set of all convex lower semicontinuous functions g : X → R1 ∪ {∞} such that

dom(g) ∩Bo(0,M0) = dom(fi) ∩Bo(0,M0), (3.79)

|fi(x)− g(x)| ≤ ε for all x ∈ dom(fi) ∩Bo(0,M0). (3.80)

We prove the following result.
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Theorem 3.12. Let κ ∈ (0, 1). Then there exist a positive number Λ0 and
∆0 ≥ 1 such that for each positive number ε there exists δ ∈ (0, ε) for which
the following assertion holds:

If g0 ∈ A, gi ∈ V(i,∆−1
0 ), i = 1, . . . , n, γ ∈ Ωκ, λ ≥ Λ0, c = (c1, . . . , cn) ∈

Rn satisfies
|c̄i − ci| ≤ ∆−1

0 , i = 1, . . . , n

and if x ∈ X satisfies

g0(x) +
n∑

i=1

λγi max{gi(x)− ci, 0}

≤ inf{g0(z) +
n∑

i=1

λγi max{gi(z)− ci, 0} : z ∈ X}+ δ,

then there is y ∈ X such that

||y − x|| ≤ ε, gi(y) ≤ ci, i = 1, . . . , n,

g0(y) ≤ inf{g0(z) : z ∈ X and gi(z) ≤ ci, i = 1, . . . , n}+ ε.

Theorem 3.12 implies the following result.

Corollary 3.13. Let κ ∈ (0, 1) and let Λ0 > 0 and ∆0 ≥ 1 be as guaranteed by
Theorem 3.12. Then for each g0 ∈ A, each gi ∈ V(i,∆−1

0 ), i = 1, . . . , n, each
γ ∈ Ωκ, each λ ≥ Λ0, each c = (c1, . . . ., cn) ∈ Rn which satisfies |c̄i − ci| ≤
∆−1

0 , i = 1, . . . , n and each sequence {xi}∞i=1 ⊂ X which satisfies

lim
j→∞

[g0(xj) +
n∑

i=1

λγi max{gi(xj)− ci, 0}]

= inf{g0(z) +
n∑

i=1

λγi max{gi(z)− ci, 0} : z ∈ X}

there is a sequence {yi}∞i=1 ⊂ {z ∈ X : gi(z) ≤ ci, i = 1, . . . , n} such that

lim
j→∞

g0(yj) = inf{g0(z) : z ∈ X and gi(z) ≤ ci, i = 1, . . . , n},

lim
i→∞

||xi − yi|| = 0.

The results of this section have been obtained in [143].
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3.5 Proof of Theorem 3.12

We show that there is Λ0 ≥ 1 such that the following property holds:
(P1) For each ε ∈ (0, 1) there is δ ∈ (0, ε) such that for each g0 ∈ A, each

gi ∈ V(i, Λ−1
0 ), i = 1, . . . , n, each c = (c1, . . . , cn) ∈ Rn satisfying

|c̄i − ci| ≤ Λ−1
0 , i = 1, . . . , n,

each γ ∈ Ωκ, each λ ≥ Λ0, each x ∈ X which satisfies

g0(x) +
n∑

i=1

λγi max{gi(x)− ci, 0}

≤ inf{g0(z) +
n∑

i=1

λγi max{gi(z)− ci, 0} : z ∈ X}+ δ

there exists y ∈ B(x, ε) such that

gi(yi) ≤ ci for all i = 1, . . . , n,

g0(y) +
n∑

i=1

λγi max{gi(y)− ci, 0} ≤ g0(x) +
n∑

i=1

λγi max{gi(x)− ci, 0}.

Evidently, Theorem 3.12 easily follows from the property (P1).
Assume that there is no Λ0 ≥ 1 such that (P1) holds. Then for each integer

k ≥ 1 there exist

εk ∈ (0, 1), g
(k)
0 ∈ A, g

(k)
i ∈ V(i, k−1), i = 1, . . . , n, (3.81)

c(k) = (c(k)
1 , . . . , c

(k)
n ) ∈ Rn satisfying

|c(k)
i − c̄i| ≤ 1/k, i = 1, . . . , n, (3.82)

γ(k) = (γ(k)
1 , . . . , γ(k)

n ) ∈ Ωκ, λk ≥ k (3.83)

and xk ∈ X which satisfies

g
(k)
0 (xk) +

n∑

i=1

λkγ
(k)
i max{g(k)

i (xk)− c
(k)
i , 0} (3.84)

≤ inf{g(k)
0 (z) + λk

n∑

i=1

γ
(k)
i max{g(k)

i (z)− c
(k)
i , 0} : z ∈ X}+ 2−1εkk−2

and
{y ∈ B(xk, εk) : g

(k)
i (y) ≤ ci for all i = 1, . . . , n and
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g
(k)
0 (y) +

n∑

i=1

λkγ
(k)
i max{g(k)

i (y)− c
(k)
i , 0} (3.85)

≤ g
(k)
0 (xk) +

n∑

i=1

λkγ
(k)
i max{gi(xk)− c

(k)
i , 0}} = ∅.

For any natural number k put

ψk(z) = g
(k)
0 (z) +

n∑

i=1

λkγ
(k)
i max{g(k)

i (z)− c
(k)
i , 0}, z ∈ X. (3.86)

It is easy to see that for any integer k ≥ 1 the function ψk is lower semicon-
tinuous and

ψk(z) ≥ φ(z) for all z ∈ X. (3.87)

Let k ≥ 1 be an integer. By (3.84), (3.86) and Ekeland’s variational prin-
ciple [37], there exists yk ∈ X such that

ψk(yk) ≤ ψk(xk), (3.88)

||yk − xk|| ≤ (2k)−1εk, (3.89)

ψk(yk) ≤ ψk(z) + k−1||z − yk|| for all z ∈ X. (3.90)

It follows from (3.85), (3.86), (3.88) and (3.89) that for all integers k ≥ 1

yk 6∈ {z ∈ X : g
(k)
i (z) ≤ c

(k)
i for all i = 1, . . . , n}. (3.91)

For each integer k ≥ 1 put

I1k = {i ∈ {1, . . . , n} : g
(k)
i (yk) > c

(k)
i }, (3.92)

I2k = {i ∈ {1, . . . , n} : g
(k)
i (yk) = c

(k)
i },

I3k = {i ∈ {1, . . . , n} : g
(k)
i (yk) < c

(k)
i }.

By (3.91) and (3.92),

I1k 6= ∅ for all natural numbers k. (3.93)

Extracting a subsequence and reindexing we may assume without loss of gen-
erality that

I1k = I11, I2k = I21, I3k = I31 for all integers k ≥ 1. (3.94)

Relation (3.72) implies that there exists an integer k0 ≥ 1 such that

8k−1
0 < min{c̄i − fi(θ) : i = 1, . . . , n}. (3.95)

Assume that a natural number k ≥ k0. It follows from (3.81), (3.82), (3.72),
(3.73) and (3.95) that for all i = 1, . . . , n
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c
(k)
i − g

(k)
i (θ) ≥ −k−1 + c̄i − fi(θ)− k−1 ≥ 8k−1

0 − 3k−1 > 0. (3.96)

It follows from (3.81), the definition of A, (3.96), (3.86), (3.84), (3.81), (3.88)
and (3.92)–(3.94) that

c̄0 ≥ g
(k)
0 (θ) ≥ inf{g(k)

0 (z) :

z ∈ X and g
(k)
i (z) ≤ c

(k)
i for all i = 1, . . . , n}

= inf{ψk(z) : z ∈ X and g
(k)
i (z) ≤ c

(k)
i for all i = 1, . . . , n}

≥ inf(ψk) ≥ ψk(xk)− 1 ≥ ψk(yk)− 1

= g
(k)
0 (yk) +

∑

i∈I11

λkγ
(k)
i (g(k)

i (yk)− c
(k)
i )− 1. (3.97)

In view of (3.92)–(3.94) and (3.97),

g
(k)
0 (yk) ≤ c̄0 + 1 for all integers k ≥ k0. (3.98)

Combined with (3.81) and (3.74) this implies that

φ(yk) ≤ c̄0 + 1 for all integers k ≥ k0. (3.99)

By (3.99) and (3.73),

yk ∈ B(0,M0 − 4) for all integers k ≥ k0. (3.100)

Let k ≥ k0 be a natural number. (A4), (3.81), (3.98) and (3.100) imply
that there exists a neighborhood Vk of yk in X such that

Vk ⊂ Bo(0,M0),

g
(k)
0 (z)− g

(k)
0 (yk) ≤ M1h(z, yk) for all z ∈ Vk. (3.101)

It follows from (3.97), (3.92)–(3.94), (3.83), (3.81), (3.74), (3.70) and (3.69)
that for each i ∈ I11 and each natural number k ≥ k0,

0 < g
(k)
i (yk)− c

(k)
i ≤ [1 + c̄0 − inf(g(k)

0 )](γk)
i )−1k−1

≤ [1 + c̄0 − inf(φ)]k−1κ−1. (3.102)

Assume that k ≥ k0 is a natural number. Since the functions g
(k)
i , i =

1, . . . , n are lower semicontinuous it follows from (3.92)–(3.94) that there exists
rk ∈ (0, 1) such that for each y ∈ B(yk, rk)

g
(k)
i (y) > c

(k)
i for each i ∈ I11. (3.103)

By (3.86), (3.92)–(3.94), (3.103), (3.88), (3.84), (3.97), (3.98) and (3.90) for
each z ∈ B(yk, rk) ∩ dom(g(k)

0 ),
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∑

i∈I11

λkγ
(k)
i (g(k)

i (z)− c
(k)
i ) +

∑

i∈I21∪I31

λkγ
(k)
i max{g(k)

i (z)− c
(k)
i , 0}

−
∑

i∈I11

λkγ
(k)
i (g(k)

i (yk)− c
(k)
i )−

∑

i∈I21∪I31

λkγ
(k)
i max{g(k)

i (yk)− c
(k)
i , 0}

= ψk(z)− ψk(yk)− g
(k)
0 (z) + g

(k)
0 (yk) ≥ −k−1||z − yk||+ g

(k)
0 (yk)− g

(k)
0 (z).

Therefore for each z ∈ B(yk, rk)
∑

i∈I11

γ
(k)
i g

(k)
i (z) +

∑

i∈I21∪I31

γ
(k)
i max{g(k)

i (z)− c
(k)
i , 0}

−
∑

i∈I11

γ
(k)
i g

(k)
i (yk)−

∑

i∈I21∪I31

γ
(k)
i max{g(k)

i (yk)− c
(k)
i , 0}

+λ−1
k (g(k)

0 (z)− g
(k)
0 (yk)) ≥ −λ−1

k k−1||yk − z||. (3.104)

(3.104) and (3.101) imply that for each z ∈ B(yk, rk) ∩ Vk

∑

i∈I11

γ
(k)
i g

(k)
i (z) +

∑

i∈I21∪I31

γ
(k)
i max{g(k)

i (z)− c
(k)
i , 0}

+λ−1
k M1h(z, yk) + λ−1

k k−1||yk − z||
≥

∑

i∈I11

γ
(k)
i g

(k)
i (yk) +

∑

i∈I21∪I31

γ
(k)
i max{g(k)

i (yk)− c
(k)
i , 0}. (3.105)

In view of (3.81) the functions g
(k)
i , i = 1, . . . , n are convex. By (A2), (3.98),

(3.81), (3.100) and (3.74) the function
∑

i∈I11

γ
(k)
i g

(k)
i (z) +

∑

i∈I21∪I31

γ
(k)
i max{g(k)

i (z)− c
(k)
i , 0}

+λ−1
k M1h(z, yk) + λ−1

k k−1||z − yk||, z ∈ Bo(0,M0)

is convex. Together with (A1) this implies that (3.105) holds for all z ∈
Bo(0, M0).

Extracting a subsequence and reindexing we may assume without loss of
generality that for each i ∈ {1, . . . , n} there exists

γi = lim
k→∞

γ
(k)
i ∈ [0, 1]. (3.106)

It is easy to see that
γ = (γ1, . . . , γn) ∈ Ωκ.

Assume that
z ∈ B0(0,M0) ∩ [∩n

i=1 dom(fi)] ∩X0. (3.107)

In view of (3.83) and (3.100),
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lim
k→∞

λ−1
k k−1||z − yk|| = 0. (3.108)

It follows from (3.83), (A3), (3.107), (3.100), (3.98), (3.81) and (3.74) that

lim
k→∞

λ−1
k M1h(z, yk) = 0. (3.109)

It follows from (3.107), (3.81), (3.92), (3.80), (3.82), (3.108), (3.109), (3.105)
which holds for z, (3.92), (3.94), (3.106) and (3.102) that

∑

i∈I11

γifi(z) +
∑

i∈I21∪I31

γi max{fi(z)− c̄i, 0}

= lim
k→∞

[
∑

i∈I11

γ
(k)
i g

(k)
i (z) +

∑

i∈I21∪I31

γ
(k)
i max{g(k)

i (z)− c
(k)
i , 0}

+λ−1
k k−1||z − yk||+ λ−1

k M1h(z, yk)]

≥ lim sup
k→∞

∑

i∈I11

γ
(k)
i g

(k)
i (yk) =

∑

i∈I11

lim
k→∞

(γ(k)
i g

(k)
i (yk)) =

∑

i∈I11

γic̄i.

Hence we have shown that for each z ∈ X satisfying (3.107)
∑

i∈I11

γifi(z) +
∑

i∈I21∪I31

γi max{fi(z)− c̄i, 0} ≥
∑

i∈I11

γic̄i. (3.110)

It follows from (3.110), (3.72), (3.73) the inclusions θ ∈ X0 and γ ∈ Ωκ and
(3.92)–(3.94) that

∑

i∈I11

γic̄i ≤
∑

i∈I11

γifi(θ) +
∑

i∈I21∪I31

γi max{fi(θ)− c̄i, 0}

=
∑

i∈I11

γifi(θ) <
∑

i∈I11

γic̄i.

The contradiction we have reached proves that there exists Λ0 ≥ 1 such that
the property (P1) holds. Theorem 3.12 is proved.

3.6 An extension of Theorem 3.12 for problems with one
constraint function

In this section we assume that n = 1 and use the notation and definitions
from Section 3.4. In this case

c̄ ∈ R1. (3.111)

Put
f = f1. (3.112)

In this case we also have that
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A = {x ∈ X : f(x) ≤ c̄}, f(θ) < c̄. (3.113)

For each positive number ε denote by U(ε) the set of all lower semicontin-
uous functions g : X → R1 ∪ {∞} for which there exists a convex function
h : X → R1 ∪ {∞} such that

dom(g) ∩Bo(0,M0) = dom(f) ∩Bo(0,M0) = dom(h) ∩Bo(0,M0), (3.114)

|f(x)− h(x)| ≤ ε for all x ∈ dom(f) ∩Bo(0,M0), (3.115)

|(h− g)(z1)− (h− g)(z2)| ≤ ε||z1 − z2|| for all z1, z2 ∈ dom(f) ∩Bo(0,M0),
(3.116)

|h(z)− g(z)| ≤ ε for all z ∈ dom(f) ∩Bo(0, M0). (3.117)

We will prove the following result.

Theorem 3.14. There exist a positive number Λ0 and ∆0 ≥ 1 such that for
each positive number ε there exists δ ∈ (0, ε) for which the following assertion
holds:

If g0 ∈ A, g ∈ U(∆−1
0 ), λ ≥ Λ0, c ∈ R1 satisfies |c̄ − c| ≤ ∆−1

0 and if
x ∈ X satisfies

g0(x) + λ max{g(x)− c, 0} ≤ inf{g0(z) + λ max{g(z)− c, 0} : z ∈ X}+ δ,

then there exists y ∈ X such that

||y − x|| ≤ ε, g(y) ≤ c,

g0(y) ≤ inf{g0(z) : z ∈ X and g(z) ≤ c}+ ε.

Since the set U(ε) is larger than the set V(1, ε) Theorem 3.14 is a general-
ization of Theorem 3.12 in the case n = 1.

Theorem 3.14 implies the following result.

Corollary 3.15. Let Λ0 be a positive number and ∆0 ≥ 1 be as guaranteed
by Theorem 3.14. Then for each g0 ∈ A, each g ∈ U(∆−1

0 ), each λ ≥ Λ0, each
c ∈ R1 which satisfies |c̄ − c| ≤ ∆−1

0 , and each sequence {xi}∞i=1 ⊂ X which
satisfies

lim
j→∞

[g0(xj) + λ max{g(xj)− c, 0}] = inf{g0(z) + λ max{g(z)− c, 0} : z ∈ X}

there exists a sequence {yi}∞i=1 ⊂ {z ∈ X : g(z) ≤ c} such that

lim
j→∞

g0(yj) = inf{g0(z) : z ∈ X and g(z) ≤ c} and lim
i→∞

||xi − yi|| = 0.

The results of this section have been obtained in [143].
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3.7 Proof of Theorem 3.14

We show that there is Λ0 ≥ 1 such that the following property holds:
(P2) For each ε ∈ (0, 1) there is δ ∈ (0, ε) such that for each g0 ∈ A, each

g ∈ U(Λ−1
0 ), each c ∈ R1 satisfying |c̄−c| ≤ Λ−1

0 , each λ ≥ Λ0 and each x ∈ X
which satisfies

g0(x) + λ max{g(x)− c, 0} ≤ inf{g0(z) + λ max{g(z)− c, 0} : z ∈ X}+ δ
(3.118)

there exists y ∈ X such that

||y − x|| ≤ ε, g(y) ≤ c, (3.119)

g0(y) + λ max{g(y)− c, 0} ≤ g0(x) + λ max{g(x)− c, 0}. (3.120)

Clearly, Theorem 3.14 easily follows from the property (P2).
Assume that there is no Λ0 ≥ 1 such that (P2) holds. Then for each integer

k ≥ 1 there exist

εk ∈ (0, 1), g
(k)
0 ∈ A, g(k) ∈ U(k−1), (3.121)

c(k) ∈ R1 satisfying
|ck − c̄| ≤ 1/k, (3.122)

λk ≥ k (3.123)

and xk ∈ X which satisfies

g
(k)
0 (xk) + λk max{g(k)(xk)− ck, 0}

≤ inf{g(k)
0 (z) + λk max{g(k)(z)− ck, 0} : z ∈ X}+ 2−1εkk−2 (3.124)

and
{y ∈ B(xk, εk) : g(k)(y) ≤ ck and

g
(k)
0 (y) + λk max{g(k)(y)− ck, 0} ≤ g

(k)
0 (xk) + λk max{g(k)(xk)− ck, 0}} = ∅.

(3.125)
For any natural number k put

ψk(z) = g
(k)
0 (z) + λk max{g(k)(z)− ck, 0}, z ∈ X. (3.126)

It is easy to see that for any integer k ≥ 1 the function ψk is lower semicon-
tinuous and

ψk(z) ≥ φ(z) for all z ∈ X. (3.127)

Assume that k ≥ 1 is an integer. By (3.124), (3.126), (3.127) and Ekeland’s
variational principle [37] there exists yk ∈ X such that

ψk(yk) ≤ ψk(xk), (3.128)
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||yk − xk|| ≤ (2k)−1εk, (3.129)

ψk(yk) ≤ ψk(z) + k−1||z − yk|| for all z ∈ X. (3.130)

It follows from (3.125), (3.126), (3.128) and (3.129) that for all integers k ≥ 1

g(k)(yk) > ck. (3.131)

In view of (3.123) there exists an integer k0 ≥ 1 such that

8k−1
0 < c̄− f(θ). (3.132)

Assume that a natural number k ≥ k0. It follows from (3.122), (3.121), (3.125),
(3.123), (3.126) and (3.132) that

ck − g(k)(θ) ≥ −k−1 + c̄− f(θ)− k−1 ≥ 8k−1
0 − 2k−1 > 0. (3.133)

In view of (3.121), the definition of A, (3.126), (3.124), (3.121), (3.128) and
(3.131),

c̄0 ≥ g
(k)
0 (θ) ≥ inf{g(k)

0 (z) : z ∈ X and g(k)(z) ≤ ck}
= inf{ψk(z) : z ∈ X and g(k)(z) ≤ ck}

≥ inf(ψk) ≥ ψk(xk)−1 ≥ ψk(yk)−1 = g
(k)
0 (yk)+λk(g(k)(yk)−ck)−1. (3.134)

It follows from (3.131) and (3.134) that

g
(k)
0 (yk) ≤ c̄0 + 1 for all integers k ≥ k0. (3.135)

Combined with (3.121) and (3.74) this implies that

φ(yk) ≤ c̄0 + 1 for all integers k ≥ k0.

Together with (3.73) this implies that

yk ∈ B(0,M0 − 4) for all integers k ≥ k0. (3.136)

Assume that k ≥ k0 is a natural number. In view of (A4), (3.121), (3.136),
(3.135) and (3.74) there exists a neighborhood Vk of yk in X such that

Vk ⊂ Bo(0,M0),

g
(k)
0 (z)− g

(k)
0 (yk) ≤ M1h(z, yk) for all z ∈ Vk. (3.137)

It follows from (3.131), (3.134), (3.121) and (3.74) that for each natural num-
ber k ≥ k0,

0 < g(k)(yk)− ck ≤ [1 + c̄0 − inf(g(k)
0 )]λ−1

k ≤ [1 + c̄0 − inf(φ)]k−1. (3.138)

Assume that k ≥ k0 is a natural number. Since the function g(k) is lower
semicontinuous it follows from (3.131) that there exists rk ∈ (0, 1) such that
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B(yk, rk) ⊂ Vk,

g(k)(y) > ck for each y ∈ B(yk, rk). (3.139)

By (3.139), (3.126) and (3.135) for each z ∈ B(yk, rk) ∩ dom(g(k)
0 )

λk(g(k)(z)− ck)− λk(g(k)(yk)− ck) = ψk(z)− ψk(yk)− g
(k)
0 (z) + g

(k)
0 (yk)

≥ −k−1||z − yk||+ g
(k)
0 (yk)− g

(k)
0 (z)

and

g(k)(z)− g(k)(yk) ≥ λ−1
k (g(k)

0 (yk)− g
(k)
0 (z))− λ−1

k k−1||yk − z||. (3.140)

It follows from (3.121) and the definition of U(k−1) that there exists a
convex function hk : X → R1 ∪ {∞} such that

dom(g(k))∩Bo(0,M0) = dom(f)∩Bo(0,M0) = dom(hk)∩Bo(0,M0), (3.141)

|f(x)− hk(x)| ≤ 1/k for all x ∈ dom(f) ∩Bo(0,M0), (3.142)

|(hk − g(k))(z1)− (hk − g(k))(z2)| ≤ ||z1 − z2||/k

for all z1, z2 ∈ dom(f) ∩Bo(0,M0), (3.143)

|hk(z)− g(k)(z)| ≤ 1/k for all z ∈ dom(f) ∩Bo(0,M0). (3.144)

By (3.139), (3.137), (3.141), (3.138), (3.143) and (3.136) for each

z ∈ B(yk, rk) ∩ dom(g(k)
0 ) ∩ dom(f),

hk(z)− hk(yk) = g(k)(z)− g(k)(yk) + ((hk − g(k))(z)− (hk − g(k))(yk))

≥ g(k)(z)− g(k)(yk)− ||z − yk||/k

≥ −||z − yk||/k + λ−1
k (g(k)

0 (yk)− g
(k)
0 (z))− λ−1

k k−1||yk − z||.
Together with (3.137) and (3.139) this implies that for each z ∈ B(yk, rk) ∩
dom(f),

0 ≤ hk(z)− hk(yk) + ||z − yk||(1/k + (λkk)−1) + λ−1
k (g(k)

0 (z)− g
(k)
0 (yk))

≤ hk(z)− hk(yk) + ||z − yk||(1/k + (λkk)−1) + λ−1
k M1h(z, yk).

It follows from the relation above, (3.141), (3.137) and (3.139) that for all
z ∈ B(yk, rk),

hk(yk) ≤ hk(z) + ||z − yk||(1/k + (λkk)−1) + λ−1
k M1h(z, yk). (3.145)

By (A2), (3.136), (3.135), (3.121) and (3.74) the function

z → hk(z) + λ−1
k M1h(z, yk) + (λ−1

k k−1 + k−1)||z − yk||, z ∈ Bo(0,M0)
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is convex. Together with (A1), (3.74), (3.135), (3.136), (3.121) and (3.138)
this implies that (3.145) holds for all z ∈ B0(0,M0).

In view of (3.136) and (3.123) for all z ∈ B0(0,M0)

lim
k→∞

(k−1 + λ−1
k k−1)||z − yk|| = 0. (3.146)

By (3.123), (3.136), (A3), (3.135), (3.121) and (3.74) for all z ∈ X0

lim
k→∞

λ−1
k M1h(z, yk) = 0. (3.147)

It follows from (3.146), (3.147), (3.142), (3.145) which holds for all z ∈ X0 ∩
dom(f), (3.136), (3.138), (3.141), (3.144), (3.131) and (3.122) that

f(z) = lim
k→∞

[hk(z) + λ−1
k M1h(z, yk) + (λ−1

k k−1 + k−1)||z − yk||]

≥ lim sup
k→∞

hk(yk) = lim sup
k→∞

g(k)(yk) ≥ lim
k→∞

ck = c̄.

Since θ ∈ X0 ∩ dom(f) (see (3.113)) we conclude that f(θ) ≥ c̄. This con-
tradicts (3.113). The contradiction we have reached proves that there exists
Λ0 ≥ 1 such that the property (P2) holds. Theorem 3.14 is proved.

3.8 Nonconvex inequality-constrained minimization
problems

In this section we study a large class of inequality-constrained minimization
problems

minimize f(x) subject to x ∈ A (Pi)

where
A = {x ∈ X : gi(x) ≤ ci for all i = 1, . . . , n}.

Here X is a Banach space, ci, i = 1, . . . , n are real numbers, and the constraint
functions gi, i = 1, . . . , n and the objective function f are locally Lipschitz.

We associate with the inequality-constrained minimization problem above
the corresponding family of unconstrained minimization problems

minimize f(z) + γ

n∑

i=1

max{gi(z)− ci, 0} subject to z ∈ X

where γ > 0 is a penalty. We establish the existence of a penalty coeffi-
cient for which approximate solutions of the unconstrained penalized problem
are close enough to approximate solutions of the corresponding constrained
problem and study the stability of this exact penalty property under pertur-
bations of the functions f and g1, . . . , gn and of the parameters c1, . . . , cn.
More precisely, we consider a family of constrained minimization problems of



108 3 Stability of the Exact Penalty

type (Pi) with an objective function close to a given function f , with con-
straint functions close to given functions g1, . . . , gn and with the right-hand
side of constraints close to given constants c1, . . . , cn in a certain natural sense.
Under certain conditions on f, g1, . . . , gn, c1, . . . , cn we show that all the con-
strained minimization problems belonging to this family possess the exact
penalty property with the same penalty coefficient which depends only on f ,
g1, . . . , gn, c1, . . . , cn.

Let (X, || · ||) be a Banach space and let (X∗, || · ||∗) be its dual space. For
each x ∈ X, each x∗ ∈ X∗ and each r > 0 set

B(x, r) = {y ∈ X : ||y − x|| ≤ r}, B∗(x∗, r) = {l ∈ X∗ : ||l − x∗||∗ ≤ r}.

Assume that f : U → R1 be a Lipschitz function which is defined on a
nonempty open set U ⊂ X. For each x ∈ U let

f0(x, h) = lim sup
t→0+,y→x

[f(y + th)− f(y)]/t, h ∈ X

be the Clarke generalized directional derivative of f at the point x [21], let

∂f(x) = {l ∈ X∗ : f0(x, h) ≥ l(h) for all h ∈ X}

be Clarke’s generalized gradient of f at x [21] and set

Ξf (x) = inf{f0(x, h) : h ∈ X and ||h| = 1}.

As usual a point x ∈ X is called a critical point of f if 0 ∈ ∂f(x). A real
number c ∈ R1 is called a critical value of f if there is a critical point x ∈ U
of f such that f(x) = c.

In order to consider a constrained minimization problem with several con-
straints we use the notion of a critical point and the version of Palais–Smale
condition for a Lipschitz mapping F : X → Rn introduced in Section 2.7.

Assume that n ≥ 1 is an integer, U is a nonempty open subset of X and
that F = (f1, . . . , fn) : U → Rn is a locally Lipschitz mapping.

Let κ ∈ (0, 1). For each x ∈ U set

ΞF,κ(x) = inf{||
n∑

i=1

(αi1ηi1 − αi2ηi2)|| : (3.148)

ηi1, ηi2 ∈ ∂fi(x), αi1, αi2 ∈ [0, 1], i = 1, . . . , n

and there is j ∈ {1, . . . , n} such that αj1αj2 = 0 and |αj1|+ |αj2| ≥ κ}.
It is known (see Chapter 2, Sect. 2.3 of [21]) that for each x ∈ U and all
i = 1, . . . , n,

∂(−fi)(x) = −∂fi(x). (3.149)

This equality implies that
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Ξ−F,κ(x) = ΞF,κ(x) for each x ∈ U. (3.150)

In the sequel we assume that U = X.
A point x ∈ X is called a critical point of F with respect to κ if ΞF,κ(x) =

0.
A vector c = (c1, . . . , cn) ∈ Rn is called a critical value of F with respect to

κ if there is a critical point x ∈ X of F with respect to κ such that F (x) = c.
Let M be a nonempty subset of X. We say that the mapping F : X → Rn

satisfies the (P-S) condition on M with respect to κ if for each bounded with
respect to the norm topology sequence {xi}∞i=1 ⊂ M such that {F (xi)}∞i=1 is
bounded and lim infi→∞ΞF,κ(xi) = 0 there exists a convergent subsequence
of {xi}∞i=1 in X with the norm topology.

For each function h : X → R1 and each nonempty set A ⊂ X put

inf(h) = inf{h(z) : z ∈ X}, inf(h; A) = inf{h(z) : z ∈ A}.
For each x ∈ X and each B ⊂ X put

d(x,B) = inf{||x− y|| : y ∈ B}.
We assume that the sum over empty set is zero.
Denote by M the set of all continuous functions h : X → R1. We equip

the set M with the uniformity determined by the following base:

E(M, q, ε) = {(f, g) ∈M×M : |f(x)− g(x)| ≤ ε for all x ∈ B(0,M)}
∩{(f, g) ∈M×M : |(f − g)(x)− (f − g)(y)|

≤ q||x− y|| for each x, y ∈ B(0,M)}, (3.151)

where M, q, ε are positive numbers. It is not difficult to see that this uniform
space is metrizable and complete.

Let n ≥ 1 be an integer, f ∈ M, G = (g1, . . . , gn) with gi ∈ M for all
i = 1, . . . , n and let c = (c1, . . . , cn) ∈ Rn.

Put

A(G, c) = {x ∈ X : gi(x) ≤ ci for all i = 1, . . . , n} (3.152)

and consider the following constrained minimization problem:

minimize f(x) subject to x ∈ A(G, c). (P)

We associate with the problem (P) the corresponding family of unconstrained
minimization problems

minimize f(x) +
n∑

i=1

λi max{gi(x)− ci, 0} subject to x ∈ X, (Pλ)

where λ = (λ1, . . . , λn) ∈ (0,∞)n.
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For each κ ∈ (0, 1) put

Ωκ = {x = (x1, . . . , xn) ∈ Rn : xi ≥ κ

for all i = 1, . . . , n and max
i=1,...,n

xi = 1}. (3.153)

Let φ : [0,∞) → [0,∞) be an increasing function such that

lim
t→∞

φ(t) = ∞ (3.154)

and ā be a positive number. Denote by Mφ the set of all functions h ∈ M
such that

h(x) ≥ φ(||x||)− ā for all ∈ X. (3.155)

Assume that
f̄ ∈Mφ (3.156)

is Lipschitz on all bounded subsets of X, Ḡ = (ḡ1, . . . , ḡn) : X → R1 is a
locally Lipschitz mapping and that c̄ = (c̄1, . . . , c̄n) ∈ Rn.

We assume that A(Ḡ, c̄) 6= ∅ and fix

θ ∈ A(Ḡ, c̄). (3.157)

It follows from (3.154) that there exists a positive number M0 such that

M0 > 2 + ||θ|| and φ(M0 − 2) > f̄(θ) + ā + 4. (3.158)

For each x ∈ A(Ḡ, c̄) put

I(x) = {i ∈ {1, . . . , n} : c̄i = ḡi(x)}. (3.159)

Fix κ ∈ (0, 1). In this paper we use the following assumptions.
(A1) If x ∈ A(Ḡ, c̄), q ≥ 1 is the cardinality of a subset {i1, . . . , iq} of I(x)

with i1 < i2 < · · · < iq and if x is a critical point of the mapping

(ḡi1 , . . . , ḡiq ) : X → Rq

with respect to κ, then f̄(x) > inf(f̄ ;A(Ḡ, c̄)).
(A2) There exists a positive number γ∗ such that for each finite strictly in-

creasing sequence of natural numbers {i1, . . . , iq} which satisfies {i1, . . . , iq} ⊂
{1, . . . , n} the mapping (ḡi1 , . . . , ḡiq

) : X → Rq satisfies the (P-S) condition
on the set

∩j∈{i1,...,iq}(ḡ
−1
j ([c̄j − γ∗, c̄j + γ∗]))

with respect to κ.
(A3) For each positive number ε there is xε ∈ A(Ḡ, c̄) such that f̄(xε) ≤

inf(f̄ ;A(Ḡ, c̄)) + ε and if I(xε) 6= ∅, then zero does not belong to the convex
hull of the set

∪i∈I(xε)∂ḡi(xε).

The following theorem is the main result of this section.
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Theorem 3.16. Let (A1), (A2) and (A3) hold and let q be a positive number.
Then there exist numbers Λ0, r > 0 such that for each positive number ε there
exists δ ∈ (0, ε) such that the following assertion holds:

If f ∈Mφ satisfies
(f, f̄) ∈ E(M0, q, r),

if G = (g1, . . . , gn) : X → Rn satisfies

gi ∈M and (gi, ḡi) ∈ E(M0, r, r) for all i = 1, . . . , n,

if γ = (γ1, . . . , γn) ∈ Ωκ, λ ≥ Λ0, c = (c1, . . . , cn) ∈ Rn satisfies

|c̄i − ci| ≤ r for all i = 1, . . . , n

and if x ∈ X satisfies

f(x) +
n∑

i=1

λγi max{gi(x)− ci, 0} ≤ inf{f(z)

+
n∑

i=1

λγi max{gi(z)− ci, 0} : z ∈ X}+ δ,

then there exists y ∈ A(G, c) such that

||x− y|| ≤ ε and f(y) ≤ inf(f ; A(G, c)) + ε.

Theorem 3.16 easily implies the following result.

Theorem 3.17. Let (A1), (A2) and (A3) hold and let q be a positive number.
Then there exist numbers Λ0, r > 0 such that for each f ∈ Mφ satisfying
(f, f̄) ∈ E(M0, q, r), each mapping G = (g1, . . . , gn) : X → Rn which satisfies

gi ∈M and (gi, ḡi) ∈ E(M0, r, r) for all i = 1, . . . , n, (3.160)

each c = (c1, . . . , cn) ∈ Rn satisfying

|c̄i − ci| ≤ r for all i = 1, . . . , n,

each γ = (γ1, . . . , γn) ∈ Ωκ, each λ ≥ Λ0 and each sequence {xk}∞k=1 ⊂ X
which satisfies

lim
k→∞

[f(xk) +
n∑

i=1

λγi max{gi(xk)− ci, 0}]

= inf{f(z) +
n∑

i=1

λγi max{gi(z)− ci, 0} : z ∈ X}

there exists a sequence {yk}∞k=1 ⊂ A(G, c) such that

lim
k→∞

||yk − xk|| = 0 and lim
k→∞

f(yk) = inf(f ; A(G, c)).
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Corollary 3.18. Let (A1), (A2) and (A3) hold and let q be a positive number.
Then there exist Λ0, r > 0 such that if f ∈Mφ satisfies (f, f̄) ∈ E(M0, q, r), if
a mapping G = (g1, . . . , gn) : X → Rn satisfies (3.160), if c = (c1, . . . , cn) ∈
Rn satisfies

|c̄i − ci| ≤ r for all i = 1, . . . , n,

if γ = (γ1, . . . , γn) ∈ Ωκ, λ ≥ Λ0 and if x ∈ X satisfies

f(x) +
n∑

i=1

λγi max{gi(x)− ci, 0}

= inf{f(z) +
n∑

i=1

λγi max{gi(z)− ci, 0} : z ∈ X},

then x ∈ A(G, c) and f(x) = inf(f ; A(G, c)).

Note that Theorem 3.16 was obtained in [140].

3.9 Proof of Theorem 3.16

For each f ∈Mφ, each G = (g1, . . . , gn) : X → Rn, each c = (c1, . . . , cn) ∈ Rn

and each λ = (λ1, . . . , λn) ∈ (0,∞)n define for all z ∈ X

ψ
(f,G)
λ,c (z) = f(z) +

n∑

i=1

λi max{gi(z)− ci, 0}. (3.161)

We show that there exist Λ0, r > 0 such that the following property holds:
(P1) For each ε ∈ (0, 1) there exists δ ∈ (0, ε) such that for each f ∈ Mφ

satisfying
(f, f̄) ∈ E(M0, q, r),

each G = (g1, . . . , gn) : X → Rn satisfying

gi ∈M and (gi, ḡi) ∈ E(M0, r, r) for all i = 1, . . . , n,

each γ = (γ1, . . . , γn) ∈ Ωκ, each λ ≥ Λ0, each c = (c1, . . . , cn) ∈ Rn satisfying

|ci − c̄i| ≤ r, i = 1, . . . , n

and each x ∈ X satisfying

ψ
(f,G)
λγ,c (x) ≤ inf(ψ(f,G)

λγ,c ) + δ

the set
{y ∈ B(x, ε) ∩A(G, c) : ψ

(f,G)
λγ,c (y) ≤ ψ

(f,G)
λγ,c (x)}

is nonempty.
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Clearly, (P1) implies the validity of Theorem 3.16.
Assume that there are no positive numbers Λ0, r such that the property

(P1) holds. Then for each integer k ≥ 1 there exist εk ∈ (0, 1), f (k) ∈ Mφ

satisfying
(fk, f̄) ∈ E(M0, q, k

−1), (3.162)

G(k) = (g(k)
1 , . . . , g

(k)
n ) : X → Rn satisfying

g
(k)
i ∈M and (g(k)

i , ḡi) ∈ E(M0, k
−1, k−1) for all i = 1, . . . , n, (3.163)

γ(k) = (γ(k)
1 , . . . , γ(k)

n ) ∈ Ωκ, λk ≥ k, (3.164)

c(k) = (c(k)
1 , . . . , c

(k)
n ) ∈ Rn satisfying

|c(k)
i − c̄i| ≤ k−1, i = 1, . . . , n, (3.165)

and xk ∈ X such that

ψ
(f(k),G(k))

λkγ(k),c(k) (xk) ≤ inf(ψ(f(k),G(k))

λkγ(k),c(k) ) + 2−1εkk−2, (3.166)

{y ∈ B(xk, εk) ∩A(G(k), c(k)) : ψ
(f(k),G(k))

λkγ(k),c(k) (y) ≤ ψ
(f(k),G(k))

λkγk,c(k) (xk)} = ∅.
(3.167)

For each integer k ≥ 1 set

ψk = ψ
(f(k),G(k))

λkγ(k),c(k) . (3.168)

Put
ψ̄ = ψ

(f̄ ,Ḡ)

λkγ(k),c(k) . (3.169)

Let k ≥ 1 be an integer. By (3.166) and Ekeland’s variational principle [37]
there exists yk ∈ X such that

ψk(yk) ≤ ψk(xk), (3.170)

||yk − xk|| ≤ (2k)−1εk, (3.171)

ψk(yk) ≤ ψk(z) + k−1||z − yk|| for all z ∈ X. (3.172)

Relations (3.167), (3.168), (3.170) and (3.171) imply that

yk 6∈ A(G(k), c(k)) for all integers k ≥ 1. (3.173)

For each integer k ≥ 1 put

Ik = {i ∈ {1, . . . , n} : g
(k)
i (yk) = c

(k)
i }, (3.174)

Ik+ = {i ∈ {1, . . . , n} : g
(k)
i (yk) > c

(k)
i },

Ik− = {i ∈ {1, . . . , n} : g
(k)
i (yk) < c

(k)
i }.
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Relations (3.173), (3.174) and (3.152) imply that

Ik+ 6= ∅ for all natural numbers k. (3.175)

Extracting a subsequence and reindexing we may assume without loss of gen-
erality that for all integers k ≥ 1,

Ik = I1, Ik+ = I1+, Ik− = I1−. (3.176)

We continue the proof with two steps.
Step 1. We will show that for all sufficiently large natural numbers k

A(G(k), c(k)) 6= ∅, yk ∈ B(0,M0 − 2)

and that

lim sup
k→∞

f (k)(yk) ≤ lim sup
k→∞

inf(f (k); A(G(k), c(k))) ≤ inf(f̄ ;A(Ḡ, c̄)).

Let δ0 ∈ (0, 2−1). (A3) implies that there exists

z0 ∈ A(Ḡ, c̄) (3.177)

such that
f̄(z0) ≤ inf(f̄ ; A(Ḡ, c̄)) + δ0; (3.178)

if I(z0) 6= ∅, then 0 does not belong

to the convex hull of the set ∪i∈I(z0) ∂ḡi(z0). (3.179)

It follows from (3.177), (3.178) and (3.157) that

f̄(z0) ≤ f̄(θ) + 1. (3.180)

By (3.180), (3.156), (3.155) and (3.158),

z0 ∈ B(0,M0 − 2). (3.181)

Define z1 ∈ X as follows:

If I(z0) = ∅, then set z1 = z0. (3.182)

Assume that
I(z0) 6= ∅. (3.183)

Fix δ1 ∈ (0, 1) such that

c̄i > ḡi(z0) + 4δ1 for all natural numbers i ∈ {1, . . . , n} \ I(z0). (3.184)

It follows from (3.179) and (3.183) that there exists

η ∈ X such that ||η|| = 1 and δ2 ∈ (0, 1) (3.185)
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such that
l(η) ≤ −2δ2 for all l ∈ ∪i∈I(z0)∂ḡi(z0). (3.186)

Inequality (3.186) implies that

ḡ0
i (z0, η) ≤ −2δ2 for all i ∈ I(z0). (3.187)

Since the function f̄ is Lipschitz on bounded subsets of X and the functions
ḡ0

i (·, η), i = 1, . . . , n are upper semicontinuous it follows from (3.184) and
(3.187) that there exists a positive number δ3 < min{1, δ1} such that

ḡ0
i (z, η) ≤ −(3/2)δ2 for all i ∈ I(z0) and all z ∈ B(z0, δ3), (3.188)

c̄i > ḡi(z) + 3δ1 for all i ∈ {1, . . . , n} \ I(z0) and all z ∈ B(z0, δ3), (3.189)

|f̄(z)− f̄(z0)| ≤ δ0 for all z ∈ B(z0, δ3). (3.190)

Set
z1 = z0 + δ3η. (3.191)

It follows from (3.191), (3.189) and (3.185) that

c̄i > ḡi(z1) + 3δ1 for all i ∈ {1, . . . , n} \ I(z0). (3.192)

Assume that j ∈ I(z0). It follows from the mean value theorem (see The-
orem 2.3.7 of [21]), (3.185) and (3.188) that there exist

s ∈ [0, δ3] and l ∈ ∂ḡj(z0 + sη)

such that

ḡj(z0+δ3η)−ḡj(z0) = l(δ3η) ≤ ḡ0
j (z+sη, δ3η) = δ3ḡ

0
j (z0+sη, η) ≤ δ3(−3/2)δ2.

Together with (3.159) and (3.191) this implies that

ḡj(z1) ≤ c̄j − (3/2)δ2δ3 for all j ∈ I(z0). (3.193)

In view of (3.192) and (3.193),

ḡj(z1) ≤ c̄j − (3/2)δ2δ3 for all j ∈ {1, . . . , n}. (3.194)

It follows from (3.190), (3.191), (3.185) and (3.178) that

f̄(z1) ≤ f̄(z0) + δ0 ≤ inf(f̄ ; A(Ḡ, c̄)) + 2δ0. (3.195)

By (3.191), (3.185) and (3.181),

||z1|| ≤ ||z0||+ δ3 ≤ M0 − 1. (3.196)

Now we conclude that in both cases which were considered separately (I(z0) =
∅; I(z0) 6= ∅) we have defined z1 ∈ X such that
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ḡj(z1) < c̄j , j = 1, . . . , n, (3.197)

f̄(z1) ≤ inf(f̄ ; A(Ḡ, c̄)) + 2δ0, (3.198)

z1 ∈ B(0,M0 − 1) (3.199)

(see (3.194)-(3.196), (3.182), (3.181), (3.177) and (3.178)). By (3.197), (3.199),
(3.163), (3.165), (3.152) and (3.151) there exists an integer k0 ≥ 1 such that

z1 ∈ A(G(k), c(k)) for all natural numbers k ≥ k0. (3.200)

It follows from (3.155), (3.168), (3.161), (3.170), (3.166), (3.200), (3.199),
(3.162) and (3.198) that for any natural number k ≥ k0

φ(||yk||)− ā ≤ f (k)(yk) ≤ ψk(yk) ≤ ψk(xk) ≤ inf(ψk) + (2k2)−1

≤ inf(ψk; A(G(k), c(k))) + (2k2)−1 = inf(f (k); A(G(k), c(k))) + 2−1k−2

≤ f (k)(z1) + 2−1k−2 ≤ f̄(z1) + k−1 + 2−1k−2 ≤ inf(f̄ ;A(Ḡ, c̄)) + 2δ0 + 2k−1.
(3.201)

In view of (3.201), the inequality δ0 < 1/2, (3.157) and (3.158) for all natural
numbers k ≥ k0

φ(yk)− ā ≤ f̄(θ) + 2, ||yk|| ≤ M0 − 2. (3.202)

By (3.190) and (3.202) for all sufficiently large natural numbers k

A(G(k), c(k)) 6= ∅, yk ∈ B(0, M0 − 2). (3.203)

Inequality (3.201) implies that

lim sup
k→∞

f (k)(yk) ≤ lim sup
k→∞

inf(f (k), A(G(k), c(k))) ≤ inf(f̄ ; A(Ḡ, c̄)) + 2δ0.

Since δ0 is an arbitrary element of the interval (0, 1/2) we conclude that

lim sup
k→∞

f (k)(yk) ≤ lim sup
k→∞

inf(f (k), A(G(k), c(k))) ≤ inf(f̄ ; A(Ḡ, c̄)). (3.204)

Step 2. In this step we will complete the proof of the theorem. By (3.201),
the inclusion δ0 ∈ (0, 1/2), (3.168), (3.161), the inclusion f (k) ∈ Mφ and
(3.155) for each natural number k ≥ k0 and each i ∈ I1+

−ā + λkγ
(k)
i max{g(k)

i (yk)− c
(k)
i , 0} ≤ inf(f̄ ; A(Ḡ, c̄)) + 2.

Combined with (3.164) and (3.153) this implies for each integer k ≥ k0 and
each i ∈ I1+

g
(k)
i (yk)− c

(k)
i = max{g(k)

i (yk)− c
(k)
i , 0} ≤ k−1κ−1(inf(f̄ ;A(Ḡ, c̄)) + 2 + ā).

(3.205)
Then for all sufficiently large natural numbers k
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0 ≤ g
(k)
i (yk)− c

(k)
i ≤ γ∗/2 for all i ∈ I1+.

Combined with (3.174), (3.176), (3.163), (3.165) and (3.203) this implies that
for all sufficiently large natural numbers k

−γ∗ ≤ ḡi(yk)− c̄i ≤ γ∗ for all i ∈ I1+ ∪ I1. (3.206)

Since f̄ is Lipschitz on bounded subsets of X there is L0 > 1 such that

|f̄(u1)− f̄(u2)| ≤ L0||u1 − u2|| for each u1, u2 ∈ B(0,M0). (3.207)

Assume that k ≥ k0 is an integer. By (3.202), (3.174) and (3.176) there exists
an open neighborhood V of yk in X such that for each y ∈ V

g
(k)
i (y) > c

(k)
i for all i ∈ I1+, g

k)
i (y) < c

(k)
i for all i ∈ I1−, (3.208)

V ⊂ B(0, M0 − 1).

By (3.174), (3.176), (3.161), (3.168) and (3.208) for each z ∈ V

f (k)(yk) + λk

∑

i∈I1+

γ
(k)
i (g(k)

i (yk)− c
(k)
i ) + λk

∑

i∈I1

γ
(k)
i max{g(k)

i (yk)− c
(k)
i , 0}

= f (k)(yk) +
n∑

i=1

λkγ
(k)
i max{g(k)

i (yk)− c
(k)
i , 0}

= ψ
(fk,G(k))

λkγ(k),ck
= ψk(yk) ≤ ψk(z) + k−1||z − yk||

= ψ
(f(k),G(k))

λkγ(k),c(k) (z) + k−1||z − yk||

= f (k)(z) + λk

∑

i∈I1+

γ
(k)
i (g(k)

i (z)− c
(k)
i )

+λk

∑

i∈I1

γ
(k)
i max{g(k)

i (z)− c
(k)
i , 0}+ k−1||z − yk||.

It follows from the relation above, (3.208) and the properties of Clarke’s gen-
eralized gradient (see Chapter 2, Sect. 2.3 of [21]) that

0 ∈ ∂f (k)(yk) + λk

∑

i∈I1+

γ
(k)
i ∂g

(k)
i (yk)

+λk

∑

k,i∈I1

γ
(k)
i (∪{α∂g

(k)
i (yk) : α ∈ [0, 1]}) + k−1B∗(0, 1). (3.209)

By the properties of Clarke’s generalized gradient [21], (3.202), (3.162) and
(3.151),

∂f (k)(yk) = ∂(f̄ + (f (k) − f̄))(yk) ⊂ ∂f̄(yk) + ∂(f (k) − f̄)(yk)
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⊂ ∂f̄(yk) + qB∗(0, 1). (3.210)

It follows from the properties of Clarke’s generalized gradient [21], (3.202),
(3.163) and (3.151) that for all i ∈ I1 ∪ I1+,

∂g
(k)
i (yk) = ∂(ḡi + (g(k)

i − ḡi))(yk) ⊂ ∂ḡi(yk) + ∂(g(k)
i − ḡi)(yk)

⊂ ∂ḡi(yk) + k−1B∗(0, 1). (3.211)

In view of (3.209), (3.164), (3.210), (3.211), (3.153) and (3.164),

0 ∈ λ−1
k ∂f (k)(yk) +

∑

i∈I1+

γ
(k)
i ∂g

(k)
i (yk) +

∑

i∈I1

γ
(k)
i (∪{α∂g

(k)
i (yk) : α ∈ [0, 1]})

+k−2B∗(0, 1) ⊂ λ−1
k ∂f̄(yk) + k−1qB∗(0, 1)

+
∑

i∈I1+

γ
(k)
i [∂ḡi(yk) + k−1B∗(0, 1)]

+
∑

i∈I1

γ
(k)
i (∪{α∂ḡi(yk) + αk−1B∗(0, 1) : α ∈ [0, 1]}) + k−2B∗(0, 1)

⊂ λ−1
k ∂f̄(yk) +

∑

i∈I1+

γ
(k)
i ∂ḡi(yk) +

∑

i∈I1

γ
(k)
i (∪{α∂ḡi(yk) : α ∈ [0, 1]})

+(q/k + n/k + n/k + k−2)B∗(0, 1). (3.212)

Inclusion (3.212) implies that there exists l∗ ∈ X∗ satisfying

l∗ ∈ B∗(0, 1),

l0 ∈ ∂f̄(yk), li ∈ ∂ḡi(yk), i ∈ I1+ ∪ I1, αi ∈ [0, 1], i ∈ I1 (3.213)

such that

0 = k−1(q + 2n + k−1)l∗ + λ−1
k l0 +

∑

i∈I1+

γ
(k)
i li +

∑

i∈I1

αiγ
(k)
i li.

Together with (3.213), (3.202) and (3.207) this implies that

||
∑

i∈I1+

γ
(k)
i li +

∑

i∈I1

αiγ
(k)
i li|| ≤ k−1(q + 2n + 1) + k−1L0. (3.214)

It follows from (3.165) and (3.176) that there exists a finite strictly increasing
sequence of natural numbers i1 < · · · < iq, where q is a natural number, such
that

{i1, . . . , iq} = I1+ ∪ I1.

Consider a mapping G = (ḡi1 , . . . , ḡiq ) : X → Rq. In view of (3.214), (3.213),
(3.148), (3.175), (3.176), (3.153) and (3.164),
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ΞG,κ(yk) ≤ k−1(q + 2n + 1 + L0) for each integer k ≥ k0. (3.215)

By (3.215), (A2), (3.206) and (3.202) there exists a subsequence {ykp
}∞p=1 of

the sequence {yk}∞k=1 which converges to y∗ ∈ X in the norm topology:

lim
p→∞

||ykp − y∗|| = 0. (3.216)

Relations (3.215), (3.216) and Proposition 2.21 imply that

ΞG,κ(y∗) = 0. (3.217)

By (3.216), (3.165), (3.163), (3.202), (3.205), (3.174) and (3.176) for s ∈
{1, . . . , q}

ḡis(y∗)− c̄is = lim
p→∞

(ḡis(ykp)− c
(kp)
is

) = lim
p→∞

(g(kp

is
(ykp)− c

(kp)
is

) = 0. (3.218)

For any
j ∈ {1, . . . , n} \ {i1, . . . , iq},

we have j ∈ I1− and in view of (3.174), (3.176), (3.216), (3.202) and (3.163),

ḡj(y∗) = lim
p→∞

ḡj(ykp) = lim
p→∞

g
(kp

j )(ykp) ≤ lim
p→∞

c
(kp)
j = c̄j .

Combined with (3.218) this implies that

y∗ ∈ A(Ḡ, c̄). (3.219)

Relation (3.218) implies that

{i1, . . . , iq} ⊂ I(y∗). (3.220)

It follows from (3.216), (3.202), (3.162) and (3.204) that

f̄(y∗) = lim
p→∞

f̄(ykp
) = lim

p→∞
fkp(ykp

) ≤ inf(f̄ ; A(Ḡ, c̄)).

Together with (3.219), (3.217) and (3.220) this implies that

y∗ ∈ A(Ḡ, c̄), f̄(y∗) = inf(f̄ ; A(Ḡ, c̄)), ΞG,κ(y∗) = 0.

Combined with (3.220) this contradicts (A1). The contradiction we have
reached proves that there exist positive numbers Λ0, r such that the prop-
erty (P1) holds. Theorem 3.16 is proved.
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3.10 Comments

In this chapter we study the stability of the exact penalty. We show that
exact penalty properties established in Chapter 2 are stable under pertur-
bations of objective functions, constraint functions and the right-hand side
of constraints. The stability results are established for equality-constrained
problems and inequality-constrained problems with one constraint and with
locally Lipschitz objective and constrained functions in Sections 3.1–3.3, for
inequality-constrained problems with a lower semicontinuous objective func-
tion and convex lower semicontinuous constraint functions in Sections 3.4–3.7,
and for inequality-constrained problems with locally Lipschitz objective and
constraint functions in Sections 3.8 and 3.9. The stability of the exact penalty
property is crucial in practice. One reason is that in practice we deal with a
problem which consists of a perturbation of the problem we wish to consider.
Another reason is that the computations introduce numerical errors.



4

Generic Well-Posedness of Minimization
Problems

4.1 A generic variational principle

We will obtain many results of this chapter as a realization of a variational
principle which will be considered in this section. This variational principle is
a modification of the variational principle of [52] which has its prototype in
the variational principle of Deville, Godefroy and Zizler [31].

We consider a metric space (X, ρ) which is called the domain space and
a complete metric space (A, d) which is called the data space. We always
consider the set X with the topology generated by the metric ρ. For the space
A we consider the topology generated by the metric d. This topology will be
called the strong topology. In addition to the strong topology we also consider
a weaker topology on A which is not necessarily Hausdorff. This topology will
be called the weak topology. (Note that these topologies can coincide.)

We assume that with every a ∈ A a lower semicontinuous function fa on
X is associated with values in R̄ = [−∞,∞]. In our study we use the following
basic hypotheses about the functions.

(H1) For any a ∈ A, any ε > 0 and any γ > 0 there exist a nonempty open
set W in A with the weak topology, x ∈ X, α ∈ R1 and η > 0 such that

W ∩ {b ∈ A : d(a, b) < ε} 6= ∅

and for any b ∈ W
(i) inf(fb) is finite;
(ii) if z ∈ X is such that fb(z) ≤ inf(fb) + η, then ρ(z, x) ≤ γ and |fb(z)−

α| ≤ γ.
(H2) if a ∈ A, inf(fa) is finite, {xn}∞n=1 ⊂ X is a Cauchy sequence and

the sequence {fa(xn)}∞n=1 is bounded, then the sequence {xn}∞n=1 converges
in X.

We show (see Theorem 4.1) that if (H1) and (H2) hold, then for a generic
a ∈ A the problem minimize fa(x) subject to x ∈ X, has a unique solution.
This result generalizes the variational principle in [52] which was obtained for
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122 4 Generic Well-Posedness of Minimization Problems

the complete domain space (X, ρ). Note that if (X, ρ) is complete, the weak
and strong topologies on A coincide and for any a ∈ A the function fa is not
identically ∞, then the variational principles in [52] and in this section are
equivalent.

The variational principle which is proved in this section was suggested
in [105]. For the classes of optimal control problems considered in [105] the
domain space is not complete. Since the variational principle in [52] was
established only for complete domain spaces it cannot be applied to these
classes of optimal control problems. Fortunately, instead of the completeness
assumption we can use (H2) and this hypothesis holds for spaces of integrands
(integrand-map pairs) which satisfy the Cesari growth condition [105].

Given a ∈ A we say that the problem of minimization of fa on X is well-
posed with respect to data in A (or just with respect to A) if the following
assertions hold:

(1) inf(fa) is finite and attained at a unique point xa ∈ X.
(2) For each ε > 0 there are a neighborhood V of a in A with the weak

topology and δ > 0 such that for each b ∈ V, inf(fb) is finite and if z ∈ X
satisfies fb(z) ≤ inf(fb) + δ, then ρ(xa, z) ≤ ε and |fb(z)− fa(xa)| ≤ ε.

(This property was introduced in [52]. In a slightly different setting a
similar property was introduced in [146].)

Theorem 4.1. Assume that (H1) and (H2) hold. Then there exists an every-
where dense (in the strong topology) set B ⊂ A which is a countable intersec-
tion of open (in the weak topology) subsets of A such that for any a ∈ B the
minimization problem of fa on X is well-posed with respect to A.

Following the tradition, we can summarize the theorem by saying that un-
der the assumptions (H1) and (H2) the minimization problem for fa on (X, ρ)
is generically strongly well-posed with respect to A or that the minimization
problem for fa is well-posed with respect to A for a generic a ∈ A.
Proof: Let a ∈ A. By (H1) for any natural n = 1, 2, . . . there are a nonempty
open set U(a, n) in A with the weak topology, x(a, n) ∈ X, α(a, n) ∈ R1 and
η(a, n) > 0 such that

U(a, n) ∩ {b ∈ A : d(a, b) < 1/n} 6= ∅

and for any b ∈ U(a, n), inf(fb) is finite and if z ∈ X satisfies fb(z) ≤ inf(fb)+
η(a, n), then

ρ(z, x(a, n)) ≤ 1/n, |fb(z)− α(a, n)| ≤ 1/n.

Define Bn = ∪{U(a,m) : a ∈ A, m ≥ n} for n = 1, 2, . . . . Clearly for each
integer n ≥ 1 the set Bn is open in the weak topology and everywhere dense
in the strong topology. Set B = ∩∞n=1Bn. Since for each integer n ≥ 1 the set
Bn is also open in the strong topology generated by the complete metric d we
conclude that B is everywhere dense in the strong topology.



4.2 Two classes of minimization problems 123

Let b ∈ B. Evidently inf(fb) is finite. There are a sequence {an}∞n=1 ⊂
A and a strictly increasing sequence of natural numbers {kn}∞n=1 such that
b ∈ U(an, kn), n = 1, 2, . . . . Assume that {zn}∞n=1 ⊂ X and limn→∞ fb(zn) =
inf(fb).

Let m ≥ 1 be an integer. Clearly for all large enough n the inequality
fb(zn) < inf(fb) + η(am, km) is true and it follows from the definition of
U(am, km) that

ρ(zn, x(am, km)) ≤ k−1
m , |fb(zn)− α(am, km)| ≤ k−1

m (4.1)

for all large enough n. Since m is an arbitrary natural number we conclude
that {zn}∞n=1 ⊂ X is a Cauchy sequence. By (H2) there is x̄ = limn→∞ zn. As
fb is lower semicontinuous, we have fb(x̄) = inf(fb). Clearly fb does not have
another minimizer for otherwise we would be able to construct a nonconver-
gent sequence {zn}∞n=1. This proves the first part of the theorem. We further
note that by (4.1)

ρ(x̄, x(am, km)) ≤ k−1
m , |fb(x̄)− α(am, km)| ≤ k−1

m , m = 1, 2, . . . . (4.2)

We turn now to the second assertion. Let ε > 0. Choose a natural number m
for which 4k−1

m < ε. Let a ∈ U(am, km). Clearly inf(fa) is finite. Let z ∈ X
and fa(z) ≤ inf(fa) + η(am, km). By the definition of U(am, km),

ρ(z, x(am, km)) ≤ k−1
m , |fa(z)− α(am, km)| ≤ k−1

m .

Together with (4.2) this implies that

ρ(z, x̄) ≤ 2k−1
m , |fb(x̄)− fa(z)| ≤ 2k−1

m < ε.

The second assertion is proved.

4.2 Two classes of minimization problems

Let (X, ρ) be a complete metric space. We consider two classes of minimization
problems. Fix θ ∈ X. Denote by M the set of all bounded from below lower
semicontinuous functions f : X → R1∪{∞} which are not identically ∞ and
satisfy

f(x) →∞ as ρ(x, θ) →∞.

We study the existence of a solution of the minimization problem

minimize f(x) subject to x ∈ X (P1)

with f ∈ M. This is our first class of minimization problems. We endow the
set M with an appropriate uniformity and show that for a generic f ∈M the
minimization problem (P1) has a unique solution.
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Now we describe the second class of minimization problems. Denote by L
the set of all functions f ∈ M such that the epigraph of f is the closure of
its interior. Let S(X) be the set of all nonempty closed subsets of X. The
spaces L and S(X) will be equipped with appropriate complete uniformities.
We consider the following minimization problem

minimize f(x) subject to x ∈ A, (P2)

where A ∈ S(X) and f ∈ L. We show that for a generic pair (f,A) ∈ L×S(X)
the minimization problem (P2) has a unique solution.

We equip the space of functions (respectively, function-set pairs) with weak
and strong topologies. We construct a subset of this space which is a countable
intersection of open (in the weak topology) everywhere dense (in the strong
topology) sets such that for each function (respectively, function-set pair) the
corresponding minimization problem has a unique solution.

In the sequel we use the following notation.
For each function f : Y → R1∪{∞} where Y is a nonempty set we define

dom(f) = {y ∈ Y : f(y) < ∞}, inf(f) = inf{f(y) : y ∈ Y }

and
epi(f) = {(y, α) ∈ Y ×R1 : α ≥ f(y)}.

4.3 The generic existence result for problem (P1)

Let (X, ρ) be a complete metric space. Fix θ ∈ X. Denote by M the set of all
bounded from below lower semicontinuous functions f : X → R1 ∪ {∞} such
that

dom(f) 6= ∅ and f(x) →∞ as ρ(x, θ) →∞. (4.3)

We equip the set M with strong and weak topologies.
For the set M we consider the uniformity determined by the following

base:
Es(n) = {(f, g) ∈M×M :

f(x) ≤ g(x) + n−1 and g(x) ≤ f(x) + n−1 for all x ∈ X}, (4.4)

where n is a natural number. Clearly this uniform space M is metrizable and
complete. Denote by τs the topology in M induced by this uniformity. The
topology τs is called the strong topology.

Now we equip the set M with a weak topology. We consider the complete
metric space X ×R1 with the metric ∆(·, ·) defined by

∆((x1, α1), (x2, α2)) = ρ(x1, x2) + |α1 − α2|, x1, x2 ∈ X , α1, α2 ∈ R1. (4.5)

For each lower semicontinuous bounded from below function f : X → R1 ∪
{∞} with a nonempty epigraph define a function ∆f : X ×R1 → R1 by
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∆f (x, α) = inf{∆((x, α), (y, β)) : (y, β) ∈ epi(f)}, (x, α) ∈ X ×R1. (4.6)

For each natural number n denote by Ew(n) the set of all pairs (f, g) ∈M×M
which have the following property:

C(i) For each (x, α) ∈ X ×R1 satisfying ρ(x, θ) + |α| ≤ n,

|∆f (x, α)−∆g(x, α)| ≤ n−1; (4.7)

C(ii) For each (x, α) ∈ X ×R1 satisfying

α ≤ n, min{∆f (x, α),∆g(x, α)} ≤ n (4.8)

the inequality (4.7) is valid.
We will show (see Section 4.4, Lemma 4.7) that for each natural number n

and each (f, g), (g, h) ∈ Ew(2n) the relation (f, h) ∈ Ew(n) is true. Therefore
for the set M there exists the uniformity generated by the base Ew(n), n =
1, 2, . . . . This uniformity is metrizable (by a metric ∆̂w) and it induces in M
a topology τw which is weaker than τs. The topology τw is called the weak
topology. The following auxiliary result establishes an important property of
the weak topology τw.

Proposition 4.2. Let f ∈M and M be a positive number. Then there exists
a neighborhood U of f in M with the weak topology τw and a positive number
r such that for each g ∈ U and each x ∈ X satisfying ρ(θ, x) ≥ r the relation
g(x) > M holds.

Proof: There exists r > 4 such that

f(x) ≥ 2M + 4 for all x ∈ X satisfying ρ(x, θ) ≥ r/2− 1.

Fix an integer n0 > 4M + 4 and put

U = {g ∈M : (f, g) ∈ Ew(n0)}.

Assume that
g ∈ U, x ∈ X and ρ(x, θ) ≥ r. (4.9)

Assume that g(x) ≤ M . Then it follows from the definition of U , (4.7) and
(4.8) that the inequality ∆f (x, g(x)) < 1 holds and there exists (y, α) ∈ epi(f)
such that ρ(y, x) ≤ 1 and |α − g(x)| ≤ 1. Combined with (4.9) this implies
that ρ(θ, y) ≥ 2−1r and f(y) ≤ α ≤ g(x) + 1 ≤ M + 1. This is contradictory
to the definition of r. Proposition 4.2 is proved.

For the set M we consider the metrizable uniformity determined by the
following base:

E(n) = {(f, g) ∈M×M : (4.7) is valid for all (x, α) ∈ X ×R1

satisfying ρ(x, θ) + |α| ≤ n} (4.10)
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where n = 1, 2, . . . . Denote by τ∗ the topology induced by this uniformity.
The topology τ∗ is called the epi-distance topology [2]. Clearly the topology
τ∗ is weaker than τw.

Let φ ∈ M. Denote by M(φ) the set of all f ∈ M satisfying f(x) ≥
φ(x) for all x ∈ X. It is easy to verify that M(φ) is a closed subset of M
with the topology τw. We consider the topological subspace M(φ) ⊂M with
the relative weak and strong topologies. Clearly the topologies τw and τ∗
induce the same relative topology on M(φ). In [52] the generic existence
result was established for the minimization problem (P1) with a cost function
f belonging to the space M(φ) endowed with the epi-distance topology (the
strong and the weak topologies in M(φ) coincide). Since the epi-distance
topology τ∗ in M does not have the property established in Proposition 4.2
we cannot prove our generic existence result for the space M when its weak
topology is τ∗. The following proposition shows that τw is the weakest topology
among all topologies which are stronger than the epi-distance topology and
have the property established in Proposition 4.2.

Proposition 4.3. Assume that a topology τ in M is stronger than τ∗ and has
the following property:

For each f ∈ M and each positive number M there exist a neighborhood
U of f in M with the topology τ and a positive number r such that

inf{inf(g) : g ∈ U} > −∞ and

g(x) > M for all g ∈ U and all x ∈ X satisfying ρ(x, θ) ≥ r.

Then the topology τ is stronger than τw.

Proof: Assume that f ∈ M and n is a natural number. Fix an integer n0 ≥
4n + 4. There exist a neighborhood U1 of f in M with the topology τ and
a positive number r such that g(x) > 2n0 + 2 for all g ∈ U1 and all x ∈ X
satisfying ρ(x, θ) ≥ r and infg∈U1 inf(g) > −∞. Fix a natural number n1 >
2r + 2n0 + 2 + 4| infg∈U1 inf(g)| and put

U = {g ∈M : (f, g) ∈ E(n1)} ∩ U1.

Clearly,
U ⊂ {g ∈M : (f, g) ∈ Ew(n)}.

This completes the proof of the proposition.

Set A = M and fa = a for each a ∈ A. In this chapter we prove the
following two results.

Theorem 4.4. The minimization problem for a generic f ∈M is well-posed
with respect to M.

Theorem 4.5. Let φ ∈ M. The minimization problem for a generic f ∈
M(φ) is well-posed with respect to M(φ).

Note that Theorems 4.4 and 4.5 have been obtained in [110].
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4.4 The weak topology on the space M
In this section we study the weak topology τw.

Lemma 4.6. Let n be a natural number and let f ∈ M. Then there exists
a positive number a such that for each g ∈ M satisfying (f, g) ∈ G(n) the
inequality g(x) ≥ −a holds for all x ∈ X.

Proof: There exists a positive number a0 such that f(x) ≥ −a0 for all x ∈ X.
Fix a number a > 2a0 + 4. Assume that g ∈ M, (f, g) ∈ G(n) and x ∈ X.
We will show that g(x) ≥ −a. Assume the contrary. Then g(x) < −a and
(x,−a) ∈ epi(g). By the definition of Ew(n), ∆f (x,−a) ≤ n−1. This implies
that there exists (y, β) ∈ epi(f) such that ∆((x,−a), (y, β)) ≤ 2. Thus β ≥
f(y), β ≤ 2 − a and f(y) ≤ 2 − a < −2a0 − 2. This is contradictory to the
definition of a0. The contradiction we have reached proves the lemma.

The following lemma implies that the collection of the sets Ew(n), n =
1, 2, . . . is the base of a uniformity.

Lemma 4.7. For each natural number n and each (f, g), (g, h) ∈ Ew(2n) the
inclusion (f, h) ∈ Ew(n) holds.

Proof: Let n be a natural number,

(f, g) and (g, h) ∈ Ew(2n). (4.11)

It follows from (4.11) and property C(i) that for each (x, α) ∈ X×R1 satisfying

ρ(x, θ) + |α| ≤ n (4.12)

the following inequalities hold:

|∆f (x, α)−∆g(x, α)| ≤ (2n)−1, |∆g(x, α)−∆h(x, α)| ≤ (2n)−1

and
|∆f (x, α)−∆h(x, α)| ≤ n−1. (4.13)

Assume that (x, α) ∈ X ×R1,

α ≤ n and min{∆f (x, α), ∆h(x, α)} ≤ n. (4.14)

We show that (4.13) holds. We may assume that ∆f (x, α) ≤ n. By this in-
equality, (4.14), (4.11) and property C(ii)

|∆f (x, α)−∆g(x, α)| ≤ (2n)−1, ∆g(x, α) ≤ 2n. (4.15)

It follows from these inequalities, (4.14), (4.11) and property C(ii) that

|∆g(x, α)−∆h(x, α)| ≤ (2n)−1. (4.16)

Combined with (4.15) this implies (4.13). Lemma 4.7 is proved.
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Proposition 4.8. The metric space (M, ∆̂w) is complete.

Proof: Let {fj}∞j=1 ⊂M be a Cauchy sequence. We show that it converges in
(M, ∆̂w). For each natural number n there exists a natural number q(n) such
that

(fi, fj) ∈ Ew(n) for all integers i, j ≥ q(n). (4.17)

We may assume that

q(n + 1) > q(n) + 4, n = 1, 2, . . . . (4.18)

We consider a collection of all closed nonempty subsets of X×R1 denoted by
S(X ×R1). For the set S(X ×R1) we consider the uniformity determined by
the following base:

Ẽ(n) = {(A,B) ∈ S(X ×R1)× S(X ×R1) : sup{| inf
y∈A

∆((x, α), y)− (4.19)

inf
y∈B

∆((x, α), y)| : x ∈ X, α ∈ R1 and ρ(x, θ) + |α| ≤ n} < n−1},

where n = 1, 2 . . . . It is well-known [2] that the uniform space S(X × R1)
is metrizable and complete. It is easy to see that the sequence {epi(fj)}∞j=1

is a Cauchy sequence in the uniform space S(X × R1). There exists a set
Ω ∈ S(X ×R1) such that

Ω = lim
j→∞

epi(fj) (4.20)

in the uniform space S(X ×R1). Clearly,

Ω = {(x, α) ∈ X×R1 : there exists a strictly increasing sequence of natural
(4.21)

numbers {jk}∞k=1 and a sequence{(xk, αk)}∞k=1 ⊂ X ×R1 such that

(xk, αk) ∈ epi(fjk
), k = 1, 2, . . . and lim

k→∞
(xk, αk) = (x, α)}.

Lemma 4.6 implies that there exists a positive number ā such that for j =
1, 2, . . .

fj(x) ≥ −ā for all x ∈ X. (4.22)

Clearly, there exists a lower semicontinuous function f : X → R1 ∪ {∞} such
that

f(x) ≥ −ā for all x ∈ X (4.23)

and
Ω = {(x, α) ∈ X ×R1 : α ≥ f(x)} = epi(f). (4.24)

In view of (4.20), (4.19), (4.24) and (4.6) for each natural number n there is
an integer q0(n) ≥ q(n) such that the following property holds:

(a) for each natural number j ≥ q0(n) and each (x, α) ∈ X×R1 satisfying
ρ(x, θ) + |α| ≤ n the inequality |∆f (x, α)−∆fj

(x, α)| ≤ n−1 holds.



4.4 The weak topology on the space M 129

Let n ≥ 1 and j ≥ q(2n + 1) be natural numbers and let (x, α) ∈ X ×R1.
We show that if

α ≤ n and min{∆f (x, α), ∆fj
(x, α)} ≤ n, (4.25)

then
|∆f (x, α)−∆fj (x, α)| ≤ n−1. (4.26)

Assume that (4.25) holds. There are two cases:

(1) ∆f (x, α) ≤ ∆fj
(x, α); (4.27)

(2) ∆f (x, α) > ∆fj
(x, α). (4.28)

Consider the case (1). Then

∆f (x, α) ≤ n (4.29)

and there exists
(y, β) ∈ epi(f) (4.30)

such that

ρ(y, x) + |α− β| ≤ ∆f (x, α) + (16n)−1 ≤ n + (16n)−1. (4.31)

In view of (4.31) and (4.25)

β ≤ 2n + 1/2. (4.32)

It follows from (4.30), (4.24) and (4.21) that there exists a natural number
i > j + 4 and

(z, γ) ∈ epi(fi) (4.33)

such that
ρ(z, y) + |γ − β| ≤ (16n)−1. (4.34)

It follows from (4.17) that

(fi, fj) ∈ Ew(2n + 1).

By the inclusion above, the definition of Ew(2n + 1) (see property C(ii)),
(4.33), (4.32) and (4.34),

∆fj (z, γ) ≤ (2n + 1)−1.

Thus there exists (u, ξ) ∈ epi(fj) such that

ρ(z, u) + |γ − ξ| < (2n)−1.

In view of the inequality above and (4.34),
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ρ(u, y) + |β − ξ| < (2n)−1 + (16n)−1.

Combined with (4.31) this implies that

ρ(x, u) + |ξ − α| < (2n)−1 + (16n)−1 + ρ(y, x) + |α− β| < ∆f (x, α) + n−1,

∆fj
(x, α) < n−1 + ∆f (x, α).

Hence in case (1) the inequality (4.26) holds.
Consider the case (2). We have

∆fj
(x, α) ≤ n. (4.35)

Assume that an integer i ≥ j. In view of (4.17),

(fi, fj) ∈ Ew(2n + 1).

By the inclusion above, the definition of Ew(2n + 1) (see property C(i)) and
(4.25),

|∆fi(x, α)−∆fj (x, α)| ≤ (2n + 1)−1. (4.36)

There exists (xi, αi) ∈ epi(fi) for which

ρ(x, xi) + |αi − α| ≤ ∆fi
(x, α) + (16n)−1. (4.37)

Consider the sequence {(xi, αi)}∞i=j ⊂ X × R1. It follows from (4.37), (4.36)
and (4.35) that for all integers i ≥ j

|αi|+ ρ(xi, θ) ≤ |αi|+ ρ(x, xi) + ρ(x, θ) ≤ |α|+ 2 + n + ρ(x, θ). (4.38)

Fix a natural number

p0 > |α|+ 4n + 2 + ρ(x, θ) + 4.

In view of the choice of p0 and (4.38),

|αi|+ ρ(xi, θ) < p0 for all integers i ≥ j. (4.39)

Choose a natural number
p > j + q0(p0).

Property (a), (4.39) and the choice of p imply that

∆f (xp, αp) ≤ p−1
0 .

Since (4.36) and (4.37) hold with i = p it follows from the inequality above
and the choice of p0 that

∆f (x, α) ≤ ρ(x, xp) + |αp − α|+ ∆f (xp, αp) ≤ p−1
0 + ∆fp

(x, α) + (16n)−1

≤ ∆fj
(x, α) + (2n + 1)−1 + (16n)−1 + p−1

0 ≤ ∆fj
(x, α) + n−1.
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Therefore in case (2) relation (4.26) is also valid.
We have shown that the following property holds:
(b) For each natural number n, each integer j ≥ q(2n + 1) and each

(x, α)×X ×R1 satisfying (4.25) the inequality (4.26) is valid.
To complete the proof of the proposition we need to verify that f ∈ M.

It is sufficient to show that f(x) → ∞ as ρ(x, θ) → ∞. This follows from
property (b). Proposition 4.8 is proved.

4.5 Proofs of Theorems 4.4 and 4.5

We can easily prove the following auxiliary result.

Lemma 4.9. Let f ∈ M and let δ be a positive number. Then there exists a
neighborhood U of f in M with the weak topology such that for each g ∈ U

inf{g(x) : x ∈ X} ≤ inf{f(x) : x ∈ X}+ δ.

Lemma 4.10. Let f ∈ M and let γ be a positive number. Then there exists
a neighborhood U of f in M with the weak topology such that for each g ∈ U

inf
x∈X

f(x) < inf
x∈X

g(x) + γ. (4.40)

Proof: Fix an integer n such that

n > | inf
x∈X

f(x)|+ 4 + 8γ−1 (4.41)

and put
U = {g ∈M : (g, f) ∈ Ew(n)}. (4.42)

Let g ∈ U . We show that (4.40) holds. There exists x0 ∈ X such that

g(x0) ≤ inf
x∈X

g(x) + γ/4. (4.43)

We may assume that
g(x0) ≤ n. (4.44)

In view of the definition of Ew(n) (see property C(ii), (4.8)), (4.42) and (4.44),

∆f (x0, g(x0)) ≤ n−1.

There exists (x1, α1) ∈ epi(f) such that

ρ(x0, x1) + |g(x0)− α1| ≤ 2n−1. (4.45)

(4.45), (4.43) and (4.41) imply that
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f(x1) ≤ α1 ≤ g(x0) + 2n−1 ≤ inf
x∈X

g(x) + γ/4 + 2n−1

≤ inf
x∈X

g(x) + γ/2.

This implies (4.40). Lemma 4.10 is proved.

Denote by E the set of all f ∈M for which there exists xf ∈ X such that
f(xf ) = inf{f(x) : x ∈ X}.
Lemma 4.11. Let f ∈M. Then there exists a sequence fn ∈ E, n = 1, , 2 . . .
such that fn(x) ≥ f(x) for all x ∈ X and n = 1, 2, . . . and fn → f as n →∞
in the strong topology.

Proof: For each natural number n there exists xn ∈ X such that f(xn) ≤
inf{f(x) : x ∈ X}+ 1/n. For n = 1, 2, . . . define

fn(x) = max{f(x), f(xn)} for all x ∈ X.

It is easy to see that fn ∈ E , n = 1, 2 . . . and limn→∞ fn = f in the strong
topology. Lemma 4.11 is proved.

Lemma 4.12. Let f ∈ E, xf ∈ X,

f(xf ) = inf{f(x) : x ∈ X}, ε ∈ (0, 1), δ ∈ (0, 16−1ε2). (4.46)

Define a function f̄ ∈ E by

f̄(x) = f(x) + ε/2min{ρ(x, xf ), 1} for all x ∈ X.

Then there exists a neighborhood U of f̄ in M with the weak topology such
that for each g ∈ U and each x ∈ X satisfying g(x) ≤ inf(g) + δ,

|g(x)− f(xf )| ≤ ε and ρ(x, xf ) ≤ ε. (4.47)

Proof: Lemmas 4.9 and 4.10 imply that there exists a neighborhood U0 of f̄
in M with the weak topology such that

| inf(g)− inf(f̄)| < δ/2 for all g ∈ U0. (4.48)

Fix an integer
n0 > | inf(f)|+ 4 + 4δ−1 (4.49)

and put
U = U0 ∩ {g ∈M : (f̄ , g) ∈ Ew(n0)}. (4.50)

Let g ∈ U and let x ∈ X satisfy

g(x) ≤ inf(g) + δ. (4.51)

In view of (4.51) and (4.48),
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g(x) ≤ inf(f̄) + 2δ. (4.52)

It follows from (4.49), (4.50), (4.52), (4.7) and (4.8) that there exist (y, α) ∈
epi(f̄) such that

ρ(y, x) ≤ 2n−1
0 and |α− (inf(f̄) + 2δ)| ≤ 2n−1

0 . (4.53)

By (4.53), (4.49), (4.46) and the definition of f̄ ,

f(y)+ ε/2 min{ρ(y, xf ), 1} = f̄(y) ≤ inf(f̄)+2δ +2n−1
0 ≤ inf(f̄)+3δ (4.54)

= f(xf ) + 3δ ≤ f(y) + 3δ, ρ(y, xf ) ≤ ε/2.

It is easy to see that (4.47) follows from (4.54), (4.53), (4.52) and (4.48).
Lemma 4.12 is proved.

To complete the proof of Theorems 4.4 and 4.5 it is sufficient to note that
(H1) follows from Lemmas 4.11 and 4.12.

4.6 An extension of Theorem 4.4

Denote by Mb the set of all bounded from below lower semicontinuous func-
tions f : X → R1 ∪ {∞} which are not identically infinity. We equip the set
Mb with a weak and a strong topology.

For each natural number n denote by Gw(n) the set of all (f, g) ∈Mb×Mb

such that

sup{∆f (x, α) : (x, α) ∈ epi(g)}, sup{∆g(x, α) : (x, α) ∈ epi(f)} ≤ n−1.

For the set Mb we consider the complete metrizable uniformity determined
by the base Gw(n), n = 1, 2, . . . . We equip the space Mb with a topology τw

induced by this uniformity. The topology τw is called a weak topology.
Also for the set Mb we consider the complete metrizable uniformity de-

termined by the following base:

U(n) = {(f, g) ∈Mb ×Mb :

f(x) ≤ g(x) + n−1 and g(x) ≤ f(x) + n−1, x ∈ X}.
The space Mb is endowed with the topology τs induced by this uniformity.
The topology τs is called a strong topology.

Set A = Mb and fa = a for each a ∈ A. We will establish the following
result.

Theorem 4.13. The minimization problem for a generic f ∈ Mb is well-
posed with respect to Mb.

In order to prove Theorem 4.13 we need the following two lemmas. The
first lemma is proved in a straightforward manner.
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Lemma 4.14. Assume that f ∈ Mb and that ε is a positive number. Then
there exists a neighborhood U0 of f in Mb with the weak topology such that

| inf(g)− inf(f)| ≤ ε for all g ∈ U.

Denote by E the set of all f ∈Mb such that there exists xf ∈ X satisfying
f(xf ) = inf{f(x) : x ∈ X}. Analogously to Lemma 4.11 we can show that E
is everywhere dense in Mb with the strong topology.

Lemma 4.15. Let f ∈ E, xf ∈ X and let

f(xf ) = inf{f(x) : x ∈ X}, ε ∈ (0, 1), δ ∈ (0, 16−1ε2). (4.55)

Define a function f̄ ∈ E by

f̄(x) = f(x) + 2−1εmin{ρ(x, xf ), 1} for all x ∈ X. (4.56)

Then there exists a neighborhood U of f̄ in M with the weak topology such
that for each g ∈ U and each x ∈ X satisfying g(x) ≤ inf(g) + δ the following
relations hold:

|g(x)− f(xf )| ≤ ε and ρ(x, xf ) ≤ ε. (4.57)

Proof: There exist a neighborhood U of f̄ in Mb with the weak topology such
that for each g ∈ U

∆g(x, α) ≤ 16−1δ, (x, α) ∈ epi(f̄) and ∆f̄ (x, α) ≤ 16−1δ, (x, α) ∈ epi(g).
(4.58)

Let g ∈ U , x ∈ X and g(x) ≤ inf(g) + δ. Combined with (4.58) this implies
that

g(x) ≤ inf(f̄) + 2δ and g(x) ≥ inf(f̄)− 2δ. (4.59)

In view of (4.58) there exists (y, α) ∈ epi(f̄) such that

ρ(y, x) ≤ 8−1δ and |α− (inf(f̄) + 2δ)| ≤ 8−1δ. (4.60)

By (4.56) and (4.59),

f(y) + 2−1ε min{ρ(y, xf ), 1} = f̄(y) ≤ inf(f̄) + 2δ + 8−1δ

≤ f(xf ) + 3δ ≤ f(y) + 3δ, ρ(y, xf ) ≤ 2−1ε.

It is easy to see that (4.57) follows from the relation above, (4.60) and (4.59).
This completes the proof of Lemma 4.15.

To complete the proof of Theorem 4.13 it is sufficient to note that (H1)
follows from Lemma 4.15.

Note that Theorem 4.13 has been obtained in [110].



4.7 The generic existence result for problem (P2) 135

4.7 The generic existence result for problem (P2)

We consider a complete metric space (X, ρ). Fix θ ∈ X and set ||x|| = ρ(x, θ)
for all x ∈ X and define B(r) = {x ∈ X : ||x|| ≤ r} for all r > 0. Denote by L
the set of all lower semicontinuous bounded from below functions f : X → R1

which satisfy the following assumptions:
A(i) inf{f(x) : x ∈ X \B(r)} → ∞ as r →∞.
A(ii) For each x ∈ X, each neighborhood U of x in X and each positive

number δ there exists an open nonempty set V ⊂ U such that f(y) ≤ f(x)+δ
for all y ∈ V .

Denote by Lc the set of all finite-valued continuous functions f ∈ L.

Remark 4.16. Let f : X → R1 be a lower semicontinuous bounded from below
function. Then f satisfies assumption A(ii) if and only if epi(f) is the closure
of its interior.

For x ∈ X and A ⊂ X set ρ(x,A) = inf{ρ(x, y) : y ∈ A}. Denote by S(X)
the collection of all closed nonempty sets in X. We equip the set S(X) with
a weak and a strong topology.

For the set S(X) we consider the uniformity determined by the following
base:

Gw(n) = {(A,B) ∈ S(X)×S(X) : |ρ(x,A)−ρ(x,B)| ≤ n−1 for all x ∈ B(n)},
where n = 1, 2, . . . . It is well known that the set S(X) with this uniformity is
metrizable (by a metric Hw) and complete. The bounded Hausdorff (Attouch–
Wets) topology induced by this uniformity is a weak topology in the space
S(X).

Also for the set S(X) we consider the uniformity determined by the fol-
lowing base:

Gs(n) = {(A,B) ∈ S(X)× S(X) : ρ(x,B) ≤ n−1 for all x ∈ A

and ρ(y, A) ≤ n−1 for all y ∈ B}, n = 1, 2, . . . .

It is well known that the space S(X) with this uniformity is metrizable (by a
metric Hs) and complete. The Hausdorff topology induced by this uniformity
is a strong topology in the space S(X).

For the space L we consider the uniformity determined by the following
base:

E0(n) = {(f, g) ∈ L × L : |f(x)− g(x)| ≤ n−1 for all x ∈ B(n)},
where n = 1, 2, . . . . Evidently this uniform space is metrizable (by a metric
h0) and Lc is a closed subset of L with the topology induced by the metric
h0.

For each natural number n denote by Ew(n) the set of all pairs (f, g) ∈ L×L
which have the following property:
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B(i) For each x ∈ B(n) the inequality |f(x)− g(x)| ≤ n−1 is valid;
B(ii) For each x ∈ X satisfying inf{f(x), g(x)} ≤ n the inequality |f(x)−

g(x)| ≤ n−1 is true.
The following auxiliary lemma shows that the collection of the sets Ew(n),

n = 1, 2, . . . is the base of a uniformity.

Lemma 4.17. Let n be a natural number and let

(f, g), (g, h) ∈ Ew(2n). (4.61)

Then (f, h) ∈ Ew(n).

Proof: It is easy to see that for each x ∈ B(n)

|f(x)− h(x)| ≤ |f(x)− g(x)|+ |g(x)− h(x)| ≤ n−1.

Assume that x ∈ X and min{f(x), h(x)} ≤ n. To complete the proof of the
lemma it is sufficient to show that |f(x)− h(x)| ≤ n−1.

We may assume that f(x) ≤ n. This inequality, B(ii) and (4.61) imply
that

|f(x)− g(x)| ≤ (2n)−1, g(x) ≤ n + 1/2, |h(x)− g(x)| ≤ (2n)−1 and

|f(x)− h(x)| ≤ n−1.

Lemma 4.17 is proved.

For the set L we consider the uniformity determined by the base Ew(n),
n = 1, 2, . . . . Clearly this uniformity is metrizable (by a metric hw). We equip
the set L with the topology induced by this uniformity. This topology is called
the weak topology. Clearly Lc is a closed subset of L with the weak topology.

Proposition 4.18. The metric space (L, hw) is complete.

Proof: Let {fj}∞j=1 ⊂ L be a Cauchy sequence. It is sufficient to show that it
converges in L.

For each natural number n there is a natural number q(n) such that

(fi, fj) ∈ Ew(n) for all integers i, j ≥ q(n). (4.62)

We may assume that

q(n + 1) > q(n) + 4, n = 1, 2, . . . . (4.63)

It follows from the definition of q(n) (see (4.62)), properties B(i) and B(ii) that
for each natural number n and each pair of integers i, j ≥ q(n) the following
properties hold:

(a) For each x ∈ B(n),

|fj(x)− fi(x)| ≤ n−1. (4.64)
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(b) For each x ∈ X satisfying min{fi(x), fj(x)} ≤ n the relation (4.64)
holds.

This implies that for all x ∈ X there is a number

f(x) = lim
j→∞

fj(x). (4.65)

Property (a) and (4.65) imply that the following property holds:
(c) For each natural number n and each integer j ≥ q(n),

|fj(x)− f(x)| ≤ n−1 for all x ∈ B(n). (4.66)

Assume that n ≥ 1 and j ≥ q(n + 1) are integers and that x ∈ X. We show
that if

inf{fj(x), f(x)} ≤ n, (4.67)

then
|fj(x)− f(x)| ≤ n−1. (4.68)

Assume that (4.67) holds. There are two cases: (1) fj(x) ≤ n; (2) f(x) ≤ n.
Consider the case (1). Then in view of property (b) for each natural number
i > j the inequality |fi(x)− fj(x)| ≤ n−1 is valid. Combined with (4.65) this
implies (4.68).

Consider the case (2). Then

f(x) ≤ n. (4.69)

There exists an integer
i > q(n + 1) + j (4.70)

such that
|f(x)− fi(x)| ≤ [n−1 − (n + 1)−1]/4. (4.71)

In view of (4.71) and (4.69),

fi(x) ≤ n + 1. (4.72)

Property (b) (see (4.64)), (4.72) and (4.70) imply that

|fj(x)− fi(x)| ≤ (n + 1)−1. (4.73)

By (4.73) and (4.71), |fj(x) − f(x)| ≤ n−1. Hence we have shown that the
following property holds:

(d) For each natural number n, each natural number j ≥ q(n + 1) and
each x ∈ X satisfying (4.67), the inequality (4.68) is valid.

Since the sequence {fj}∞j=1 converges to f uniformly on bounded subsets of
X (see property (c)) we conclude that f is lower semicontinuous and satisfies
assumption A(ii). By property (d), f is bounded from below and satisfies
assumption A(i). Proposition 4.18 is proved.
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For the set L we consider the uniformity determined by the following base:

Es(ε) = {(f, g) ∈ L × L : |f(x)− g(x)| ≤ ε}, x ∈ X (4.74)

where ε is a positive number. Evidently this uniform space is metrizable (by
a metric hs) and complete.

For the space L× S(X) we consider the product topology induced by the
metric

d((f,A), (g, B)) = hs(f, g) + Hs(A,B), (f, A), (g, B) ∈ L × S(X)

which is called a strong topology and consider the product topology induced
by the metric

dw((f, A), (g, B)) = hw(f, g) + Hw(A,B), (f,A), (g, B) ∈ L × S(X)

which is called a weak topology.
Put A = L × S(X) and for each a = (h,A) ∈ L × S(X) define fa : X →

R1 ∪ {∞} by

fa(x) = h(x) for all x ∈ A and fa(x) = ∞ for all x ∈ X \A.

Let a function φ : X → R1 ∪ {∞} satisfy

φ(x) →∞ as ||x|| → ∞. (4.75)

Define
L(φ) = {f ∈ L : f(x) ≥ φ(x) for all x ∈ X}.

We consider the topological subspaces Lc × S(X), L(φ)× S(X) ⊂ L× S(X)
with the relative weak and strong topologies.

We prove the following result.

Theorem 4.19. The minimization problem for fa is well-posed with respect
to L×S(X) (respectively Lc×S(X), L(φ)×S(X)) for a generic a ∈ L×S(X)
(respectively Lc × S(X), L(φ)× S(X)).

4.8 Proof of Theorem 4.19

We use the notations introduced in Sections 4.1 and 4.7. Consider the complete
metric space (L, hw). Denote by τf

0 the topology induced by the metric h0 and
by τf

w the topology induced by the metric hw. It is easy to see that the topology
τf
w is stronger than the topology τf

0 . We can easily prove the following auxiliary
results.
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Lemma 4.20. Let f ∈ L. Then the following assertions hold:
1. There exist a neighborhood V of f in the space L with the topology τf

w

and a real number a0 such that

g(x) ≥ a0 for each g ∈ V and each x ∈ X. (4.76)

2. For each positive number c there exist a positive number r and a neigh-
borhood U of f in the space L with the topology τf

w such that g(x) ≥ c for each
g ∈ U and each x ∈ X \B(r).

Proposition 4.21. Let τ be a Hausdorff topology in L which is stronger than
τf
0 and which has the following property:

For each f ∈ L and each positive number c there exist a positive number
r and a neighborhood U of f in the space L with the topology τ such that
g(x) ≥ c for each g ∈ U and each x ∈ X \B(r).

Then the topology τ is stronger than the topology τf
w.

Let φ : X → R1 be a function such that φ(x) →∞ as ||x|| → ∞. Clearly,
L(φ) is a closed subset of L with the topology τf

0 and the topologies τf
w and

τf
0 induce the same relative topology for the subspace L(φ) ⊂ L.

Proposition 4.22. Let f ∈ L, A ∈ S(X) and ε, γ ∈ (0, 1). Then there exist
Ā ∈ S(X), f̄ ∈ L, x̄ ∈ X, a positive number η and a neighborhood U of (f̄ , Ā)
in L × S(X) with the weak topology such that

Ā = A ∪ {x̄}, ρ(x̄, A) < ε0, f̄(x) = f(x) + ε0 min{1, ρ(x, x̄)}, x ∈ X (4.77)

with ε0 ∈ (0, ε) and for each (g, D) ∈ U and each z ∈ D satisfying

g(z) ≤ inf{g(y) : y ∈ D}+ η (4.78)

the following inequalities hold:

ρ(z, x̄) ≤ γ, |g(z)− f(x̄)| ≤ γ. (4.79)

Proof: Fix positive numbers

ε0 < 2−1 min{ε, γ}, ε1 < 4−1ε0, η < 16−1ε1ε0. (4.80)

Put
Ω = {x ∈ X : ρ(x, A) < ε0}. (4.81)

Assumption A(ii) implies that there exists an open nonempty set E ⊂ X such
that

E ⊂ Ω, f(z) ≤ inf{f(u) : u ∈ Ω}+ 16−1η for all z ∈ E. (4.82)

Choose x̄ ∈ E and define Ā, f̄ by (4.77). In view of assumption A(i) there
exists an integer
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n1 > 4 + |f(x̄)|+ 8−1γ. (4.83)

Lemma 4.20 implies that there exists a neighborhood V1 of f̄ in the topology
τf
w and constants c0 ∈ R1 and c1 > 1 such that

inf{g(x) : x ∈ X} ≥ c0 for all g ∈ V1 (4.84)

and

g(x) ≥ 2n1 + 4 for each g ∈ V1 and each x ∈ X \B(c1). (4.85)

Fix an integer

n2 > 2c1 + 2|c0|+ 2n1 + 16(ε0 − ρ(x̄, A))−1 + 8ρ(x̄, θ) + 8η−1 (4.86)

such that
{z ∈ X : ρ(z, x̄) ≤ 8n−1

2 } ⊂ E. (4.87)

Define

U = {(g,B) ∈ V1 × S(X) : (f̄ , g) ∈ Ew(n2), (Ā, B) ∈ Gw(n2)}. (4.88)

We show that for all (g, D) ∈ U

inf{g(u) : u ∈ D} = inf{g(u) : u ∈ D ∩B(n2/2− 2)}. (4.89)

Let (g, D) ∈ U . In view of (4.88) there exists y ∈ D such that

ρ(y, x̄) ≤ 2n−1
2 . (4.90)

By (4.90), (4.87) and (4.82),

y ∈ E ⊂ Ω, |f(y)− f(x̄)| ≤ 8−1η. (4.91)

By (4.77), (4.90) and (4.91),

|f̄(y)− f̄(x̄)| ≤ 8−1η + 2ε0n
−1
2 . (4.92)

By (4.90), (4.86), (4.88) and (4.83) |g(y)− f̄(y)| ≤ n−1
2 and

inf{g(u) : u ∈ D} ≤ g(y) ≤ f̄(x̄) + n−1
2 + 8−1η + 2ε0n

−1
2 < n1. (4.93)

Thus (4.88) and (4.85) imply that

inf{g(u) : u ∈ D} = inf{g(u) : u ∈ D and g(u) ≤ n1 + 2} (4.94)

= inf{g(u) : u ∈ D ∩B(c1)} = inf{g(u) : u ∈ D ∩B(n2/2− 2)}
and (4.89) holds. We have shown (see (4.93), (4.83)) that for all (g, D) ∈ U

inf{g(u) : u ∈ D} ≤ f(x̄) + 2−1η < n1. (4.95)
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Assume that (g, D) ∈ U , z ∈ D and (4.78) holds. By (4.78), (4.95), (4.85),
(4.88) and (4.86),

z ∈ B(c1) ⊂ B(n2/2− 1). (4.96)

It follows from (4.96) and (4.88) that

|g(z)− f̄(z)| ≤ n−1
2 , ρ(z, Ā) ≤ n−1

2 . (4.97)

By (4.97), (4.77), (4.81), (4.86) and (4.82),

z ∈ Ω, f(z) ≥ f(x̄)− 16−1η. (4.98)

It follows from (4.77), (4.97), (4.95), (4.78), (4.98) and (4.87) that

f(z) + ε0 min{1, ρ(z, x̄)}

= f̄(z) ≤ g(z) + n−1
2 ≤ f(x̄) + η + 2−1η + n−1

2

≤ f(z) + 16−1η + η + 2−1η + n−1
2 ≤ f(z) + 2η. (4.99)

By (4.99) and (4.82),

ρ(z, x̄) ≤ 2ηε−1
0 ≤ 8−1ε1 < γ.

(4.95), (4.78), (4.97) and (4.98) imply that

−γ < −n−1
2 − 16−1η < f̄(z)− f(x̄)− n−1

2 ≤ g(z)− f(x̄) ≤ η + 2−1η < γ.

This completes the proof of Proposition 4.22.

By Proposition 4.22 (H1) holds for the spaces L × S(X), Lc × S(X) and
L(φ)× S(X). This implies Theorem 4.19.

It should be mentioned that Theorem 4.19 has been obtained in [110].

4.9 A generic existence result in optimization

In this section we consider a minimization problem

minimize f(x) subject to x ∈ C

where C is a nonempty closed subset of a complete metric space X and f :
X → R1 belongs to a complete metric space of continuous functions defined
on X which are bounded from below on C. We assume that the set C is the
closure of its interior and show that for a generic function f the minimization
problem has a unique solution and this solution is an interior point of C.

We use the convention that ∞/∞ = 1.
Let (X, ρ) be a complete metric space and C be a nonempty closed subset

of X. For each x ∈ X and each positive number r put
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B(x, r) = {y ∈ X : ρ(x, y) ≤ r}.

We assume that C is the closure of its interior.
For each f : X → R1 and each subset K ⊂ X set

inf(f ; K) = inf{f(x) : x ∈ K}.

Denote by M the set of all continuous functions f : X → R1 which are
bounded from below on C. For each f, g ∈M define

d̃(f, g) = sup{|f(x)− g(x)| : x ∈ X} (4.100)

and
d(f, g) = d̃(f, g)(1 + d̃(f, g))−1.

Clearly, the metric space (M, d) is complete. It is easy to see that for each
f ∈M, inf(f ;C) is finite.

Let f ∈ M. According to the definition made in Section 4.1 we say that
the problem minimize f(x) subject to x ∈ C is strongly well-posed if inf(f ; C)
is attained at a unique point xf ∈ C and the following assertion holds:

For each positive number ε there exists a positive number δ such that for
each g ∈ M satisfying d(f, g) ≤ δ and each z ∈ C which satisfies g(z) ≤
inf(g;C) + δ the inequalities ρ(xf , z) ≤ ε and |g(z)− f(xf )| ≤ ε hold.

We prove the following result.

Theorem 4.23. There exists a set F ⊂ (M, d) which is a countable intersec-
tion of open everywhere dense subsets of (M, d) such that for each f ∈M the
problem minimize f(x) subject to x ∈ C is strongly well-posed and its unique
minimizer is an interior point of C.

Note that Theorem 4.23 was obtained in [121].

4.10 A basic lemma for Theorem 4.23

For each A ⊂ X denote by int(A) the interior of A, by cl(A) the closure of A
and by bd(A) the set cl(A)\int(A).

For each x ∈ X each A ⊂ X set

ρ(x,A) = inf(ρ(x, y) : y ∈ A}.

We need the following well-known result [58].

Proposition 4.24. Let A and B be nonempty closed subsets of (X, ρ) such
that A ∩ B = ∅. Then there exists a continuous function h : X → [0, 1] such
that h(x) = 1 for all x ∈ A and h(x) = 0 for all x ∈ B.

The following result is our basic lemma for Theorem 4.23.
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Lemma 4.25. Let f ∈ M and ε be a positive number. Then there exist f∗ ∈
M satisfying d(f, f∗) ≤ ε and a neighborhood U of f∗ in (M, d) such that for
each g ∈ U

inf(g; int(C)) < inf(g; bd(C)). (4.101)

Proof: Fix
δ ∈ (0, 8−1 min{1, ε}) (4.102)

and choose x0 ∈ C such that

f(x0) ≤ inf(f ; C) + δ/4. (4.103)

Since f is continuous there exists a neighborhood V0 of x0 in (X, ρ) such that

|f(x0)− f(z)| ≤ δ/4 for all z ∈ V. (4.104)

Since C is the closure of int(C) there exists x∗ ∈ X such that

x∗ ∈ V ∩ int(C). (4.105)

In view of (4.105) and (4.104),

|f(x0)− f(x∗)| ≤ δ/4. (4.106)

By (4.103) and (4.106),

f(x∗) ≤ f(x0) + δ/4 ≤ inf(f ; C) + δ/2. (4.107)

Define f1 : X → R1 by

f1(x) = max{f(x), f(x∗)}+ 8−1εmin{1, ρ(x, x∗)}, x ∈ X. (4.108)

It is easy to see that f1 ∈ M and that for each x ∈ X, f(x) ≤ f1(x). It
follows from (4.108), (4.107) and (4.102) that for each x ∈ C

0 ≤ f1(x)− f(x) ≤ 8−1ε + max{f(x), f(x∗)} − f(x)

≤ 8−1ε + max{f(x), inf(f ;C) + δ/2} − f(x)

≤ 8−1ε + δ/2 ≤ 3 · 16−1ε.

Therefore
0 ≤ f1(x)− f(x) < 3 · 16−1ε for all x ∈ C. (4.109)

Since x∗ is an interior point of C there exists a positive number γ such that

B(x∗, 4γ) ⊂ C. (4.110)

Thus
ρ(x∗, bd(C)) ≥ 2γ. (4.111)

Put
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A = {x ∈ C : ρ(x, bd(C)) ≥ 2−1 · 3γ} (4.112)

and
B = X \ {x ∈ C : ρ(x, bd(C)) > γ}. (4.113)

It is easy to see that A is a closed subset of X, B is a closed subset of X and

A ∩B = ∅. (4.114)

Proposition 4.24 implies that there exists a continuous function φ : X → [0, 1]
such that

φ(x) = 1, x ∈ A and φ(x) = 0, x ∈ B. (4.115)

Define

f∗(x) = f1(x)φ(x) + (1− φ(x))(f(x) + δ), x ∈ X. (4.116)

It is easy to see that f∗ ∈M. It follows from (4.109), (4.115) and (4.116) that
for each x ∈ C,

0 ≤ f∗(x)− f(x) = φ(x)(f1(x)− f(x)) + (1− φ(x))ε ≤ ε.

If x ∈ X \ C, then (4.113) and (4.115) imply that

x ∈ B, φ(x) = 0 and f∗(x) = f(x) + ε.

Hence

0 ≤ f∗(x)− f(x) ≤ ε for all x ∈ X and d(f, f∗) ≤ ε. (4.117)

We show that for each x ∈ C, f∗(x) ≥ f∗(x∗). Let x ∈ C. By (4.116),
(4.108), (4.107) and (4.102),

f∗(x) ≥ φ(x)max{f(x), f(x∗)} +

(1− φ(x))(f(x) + ε) ≥
φ(x)f(x∗) + (1− φ(x))(f(x) + ε) ≥

φ(x)f(x∗) + (1− φ(x))(inf(f ; C) + ε) ≥ f(x∗)

and
f∗(x) ≥ f(x∗) (4.118)

for all x ∈ C. It follows from (4.111), (4.112), (4.115), (4.116) and (4.108)
that

x∗ ∈ A, φ(x∗) = 1 and f∗(x∗) = f1(x∗) = f(x∗). (4.119)

By (4.119) and (4.118),

f∗(x) ≥ f(x∗) = f∗(x∗) for all x ∈ C. (4.120)
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It follows from (4.113), (4.115), (4.116), (4.107) and (4.102) that for all x ∈
bd(C),

x ∈ B, φ(x) = 0

and
f∗(x) = f(x) + ε ≥ inf(f ; C) + ε > f(x∗) + δ/2.

Together with (4.119) and (4.120) this inequality implies that

inf(f∗; bd(C)) ≥ f(x∗) + δ/2 = f∗(x∗) + δ/2 =

inf(f∗; C) + δ/2.

Define
U = {g ∈M : d̃(g, f∗) ≤ δ/8}.

It is easy to see that for each g ∈ U ,

|f∗(z)− g(z)| ≤ δ/8, z ∈ X,

| inf(f∗; C)− inf(g; C)| ≤ δ/8,

| inf(f∗,bd(C))− inf(g, bd(C))| ≤ δ/8

and
inf(g; bd(C)) ≥ −δ/8 + inf(f∗; bd(C)) ≥ −δ/8 +

inf(f∗;C) + δ/2 ≥ δ/2− δ/8 + inf(g;C)− δ/8 ≥ inf(g; C) + δ/4.

Hence
inf(g; bd(C)) ≥ inf(g;C) + δ/4 for all g ∈ U .

This completes the proof of Lemma 4.25.

Lemma 4.25 implies the following result.

Proposition 4.26. There is an everywhere dense open subset F1 of (M, d)
such that for each f ∈ F1,

inf(f ; C) < inf(f ; bd(C)).

Proof: Lemma 4.25 implies that for each f ∈ M and each natural number i
there exists a nonempty open set U(f, i) ⊂M such that

U(f, i) ∩ {g ∈M : d(f, g) ≤ i−1} 6= ∅
and

inf(g;C) < inf(g; bd(C)) for each g ∈ U(f, i).

Set
F1 = ∪{U(f, i) : f ∈M, i = 1, 2, . . . }.

It is easy to see that F1 is an open everywhere dense subset of M. Clearly,
for each g ∈ F1

inf(g; C) < inf(g; bd(C)).

This completes the proof of Proposition 4.26.



146 4 Generic Well-Posedness of Minimization Problems

4.11 An auxiliary result

Proposition 4.27. There exists a set F0 ⊂M which is a countable intersec-
tion of open everywhere dense subsets of M such that for each f ∈ F0 the
problem minimize f(x) subject to x ∈ C is strongly well-posed.

We obtain Proposition 4.27 as a realization of the variational principle
established in Section 4.1 (Theorem 4.1). In view of Theorem 4.1, Proposition
4.27 follows from the next lemma.

Lemma 4.28. For any f ∈M, any positive number ε and any positive num-
ber γ there exists a nonempty open set W in M, x ∈ C, α ∈ R1 and a positive
number η such that for each h ∈ W

d(f, h) < ε

and for each h ∈ W , if z ∈ C is such that h(z) ≤ inf(h; C) + η, then

ρ(x, z) ≤ γ and |h(z)− α| ≤ γ.

Proof: Let f ∈M and let ε and γ be positive numbers. Fix

η ∈ (0, 64−1 min{1, ε}min{1, γ}), (4.121)

fix a point x̄ ∈ C satisfying

f(x̄) ≤ inf(f ; C) + η (4.122)

and define
f̄(z) = f(z) + 8−1ε min{1, ρ(z, x̄)}, z ∈ X. (4.123)

It is easy to see that f̄ ∈M. Denote by W an open neighborhood of f̄ in M
such that

W ⊂ {h ∈M : d̃(f̄ , h) ≤ η/8}. (4.124)

In view of (4.123),
d(f, f̄) ≤ d̃(f̄ , f) ≤ 8−1ε.

Together with (4.124) this implies that for each h ∈ W ,

d(f, h) ≤ d̃(f, h) ≤ d̃(f, f̄) + (4.125)

d̃(f̄ , h) ≤ ε/8 + η/8 < ε.

Let h ∈ W . By (4.124),

|f̄(z)− h(z)| < η for all z ∈ X. (4.126)

In view of (4.126),
| inf(f̄ ;C)− inf(h; C)| ≤ η. (4.127)
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Assume that z ∈ C and

h(z) ≤ inf(h; C) + η. (4.128)

It follows from (4.123), (4.126), (4.127), (4.128), (4.122) and (4.121) that

f(z) + 8−1εmin{1, ρ(z, x̄)} = f̄(z) ≤ h(z) + η ≤

inf(h; C) + 2η ≤ inf(f̄ ; C) + 3η ≤ f̄(x̄) + 3η =

f(x̄) + 3η ≤ f(z) + 4η

and
min{1, ρ(z, x̄)} ≤ 32ηε−1 ≤ min{1, γ}/2.

Thus
ρ(z, x̄) ≤ γ/2. (4.129)

By (4.128), (4.127) and (4.121),

|h(z)− inf(f̄ ; C)| ≤ |h(z)− inf(h; C)|+ | inf(h; C)− inf(f̄ ; C)| ≤ 2η ≤ γ

and |h(z)− inf(f̄ ; C)| ≤ γ. Together with (4.129) this inequality implies that

|h(z)− inf(f̄ ; C)| ≤ γ, ρ(z, x̄) ≤ γ/2.

Lemma 4.28 is proved.

4.12 Proof of Theorem 4.23

It follows from Proposition 4.26 that there exists an everywhere dense open
subset F1 of (M, d) such that for each f ∈ F1,

inf(f ; C) < inf(f ; bd(C)). (4.130)

Proposition 4.27 implies that there exists a set F0 ⊂M which is a countable
intersection of open everywhere dense subsets of (M, d) such that for each
f ∈ F0 the problem minimize f(x) subject to x ∈ C is strongly well-posed.
Put

F = F0 ∩ F1.

It is easy to see that F is a countable intersection of open everywhere dense
subsets of (M, d).

Let f ∈ F . Then inequality (4.130) holds and the minimization problem
f(x) → min,, x ∈ C is strongly well-posed. Denote by xf its unique solution.
In view of (4.130) xf is an interior point of C. This completes the proof of
Theorem 4.23.
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4.13 Generic existence of solutions for problems with
constraints

In this section we consider a class of minimization problems with a functional
constraint on a complete metric space and a class of minimization problems
with a nonfunctional constraint on a Banach space. For these two classes we
show that minimization problems are generically solvable. The main results
of the section are obtained as realizations of a variational principle extending
the variational principle introduced in Section 4.1.

More precisely, we consider two classes of minimization problems. Let
(X, ρ) be a complete metric space and let Cl(X) be the set of all lower semi-
continuous functions f : X → R1 ∪ {∞}. Denote by Cbl(X) the set of all
bounded from below functions f ∈ Cl(X).

Let n be a natural number. We study the existence of a solution of the
minimization problem

minimize f(x) subject to gi(x) ≤ 0, i = 1, . . . , n, x ∈ X (P3)

with f ∈ Cbl(X) and gi ∈ Cl(X), i = 1, . . . n. This is our first class of min-
imization problems. We will endow the set Cbl(X) × (Cl(X))n with an ap-
propriate complete uniformity and show that for a generic (f, (g1, . . . , gn)) ∈
Cbl(X)× (Cl(X))n the minimization problem (P3) has a unique solution. We
also show that an analogous result holds for the subspace of all continuous
functions (f, (g1, . . . , gn)) ∈ Cbl(X)× (Cl(X))n.

Now we describe the second class of minimization problems.
Let (X, || · ||) be a Banach space. Denote by L the set of all bounded from

below lower semicontinuous functions f : X → R1. Let S(X) be the set of
all nonempty closed convex subsets of X. The spaces L and S(X) will be
equipped with appropriate complete uniformities. We consider the following
minimization problem:

minimize f(x) subject to x ∈ A (P4)

where A ∈ S(X) and f ∈ L. We show that for a generic pair (f,A) ∈ L×S(X)
the minimization problem (P4) has a unique solution. Note that in Sections
4.7 and 4.8 the generic existence of solutions of the problem (P4) was studied
for pairs (f, A) with a continuous function f and a closed nonempty set A.

In the next section we discuss a general variational principle which is a
generalization of the variational principle obtained in Section 4.1. Our generic
existence results will be obtained as realizations of this principle.

4.14 An auxiliary variational principle

For each function f : Y → [−∞,∞] where Y is a nonempty set we define
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dom(f) = {y ∈ Y : −∞ < f(y) < ∞}, inf(f) = inf{f(y) : y ∈ Y }.
We use the notation and definitions introduced in Section 4.1.
We usually consider topological spaces with two topologies where one is

weaker than the other. (Note that they may coincide.) We refer to them as
the weak and the strong topologies, respectively. If (X, d) is a metric space
with a metric d and Y ⊂ X, then usually Y is also endowed with the metric
d (unless another metric is introduced in Y ). Assume that X1 and X2 are
topological spaces and that each of them is endowed with a weak and a strong
topology. Then for the product X1×X2 we also introduce a pair of topologies:
a weak topology which is the product of the weak topologies of X1 and X2

and a strong topology which is the product of the strong topologies of X1

and X2. If Y ⊂ X1, then we consider the topological subspace Y with the
relative weak and strong topologies (unless other topologies are introduced).
If (Xi, di), i = 1, 2 are metric spaces with the metrics d1 and d2, respectively,
then the space X1 ×X2 is endowed with the metric d defined by

d((x1, x2), (y1, y2)) = d1(x1, y1) + d2(x2, y2), (xi, yi) ∈ X × Y, i = 1, 2.

The proofs of our generic existence results consist in verifying that the hy-
potheses (H1) (see Section 4.1) hold for corresponding data spaces. To simplify
the verification of (H1) in this section we describe the assumptions A(i)–A(iv)
introduced in [105]. In [105] we showed that they imply (H1). Thus to verify
(H1) we need to show that the assumptions A(i)–A(iv) are valid.

Let (X, ρ) be a metric space with the topology generated by the metric
ρ and let (A1, d1), (A2, d2) be metric spaces. For the space Ai (i = 1, 2)
we consider the topology generated by the metric di. This topology is called
the strong topology. In addition to the strong topology we consider a weak
topology on Ai, i = 1, 2.

Assume that with every a ∈ A1 a lower semicontinuous function φa : X →
R1∪{∞} is associated and with every a ∈ A2 a set Sa ⊂ X is associated. For
each a = (a1, a2) ∈ A1 ×A2 define fa : X → R1 ∪ {∞} by

fa(x) = φa1(x) for all x ∈ Sa2 , fa(x) = ∞ for all x ∈ X \ Sa2 . (4.131)

Denote by A the closure of the set {a ∈ A1 ×A2 : inf(fa) < ∞} in the space
A1 ×A2 with the strong topology. We assume that A is nonempty.

We use the following hypotheses introduced in [105]:
A(i) For each a1 ∈ A1, inf(φa1) > −∞ and for each a ∈ A1 × A2 the

function fa is lower semicontinuous.
A(ii) For each a ∈ A1 and each D, ε > 0 there is a neighborhood U of a in

A1 with the weak topology such that for each b ∈ U and each x ∈ X satisfying
min{φa(x), φb(x)} ≤ D the relation |φa(x)− φb(x)| ≤ ε holds.

A(iii) For each γ ∈ (0, 1) there exist positive numbers ε(γ) and δ(γ) such
that ε(γ), δ(γ) → 0 as γ → 0 and the following property holds:

For each γ ∈ (0, 1), each a ∈ A1, each nonempty set Y ⊂ X and each
x̄ ∈ Y for which
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φa(x̄) ≤ inf{φa(z) : z ∈ Y }+ δ(γ) < ∞ (4.132)

there is ā ∈ A1 such that the following conditions hold:

d1(a, ā) ≤ ε(γ), φā(z) ≥ φa(z), z ∈ X, φā(x̄) ≤ φa(x̄) + δ(γ); (4.133)

for each y ∈ Y satisfying

φā(y) ≤ inf{φā(z) : z ∈ Y }+ 2δ(γ) (4.134)

the inequality ρ(y, x̄) ≤ γ is valid.
A(iv) For each a = (a1, a2) ∈ A1 × A2 satisfying inf(fa) < ∞ and each

ε, δ > 0 there exist ā2 ∈ A2, x̄ ∈ Sā2 and an open set U in A2 with the weak
topology such that

d2(a2, ā2) < ε, U ∩ {b ∈ A2 : d2(b, a2) < ε} 6= ∅, (4.135)

φa1(x̄) ≤ inf{φa1(z) : z ∈ Sā2}+ δ < ∞ (4.136)

and
x̄ ∈ Sb ⊂ Sā2 for all b ∈ U . (4.137)

Assume that A(iii) holds. We show that the numbers ε(γ) and δ(γ) can be
chosen such that 0 < δ(γ) ≤ ε(γ) ≤ γ.

Let ε(γ) and δ(γ), γ ∈ (0, 1) be as guaranteed by A(iii). Assume that
γ ∈ (0, 1). Since limt→0 ε(t) = 0 and limt→0 δ(t) = 0 there exist γ1 ∈ (0, γ)
and γ0 ∈ (0, γ1) such that ε(γ1) < γ and ε(γ0), δ(γ0) < ε(γ1). Set ε̄(γ) = ε(γ1)
and δ̄(γ) = δ(γ0). Clearly δ̄(γ) < ε̄(γ) < γ.

Assume that a ∈ A1, Y is a nonempty subset of X and x̄ ∈ Y satisfies
φa(x̄) ≤ inf{φa(z) : z ∈ Y } + δ̄(γ) < ∞. By A(iii) and the equality δ̄(γ) =
δ(γ0) there exists ā ∈ A1 such that the following conditions hold:

d1(a, ā) ≤ ε(γ0) < ε(γ1) = ε̄(γ), φā(z) ≥ φa(z), z ∈ X,

φā(x̄) ≤ φa(x̄) + δ(γ0) = φa(x̄) + δ̄(γ);

for each y ∈ Y satisfying

φā(y) ≤ inf{φā(z) : z ∈ Y }+ 2δ(γ0)

the inequality ρ(y, x̄) ≤ γ0 ≤ γ is valid. Therefore A(iii) holds with ε(γ) = ε̄(γ)
and δ(γ) = δ̄(γ).

Proposition 4.29. Assume that A(i)–A(iv) hold. Then (H1) holds for the
space A.

Proof. Let a = (a1, a2) ∈ A and let ε, γ > 0. We may assume that inf(fa) < ∞.
Choose a positive number

γ0 < 8−1 min{1, ε, γ}. (4.138)
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Let ε(γ0), δ(γ0) > 0 be as guaranteed by A(iii) (namely, A(iii) is true with
γ = γ0, ε(γ) = ε(γ0), δ(γ) = δ(γ0)). Choose

δ1 ∈ (0, 4−1δ(γ0)). (4.139)

By A(iv) there are ā2 ∈ A2, x̄ ∈ Sā2 and an open nonempty set U in A2 with
the weak topology such that (4.137) holds,

d2(a2, ā2) < ε(γ0), U ∩ {b ∈ A2 : d2(b, a2) < ε(γ0)} 6= ∅ (4.140)

and
φa1(x̄) ≤ inf{φa1(z) : z ∈ Sā2}+ δ1 < ∞. (4.141)

It follows from the definition of ε(γ0) and δ(γ0), A(iii) (with a1 = a and
Y = Sā2) and (4.341) that there is ā1 ∈ A1 such that

d1(a1, ā1) ≤ ε(γ0), φā1(z) ≥ φa1(z), z ∈ X, (4.142)

φā1(x̄) ≤ φa1(x̄) + δ(γ0)

and the following property holds:
(Pi) For each y ∈ Sā2 satisfying

φā1(y) ≤ inf{φā1(z) : z ∈ Sā2}+ 2δ(γ0) (4.143)

the relation ρ(y, x̄) ≤ γ0 is valid.
Let b ∈ U . Then by the definition of U , (4.137) and (4.141),

x̄ ∈ Sb ⊂ Sā2 , inf{φa1(z) : z ∈ Sb} ≤ φa1(x̄) < ∞. (4.144)

We will show that the following property holds:
(Pii) If y ∈ Sb satisfies

φā1(y) ≤ inf{φā1(z) : z ∈ Sb}+ δ1, (4.145)

then
ρ(y, x̄) ≤ γ0 and |φā1(y)− φā1(x̄)| ≤ δ1 + δ(γ0). (4.146)

It follows from (4.141), (4.144) and (4.142) that

φa1(x̄)− δ1 ≤ inf{φa1(z) : z ∈ Sā2} ≤ inf{φa1(z) : z ∈ Sb} (4.147)

≤ inf{φā1(z) : z ∈ Sb} ≤ φā1(x̄) ≤ φa1(x̄) + δ(γ0)

≤ inf{φa1(z) : z ∈ Sā2}+ δ1 + δ(γ0).

Assume that y ∈ Sb and (4.145) is true. It follows from (4.144), (4.145),
(4.147), (4.142) and (4.139) that

y ∈ Sā2 , φā1(y) ≤ inf{φa1(z) : z ∈ Sā2}+ δ(γ0) + 2δ1
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< inf{φā1(z) : z ∈ Sā2}+ 2δ(γ0).

By these relations and property (Pi), ρ(y, x̄) ≤ γ0. (4.145), (4.147), (4.141),
(4.144) and (4.142) imply that

|φā1(y)− φā1(x̄)| ≤ δ1 + δ(γ0). (4.148)

Thus, (4,146) is valid. Therefore we have shown that for each b ∈ U relation
(4.144) and property (Pii) hold. Choose a number

D > | inf(φā1)|+ 1 + |φā1(x̄)|. (4.149)

By (A2) there exists an open neighborhood V of ā1 in A1 with the weak
topology such that the following property holds:

(Piii) For each b ∈ V and each x ∈ X for which min{φb(x), φā1(x)} ≤ D+2
the relation |φā1(x)− φb(x)| ≤ 4−1δ1 is true.

Property (Piii) and (4.149) imply that for each b ∈ V ,

|φb(x̄)− φā1(x̄)| ≤ 4−1δ1, inf(φb) ≤ φb(x̄) ≤ D. (4.150)

Now we will show that (H1) is true with the open set W = V × U , x = x̄,
α = φā1(x̄) and η = 4−1δ1.

Assume that b = (b1, b2) ∈ V × U . By (4.150) and (4.144)

x̄ ∈ Sb2 , inf(fb) = inf{φb1(z) : z ∈ Sb2} ≤ φb1(x̄) < ∞. (4.151)

Assume now that z ∈ X and fb(z) ≤ inf(fb) + 4−1δ1. Then

z ∈ Sb2 , φb1(z) ≤ inf{φb1(y) : y ∈ Sb2}+ 4−1δ1. (4.152)

By (4.151), (4.150) and (4.149),

inf{φb1(y) : y ∈ Sb2} ≤ φb1(x̄) ≤ D, inf{φā1(y) : y ∈ Sb2} ≤ φā1(x̄) ≤ D.

These inequalities imply that

inf{φb1(y) : y ∈ Sb2} = inf{φb1(y) : y ∈ Sb2 and φb1(y) ≤ D + 1}

and

inf{φā1(y) : y ∈ Sb2} = inf{φā1(y) : y ∈ Sb2 and φā1(y) ≤ D + 1}.

It follows from these two relations and property (Piii) that

| inf{φb1(y) : y ∈ Sb2} − inf{φā1(y) : y ∈ Sb2}| ≤ 4−1δ1. (4.153)

(4.153), (4.152), (4.151), (4.149) and property (Piii) imply that

|φā1(z)− φb1(z)| ≤ 4−1δ1, (4.154)
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φā1(z) ≤ inf{φā1(y) : y ∈ Sb2}+ δ1. (4.155)

It follows from (4.155), (4.152) and property (Pii) that

ρ(z, x̄) ≤ γ0 and |φā1(z)− φā1(x̄)| ≤ δ1 + δ(γ0). (4.156)

Together with (4.154), (4.139) and the definition of δ(γ0) this implies that

|φb1(z)− φā1(x̄)| ≤ 2δ(γ0) ≤ 2γ0 < γ.

This completes the proof of Proposition 4.29.
Note that Proposition 4.29 was proved in [105].

Remark 4.30. In the proof of Proposition 4.29 for any a = (a1, a2) ∈ A1 ×A2

satisfying inf(fa) < ∞ and any ε > 0 we constructed an open set V in A1 with
the weak topology and an open set U in A2 with the weak topology which
satisfy

V ∩ {b ∈ A1 : d1(b, a1) < ε} 6= ∅ and U ∩ {b ∈ A2 : d2(b, a2) < ε} 6= ∅

and such that inf(fb) < ∞ for each b = (b1, b2) ∈ V × U . This implies that
there exists an open set F in A1 × A2 with the weak topology such that
inf(fa) < ∞ for all a ∈ F and A is the closure of F in the space A1×A2 with
the strong topology.

4.15 The generic existence result for problem (P3)

Let (X, ρ) be a complete metric space. Consider the spaces of functions Cl(X)
and Cbl(X) introduced in Section 4.13. We use the convention that∞−∞ = 0.
Denote by C(X) the set of all continuous real-valued functions f ∈ Cl(X) and
set Cb(X) = C(X) ∩ Cbl(X). We will equip the set Cl(X) with a strong and
a weak topology.

For the set Cl(X) we consider the uniformity determined by the following
base:

Es(ε) = {(g, h) ∈ Cl(X)× Cl(X) : |g(x)− h(x)| ≤ ε for all x ∈ X and
(4.157)

|(g(x)− h(x))− (g(y)− h(y))| ≤ ερ(x, y) for each x, y ∈ dom(g)},
where ε > 0. Clearly this uniform space Cl(X) is metrizable (by a metric ds)
and complete. We endow the set Cl(X) with the strong topology induced by
this uniformity.

Now we equip the set Cl(X) with a weak topology. For each ε > 0 we set

Ew(ε) = {(g, h) ∈ Cl(X)× Cl(X) : (4.158)

|g(x)− h(x)| ≤ ε + εmax{|g(x)|, |h(x)|} for all x ∈ X}.
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We can show in a straightforward manner that for the set Cl(X) there exists a
uniformity which is determined by the base Ew(ε), ε > 0. It is easy to see that
this uniformity is metrizable (by a metric dw) and complete. This uniformity
induces in Cl(X) the weak topology. Clearly C(X), Cb(X) and Cbl(X) are
closed subsets of Cl(X) with the strong topology.

Now we define the spaces A1 and A2. Let A1 be either Cbl(X) or Cb(X)
and let A2 = C∗1 × · · · × C∗n where C∗i , i = 1, . . . , n is one of the following
spaces: Cl(X); C(X); Cbl(X); Cb(X). For a ∈ A1 we set φa = a and for
g = (g1, . . . , g2) ∈ A2 we set

Sg = {x ∈ X : gi(x) ≤ 0, i = 1, . . . , n}. (4.159)

For a = (a1, a2) ∈ A1 ×A2 we define a function fa : X → R1 ∪ {∞} by

fa(x) = φa1(x) = a1(x), x ∈ Sa2 , fa(x) = ∞, x ∈ X \ Sa2 . (4.160)

Denote by A the closure of the set {a ∈ A1 ×A2 : inf(fa) < ∞} in the space
A1 ×A2 with the strong topology.

Theorem 4.31. The minimization problem for fa is well-posed with respect
to A for a generic a ∈ A.

Note that Theorem 4.31 has been obtained in [111].

4.16 Proof of Theorem 4.31

In the proof of Theorem 4.31 we use the following lemma which can be proved
in a straightforward manner.

Lemma 4.32. Let a, b ∈ R1, ε ∈ (0, 1), ∆ ≥ 0 and

|a− b| < (1 + ∆)ε + ε max{|a|, |b|}.

Then

|a− b| < (1 + ∆)(ε + ε2(1− ε)−1) + ε(1− ε)−1 min{|a|, |b|}.

Proof of Theorem 4.31: We need to show that (H1) holds. In view of Propo-
sition 4.29 it is sufficient to show that assumptions A(i)–A(iv) are valid. It is
easy to see that A(i) holds. We show that A(ii) is true.

Let f ∈ A1 ⊂ Cbl(X) and let D, ε be positive numbers. There exists c0 > 0
such that

f(x) ≥ −c0 for all x ∈ X. (4.161)

Fix ε0 > 0 such that

ε0(D + 2c0 + 4) < min{1, ε} (4.162)
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and ε1 > 0 for which
4(ε1 + ε1(1− ε1)−1) < ε0. (4.163)

Put
U = {g ∈ Cl(X) : (f, g) ∈ Ew(ε1)}

(see (4.158)).
Assume that

g ∈ U , x ∈ X and min{f(x), g(x)} ≤ D. (4.164)

It follows from the definition of U and (4.158) that

|f(z)− g(z)| < ε1 + ε1 max{|f(z)|, |g(z)|}, z ∈ X.

By this relation, (4.163) and Lemma 4.32, for all z ∈ X,

|f(z)− g(z)| < ε0 + ε0 min{|f(z)|, |g(z)|}

and
g(z) ≥ f(z)− ε0 − ε0|f(z)| ≥ −1− 2c0. (4.165)

Relations (4.165), (4.164) and (4.162) imply that

|f(x)− g(x)| < ε0 + ε0[min{f(x), g(x)}+ 2c0 + 2]

< ε0 + ε0(D + 2c0 + 2) < ε.

Therefore A(ii) holds.
We show that the assumption A(iii) is true. Let γ ∈ (0, 1). Choose numbers

ε(γ) > 0, δ(γ) > 0 and ε0(γ) > 0 such that

ε(γ) < γ, ε0(γ) < ε(γ), (4.166)

ds(g1, g2) ≤ ε(γ) for all (g1, g2) ∈ Es(ε0(γ)), δ(γ) < 8−1ε0(γ)2.

Assume that f ∈ A1 ⊂ Cbl(X), Y ⊂ X is nonempty, x̄ ∈ Y and

f(x̄) ≤ inf{f(z) : z ∈ Y }+ δ(γ) < ∞. (4.167)

Define f̄ : X → R1 ∪ {∞} by

f̄(x) = f(x) + ε0(γ)min{1, ρ(x, x̄)}, x ∈ X. (4.168)

It is easy to see that f̄ ∈ Cbl(X), (f, f̄) ∈ Es(ε0(γ)) (see (4.157)) and if
f ∈ Cb(X), then f̄ ∈ Cb(X). By the definition of ε0(γ), ds(f, f̄) ≤ ε(γ).
Evidently, f̄(z) ≥ f(z), z ∈ X and f̄(x̄) = f(x̄).

Assume that y ∈ Y and

f̄(y) ≤ inf{f̄(z) : z ∈ Y }+ 2δ(γ). (4.169)
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By (4.168), (4.169), (4.167) and (4.166),

f(y) + ε0(γ)min{1, ρ(y, x̄)} = f̄(y) ≤ f̄(x̄) + 2δ(γ)

= f(x̄) + 2δ(γ) ≤ f(y) + 3δ(γ),

min{1, ρ(y, x̄)} ≤ 3δ(γ)ε0(γ)−1 ≤ ε0(γ), ρ(y, x̄) ≤ ε0(γ) < γ.

Hence A(iii) is true.
Now we will show that A(iv) is valid. Let f0 ∈ A1 ⊂ Cbl(X), (f1, . . . , fn) ∈

A2, a = (f0, (f1, . . . , fn)), inf(fa) < ∞ and let ε, δ ∈ (0, 1). There exists a
positive number ε0 < ε such that ds(h1, h2) < ε(2n)−1 for all (h1, h2) ∈ Es(ε0).

For each r ∈ [0, 1] define fr
i (x) = fi(x)− r, x ∈ X, i = 1, . . . , n and

v(r) = inf{f0(x) : x ∈ X and fr
i (x) ≤ 0, i = 1, . . . , n} (4.170)

= inf{f0(x) : x ∈ X and fi(x) ≤ r, i = 1, . . . , n}.
It is easy to see that v(r) is finite for all r ∈ [0, 1] and moreover v is monotone
decreasing. There exists a countable set σ0 ⊂ [0, 1] such that v is continuous at
any r ∈ [0, 1] \σ0. Fix a positive number r0 < 8−1ε0 such that v is continuous
at r0. There exists a positive number r1 < r0 such that

|v(r1)− v(r0)| < 16−1δ. (4.171)

There exists x̄ ∈ X such that

fr1
i (x̄) = fi(x̄)− r1 ≤ 0, i = 1, . . . , n, (4.172)

f0(x̄) ≤ inf{f0(z) : z ∈ X and fr1
i (z) ≤ 0, i = 1, . . . , n}+ 16−1δ.

Set

r2 = (r0 + r1)/2, ā2 = (fr0
1 , . . . , fr0

n ), b̄ = (fr2
1 , . . . , fr2

n ). (4.173)

Fix
δ0 ∈ (0, min{4−1δ, 8−1(r0 − r2)}). (4.174)

Lemma 4.32 and (4.158) imply that for integers i = 1, . . . , n there is a neigh-
borhood Vi of fr2

i in the space Cl(X) with the weak topology such that the
following property holds:

(P) for each g ∈ Vi,

|g(x)− fr2
i (x)| < δ0 + δ0 min{|g(x)|, |fr2

i (x)|} for all x ∈ X. (4.175)

Set U = V1 × · · · × Vn. To complete the proof of A(iv) we need to show that
for all (g1, . . . , gn) ∈ U

x̄ ∈ {x ∈ X : gi(x) ≤ 0, i = 1, . . . , n} ⊂ {x ∈ X : fr0
i (x) ≤ 0, i = 1, . . . , n}.

(4.176)
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Assume that (g1, . . . , gn) ∈ U , x ∈ X and gi(x) ≤ 0, i = 1, . . . , n. Let
i ∈ {1, . . . , n}. We show that fr0

i (x) ≤ 0. Let us assume the contrary. Then

gi(x) ≤ 0, fi(x) > r0, fr2
i (x) > r0 − r2 = 2−1(r0 − r1) (4.177)

and (4.177), (4.175) and (4.174) imply that

|gi(x)− fr2
i (x)| < δ0 + δ0 min{−gi(x), fr2

i (x)},

gi(x) > −δ0+fr2
i (x)(1−δ0) ≥ 2−1(r0−r1)(1−δ0)−δ0 ≥ 4−1(r0−r1)−δ0 > 0.

The obtained contradiction proves that fr0
i (x) ≤ 0, i = 1, . . . , n. Assume that

(g1, . . . , gn) ∈ U . We now show that gi(x̄) ≤ 0, i = 1, . . . , n. Let i ∈ {1, . . . , n}.
It follows from (4.172) that

0 ≥ fr1
i (x̄) = fi(x̄)− r1 = fr2

i (x̄) + r2 − r1

= fr2
i (x̄) + 2−1(r0 − r1), fr2

i (x̄) ≤ −2−1(r0 − r1).

It follows from this relation, (4.175) and (4.174) that

|gi(x̄)− fr2
i (x̄)| < δ0 + δ0|fr2

i (x̄)|, gi(x̄) < δ0 + fr2
i (x̄)(1− δ0) ≤

δ0 − 2−1(r0 − r1)(1− δ0) < δ0 − 4−1(r0 − r1) < 0.

Therefore (4.176) is valid. This completes the proof of A(iv) and Theorem
4.31.

4.17 The generic existence result for problem (P4)

Let (X, || · ||) be a Banach space. Consider the set L of all bounded from below
lower semicontinuous functions f : X → R1 and the set S(X) of all nonempty
closed convex subsets of X introduced in Section 4.13.

For the set L we consider the uniformity determined by the following base:

Es(ε) = {(f, g) ∈ L × L : |f(x)− g(x)| ≤ ε, x ∈ X}, (4.178)

where ε is a positive number. It is easy to see that this uniform space is
metrizable (by a metric hs) and complete. We equip the set L with the strong
topology induced by the metric hs.

Let φ : X → R1 and φ(x) →∞ as ||x|| → ∞. Define

L(φ) = {f ∈ L : f(x) ≥ φ(x) for all x ∈ X}. (4.179)

Evidently, L(φ) is a closed subset of L with the strong topology. For the set
L we also consider the uniformity determined by the following base:

Ew(n) = {(f, g) ∈ L × L : |f(x)− g(x)| ≤ n−1
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for all x ∈ X satisfying ||x|| ≤ n}, (4.180)

where n = 1, 2, . . . . Evidently, this uniform space is metrizable (by a metric
hw). We equip the set L with the weak topology induced by this uniformity.
For x ∈ X and A ⊂ X set

ρ(x,A) = inf{||x− y|| : y ∈ A}.

For the set S(X) we consider the uniformity determined by the following base:

G(n) = {(A,B) ∈ S(X)× S(X) : ρ(x,B) ≤ n−1 for all x ∈ A (4.181)

and ρ(y, A) ≤ n−1 for all y ∈ B}, n = 1, 2, . . . .

It is well known that the space S(X) with this uniformity is metrizable (by a
metric H) and complete. We consider the set S(X) endowed with the Haus-
dorff topology induced by this uniformity.

For each a ∈ L we set φa = a : X → R1 and for each a ∈ S(X) set
Sa = a ⊂ X. For each a = (a1, a2) ∈ L×S(X) define fa : X → R1 ∪ {∞} by

fa(x) = a1(x), x ∈ a2, fa(x) = ∞, x ∈ X \ a2.

It is easy to see that inf(fa) is finite for all a ∈ L × S(X).
Now we describe spaces A, A1 and A2. Let A1 = L(φ) and let A2 = S(X).

The set A1 × A2 is endowed with a weak and a strong topology. The weak
topology is the product of the weak topology of A1 and the topology of A2

and the strong topology is the product of the strong topology of A1 and the
topology of A2. Set A = A1 ×A2.

We prove the following result.

Theorem 4.33. The minimization problem for fa is well-posed with respect
to A = L(φ)× S(X) for a generic a ∈ A.

We now extend Theorem 4.33 to the space of cost functions L. Let A1 = L
with the strong topology induced by the metric hs and let A2 = S(X) with
the Hausdorff topology induced by the metric H. The set A1×A2 is endowed
with a topology which is the product of these topologies. Set A = A1 ×A2.

Theorem 4.34. The minimization problem for fa is well-posed with respect
to A = L × S(X) for a generic a ∈ A.

Since the proof of Theorem 4.34 is analogous to that of Theorem 4.33 we
omit it.

Note that Theorem 4.33 has been obtained in [111].
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4.18 Proof of Theorem 4.33

In the proof of Theorem 4.33 we use the following auxiliary result.

Proposition 4.35. Let (Y, || · ||) be a Banach space and let B(0, 1) = {y ∈
Y : ||y|| ≤ 1}. Assume that E is a closed convex subset of Y such that for all
y ∈ B(0, 1)

inf
x∈E

||y − x|| ≤ 8−1.

Then 0 ∈ E.

Proof: Let us assume the contrary. Then there exists a linear continuous func-
tional l : Y → R1 for which ||l|| = 1 and

inf{l(y) : y ∈ E} > 0.

There exists y0 ∈ B(0, 1) such that l(−y0) ≥ 1 − 8−1. There exists y1 ∈ E
such that ||y0 − y1|| ≤ 4−1. Then

l(y1) = l(y0) + l(y1 − y0) ≤ l(y0) + ||y1 − y0|| ≤

8−1 − 1 + ||y1 − y0|| ≤ −1 + 8−1 + 4−1 ≤ −2−1,

a contradiction. The obtained contradiction proves Proposition 4.35.

Proof of Theorem 4.33: We need to verify that (H1) holds (see Section 4.1).
In view of Proposition 4.29 it is sufficient to verify that A(i)–A(iv) are true.
It is easy to see that A(i) holds. Let f ∈ A1 and let D, ε be positive numbers.
There exists an integer n0 ≥ 1 such that

φ(x) ≥ D + 4 for all x ∈ X satisfying ||x|| ≥ n0.

Fix an integer n1 > n0 + 4 + ε−1 and put

U = {g ∈ A1 : (f, g) ∈ Ew(n1)}.

Assume that g ∈ U , x ∈ X and min{g(x), f(x)} ≤ D. Then ||x|| ≤ n0 and in
view of the definition of Ew(n1), |f(x) − g(x)| ≤ n−1

1 < ε. Thus A(ii) holds.
Using the same arguments as in the proof of Theorem 4.31 we can show that
A(iii) holds.

We show that the assumption A(iv) is valid. Let g ∈ A1 = L(φ), a2 = C ∈
S(X), a = (g, C),

inf(fa) = inf{g(x) : x ∈ C} < ∞ (4.182)

and let ε, δ be positive numbers. We may assume that ε, δ < 1. There exists
an integer n0 ≥ 1 such that

n0 > 8max{ε−1, δ−1}, H(A,B) ≤ 8−1ε for each (A,B) ∈ G(n0) (4.183)
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and

||x|| ≤ n0/2 for each x ∈ X satisfying g(x) ≤ | inf(fa)|+ 4. (4.184)

For each r ∈ [0, 1] define

Cr = {x ∈ X : ρ(x, r) ≤ r} ∈ S(X) (4.185)

and
v(r) = inf{g(x) : x ∈ Cr}. (4.186)

Clearly v(r) is finite for all r ∈ [0, 1] and the function v is monotone decreasing.
There exists a countable set σ0 ⊂ [0, 1] such that v is continuous at any
r ∈ [0, 1] \ σ0. Fix a positive number r0 < (8n0)−1 such that v is continuous
at r0. There exists a positive number r1 < r0 such that

|v(r1)− v(r0)| < 16−1δ. (4.187)

Put
r2 = 2−1(r1 + r0). (4.188)

There exists x̄ ∈ X for which

x̄ ∈ Cr1 , g(x̄) ≤ inf{g(x) : x ∈ Cr1}+ 16−1δ. (4.189)

Put
ā2 = Cr0 , b̄ = Cr2 . (4.190)

Fix an integer
n1 > n0 + 32(r0 − r1)−1

and put
U = {B ∈ S(X) : (B,Cr2) ∈ G(n1)}. (4.191)

Clearly, (C,Cri
) ∈ G(n0), i = 0, 1, 2. In view of (4.183), H(C,Cri

) ≤ 8−1ε,
i = 0, 1, 2. It follows from (4.189), (4.187) and (4.186) that

g(x̄) ≤ v(r1) + 16−1δ ≤ v(r0) + 8−1δ.

Therefore in order to complete the proof of A(iv) we need to show that

x̄ ∈ B ⊂ Cr0 for all B ∈ U . (4.192)

Let
B ∈ U (4.193)

and y ∈ B. There exists z ∈ Cr2 such that ||z − y|| ≤ n−1
1 . Since ρ(z, C) ≤ r2

we obtain that ρ(y, C) ≤ r2 + n−1
1 < r0 (see (4.191)). Thus y ∈ Cr0 and

B ⊂ Cr0 . We show that x̄ ∈ B. (4.189) and (4.185) imply that

{x̄ + z : z ∈ X and ||z|| ≤ 2−1(r0 − r1)} ⊂ Cr2



4.19 Well-posedness of a class of minimization problems 161

and
{z ∈ X : ||z|| ≤ 2−1(r0 − r1)} ⊂ Cr2 − x̄. (4.194)

By (4.191),
(Cr2 − x̄, B − x̄) ∈ G(n1).

Combined with (4.194) and Proposition 4.35 this implies that 0 ∈ B − x̄.
Hence (4.192) holds and A(iv) is valid. This completes the proof of Theorem
4.33.

4.19 Well-posedness of a class of minimization problems

In this section we consider classes of mathematical programming problems on
a complete metric space X which are identified with complete metric spaces
of lower semicontinuous objective functions on the space X. We show that
for any of these spaces of functions there exists an open everywhere dense
subset F such that for each objective function f belonging to F there exists
a neighborhood of f such that all the minimization problems with objective
functions belonging to this neighborhood possess the same unique solution.

Let (X, ρ) be a complete metric space. For each function f : X → R1∪{∞}
set

inf(f) = inf{f(z) : z ∈ X} (4.195)

and
dom(f) = {z ∈ X : f(z) < ∞}. (4.196)

We use the convention that ∞−∞ = 0, ∞/∞ = 1 and that the infimum over
an empty set is ∞. For each x ∈ X and each r > 0 set

B(x, r) = {y ∈ X : ρ(x, y) ≤ r}. (4.197)

We study classes of minimization problems on X which are identified with
complete metric spaces of lower semicontinuous objective functions f : X →
R1 ∪ {∞}. We show that for any of these spaces of functions there exists an
open everywhere dense subset F such that each f ∈ F possesses the following
property:

There exist a neighborhood U of f , x̄ ∈ X and a number γ > 0 such that
for each g ∈ U the corresponding minimization problem with the objective
function g possesses a unique solution x̄ and moreover, if z ∈ X satisfies
g(z) ≤ inf(g) + γ/2, then g(z)− g(x̄) ≥ γρ(z, xf ).

In particular, this result implies that most of the minimization problems
(in the Baire category sense) possess sharp minima [17, 77].

Let θ ∈ X and φ : X → R1 be a bounded from below function such that

lim
ρ(x,θ)→∞

φ(x) = ∞. (4.198)
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Denote by M the set of all lower semicontinuous bounded from below func-
tions f : X → R1 ∪{∞} which are not identically ∞ and denote by M(φ) the
set of all functions f ∈M such that

f(x) ≥ φ(x) for all x ∈ X. (4.199)

Denote by Mv (respectively, Mc, Muc, MlL, MbL, ML) the set of all finite-
valued (respectively, finite-valued continuous, finite-valued uniformly contin-
uous on all bounded sets, finite-valued locally Lipschitzian, finite-valued Lip-
schitzian on all bounded sets, finite-valued and Lipschitzian) functions. Put

M(φ)
v = M(φ) ∩Mv, M(φ)

c = Mφ) ∩Mc, M(φ)
uc = Mφ) ∩Muc, (4.200)

M(φ)
lL = Mφ) ∩MlL, M(φ)

bL = Mφ) ∩MbL, M(φ)
L = M(φ) ∩ML. (4.201)

If X is a convex closed subset of a Banach space with a norm || · ||, then we
suppose that ρ(x, y) = ||x−y||, x, y ∈ X, denote by Mcon the set of all convex
functions f ∈M and set

M(φ)
con = Mcon ∩M(φ), M(φ)

con,v = M(φ)
con ∩Mv, M(φ)

con,c = Mφ)
con ∩Mc,

M(φ)
con,uc = Mφ)

con ∩Muc, M(φ)
con,lL = Mφ)

con ∩MlL,

M(φ)
con,bL = M(φ)

con ∩MbL, M(φ)
con,L = M(φ)

con ∩ML. (4.202)

Let f, g ∈ M. If dom(f) 6=dom(g) set d̃s(f, g) = ∞. If dom(f) =dom(g)
set

d̃s(f, g) = sup{|f(x)− g(x)| : x ∈ dom(f)}+ (4.203)

sup{|(f − g)(x1)− (f − g)(x2)|ρ(x1, x2)−1 : x1, x2 ∈ X and x1 6= x1}.
Put

ds(f, g) = d̃s(f, g)(d̃s(f, g) + 1)−1. (4.204)

It is easy to see that (M, ds) is a complete metric space and Mv, Mc, Muc,
MlL, MbL, ML, M(φ), M(φ)

v , M(φ)
c , M(φ)

uc , M(φ)
lL , M(φ)

bL , M(φ)
L are closed

subsets of (M, ds).
Let f, g ∈ M. If dom(f) 6= dom(g) set d̃w(f, g) = 1. If dom(f) = dom(g)

set
dw,0(f, g) = sup{|f(x)− g(x)| : x ∈ dom (f)}, (4.205)

for i = 1, 2, . . . set

dw,i(f, g) = sup{|(f − g)(x1)− (f − g)(x2)|ρ(x1, x2)−1 :

x1, x2 ∈ B(θ, i) ∩ dom(f) and x1 6= x2}. (4.206)

Finally set
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dw(f, g) =
∞∑

i=0

2−1−idw,i(f, g)(1 + dw,i(f, g))−1. (4.207)

Clearly, (M, dw) is a metric space and for each pair f, g ∈ M the inequality
dw(f, g) ≤ d̃s(f, g) holds.

We prove the following two results.

Theorem 4.36. Let A be one of the following spaces: M, Mv, Mc, Muc,
MlL, MbL, ML, M(φ), M(φ)

v , M(φ)
c , M(φ)

uc , M(φ)
lL , M(φ)

bL , M(φ)
L .

Assume that f ∈ A and r ∈ (0, 1). Then there exist f̄ ∈ A and x̄ ∈ X such
that for each g ∈ A satisfying ds(f̄ , g) ≤ 2 · (16)−2r we have:

ds(f, g) ≤ r; if x ∈ X satisfies g(x) ≤ inf(g) + (4 · 16)−1r, then

g(x)− g(x̄) ≥ (32)−1rρ(x, x̄).

Theorem 4.37. Let A be one of the following spaces: M, Mv, Mc, Muc,
MlL, MbL, ML, M(φ), M(φ)

v , M(φ)
c , M(φ)

uc , M(φ)
lL , M(φ)

bL , M(φ)
L .

Then there exists an open (in the topology induced by the metric dw) ev-
erywhere dense (in the topology induced by the metric ds) subset B ⊂ A such
that the following property holds:

For each f ∈ B there exist γ > 0, xf ∈ X and a neighborhood U of f in
(A, dw) such that if g ∈ U and if x ∈ X satisfies g(x) ≤ inf(g) + γ/2, then

g(x)− g(xf ) ≥ γρ(x, xf ). (4.208)

Let f, g ∈ M(φ). If dom(f) 6=dom(g), set dφ(f, g) = 1. If dom(f) =
dom(g), then for i = 1, 2, . . . put

dφ,i(f, g) = sup{|f(x)− g(x)| : x ∈ B(θ, i) ∩ dom(f)} +

sup{|(f − g)(x1)− (f − g)(x2)|ρ(x1, x2)−1 :

x1, x2 ∈ B(θ, i) ∩ dom (f) andx1 6= x1} (4.209)

and set

dφ(f, g) =
∞∑

i=1

2−idφ,i(f, g)(dφ,i(f, g) + 1)−1. (4.210)

It is not difficult to see that (M(φ), dφ) is a complete metric space and M(φ)
v ,

M(φ)
c ,M(φ)

uc ,M(φ)
lL ,M(φ)

bL ,M(φ)
con,M(φ)

con,v,M(φ)
con,c,M(φ)

con,uc,M(φ)
con,lL,M(φ)

con,bL

are closed subsets of (M(φ), dφ).
We prove the following result.

Theorem 4.38. Let A be one of the following spaces: M(φ), M(φ)
v , M(φ)

c ,
M(φ)

uc , M(φ)
lL , M(φ)

bL , M(φ)
con, M(φ)

con,v, M(φ)
con,c, M(φ)

con,uc, M(φ)
con,lL, M(φ)

con,bL and
let k > 0. Then there exists an open everywhere dense subset B of the space
(A, dφ) such that the following property holds:
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For each f ∈ B there exist a positive number γ, xf ∈ X and a neighborhood
U of f in (A, dφ) such that if g ∈ U and if x ∈ X satisfies g(x) ≤ inf(g) + k,
then

g(x)− g(xf ) ≥ γρ(x, xf ).

Note that the results of this section have been obtained in [135].

4.20 Auxiliary results for Theorems 4.36 and 4.37

Let A be one of the following spaces: M, Mv, Mc, Muc, MlL, MbL, ML,
M(φ), M(φ)

v , M(φ)
c , M(φ)

uc , M(φ)
lL , M(φ)

bL , M(φ)
L .

Let f ∈ A,
xf ∈ dom(f) and f(xf ) = inf(f). (4.211)

For each γ ∈ (0, 1) set

fγ(z) = f(z) + γ min{ρ(z, xf ), 1} for all z ∈ X. (4.212)

It is not difficult to see that the following result holds.

Lemma 4.39. Let γ ∈ (0, 1). Then fγ ∈ A, dom(fγ) = dom(f), |fγ(z) −
f(z)| ≤ γ for each z ∈ dom(f), and for each pair z1, z2 ∈ dom(f),

|(fγ − f)(z1)− (fγ − f)(z2)| ≤ γρ(z1, z2).

Lemma 4.40. Let γ ∈ (0, 1) and x ∈ X satisfy

fγ(x) < inf(fγ) + γ. (4.213)

Then ρ(x, xf ) ≤ γ−1(fγ(x)− inf(fγ)) < 1.

Proof: It is easy to see that

inf(fγ) = inf(f) = f(xf ). (4.214)

(4.213) and (4.214) imply that x ∈ dom(f). By (4.212) and (4.213),

f(x) + γ min{ρ(x, xf ), 1} = fγ(x) < inf(f) + γ,

ρ(x, xf ) < 1. (4.215)

It follows from (4.212), (4.214) and (4.215) that

fγ(x)− inf(fγ) = f(x) + γρ(x, xf )− inf(fγ) ≥ γ(x, xf ),

ρ(x, xf ) ≤ γ−1(fγ(x)− inf(fγ)).

This completes the proof of Lemma 4.40.
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Lemma 4.41. Let γ ∈ (0, 1), g ∈ A,

dom(f) = dom(g), |fγ(z)− g(z)| ≤ γ/4 for all z ∈ dom(f) (4.216)

and let for each z1, z2 ∈ dom(f)

|(fγ − g)(z1)− (fγ − g)(z2)| ≤ 2−1γρ(z1, z2). (4.217)

Assume that x ∈ X satisfies

g(x) ≤ inf(g) + γ/4. (4.218)

Then g(x)− g(xf ) ≥ (γ/2)ρ(x, xf ).

Proof: In view of (4.216),

| inf(g)− inf(fγ)| ≤ γ/4. (4.219)

By (4.216), (4.218) and (4.219),

fγ(x) ≤ g(x) + γ/4 ≤ inf(g) + γ/2 ≤ inf(fγ) + (3/4)γ.

Combined with Lemma 4.40 this implies that

ρ(x, xf ) < 1,

ρ(x, xf ) ≤ γ−1(fγ(x)− inf(fγ)). (4.220)

It follows from (4.216)–(4.218) that

|(fγ − g)(x)− (fγ − g)(xf )| ≤ 2−1γρ(x, xf ).

This relation, (4.220), (4.212) and (4.211) imply that

g(x)− g(xf ) ≥ fγ(x)− fγ(xf )− γρ(x, xf )2−1

≥ γρ(x, xf )− 2−1γρ(x, xf ) ≥ 2−1γρ(x, xf ).

This completes the proof of Lemma 4.41.

Lemma 4.42. Assume that

n > ρ(xf , θ) + 1, (4.221)

γ ∈ (0, 1), g ∈ A,

dom(f) = dom(g), |fγ(z)− g(z)| ≤ γ/4 for all z ∈ dom(f) (4.222)

and that for each z1, z2 ∈ dom(f) ∩B(θ, n)

|(fγ − g)(z1)− (fγ − g)(z2)| ≤ 2−1γρ(z1, z2). (4.223)

Let x ∈ X satisfy
g(x) ≤ inf(g) + γ/4. (4.224)

Then g(x)− g(xf ) ≥ 2−1γρ(x, xf ).
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Proof: It follows from (4.222) that | inf(g)− inf(fγ)| ≤ γ/4. By this inequality,
(4.224) and (4.222),

fγ(x) ≤ g(x) + γ/4 ≤ inf(g) + γ/2 ≤ inf(fγ) + (3/4)γ.

This inequality and Lemma 4.40 imply that

ρ(x, xf ) < 1 and ρ(x, xγ) ≤ γ−1(fγ(x)− inf(fγ)). (4.225)

In view of (4.225) and (4.221),

ρ(x, θ) ≤ ρ(x, xf ) + ρ(xf , θ) < n. (4.226)

It follows from (4.221)–(4.224) and (4.226) that

|(fγ − g)(x)− (fγ − g)(xf )| ≤ γρ(x, xf )/2.

Together with (4.225) this implies that

g(x)− g(xf ) ≥ fγ(x)− fγ(xf )− γρ(x, xf )/2 ≥ γρ(x, xf )− 2−1γρ(x, xf )

= 2−1γρ(x, xf ).

This completes the proof of Lemma 4.42.

4.21 Auxiliary results for Theorem 4.38

Let A be one of the following spaces: M(φ), M(φ)
v , M(φ)

c , M(φ)
uc , M(φ)

lL , M(φ)
bL ,

M(φ)
L , M(φ)

con, M(φ)
con,v, M(φ)

con,c, M(φ)
con,uc, M(φ)

con,lL, M(φ)
con,bL, M(φ)

con,L.
Let n, k > 0. In view of (4.198) there is n1 > 4 such that

φ(z) > n + k + 4 for each z ∈ X satisfying ρ(z, θ) > n1 − 4. (4.227)

Assume that

f ∈ A, inf(f) < n, xf ∈ dom(f), f(xf ) = inf(f). (4.228)

For each γ ∈ (0, 1) put

fγ(z) = f(z) + γρ(z, xf ), z ∈ X. (4.229)

Lemma 4.43. Let γ ∈ (0, 1). Then fγ ∈ A, dom(fγ) = dom(f) and for each
z ∈ dom(f) ∩B(θ, n1)

|fγ(z)− f(z)| ≤ 2γn1.

Proof: It is easy to see that fγ ∈ A and dom(f) = dom(fγ). Assume that
z ∈ dom(f)∩B(θ, n1). Combined with (4.227)–(4.229) and (4.199) this implies
that

|fγ(z)− f(z)| = γρ(z, xf ) ≤ γρ(z, θ) + γρ(z, xf ) ≤ 2γn1.

This completes the proof of Lemma 4.43.

It is easy to see that the following lemma holds.
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Lemma 4.44. Let γ ∈ (0, 1) and x ∈ X.Then

fγ(x)− inf(fγ) = fγ(x)− f(xf ) ≥ γρ(x, xf ). (4.230)

Lemma 4.45. Assume that γ ∈ (0, 1), g ∈ A,

B(0, n1) ∩ dom(g) = dom(f) ∩B(θ, n1), (4.231)

|g(z)− fγ(z)| ≤ γ/4 for all z ∈ dom(g) ∩B(θ, n1) (4.232)
and that for each z1, z2 ∈ dom(f) ∩B(θ, n1)

|(fγ − g)(z1)− (fγ − g)(z2)| ≤ 2−1γρ(z1, z2). (4.233)

Let x ∈ X satisfy
g(x) ≤ inf(g) + k. (4.234)

Then g(x)− g(xf ) ≥ (γ/2)ρ(x, xf ).

Proof: (4.227) and (4.199) imply that

inf{fγ(z) : z ∈ X \B(θ, n1 − 4)} ≥ n + 4 + k, (4.235)

inf{g(z) : z ∈ X \B(θ, n1 − 4)} ≥ n + k + 4.

It follows from (4.228), (4.232) and (4.235) that

f(xf ) < n, g(xf ) ≤ fγ(xf ) + γ/4 < n + 1. (4.236)

In view of (4.235) and (4.236),

inf(fγ) = inf{fγ(z) : z ∈ B(θ, n1 − 4)},
inf(g) = inf{g(z) : z ∈ B(θ, n1 − 4)}. (4.237)

Combined with (4.232) this equality implies that

| inf(fγ)− inf(g)| ≤ γ/4. (4.238)

It follows from this inequality, (4.234) and (4.236) that

g(x) ≤ inf(g) + k ≤ g(xf ) + k < n + 1 + k.

By this inequality, (4.199) and (4.227),

ρ(x, θ) ≤ n1 − 4. (4.239)

It follows from this inequality, (4.232), (4.234), (4.238) and (4.231) that

fγ(x) ≤ g(x) + γ/4 ≤ k + inf(g) + γ/4 ≤ inf(fγ) + γ/2 + k.

In view of Lemma 4.40,

ρ(x, xf ) ≤ γ−1(fγ(x)− inf(fγ)). (4.240)

Relations (4.233), (4.239), (4.238) and (4.228) imply that

|(fγ − g)(x)− (fγ − g)(xf )| ≤ 2−1γρ(x, xf ).

By this inequality, (4.240), (4.229) and (4.228),

g(x)− g(xf ) ≥ fγ(x)− fγ(xf )− 2−1γρ(x, xf ) ≥ 2−1γρ(x, xf ).

This completes the proof of Lemma 4.45.
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4.22 Proofs of Theorems 4.36 and 4.37

Let A be one of the following spaces: M, Mv, Mc, Muc, MlL, MbL, ML,
M(φ), M(φ)

v , M(φ)
c , M(φ)

uc , M(φ)
lL , M(φ)

bL , Mφ
L.

Proposition 4.46. There exists an everywhere dense subset A0 of the metric
space (A, ds) such that for each f ∈ A0 the problem minimize f(z) subject to
z ∈ X has a solution.

Proof. We use the definitions and the notation introduced in Section 4.1. Set
fa = a for all a ∈ A. Theorem 4.1 implies that in order to prove Proposition
4.46 it is sufficient to show that (H1) is valid for the space (A, ds).

Let ε, γ ∈ (0, 1) and let f ∈ A. Fix

δ ∈ (0, 32−1εγ)

and x̄ ∈ X such that
f(x̄) ≤ inf(f) + δ.

Define f̄ ∈ A by

f̄(x) = f(x) + 4−1εmin{ρ(x, x̄), 1}, x ∈ X

and put
W = {g ∈ A : d̃s(g, f̄) < δ}.

Assume that g ∈ W and that x ∈ X satisfies

g(z) ≤ inf(g) + δ.

It is easy to see that

f(z) + 4−1εmin{ρ(z, x̄), 1} = f̄(z) ≤ g(z) + δ ≤ inf(g) + 2δ

≤ inf(f̄) + 3δ ≤ f̄(x̄) + 3δ = f(x̄) + 3δ ≤ f(z) + 4δ.

By the relations above,
ρ(z, x̄) ≤ 16δε−1 < γ

and |g(z)− inf(f̄)| ≤ 3δ < γ. Hence (H1) holds. Proposition 4.46 is proved.

Proof of Theorem 4.36: Put
α = (16)−2. (4.241)

Assume that
f ∈ A, r ∈ (0, 1]. (4.242)

Proposition 4.46 implies that there exist f0 ∈ A and x0 ∈ X such that

ds(f, f0) ≤ r/8, f0(x0) = inf(f0). (4.243)
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Put
γ = 16αr (4.244)

and define
f1(z) = f0(z) + γ min{ρ(z, x0), 1}, z ∈ X. (4.245)

Lemma 4.39 implies that f1 ∈ A and

d̃s(f0, f1) ≤ 2γ. (4.246)

It follows from Lemma 4.41 that the following property holds:
(C1) If g ∈ A satisfies dom(g) = dom(f1),

|f1(z)− g(z)| ≤ γ/4 for all z ∈ dom(f1),

|(f1 − g)(z1)− (f1 − g)(z2)| ≤ 2−1γρ(z1, z2) for each z1, z2 ∈ dom(f1)

and if x ∈ X satisfies g(x) ≤ inf(g) + γ/4, then g(x)− g(x0) ≥ 2−1γρ(x, x0).
Assume that g ∈ A satisfies

ds(f1, g) ≤ 2αr. (4.247)

Combined with (4.246), (4.243), (4.241) and (4.244) this implies that

ds(g, f) ≤ ds(g, f1) + ds(f1, f0) + ds(f0, f1) ≤ 2αr + 2γ + r/8 ≤ r/2. (4.248)

It follows from (4.247), (4.204) and (4.244) that

d̃s(f1, g) = ds(f1, g)(1− ds(f1, g))−1 ≤ 2ds(f1, g) ≤ 4αr = γ/4.

By this relation, (4.203), (C1) and (4.244), the following property holds:
If x ∈ X satisfies g(x) ≤ inf(g) + 4αr, then g(x)− g(x0) ≥ 8αrρ(x, x0).
Theorem 4.36 is proved with f̄ = f1, x̄ = x0.

Proof of Theorem 4.37: Let f ∈ A and r ∈ (0, 1]. Proposition 4.46 implies
that there exists f0 ∈ A and xf ∈ X such that

ds(f, f0) ≤ r/8, f0(xf ) = inf(f). (4.249)

Fix a positive number γ < r/8 and define f1 ∈ A by

f1(z) = f0(z) + γ min{ρ(z, xf ), 1}, z ∈ X. (4.250)

It follows from (4.250), Lemma 4.39 and (4.204) that

ds(f1, f0) ≤ d̃s(f1, f0) ≤ 2γ < r/4. (4.251)

By (4.251) and (4.249),

ds(f1, f) ≤ ds(f1, f0) + ds(f0, f) ≤ r/4 + r/8 < r/2. (4.252)

Lemma 4.42 implies that there exists an open neighborhood U of f1 in the
metric space (A, dw) such that the following property holds:

If g ∈ U and if x ∈ X satisfies g(x) ≤ inf(g) + γ/4, then g(x) − g(xf ) ≥
2−1γρ(x, xf ).

Theorem 4.37 is proved.
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4.23 Proof of Theorem 4.38

Let A be one of the following spaces: Mφ), M(φ)
v , M(φ)

c , M(φ)
uc , M(φ)

lL , M(φ)
bL ,

M(φ)
con, M(φ)

con,v, M(φ)
con,c, M(φ)

con,uc, M(φ)
con,lL, M(φ)

con,bL.

Proposition 4.47. There exists an everywhere dense subset A0 of the metric
space (A, dφ) which is a countable intersection of open subsets of (A, dφ) such
that for each f ∈ A0 the problem minimize f(z) subject to z ∈ X has a unique
solution.

Proof: In view of Theorem 4.1 in order to prove the proposition it is sufficient
to show that the following property holds:

(C2) For any f ∈ A, any positive number ε and any positive number γ
there exist a nonempty open set W in the metric space (A, dφ), x ∈ X, α ∈ R1

and η > 0 such that W ∩ {g ∈ A : dφ(f, g) < ε} 6= ∅ and that for any g ∈ W
if z ∈ X is such that g(z) ≤ inf(g) + η, then ρ(z, x) ≤ γ and |g(z)− α| ≤ γ.

Let f ∈ A and ε, γ ∈ (0, 1). There exists a natural number n0 > 4 such
that

if z ∈ X and φ(z) ≤ inf(f) + 4, then ρ(z, θ) ≤ n0 − 4, (4.253)

∞∑

i=n0

2−i < ε/4. (4.254)

Fix a number δ1 > 0 for which

δ1(n0 + 1) < ε/4 (4.255)

and
δ0 ∈ (0, 4−1δ1γ). (4.256)

Choose x̄ ∈ X which satisfies

f(x̄) ≤ inf(f) + δ0. (4.257)

(4.257) and (4.253) imply that

ρ(x̄, θ) ≤ n0 − 4. (4.258)

Put
f̄(z) = f(z) + δ1ρ(z, x̄), z ∈ X. (4.259)

Clearly, f̄ ∈ A. It follows from (4.210), (4.254) and (4.255) that

dφ(f, f̄) ≤
n0∑

i=1

2−idw,i(f, f̄)(1 + dw,i(f, f̄))−1 +
∞∑

i=n0+1

2−i
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≤
n0∑

i=1

2−idw,i(f, f̄) + ε/4

≤ max{dw,i(f, f̄) : i = 1, . . . , n0}+ ε/4 ≤ δ1 + δ1n0 + ε/4 < ε. (4.260)

Fix n1 > n0 + 4.
Assume that g ∈ A,

|f̄(z)− g(z)| ≤ δ0, z ∈ B(θ, n1). (4.261)

|(f̄ − g)(z1)− (f̄ − g)(z2)| ≤ δ0ρ(z1, z2) for all z1, z2 ∈ B(θ, n1). (4.262)

Relations (4.258) and (4.261) imply that

|f̄(x̄)− g(x̄)| ≤ δ0. (4.263)

In view of (4.259) and (4.257),

inf(f̄) = f̄(x̄) = f(x̄) ≤ inf(f) + 1. (4.264)

It follows from (4.263), (4.259) and (4.257) that

inf(g) ≤ g(x̄) ≤ f̄(x̄) + δ0 = f(x̄) + δ0 ≤ inf(f) + 2. (4.265)

By (4.264), (4.265) and (4.253),

inf(f̄) = inf{f̄(z) : z ∈ B(θ, n0 + 4)}, (4.266)

inf(g) = inf{g(z) : z ∈ B(θ, n0 + 4)}.
In view of (4.266) and (4.261),

| inf(f̄)− inf(g)| ≤ δ0. (4.267)

Assume that z ∈ X satisfies

g(z) ≤ inf(g) + δ0. (4.268)

It follows from (4.199), (4.268), (4.267), (4.259) and (4.257) that

φ(z) ≤ g(z) ≤ inf(g) + δ0 ≤ inf(f̄) + 2δ0 ≤ f̄(x̄) + 2δ0 < inf(f) + 3.

Combined with (4.253) this implies that ρ(z, θ) ≤ n0−4. Together with (4.261)
this implies that

|g(z)− f̄(z)| ≤ δ0. (4.269)

By (4.267)–(4.269),

f̄(z) ≤ g(z) + δ0 ≤ inf(g) + 2δ0 ≤ inf(f̄) + 3δ0.

The relation above, (4.257), (4.256) and (4.259) imply that
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f(z) + δ1ρ(z, x̄) = f̄(z) ≤ inf(f̄) + 3δ0 ≤ f̄(x̄) + 3δ0 = f(x̄) + 3δ0

≤ f(x̄) + 3δ0 ≤ f(z) + 4δ0, (4.270)

ρ(z, x̄) ≤ 4δ0δ
−1
1 < γ.

It follows from (4.269), (4.270) and (4.256) that

|g(z)− f(x̄)| ≤ δ0 + |f̄(z)− f(x̄)| ≤ 4δ0 < γ.

Thus (C2) holds and this completes the proof of Proposition 4.47.

Proof of Theorem 4.38: Let f ∈ A and r ∈ (0, 1]. Proposition 4.47 implies
that there exists f (0) ∈ A and xf ∈ X such that

dφ(f, f (0)) ≤ r/4, f (0)(xf ) = inf(f (0)). (4.271)

For each γ ∈ (0, 1) put

f (0)
γ (z) = f (0)(z) + γρ(z, xf ), z ∈ X.

It is easy to see that fγ ∈ A for all γ ∈ (0, 1) and dφ(f (0)
γ , f (0)) → 0 as γ → 0+.

There exists γ ∈ (0, 1) such that dφ(f (0)
γ , f (0)) ≤ r/4. Combined with (4.271)

this implies that dφ(f, f
(0)
γ ) ≤ r/2.

It follows from Lemma 4.45 that there exists a neighborhood U of f
(0)
γ in

(A, dφ) such that for each g ∈ U the following property holds:
if x ∈ X satisfies g(x) ≤ inf(g) + k, then g(x)− g(xf ) ≥ 2−1γρ(x, xf ).
Therefore Theorem 4.38 is proved.

4.24 Generic well-posedness for a class of equilibrium
problems

The study of equilibrium problems has recently been a rapidly growing area of
research. See, for example, [13, 19, 65] and the references mentioned therein.

Let (X, ρ) be a complete metric space. In this section we consider the
following equilibrium problem:

To find x ∈ X such that f(x, y) ≥ 0 for all y ∈ X, (P)

where f belongs to a complete metric space of functions A defined below. We
show that for most elements of this space of functions A (in the sense of Baire
category) the equilibrium problem (P) possesses a unique solution. In other
words, the problem (P) possesses a unique solution for a generic (typical)
element of A.

Set

ρ1((x1, y1), (x2, y2)) = ρ(x1, x2) + ρ(y1, y2), x1, x2, y1, y2 ∈ X.
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Clearly, (X ×X, ρ1) is a complete metric space.
Denote by A0 the set of all continuous functions f : X × X → R1 such

that
f(x, x) = 0 for all x ∈ X. (4.272)

We equip the set A0 with the uniformity determined by the base

U(ε) = {(f, g) ∈ A0 ×A0 : |f(z)− g(z)| ≤ ε for all z ∈ X ×X}, (4.273)

where ε is a positive number. Clearly, the space A0 with this uniformity is
metrizable (by a metric d) and complete.

Denote by A the set of all f ∈ A0 for which the following properties hold:
(P1) For each positive number ε there exists xε ∈ X such that f(xε, y) ≥

−ε for all x ∈ X.
(P2) For each positive number ε there exists a positive number δ such that

|f(x, y)| ≤ ε for all x, y ∈ X satisfying ρ(x, y) ≤ δ.
Evidently, A is a closed subset of X . We equip the space A with the metric

d and consider the topological subspace A ⊂ A0 with the relative topology.
For each x ∈ X and each subset D ⊂ X put

ρ(x,D) = inf{ρ(x, y) : y ∈ D}.

For each x ∈ X and each positive number r put

B(x, r) = {y ∈ X : ρ(x, y) ≤ r},

Bo(x, r) = {y ∈ X : ρ(x, y) < r}.
Assume that the following property holds:
(P3) There exists a number ∆ > 0 such that for each y ∈ X and each pair

of real numbers t1, t2 satisfying 0 < t1 < t2 < ∆ there exists z ∈ X such that
ρ(z, y) ∈ [t1, t2].

We will prove the following result.

Theorem 4.48. There exists a set F ⊂ A which is a countable intersection
of open everywhere dense subsets of A such that for each f ∈ F the following
properties hold:

(i) There exists a unique xf ∈ X such that

f(xf , y) ≥ 0 for all x, y ∈ X;

(ii) for each positive number ε there exist a positive number δ and a neigh-
borhood V of f in A such that for each h ∈ V and each x ∈ X satisfying
inf{h(x, y) : y ∈ X} > −δ the inequality ρ(xf , x) < ε holds.

In other words, for a generic (typical) f ∈ A the problem (P) is well-posed.
Theorem 4.48 has been obtained in [138].
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4.25 An auxiliary density result

Lemma 4.49. Let f ∈ A and ε ∈ (0, 1). Then there exist f0 ∈ A and x0 ∈ X
such that (f, f0) ∈ U(ε) and f(x0, y) ≥ 0 for all y ∈ X.

Proof: It follows from (P1) that there exists x0 ∈ X such that

f(x0, y) ≥ −ε/16 for all y ∈ X. (4.274)

Put
E1 = {(x, y) ∈ X ×X : f(x, y) ≥ −ε/16}, (4.275)

E2 = {(x, y) ∈ (X ×X) \ E1 : f(x, y) ≥ −ε/8},
E3 = (X ×X) \ (E1 ∪ E2).

For each (y1, y2) ∈ E1 there exists a positive number r1(y1, y2) < 1 such that

f(z1, z2) > −ε/14 for all z1, z2 ∈ X satisfying

ρ(zi, yi) ≤ r1(y1, y2), i = 1, 2. (4.276)

For each (y1, y2) ∈ E2 there exists a positive number r1(y1, y2) < 1 such that

f(z1, z2) > −ε/6 for all z1, z2 ∈ X satisfying (4.277)

ρ(zi, yi) ≤ r1(y1, y2), i = 1, 2.

For each (y1, y2) ∈ E3 there exists a positive number r1(y1, y2) < 1 such that

f(z1, z2) < −ε/8 for all z1, z2 ∈ X satisfying

ρ(zi, yi) ≤ r1(y1, y2), i = 1, 2. (4.278)

For each (y1, y2) ∈ X ×X put

U(y1, y2) = Bo(y1, r1(y1, y2))×Bo(y2, r1(y1, y2)). (4.279)

For any (y1, y2) ∈ E1 ∪ E2 set

gy1,y2(z) = max{f(z), 0}, z ∈ X ×X (4.280)

and for any (y1, y2) ∈ E3 set

gy1,y2(z) = f(z), z ∈ X ×X. (4.281)

It is easy to see that {U(y1, y2) : y1, y2 ∈ X} is an open covering of X ×X.
Since any metric space is paracompact there exists a continuous locally finite
partition of unity {φβ : β ∈ B} subordinated to the covering {U(y1, y2) :
y1, y2 ∈ X}. Namely, for any β ∈ B, φβ : X ×X → [0, 1] is a continuous func-
tion and there exist y1(β), y2(β) ∈ X such that supp(φβ) ⊂ U(y1(β), y2(β))
and that
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∑

β∈B
φβ(z) = 1 for all z ∈ X ×X.

Define
f0(z) =

∑

β∈B
φβ(z)g(y1(β),y2(β))(z), z ∈ X ×X. (4.282)

It is easy to see that f0 is well-defined, continuous and satisfies

f0(z) ≥ f(z) for all z ∈ X ×X. (4.283)

Let (z1, z2) ∈ E1. Then
f(z1, z2) ≥ −ε/16. (4.284)

Assume that β ∈ B and that φβ(z1, z2) > 0. Then

(z1, z2) ∈ supp(φβ) ⊂ U(y1(β), y2(β)). (4.285)

If (y1(β), y2(β)) ∈ E3, then by (4.278), (4.279) and (4.285), f(z1, z2) < −ε/8, a
contradiction (see (4.284)). Then (y1(β), y2(β)) ∈ E1∪E2 and (4.280) implies
that

gy1(β),y2(β)(z1, z2) = max{f(z1, z2), 0}.
Since this equality holds for any β ∈ B satisfying φβ(z1, z2) > 0 the equality
(4.282) implies that

f0(z1, z2) = max{f(z1, z2), 0} (4.286)

for all (z1, z2) ∈ E1.
By (4.274), (4.275) and (4.286),

f0(x0, y) ≥ 0, y ∈ X. (4.287)

It follows from (4.272), (4.280), (4.281) and (4.282) that

f0(x, x) = 0, x ∈ X. (4.288)

Assume that
(z1, z2) ∈ E2. (4.289)

Then (4.275) and (4.289) imply that f(z1, z2) ≥ −ε/8. Combined with (4.280)
and (4.282) this implies that

f0(z1, z2) ≤
∑

β∈B
φβ(z1, z2)(f(z1, z2) + ε/8) = f(z1, z2) + ε/8.

Together with (4.283) this implies that

f(z1, z2) ≤ f0(z1, z2) ≤ f(z1, z2) + ε/8 (4.290)

for all (z1, z2) ∈ E2.
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Let
(z1, z2) ∈ E3 (4.291)

and assume that
β ∈ B, φβ(z1, z2) > 0. (4.292)

Then (4.292) implies that

(z1, z2) ∈ supp(φβ) ⊂ U(y1(β), y2(β)). (4.293)

It follows from (4.293) and the choice of U(y1(β), y2(β)) (see (4.276)–(4.279))
that

(y1(β), y2(β)) 6∈ E1

and in view of (4.277), (4.279), (4.280) and (4.281),

gy1(β),y2(β)(z1, z2) ≤ f(z1, z2) + ε/6.

Since the inequality above holds for any β ∈ B satisfying (4.292) it follows
from (4.282) that

f0(z1, z2) ≤ f(z1, z2) + ε/6.

Combined with (4.283), (4.284) and (4.286) this implies that for all (z1, z2) ∈
X ×X

f(z1, z2) ≤ f0(z1, z2) ≤ f(z1, z2) + ε/6. (4.294)

It follows from (4.288) that f0 ∈ A0. By (4.287) f0 possesses (P1). Since
f possesses (P2), (4.280), (4.281) and (4.282) imply that f0 possesses (P2).
Therefore f0 ∈ A and Lemma 4.49 now follows from (4.287) and (4.294).

4.26 A perturbation lemma

Lemma 4.50. Let ε ∈ (0, 1), f ∈ A and let x0 ∈ X satisfy

f(x0, y) ≥ 0 for all y ∈ X. (4.295)

Then there exist g ∈ A and a positive number δ such that

g(x0, y) ≥ 0 for all y ∈ X, |(g − f)(x, y)| ≤ ε/4 for all x, y ∈ X

and if x ∈ X satisfies inf{g(x, y) : y ∈ X} > −δ, then ρ(x0, x) < ε/8.

Proof: It follows from (P2) that there exists a positive number

δ0 < min{16−1ε, 16−1∆} (4.296)

such that

|f(y, z)| ≤ ε/16 for all y, z ∈ X satisfying ρ(y, z) ≤ 4δ0. (4.297)
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Put
δ = 2−1δ0. (4.298)

Define
φ(t) = 1, t ∈ [0, δ0], φ(t) = 0, t ∈ [2δ0,∞), (4.299)

φ(t) = 2− tδ−1
0 , t ∈ (δ0, 2δ0)

and

f1(x, y) = −φ(ρ(x, y))ρ(x, y) + (1− φ(ρ(x, y)))f(x, y), x, y ∈ X. (4.300)

It is easy to see that f1 is continuous and

f1(x, x) = 0 for all x ∈ X.

(4.299) and (4.300) imply that

f1(x, y) = −ρ(x, y) for all x, y ∈ X satisfying ρ(x, y) ≤ δ0. (4.301)

Let x, y ∈ X. We estimate |f(x, y)−f1(x, y)|. If ρ(x, y) ≥ 2δ0, then (4.299)
and (4.300) imply that

|f1(x, y)− f(x, y)| = 0. (4.302)

Assume that
ρ(x, y) ≤ 2δ0. (4.303)

It follows from (4.296) and (4.303) that

|f(x, y)| ≤ ε/16. (4.304)

In view of (4.296), (4.299), (4.300), (4.303) and (4.304),

|f1(x, y)− f(x, y)| ≤ ρ(x, y) + |f(x, y)| ≤ 2δ0 + ε/16 < ε/4.

Combined with (4.302) this implies that

|f1(x, y)− f(x, y)| < ε/4 for all x, y ∈ X. (4.305)

Assume that x ∈ X. It follows from (P3) and (4.296) that there exists y ∈ X
such that

ρ(y, x) ∈ [2−1δ0, δ0]. (4.306)

By (4.306) and (4.301),

f1(x, y) = −ρ(y, x) ≤ −2−1δ0

and
inf{f1(x, z) : z ∈ X} ≤ −2−1δ0 (4.307)

for all x ∈ X. Put
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g(x, y) = φ(ρ(x, x0))f(x, y) + (1− φ(ρ(x, x0)))f1(x, y), x, y ∈ X. (4.308)

It is easy to see that the function g is continuous and

g(x, x) = 0 for all x ∈ X. (4.309)

It follows from (4.295), (4.308) and (4.299) that

g(x0, y) = f(x0, y) ≥ 0 for all y ∈ X.

Since the function f possesses (P2) it follows from the relation above, (4.301)
and (4.308) that g possesses the property (P2). Thus g ∈ A.

In view of (4.299), (4.305) and (4.308) for all x, y ∈ X

|(f − g)(x, y)| ≤ |f1(x, y)− f(x, y)| ≤ ε/4.

Assume that

x ∈ X and inf{g(x, y) : y ∈ X} > −2−1δ0 = −δ. (4.310)

If ρ(x0, x) ≥ 2δ0, then (4.299) and (4.308) imply that

g(x, y) = f1(x, y) for all y ∈ Y

and combined with (4.307) this implies that

inf{g(x, y) : y ∈ X} ≤ −2−1δ0.

This inequality contradicts (4.310). The contradiction we have reached proves
that

ρ(x0, x) < 2δ0 < ε/8.

Lemma 4.50 is proved.

4.27 Proof of Theorem 4.48

Denote by E the set of all f ∈ A for which there exists x ∈ X such that
f(x, y) ≥ 0 for all y ∈ X. Lemma 4.49 implies that E is an everywhere dense
subset of A.

Let f ∈ E and n ≥ 1 be an integer. There exists xf ∈ X such that

f(xf , y) ≥ 0 for all y ∈ X. (4.311)

Lemma 4.50 implies that there exist gf,n ∈ A and δf,n > 0 such that

gf,n(xf , y) ≥ 0 for all y ∈ X, |(gf,n − f)(x, y)| ≤ (4n)−1 for all x, y ∈ X
(4.312)

and that the following property holds:
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(P4) For each x ∈ X satisfying inf{gf,n(x, y) : y ∈ X} > −δf,n the
inequality ρ(xf , x) < (4n)−1 holds.

Denote by V (f, n) the open neighborhood of gf,n in A such that

V (f, n) ⊂ {h ∈ A : (h, gf,n) ∈ U(4−1δf,n)}. (4.313)

Assume that

x ∈ X, h ∈ V (f, n), inf{h(x, y) : y ∈ X} > −2−1δf,n. (4.314)

It follows from (4.273), (4.313) and (4.314) that

inf{gf,n(x, y) : y ∈ X} ≥ inf{h(x, y) : y ∈ X} − 4−1δf,n > −δf,n. (4.315)

By (4.315) and (P4),
ρ(xf , x) < (4n)−1. (4.316)

Thus we have shown that the following property holds:
(P5) For each x ∈ X and each h ∈ V (f, n) satisfying (4.314) the inequality

ρ(xf , x) < (4n)−1 holds.
Put

F = ∩∞k=1 ∪ {V (f, n) : f ∈ E and an integer n ≥ k}. (4.317)

It is clear that F is a countable intersection of open everywhere dense subset
of A. Let

ξ ∈ F , ε > 0. (4.318)

Fix an integer k > 8(ε−1 + 1). There exist f ∈ E and an integer n ≥ k such
that

ξ ∈ V (f, n). (4.319)

By property (P4), (4.313) and (4.319), for each x ∈ X satisfying

inf{ξ(x, y) : y ∈ X} > −2−1δf,n (4.320)

we have

inf{gf,n(x, y) : y ∈ X} > −2−1δf,n − 4−1δf,n > −δf,n

and
ρ(xf , x) < (4n)−1 < ε/8.

Thus we have shown that the following property holds:
(P6) For each x ∈ X satisfying (4.320) the inequality ρ(xf , x) < ε/8 holds.
It follows from (P1) that there exists a sequence {xi}∞i=1 ⊂ X such that

lim inf
i→∞

(inf{ξ(xi, y) : y ∈ X}) ≥ 0. (4.321)
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It follows from (4.321) and (P6) that for all large enough natural numbers
i, j,

ρ(xi, xj) ≤ ρ(xi, xf ) + ρ(xf , xj) < ε/4.

Since ε is any positive number we conclude that {xi}∞i=1 is a Cauchy sequence
and there exists

xξ = lim
i→∞

xi. (4.322)

By (4.321) and (4.322), for all y ∈ X

ξ(xξ, y) = lim
i→∞

ξ(xi, y) ≥ 0. (4.323)

We have also shown that any sequence {xi}∞i=1 ⊂ X satisfying (4.321) con-
verges. This implies that if x ∈ X satisfies ξ(x, y) ≥ 0 for all y ∈ X, then
x = xξ. It follows from (P6) and (4.323) that

ρ(xξ, xf ) ≤ ε/8. (4.324)

Let x ∈ X and h ∈ V (f, n) satisfy (4.314). (P5) implies that ρ(xf , x) <
(4n)−1. Combined with (4.324) this implies that

ρ(x, xξ) ≤ ρ(x, xf ) + ρ(xf , xξ) < (4n)−1 + ε/8 < ε.

This completes the proof of Theorem 4.48.

4.28 Comments

In this chapter we use the generic approach in order to show that solutions of
minimization problems exist generically for different classes of problems. Any
of these classes of problems is identified with a space of functions equipped
with a natural complete metric and it is shown that there exists a Gδ every-
where dense subset of the space of functions such that for any element of this
subset the corresponding minimization problem possesses a unique solution
and that any minimizing sequence converges to this unique solution. These re-
sults are obtained as realizations of variational principles which are extensions
or concretization of the variational principle established in [52].
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Well-Posedness and Porosity

5.1 σ-porous sets in a metric space

We recall the concept of porosity [10, 26, 27, 84, 97, 98, 112].
Let (Y, d) be a complete metric space. We denote by Bd(y, r) the closed

ball of center y ∈ Y and radius r > 0. A subset E ⊂ Y is called porous with
respect to d (or just porous if the metric is understood) if there exist α ∈ (0, 1]
and r0 > 0 such that for each r ∈ (0, r0] and each y ∈ Y there exists z ∈ Y
for which

Bd(z, αr) ⊂ Bd(y, r) \ E.

In the above definition of porosity it is known that the point y can be
assumed to belong to E.

A subset of the space Y is called σ-porous with respect to d (or just σ-
porous if the metric is understood) if it is a countable union of porous (with
respect to d) subsets of Y .

Since porous sets are nowhere dense, all σ-porous sets are of the first
category. If Y is a finite-dimensional Euclidean space, then σ-porous sets are
of Lebesgue measure 0. In fact, the class of σ-porous sets in such a space is
much smaller than the class of sets which have measure 0 and are of the first
category. Also, every Banach space contains a set of the first category which
is not σ-porous.

To point out the difference between porous and nowhere dense sets note
that if E ⊂ Y is nowhere dense, y ∈ Y and r > 0, then there is a point z ∈ Y
and a number s > 0 such that Bd(z, s) ⊂ Bd(y, r) \ E. If, however, E is also
porous, then for small enough r we can choose s = αr, where α ∈ (0, 1) is a
constant which depends only on E.

Let (X, ρ) be a metric space. For each x ∈ X and each r > 0 set

Bρ(x, r) = {y ∈ X : ρ(x, y) ≤ r}. (5.1)

We begin with the following simple proposition. It shows that porosity is
equivalent to another property which is easier to verify.
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Proposition 5.1. A set E ⊂ X is porous with respect to ρ if and only if the
following property holds:

(P1) There exist α ∈ (0, 1] and r0 > 0 such that for every x ∈ X and every
r ∈ (0, r0] there is y ∈ X which satisfies

ρ(x, y) ≤ r and Bρ(y, αr) ∩ E = ∅.

Proof: Assume that the property (P1) holds with α ∈ (0, 1] and r0 > 0. We
need to show that E is porous. Choose a positive number γ < 4−1. Let x ∈ X
and r ∈ (0, r0]. By the property (P1) there exists y ∈ X such that

ρ(y, x) ≤ γr and Bρ(y, αγr) ∩ E = ∅. (5.2)

It is easy to see that

Bρ(y, αγr) ⊂ Bρ(x, αγr + γr) ⊂ Bρ(x, r). (5.3)

(5.2) and (5.3) imply that E is porous. Proposition 5.1 is proved.

Assume now that X is a nonempty set and ρ1, ρ2 : X × X → [0,∞) are
metrics which satisfy ρ1(x, y) ≤ ρ2(x, y) for all x, y ∈ X.

The following definition was introduced in [112].
A subset E ⊂ X is called porous with respect to the pair (ρ1, ρ2) (or just

porous if the pair of metrics is understood) if there exist α ∈ (0, 1] and r0 > 0
such that for each r ∈ (0, r0] and each x ∈ X there exists y ∈ X for which

ρ2(y, x) ≤ r and Bρ1(y, αr) ∩ E = ∅. (5.4)

A subset of the space X is called σ-porous with respect to (ρ1, ρ2) (or
just σ-porous if the pair of metrics is understood) if it is a countable union of
porous (with respect to (ρ1, ρ2)) subsets of X.

We use this generalization of the porosity notion because in applications
a space is usually endowed with a pair of metrics and one of them is weaker
than the other. Note that porosity of a set with respect to one of these two
metrics does not imply its porosity with respect to the other metric. However,
the following proposition shows that if a subset E ⊂ X is porous with respect
to (ρ1, ρ2), then E is porous with respect to any metric which is weaker than
ρ2 and stronger than ρ1.

Proposition 5.2. Let k1 and k2 be positive numbers and ρ : X ×X → [0,∞)
be a metric such that k1ρ(x, y) ≥ ρ1(x, y) and k2ρ(x, y) ≤ ρ2(x, y) for all
x, y ∈ X. Assume that a set E ⊂ X is porous with respect to (ρ1, ρ2). Then
E is porous with respect to ρ.

Proof: We may assume without loss of generality that k1 > 1 and k2 < 1.
Since E is porous with respect to (ρ1, ρ2) there exist α ∈ (0, 1] and r0 > 0
such that for every x ∈ X and every r ∈ (0, r0] there is y ∈ X satisfying (5.4).
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Fix a positive number γ < k2. Let x ∈ X and r ∈ (0, r0]. By our choice of α
and r0 there exists y ∈ X such that

ρ2(y, x) ≤ γr and Bρ1(y, γαr) ∩ E = ∅.

It is easy to see that

ρ(y, x) ≤ k−1
2 ρ2(x, y) ≤ k−1

2 γr < r

and
Bρ(y, k−1

1 γαr) ⊂ Bρ1(y, γαr) ⊂ X \ E.

These relations and Proposition 5.1 imply that E is porous with respect to ρ.
Proposition 5.2 is proved.

Note that in our definition of porosity with respect to (ρ1, ρ2) we do not use
completeness assumptions. However, in the chapter the metric space (X, ρ2)
will always be complete. This implies that a σ-porous set with respect to
(ρ1, ρ2) is an everywhere dense subset of the metric space (X, ρ2).

We usually consider metric spaces, say X, with two metrics, say dw and ds,
such that dw(x, y) ≤ ds(x, y) for all x, y ∈ X. (Note that they can coincide.)
We refer to them as the weak and strong metrics, respectively. The strong
metric induces the strong topology and the weak metric induces the weak
topology. If the set X is equipped with one metric d, then we also consider
X with weak and strong metrics which coincide. If (X, d) is a metric space
with a metric d and Y ⊂ X, then usually Y is also endowed with the metric
d (unless another metric is introduced in Y ). If X is endowed with weak and
strong metrics, then usually Y is also endowed with these metrics.

In the sequel a set X equipped with two metrics d1 and d2 satisfying
d1(x, y) ≤ d2(x, y) for all x, y ∈ X will be denoted by (X, d1, d2).

If (Xi, di), i = 1, 2, are metric spaces with the metrics d1 and d2, respec-
tively, then the space X1×X2 will be endowed with the metric d1×d2 defined
by

(d1 × d2)((x1, x2), (y1, y2)) = d1(x1, y1) + d2(x2, y2),

(x1, x2), (y1, y2) ∈ X1 ×X2. (5.5)

Assume now that X1 and X2 are metric spaces and each of them is endowed
with weak and strong metrics. Then for the product X1×X2 we also introduce
a pair of metrics: a weak metric which is defined by (5.5) using the weak
metrics of X1 and X2 and a strong metric which is defined by (5.5) using the
strong metrics of X1 and X2.

5.2 Well-posedness of optimization problems

We use the convention that ∞−∞ = 0. For each function f : X → [−∞,∞],
where X is nonempty, we set
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inf(f) = inf{f(x) : x ∈ X}.
We consider a metric space (X, ρ) which is called the domain space and a

topological space A with the topology τ which is called the data space. We
always consider the set X with the topology generated by the metric ρ.

We assume that with every a ∈ A a lower semicontinuous function fa on
X is associated with values in R̄ = [−∞,∞].

Let a ∈ A. We say that the minimization problem for fa on (X, ρ) is well-
posed if inf(fa) is finite and attained at a unique point xa and the following
assertion holds:

For each ε > 0 there exists δ > 0 such that for each z ∈ X satisfying
fa(z) ≤ inf(fa) + δ the inequality ρ(z, xa) ≤ ε holds.

The following property was studied in Chapter 4.
Let a ∈ A. We say that the minimization problem for fa on (X, ρ) is

strongly well-posed with respect to (A, τ) if inf(fa) is finite and attained at a
unique point xa and the following assertion holds:

For each ε > 0 there exist a neighborhood V of a in A with the topology
τ and δ > 0 such that for each b ∈ V , inf(fb) is finite and if z ∈ X satisfies
fb(z) ≤ inf(fb) + δ, then ρ(z, xa) ≤ ε and |fb(z)− fa(xa)| ≤ ε.

If (A, d) is a metric space and τ is a topology generated by the metric
d, then “strongly well-posedness with respect to (A, τ)” will be sometimes
replaced by “strongly well-posedness with respect to (A, d)”.

The following proposition is the main result of this section.

Proposition 5.3. Assume that a ∈ A, the minimization problem for fa on
(X, ρ) is well-posed and that there exists D > inf(fa) for which the following
property holds:

(P2) For each ε > 0 there exists a neighborhood U of a in A with the topol-
ogy τ such that for each b ∈ U and each x ∈ X satisfying min{fa(x), fb(x)} ≤
D the relation |fa(x)− fb(x)| ≤ ε holds.

Then the minimization problem for fa on (X, ρ) is strongly well-posed with
respect to (A, τ).

Proof: There exists a unique xa ∈ X such that

f(xa) = inf(fa) ∈ R1.

Let ε > 0. There exists a number δ ∈ (0, ε) such that the following property
holds:

(P3) For each z ∈ X satisfying fa(z) ≤ inf(fa)+δ the inequality ρ(z, xa) ≤
ε holds.

We may assume without loss of generality that

inf(fa) + 2δ < D. (5.6)

By property (P2) there exists a neighborhood U of a in A with the topology
τ such that for each b ∈ U and each x ∈ X satisfying
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min{fa(x), fb(x)} ≤ D (5.7)

the inequality |fa(x)− fb(x)| ≤ δ/4 holds.
Clearly,

inf(fa) = inf(fa(x) : x ∈ X and fa(x) ≤ inf(fa) + δ/4}. (5.8)

Let b ∈ U . It follows from the definition of U and (5.6) that

|fa(x)− fb(x)| ≤ δ/4

for each x ∈ X satisfying

fa(x) ≤ inf(fa) + δ/4 < D.

Together with (5.8) this implies that

inf(fb) ≤ inf{fb(x) : x ∈ X and fa(x) ≤ inf(fa) + δ/4}

≤ inf{fa(x) + δ/4 : x ∈ X and fa(x) ≤ inf(fa) + δ/4}
= inf(fa) + δ/4. (5.9)

It is easy now to see that

inf(fb) = inf{fb(x) : x ∈ X and fb(x) ≤ inf(fa) + δ/2}. (5.10)

It follows from the definition of U and (5.6) that if x ∈ X satisfies

fb(x) ≤ inf(fa) + δ/2 < D,

then |fa(x)− fb(x)| ≤ δ/4. Together with (5.9) and (5.10) this implies that

−∞ < inf(fa) ≤ inf{fa(x) : x ∈ X and fb(x) ≤ inf(fa) + δ/2}

≤ inf{fb(x) + δ/4 : x ∈ X and fb(x) ≤ inf(fa) + δ/2}
= inf(fa) + δ/4. (5.11)

By (5.11) and (5.9),
| inf(fa)− inf(fb)| ≤ δ/4. (5.12)

Assume now that z ∈ X and

fb(z) ≤ inf(fb) + δ/4. (5.13)

By (5.12) and (5.6),
fb(z) ≤ inf(fa) + δ/2 < D. (5.14)

It follows from the definition of U and (5.14) that

|fb(z)− fa(z)| ≤ δ/4. (5.15)
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(5.13) and (5.12) imply that

|fb(z)− fa(xa)| = |fb(z)− inf(fa)|

≤ |fb(z)− inf(fb)|+ | inf(fb)− inf(fa)| ≤ δ/4 + δ/4 < ε. (5.16)

By (5.15) and (5.14),

fa(z) ≤ fb(z) + δ/4 ≤ inf(fa) + δ/2 + δ/4.

Combined with property (P3) this implies that ρ(z, xa) ≤ ε.
Thus we have constructed the neighborhood U of a in A with the topology

τ such that for each b ∈ U , inf(fb) is finite (see (5.12)) and if z ∈ X satisfies
(5.13), then the inequalities ρ(z, xa) ≤ ε and |fb(z) − fa(xa)| ≤ ε hold (see
(5.16)). Therefore the minimization problem for fa on (X, ρ) is strongly well-
posed with respect to (A, τ) by definition. Proposition 5.3 is proved.

Proposition 5.3 has been obtained in [112].

5.3 A variational principle

We consider a metric space (X, ρ) which is called the domain space and a
set A which is called the data space. We always consider the set X with the
topology generated by the metric ρ. We assume that with every a ∈ A a lower
semicontinuous function fa on X is associated with values in R̄ = [−∞,∞].
Assume that d1, d2 : A×A → [0,∞) are metrics such that d1(a, b) ≤ d2(a, b)
for all a, b ∈ A.

We use the following basic hypotheses about the functions.
(H1) If a ∈ A, inf(fa) is finite, {xn}∞n=1 ⊂ X is a Cauchy sequence and

the sequence {fa(xn)}∞n=1 is bounded, then the sequence {xn}∞n=1 converges
in X.

(H2) For each ε > 0 and each integer m ≥ 1 there exist numbers δ > 0
and r0 > 0 such that the following property holds:

For each a ∈ A satisfying inf(fa) ≤ m and each r ∈ (0, r0] there exist
ā ∈ A and x̄ ∈ X such that

d2(a, ā) ≤ r, inf(fā) ≤ m + 1

and for each z ∈ X satisfying fā(z) ≤ inf(fā) + δr the inequality ρ(z, x̄) ≤ ε
holds.

(H3) For each integer n ≥ 1 there exist α ∈ (0, 1) and r0 > 0 such that
for each r ∈ (0, r0], each a, b ∈ A satisfying d1(a, b) ≤ αr and each x ∈ X
satisfying min{fa(x), fb(x)} ≤ n the relation |fa(x)− fb(x)| ≤ r is valid.

Clearly, if (X, ρ) is complete, then (H1) holds. Note that for classes of
optimal control problems considered in [112] the domain space is not complete.
Fortunately, in [112] instead of completeness assumption we can use (H1) and
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this hypothesis holds for spaces of integrands which satisfy the Cesari growth
condition.

For each integer n ≥ 1 denote by An the set of all a ∈ A which have the
following property:

(P4) inf(fa) is finite and there exist x̄ ∈ X and δ > 0 such that if z ∈ X
satisfies fa(z) ≤ inf(fa) + δ, then ρ(z, x̄) ≤ 1/n.

Proposition 5.4. Assume that (H1) holds and that for each integer n ≥ 1
the set A\An is σ-porous with respect to (d1, d2). Then the set A\ (∩∞n=1An)
is σ-porous with respect to (d1, d2) and for each a ∈ ∩∞n=1An the minimization
problem for fa on (X, ρ) is well-posed.

Proof: It is easy to see that the set

A \ (∩∞n=1An) = ∪∞n=1(A \ An)

is σ-porous with respect to (d1, d2).
Let a ∈ ∩∞n=1An. It is sufficient to show that the minimization problem

for fa on (X, ρ) is well-posed. Evidently, inf(fa) is finite. By property (P4)
for each integer n ≥ 1 there exist xn ∈ X and δn > 0 such that the following
property holds:

(P5) If z ∈ X satisfies fa(z) ≤ inf(fa) + δn, then ρ(z, xn) ≤ 1/n.
Assume that {zi}∞i=1 ⊂ X and limi→∞ fa(zi) =∈ (fa). It follows from

(P5) that {zi}∞i=1 is a Cauchy sequence. By (H1) there exists x̄ ∈ X such that
x̄ = limi→∞ zi. Since fa is a lower semicontinuous function we obtain that
fa(x̄) = inf(fa). Clearly, fa does not have another minimizer for otherwise we
would be able to construct a nonconvergent sequence {zi}∞i=1. We have shown
that if {zi}∞i=1 ⊂ X and limi→∞ fa(zi) = inf(fa), then ρ(zi, x̄) → 0 as i →∞.
This implies that the minimization problem for fa on (X, ρ) is well-posed.
Proposition 5.4 is proved.

Theorem 5.5. (Variational principle). Assume that (H1), (H2) and (H3)
hold and that inf(fa) is finite for each a ∈ A. Then there exists a set B ⊂ A
such that A \ B is σ-porous with respect to (d1, d2) and that for each a ∈ B
the minimization problem for fa on (X, ρ) is well-posed.

Proof: We recall that An is the set of all a ∈ A which have the property (P4)
(n = 1, 2, . . . ). By Proposition 5.4 in order to prove the theorem it is sufficient
to show that for each integer n ≥ 1 the set A \ An is σ-porous with respect
to (d1, d2).

Let m,n ≥ 1 be integers. Set

Ωmn = {a ∈ A \ An : inf(fa) ≤ m}.

To prove the theorem it is sufficient to show that Ωmn is porous with respect
to (d1, d2). By (H3) there exist
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α1 ∈ (0, 1), r1 ∈ (0, 1/2) (5.17)

such that for each r ∈ (0, r1], each b1, b2 ∈ A satisfying d1(b1, b2) ≤ α1r and
each x ∈ X satisfying

min{fb1(x), fb2(x)} ≤ m + 4 (5.18)

the inequality |fb1(x)− fb2(x)| ≤ r holds. By (H2) there exist

α2 ∈ (0, 1), r2 ∈ (0, 1] (5.19)

such that the following property holds:
(P6) For each a ∈ A satisfying inf(fa) ≤ m + 2 and each r ∈ (0, r2] there

exist ā ∈ A and x̄ ∈ X such that

d2(a, ā) ≤ r, inf(fā) ≤ m + 3 (5.20)

and for each z ∈ X satisfying fā(z) ≤ inf(fā) + 4α2r the inequality ρ(z, x̄) ≤
n−1 is valid.

Define
r̄ = α1α2r2, ᾱ = α1α2/4. (5.21)

Let a ∈ A and r ∈ (0, r̄]. Consider the set

E0 = {b ∈ A : d2(b, a) ≤ r/4}. (5.22)

There are two cases:

E0 = {b ∈ A : inf(fb) ≤ m + 2} = ∅, (5.23)

E0 ∩ {b ∈ A : inf(fb) ≤ m + 2} 6= ∅. (5.24)

Assume that (5.23) holds. We will show that for each b ∈ A satisfying
d1(a, b) ≤ r̄ the inequality inf(fb) > m is true.

Assume the contrary. Then there exists b ∈ A such that

d1(a, b) ≤ r̄ and inf(fb) ≤ m. (5.25)

Choose y ∈ X such that

fb(y) ≤ inf(fb) + 1/2 ≤ m + 1/2. (5.26)

It follows from the choice of α1, r1 (see (5.17) and (5.18)), (5.25) and (5.21)
that

|fa(y)− fb(y)| ≤ r2α2.

This inequality, (5.26) and (5.17) imply that

inf(fa) ≤ fa(y) ≤ fb(y) + r1 ≤ m + 1,
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a contradiction (see (5.23) and (5.22)). Therefore if (5.23) holds, then

{b ∈ A : d1(a, b) ≤ r̄} ∩Ωmn = ∅. (5.27)

Assume now that (5.24) holds. There exists a1 ∈ A such that

d2(a, a1) ≤ r/4, inf(fa1) ≤ m + 2. (5.28)

By the choice of α2 and r2 (see (5.19) and the property (P6)) and (5.28), there
exist ā ∈ A and x̄ ∈ X such that

d2(ā, a1) ≤ r/4, inf(fā) ≤ m + 3 (5.29)

and the following property holds:
(P7) For each x ∈ X satisfying fā(x) ≤ inf(fā) + α2r the inequality

ρ(x, x̄) ≤ n−1 holds.
(5.29) and (5.28) imply that

d2(a, ā) ≤ r/2. (5.30)

Assume that b ∈ A satisfies

d1(b, ā) ≤ ᾱr = α1α2r/4. (5.31)

By (5.29),

inf(fā) = inf{fā(x) : x ∈ X and fā(x) ≤ m + 7/2}. (5.32)

Let
x ∈ X and fā(x) ≤ m + 7/2. (5.33)

It follows from (5.31), (5.33) and the choice of α1 and r1 (see (5.17) and (5.18))
that |fā(x)− fb(x)| ≤ α2r/4. Together with (5.32) this implies that

inf(fb) ≤ inf{fb(x) : x ∈ X and fā(x) ≤ m + 7/2}
≤ inf{fā(x) + α2r/4 : x ∈ X and fāx) ≤ m + 7/2} = inf(fā) + α2r/4.

Thus
inf(fb) ≤ inf(fā) + α2r/4. (5.34)

Assume now that

x ∈ X and fb(x) ≤ inf(fb) + α2r/4. (5.35)

Combined with (5.34) this implies that

fb(x) ≤ inf(fā) + α2r/2. (5.36)

It follows from (5.36), (5.29) and (5.21) that fb(x) ≤ m+7/2. Then by (5.31)
and the choice of α1 and r1 (see (5.17) and (5.18)), |fā(x) − fb(x)| ≤ α2r/4.
Combined with (5.36) this implies that
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fā(x) ≤ inf(fā) + 3α2r/4.

It follows from this relation and the property (P7) that ρ(x, x̄) ≤ n−1. Since
this inequality holds for any x ∈ X satisfying (5.35) we conclude that b ∈ An.
Thus we have shown that b ∈ An for each b ∈ A satisfying d1(b, ā) ≤ ᾱr.
Therefore

{b ∈ A : d1(b, ā) ≤ ᾱr} ∩Ωmn = ∅. (5.37)

Combined with (5.27) and (5.30) this implies that in both cases (5.37) is true
with ā ∈ A satisfying d2(a, ā) ≤ r/2. (Note that if (5.23) holds, then ā = a.)
Thus Ωmn is porous. This completes the proof of Theorem 5.5.

Since the property (P2) for the space (A, d1) (see Proposition 5.3) follows
from (H3) we obtain that Theorem 5.5 and Proposition 5.3 imply the following
result.

Theorem 5.6. Assume that (H1), (H2) and (H3) hold and that inf(fa) is
finite for each a ∈ A. Then there exists a set B ⊂ A such that A \ B is
σ-porous with respect to (d1, d2) and that for each a ∈ B the minimization
problem for fa on (X, ρ) is strongly well-posed with respect to (A, d1).

Note that Theorem 5.6 was obtained in [112].

5.4 Well-posedness and porosity for classes of
minimization problems

In this section we apply our variational principle established in Section 5.3 to
important classes of minimization problems.

Let (X, ρ) be a complete metric space and let Mb be the set of all bounded
from below lower semicontinuous functions f : X → R1 ∪ {∞} which are not
identical infinity. For each f, g ∈Mb set

d̃(f, g) = sup{|f(x)− g(x)| : x ∈ X},

d(f, g) = d̃(f, g)(1 + d̃(f, g))−1.

Clearly d : Mb ×Mb → [0,∞) is a metric and the metric space (Mb, d) is
complete. For each a ∈Mb set fa = a.

Theorem 5.7. There exists a set B ⊂Mb such that Mb \ B is σ-porous with
respect to d and for each f ∈ B the minimization problem for f on (X, ρ) is
strongly well-posed with respect to (Mb, d).

By Theorem 5.6 in order to prove Theorem 5.7 it is sufficient to show that
(H1), (H2) and (H3) hold. Evidently (H1) and (H3) are valid. The following
lemma implies (H2).
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Lemma 5.8. Let ε ∈ (0, 1), r ∈ (0, 1] and f ∈Mb. Then there exists f̄ ∈Mb

and x̄ ∈ X such that f(x) ≤ f̄(x) ≤ f(x)+r/2 for all x ∈ X and the following
property holds:

For each y ∈ X satisfying f̄(y) ≤ inf(f̄) + εr/4 the inequality ρ(y, x̄) ≤ ε
is valid.

Proof: There exists x̄ ∈ X such that f(x̄) ≤ inf(f) + εr/4. Define f̄ ∈Mb by

f̄(x) = f(x) + 2−1r min{ρ(x, x̄), 1}, x ∈ X.

Let x ∈ X and f̄(x) ≤ inf(f̄) + εr/4 < ∞. Then we have

f(x) + 2−1r min{ρ(x, x̄), 1} = f̄(x) ≤ inf(f̄) + εr/4 ≤

f̄(x̄) + εr/4 = f(x̄) + εr/4 ≤ f(x) + εr/2.

Then ρ(x, x̄) ≤ ε. Lemma 5.8 is proved.

To conclude the section we show that the main result of [32] is a con-
sequence of our variational principle. Note that Theorem 2.4 of [32] is an
extension of the variational principle of Deville–Godefroy–Zizler [31].

Let (X, ρ) be a complete metric space. The symbol diam(Y ) denotes the
diameter of the set Y in the metric space X. For a function h : X → R1 the
symbol supp h means the set {x ∈ X : h(x) 6= 0}.

Let (A, || · ||A) be a Banach space of bounded continuous functions on X
with the following two properties:

(a) ||a||A ≥ sup{|a(x)| : x ∈ X}, a ∈ A;
(b) for every natural number n, there exists a positive constant cn such

that for any point x ∈ X there exists a function hn : X → [0, 1], such that
hn ∈ A, ||hn||A ≤ cn, hn(x) = 1 and diam(supp h)< 1/n.

We equip the space A with the metric d defined by d(a, b) = ||a − b||A,
a, b ∈ A.

Theorem 5.9. Let f : X → R1 ∪ {∞} be a lower semicontinuous bounded
from below function such that inf(f) < ∞. Then there exists a set B ⊂ A such
that A \ B is σ-porous with respect to the metric d and for each a ∈ B the
minimization problem

minimize (f + a)(x) subject to x ∈ X

on (X, ρ) is strongly well-posed with respect to (A, d).

Proof: By Theorem 5.6 it is sufficient to show that (H1), (H2) and (H3) hold.
Clearly (H1) and (H3) are valid. We will show that (H2) holds.

Let ε ∈ (0, 1) and r ∈ (0, 1]. Choose a natural number n0 such that

n−1
0 < ε. (5.38)
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Let cn0 be as guaranteed by the property (b). Fix a positive number γ such
that

γ < 1 and 4γcn0 < 1. (5.39)

Let a ∈ A. Choose x̄ ∈ X such that

(a + f)(x̄) ≤ inf(f + a) + γr. (5.40)

By the property (b) there exists h ∈ A such that

h : X → [0, 1], ||h||A ≤ cn0 , h(x̄) = 1 and diam(supp h) < n−1
0 . (5.41)

Set
ā(x) = a(x)− 4γrh(x), x ∈ X. (5.42)

It follows from (5.42), (5.41) and (5.39) that

||a− ā||A ≤ 4γr||h||A ≤ 4γrcn0 < r. (5.43)

Assume that x ∈ X and

(ā + f)(x) ≤ inf(ā + f) + γr. (5.44)

By (5.42) and (5.41)

inf(f + ā) ≤ (f + ā)(x̄) = (f + a)(x̄)− 4γr. (5.45)

It follows from (5.42), (5.44), (5.45) and (5.40) that

(f + a)(x)− 4γrh(x) = (f + ā)(x) ≤ inf(f + ā) + γr ≤

(f + a)(x̄)− 4γr + γr ≤ inf(f + a) + γr − 3γr.

Therefore h(x) ≥ 1/2. Combining with (5.41) and (5.38) this implies that
ρ(x, x̄) < ε. Thus (H2) holds. This completes the proof of Theorem 5.9.

5.5 Well-posedness and porosity in convex optimization

Let K ⊂ X be a nonempty closed convex subset of a Banach space (X, || · ||).
In this section we study the minimization problem

minimize f(x) subject to x ∈ K (P)

with f ∈ M. Here M is a complete metric space of lower semicontinuous
convex functions on K which will be defined below. It is known that for a
generic lower semicontinuous convex function f the minimization problem (P)
is well-posed (see Chapter 4). In this section we study the set of all functions
f ∈ M for which the corresponding minimization problem (P) is well-posed.
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We show that the complement of this set is not only of the first category but
also a σ-porous set.

We use the notation and the definitions introduced in Sections 5.1–5.3.
We use the convention that ∞ −∞ = 0, ∞/∞ = 1, λ/∞ = 0 for any

λ ∈ R1 and ln(∞) = ∞. For each function f : Y → [−∞,∞], where Y is
nonempty, we set inf(f) = inf{f(x) : x ∈ Y }.

Let K ⊂ X be a nonempty closed convex subset of a Banach space (X, ||·||).
Denote by M the set of all lower semicontinuous convex functions f : K →
[0,∞] which are not identically ∞ and such that

f(x) ≥ c0(f)||x|| − c1(f), x ∈ K (5.46)

where c0(f) > 0 and c1(f) > 0 depend only on f .
For each f, g ∈M define

d̃(f, g) = sup{|ln(f(x) + 1)− ln(g(x) + 1)| : x ∈ K} (5.47)

and
d(f, g) = d̃(f, g)(d̃(f, g) + 1)−1. (5.48)

Clearly, the metric space (M, d) is complete. Denote by Mc the set of all
finite-valued continuous functions f ∈ M. It is easy to see that Mc is a
closed subset of (M, d).

It is clear that d̃(f, g) ≤ ε where f, g ∈ M and ε is a positive number if
and only if

(f(x) + 1)(g(x) + 1)−1 ∈ [e−ε, eε]

for all x ∈ K. It means that f, g ∈ M are close with respect to d if and only
if the function

x → (f(x) + 1)(g(x) + 1)−1, x ∈ K

is close to the function which is identically 1 with respect to the topology of
the uniform convergence.

We recall the following notion introduced in Section 4.1.
Let f ∈M. We say that the minimization problem for f on K is strongly

well-posed with respect to (M, d) if inf(f) is finite and attained at a unique
point xf ∈ K and the following assertion holds:

For each positive number ε there exist a neighborhood V of f in (M, d)
and a positive number δ such that for each g ∈ V , inf(g) is finite and if z ∈ K
satisfies g(z) ≤ inf(g) + δ, then ||xf − z|| ≤ ε and |g(z)− f(xf )| ≤ ε.

We will prove the following result obtained in [118].

Theorem 5.10. There exists a set F ⊂ M such that for each f ∈ F the
minimization problem for f on K is strongly well-posed with respect to (M, d),
the set M\F is σ-porous in (M, d) and the set Mc\F is σ-porous in (Mc, d).
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5.6 Proof of Theorem 5.10

For each f ∈M and each positive number r put

Bd(f, r) = {g ∈M : d(f, g) ≤ r}.

For each integer n ≥ 1 denote by Fn the set of all f ∈ M which have the
following property:

(i) There exist δ(f, n) ∈ (0, 1), α(f, n) ∈ R1, x(f, n) ∈ K and a neighbor-
hood U(f, n) of f in (M, d) such that for each g ∈ U(f, n) and each z ∈ K
satisfying

g(z) ≤ inf(g) + δ(f, n)

the following inequalities hold:

||z − x(f, n)|| ≤ 1/n, |α(f, n)− g(z)| ≤ 1/n. (5.49)

Define
F = ∩∞n=1Fn. (5.50)

Let f ∈ F . We will show that the minimization problem for f on K is
strongly well-posed with respect to (M, d). For any integer n ≥ 1 let δ(f, n) ∈
(0, 1), α(f, n) ∈ R1, x(f, n) ∈ K and a neighborhood U(f, n) of f in (M, d)
be as guaranteed in property (i). Assume that {zi}∞i=1 ⊂ K and

lim
i→∞

f(zi) = inf(f). (5.51)

Let n ≥ 1 be an integer. By (5.51) and the property (i), for all sufficiently
large natural numbers i,

f(zi) ≤ inf(f) + δ(f, n)

and
||zi − x(f, n)|| ≤ 1/n, |α(f, n)− f(zi)| ≤ 1/n. (5.52)

Hence {zi}∞i=1 is a Cauchy sequence and there exists xf ∈ K such that

xf = lim
i→∞

zi. (5.53)

In view of (5.51) and the lower semicontinuity of f ,

f(xf ) = inf(f). (5.54)

It is easy to see that f does not have another minimizer for otherwise we
would be able to construct a nonconvergent sequence {zi}∞i=1.

By (5.51)–(5.54), for all integers n ≥ 1,

||xf − x(f, n)|| ≤ 1/n, |α(f, n)− f(xf )| ≤ 1/n. (5.55)
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Let ε ∈ (0, 1). Fix an integer n > 4/ε. Let

g ∈ U(f, n), z ∈ K and g(z) ≤ inf(g) + δ(f, n). (5.56)

It follows from (5.56), the property (i) and the definition of U(f, n), δ(f, n)
and x(f, n) that

||z − x(f, n)|| ≤ 1/n, |α(f, n)− g(z)| ≤ 1/n.

Together with (5.55) these inequalities imply that

||xf − z|| ≤ 2/n < ε, |g(z)− f(xf )| ≤ 2/n < ε.

Therefore the minimization problem for f on K is strongly well-posed with
respect to (M, d). Now we will show that the set M\F is σ-porous in (M, d)
and the set Mc \ F is σ-porous in (Mc, d).

We need the following auxiliary result.

Lemma 5.11. Let M be a positive number, ε ∈ (0, 1) and

0 < λ < (2e(M + 1))−1. (5.57)

Then for each f, g ∈M and each x ∈ K which satisfy

d(f, g) ≤ λε, min{f(x), g(x)} ≤ M (5.58)

the inequality |f(x)− g(x)| ≤ ε holds.

Proof: Assume that f, g ∈ M, x ∈ K and (5.58) holds. We may assume
without loss of generality that g(x) ≥ f(x). By (5.48), (5.57) and (5.58),

d̃(f, g) = d(f, g)(1− d(f, g))−1 ≤ 2λε.

Together with (5.47) this relation implies that for all z ∈ K

f(z) + 1 ≤ g(z) + 1 ≤ e2λε(f(z) + 1)

and in view of (5.58) and the mean value theorem

0 ≤ g(z)− f(z) ≤ e2λε(f(z) + 1)− (f(z) + 1) =

(e2λε − 1)(f(z) + 1) ≤ (e2λε − 1)(M + 1) = 2λε(M + 1)et

with t ∈ [0, 2λε] ⊂ [0, 1]. Hence

0 ≤ g(z)− f(z) ≤ 2λε(M + 1)et ≤ 2λε(M + 1)e.

Together with (5.57) these inequalities imply that |f(z) − g(z)| ≤ ε. This
completes the proof of Lemma 5.11.

For each natural number m define
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Em = {f ∈M : inf(f) ≤ m and f(x) ≥ ||x||/m−m for all x ∈ K}. (5.59)

It is easy to see that ∪∞m=1Em = M and

M\F = ∪∞n=1(M\Fn) = ∪∞n=1 ∪∞m=1 (Em \ Fn).

In order to complete the proof of the theorem it is sufficient to show that for
each pair of natural numbers m,n the set Em \ Fn is porous in (M, d) and
the set (Em ∩Mc) \ Fn is porous in (Mc, d).

Let m,n ≥ 1 be integers. Fix an integer p ≥ 1 and real numbers α0 > 0,
α1 > 0 and α > 0 such that

p > 3m2, α0 < (4p)−1, α1 = (1280npe)−1α0 and α = α1/2. (5.60)

Let
f ∈ Em \ Fn and r ∈ (0, 1]. (5.61)

Put
δ0 = α0r(40n)−1. (5.62)

Fix x̄ ∈ K for which
f(x̄) ≤ inf(f) + δ0 (5.63)

and define
f̄(x) = f(x) + 4−1α0r||x− x̄||, x ∈ K. (5.64)

It is clear that
f̄ ∈M and if f ∈Mc, then f̄ ∈Mc. (5.65)

We will show that
Bd(f̄ , αr) ⊂ B(f, r) ∩ Fn. (5.66)

In view of (5.47), (5.48) and (5.64),

d(f, f̄) ≤ d̃(f, f̄) ≤ sup{|ln(1 + f(x))− ln(1 + f̄(x))| : x ∈ K} = (5.67)

sup{ln((1 + f(x) + 4−1α0r||x− x̄||)(1 + f(x))−1) : x ∈ K} ≤
sup{ln(1 + 4−1α0r||x− x̄||(1 + f(x))−1) : x ∈ K} ≤

sup{(4(1 + f(x)))−1α0r||x− x̄|| : x ∈ K}.
It follows from (5.59) and (5.61)–(5.63) that

||x̄||/m−m ≤ f(x̄) ≤ inf(f) + δ0 ≤ m + 1

and
||x̄|| ≤ m(2m + 1). (5.68)

By (5.67) and (5.68),

d(f, f̄) ≤ 4−1α0r sup{(||x̄||+ ||x||)(1 + f(x))−1 : x ∈ K} ≤ (5.69)
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4−1α0r(||x̄||+ sup{||x||(1 + f(x))−1 : x ∈ K}) ≤
4−1α0r(3m2) + 4−1α0r sup{||x||(1 + f(x))−1 : x ∈ K}.

We will show that for all x ∈ K

||x||(1 + f(x))−1 ≤ p. (5.70)

Let x ∈ K. If ||x|| ≤ p, then

||x||(1 + f(x))−1 ≤ ||x|| ≤ p

and (5.70) holds. Now assume that ||x|| > p. Then (5.59)–(5.61) imply that

f(x) ≥ ||x||/m−m = (||x|| −m2)/m > ||x||(2m)−1

and

||x||(1 + f(x))−1 ≤ ||x||f(x)−1 ≤ ||x||(||x||(2m)−1)−1 = 2m < p.

Thus in both cases the inequality (5.70) holds. In view of (5.69), (5.70) and
(5.60),

d(f, f̄) ≤ 4−13α0rm
2 + 4−1α0rp ≤ 4−1rα0(3m2 + p) < 2−1α0rp ≤ r/8

and
d(f, f̄) ≤ r/8. (5.71)

It follows from (5.63) and (5.64) that

inf(f) ≤ inf(f̄) ≤ f̄(x̄) = f(x̄) ≤ inf(f) + δ0. (5.72)

We will show that the following property holds:
(ii) If z ∈ K satisfies

f̄(z) ≤ inf(f̄) + 4δ0, (5.73)

then ||z − x̄|| < 1/n.
Assume that z ∈ K satisfies (5.73). By (5.64), (5.73), (5.72), (5.63) and

(5.62),
f(z) + 4−1α0r||z − x̄|| = f̄(z) ≤ inf(f̄) + 4δ0 ≤

f(x̄) + 4δ0 ≤ inf(f) + 5δ0 ≤ f(z) + 5δ0

and
||z − x̄|| ≤ 20δ0(α0r)−1 < 1/n.

Thus the property (ii) holds.
It follows from (5.61)–(5.63) and (5.59) that

f(x̄) ≤ inf(f) + δ0 ≤ m + 1. (5.74)
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Let g ∈M satisfy
d(g, f̄) ≤ α1r. (5.75)

In view of (5.75), (5.60) and (5.72), d(g, f̄) < δ0(16me)−1. This inequality,
(5.74) and Lemma 5.11 with ε = δ0, M = m + 1, λ = (16me)−1 imply that

|g(x̄)− f̄(x̄)| ≤ δ0.

Together with (5.61)–(5.64) and (5.59) this inequality implies that

inf(g) ≤ g(x̄) ≤ f̄(x̄) + δ0 = f(x̄) + δ0 ≤

inf(f) + 2δ0 ≤ m + 1/2.

Therefore
inf(g) ≤ m + 1/2 for any g ∈ Bd(f̄ , α1r). (5.76)

Assume that

g1, g2 ∈ Bd(f̄ , α1r), z ∈ K and g1(z) ≤ inf(g1) + 1/2. (5.77)

In view of (5.77) and (5.76),

g1(z) ≤ m + 1. (5.78)

By (5.77), (5.60) and (5.62),

d(g1, g2) ≤ 2α1r ≤ (8me)−1δ0.

By this inequality, (5.78) and Lemma 5.11 with ε = δ0, M = m + 1, λ =
(8me)−1,

|g1(z)− g2(z)| ≤ δ0 (5.79)

and
inf(g2) ≤ g1(z) + δ0. (5.80)

We have shown that the following implication holds:
(iii) (5.77) implies the inequality (5.79).
Since the inequality (5.80) holds for any z ∈ K satisfying g1(z) ≤ inf(g1)+

1/2 we obtain that

inf(g2) ≤ inf{g1(z) + δ0 : z ∈ K and g1(z) ≤ inf(g1) + 1/2} =

inf(g1) + δ0.

Since g1 and g2 are arbitrary elements of Bd(f̄ , α1r) we conclude that

| inf(g1)− inf(g2)| ≤ δ0 for each g1, g2 ∈ Bd(f̄ , α1r). (5.81)

Assume that



5.6 Proof of Theorem 5.10 199

g ∈ Bd(f̄ , α1r), z ∈ K and g(z) ≤ inf(g) + δ0. (5.82)

It follows from (5.82), implication (iii), (5.77) and (5.79) that

|g(z)− f̄(z)| ≤ δ0. (5.83)

In view of (5.81) and (5.82),

| inf(g)− inf(f̄)| ≤ δ0. (5.84)

By (5.82), (5.84) and (5.62),

|g(z)− inf(f̄)| ≤ 2δ0 < 1/n. (5.85)

It follows from (5.82)–(5.84) that

f̄(z) ≤ g(z) + δ0 ≤ inf(g) + 2δ0 ≤ inf(f̄) + 3δ0.

By this inequality and property (ii),

||z − x̄|| < 1/n. (5.86)

Thus we have shown that the following implication holds:
(iv) (5.82) implies the inequalities (5.85) and (5.86).
Assume that

h ∈ Bd(f̄ , αr). (5.87)

We will show that h ∈ Bd(f, r) ∩ Fn. In view of (5.87), (5.71) and (5.60),

d(h, f) ≤ d(h, f̄) + d(f̄ , f) ≤ αr + r/8 < r. (5.88)

In order to prove that h ∈ Fn we need to show that the property (i) holds
with f = h. Put

U(h, n) = Bd(h, αr), δ(h, n) = δ0, α(h, n) = inf(f̄), x(h, n) = x̄.

Let
g ∈ Bd(h, αr), z ∈ K and g(z) ≤ inf(g) + δ0. (5.89)

It follows from (5.87), (5.89) and the definition of α (see (5.60)) that

g ∈ Bd(f̄ , α1r). (5.90)

By (5.90), (5.89) and implication (iv), (5.85) and (5.86) hold. Thus h ∈ Fn.
Together with (5.88) this fact implies that h ∈ Fn ∩ Bd(f, r). Since h is an
arbitrary element of Bd(f̄ , αr) we conclude that

Bd(f̄ , αr) ⊂ Fn ∩Bd(f, r).

We have shown that the set Em \ Fn is porous in (M, d) and the set (Em ∩
Mc) \ Fn is porous (Mc, d). Theorem 5.10 is proved.
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5.7 A porosity result in convex minimization

We use the convention that ∞−∞ = 0 and ∞/∞ = 1. Let X be a reflexive
Banach space with the norm || · || and let

C∞ = ∩∞i=1Ci 6= ∅
where Ci+1 ⊂ Ci for each i = 1, 2, . . . and where each Ci is a closed convex
subset of X. Let ϕ : C1 → R1 satisfy

φ(x) →∞ as ||x|| → ∞.

Denote by M the set of all convex lower semicontinuous functions f :
C1 → R1 ∪ {∞} which are not identically infinity on C∞ and satisfy

f(x) ≥ φ(x) for all x ∈ C1.

For each f ∈M and each nonempty set C ⊂ C1 set

inf(f ; C) = inf{f(x) : x ∈ C}.
It is well-known that for each f ∈ M and each i ∈ {1, 2, . . . } ∪ {∞}, the
minimization problem

minimize f(x) subject to ∈ Ci (Pf
i )

has a solution. Denote by M1 the set of all finite-valued functions f ∈ M
and by M2 the set of all finite-valued continuous functions f ∈ M. Next we
endow the set M with a metric d. For each f, g ∈M and each integer m ≥ 1
put

dm(f, g) = sup{|f(x)− g(x)| : x ∈ C1 and ||x|| ≤ m}
and define

d(f, g) =
∞∑

m=1

2−m[dm(f, g)(dm(f, g) + 1)−1].

We assume that the supremum of the empty set is zero. It is easy to see that
(M, d) is a complete metric space and that the collection of sets

E(m, δ) = {(f, g) ∈M×M : |f(x)− g(x)| ≤ δ

for each x ∈ C1 satisfying ||x|| ≤ m},
where m ≥ 1 is an integer and δ is a positive number, is a base for the
uniformity generated by the metric d. It is clear that M1 and M2 are closed
subsets of the metric space (M, d). We equip all these spaces with the same
metric d.

In [45] for a function f ∈ M2 we studied the convergence of solutions to
the problem (Pf

i ) for each i = 1, 2, . . . to a solution of the problem (Pf
∞). If

X is a Hilbert space with inner product < ·, · > and
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f(x) =< x, x > for x ∈ X,

then this convergence property was established by Semple [91]. A similar result
was also obtained for certain Banach spaces and the distance function by
Israel and Reich [53]. In [45] it was shown that the convergence property
holds for most functions f ∈ M2. More precisely, we considered the metric
space (M2, d) with

φ(x) = a1||x|| − a2 for x ∈ C1,

where a1, a2 > 0, and showed that there exists a subset of M2 which is
a countable intersection of open everywhere dense sets such that for each
function belonging to this subset the convergence property holds. Note that
this result is true for reflexive Banach spaces but not necessarily for non-
reflexive Banach spaces. For more information consider Examples 1 and 2 in
[45].

In this chapter for the spaces M, M1 and M2 we show that the comple-
ments of subsets of functions which have the convergence property are not only
of the first Baire category but are also σ-porous sets. We prove the following
result which was obtained in [46].

Theorem 5.12. Let A be either M or M1 or M2. There exists a set F ⊂ A
such that the complement A \ F is σ-porous in (A, d) and such that for each
f ∈ F the following properties hold.

(P1) There exists a unique point xf ∈ C∞ such that f(xf ) = inf(f ; C∞).
(P2) For each i = 1, 2, . . . , let xi ∈ Ci be such that f(xi) = inf(f ; Ci).

Then ||xi − xf || → 0 as i →∞.
(P3) For each positive number ε there exist a neighborhood U of f in (A, d),

a positive number δ and an integer p ≥ 1 such that for each g ∈ U , each
i ∈ {p, p + 1, . . . } ∪ {∞} and each y ∈ Ci satisfying

g(y) ≤ inf(g; Ci) + δ

the inequality ||y − xf || ≤ ε holds.

5.8 Auxiliary results for Theorem 5.12

Lemma 5.13. Let f ∈ M and δ be a positive number. Choose an integer
m = m(f) ≥ 1 such that

||z|| ≤ m for each z ∈ C1 satisfying φ(z) ≤ inf(f ; C∞) + 1

and let
U(m, δ) = {g ∈M : (f, g) ∈ E(m, δ)}.

Then for each i ∈ {1, 2, . . . } ∪ {∞} and each g ∈ U(m, δ),

inf(g; Ci) ≤ inf(f ;Ci) + δ.
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Proof: Let i ∈ {1, 2, . . . }∪{∞} and z ∈ Ci be such that f(z) ≤ inf(f ; Ci)+1.
Since Ci ⊂ C1 and φ(z) ≤ f(z) ≤ inf(f, Ci) + 1 ≤ inf(f, C∞) + 1 it follows
that ‖z‖ ≤ m and hence that |f(z) − g(z)| ≤ δ. Therefore for each i ∈
{1, 2, . . .} ∪ {∞}

inf(g; Ci) ≤ inf{g(z) : z ∈ Ci and f(z) ≤ inf(f ; Ci) + 1}

≤ inf{f(z) + δ : z ∈ Ci and f(z) ≤ inf(f ; Ci) + 1}
≤ inf{f(z) : z ∈ Ci and f(z) ≤ inf(f ;Ci) + 1}+ δ

≤ inf(f ;Ci) + δ.

Lemma 5.13 is proved.

Proposition 5.14. Let f ∈M. Assume that there exists a unique point xf ∈
C∞ such that f(xf ) = inf(f ; C∞) and that the following property holds.

(P4) For each positive number ε there exist a positive number δ = δ(ε) and
an integer p = p(ε) ≥ 1 such that for each i ∈ {p, p + 1, . . . } ∪ {∞} and each
y ∈ Ci satisfying f(y) ≤ inf(f ; Ci) + δ the inequality ||y − xf || ≤ ε holds.

Then properties (P1), (P2) and (P3) hold.

Proof: Clearly, (P1) holds. For each natural number i choose xi ∈ Ci such that
f(xi) = inf(f ; Ci). Evidently, (P4) implies (P2). We will show that property
(P3) holds. Fix a positive number ε. In view of property (P4) there exist
δ ∈ (0, 1/2) and a natural number p such that if

i ∈ {p, p + 1, . . . } ∪ {∞}, y ∈ Ci and f(y) ≤ inf(f ;Ci) + 3δ,

then ||y − xf || ≤ ε. Fix an integer m = m(f) ≥ 1 and define U = U(m, δ) as
in Lemma 5.13. Let i ∈ {p, p + 1, . . . } ∪ {∞} and g ∈ U . Assume that z ∈ Ci

satisfies g(z) ≤ inf(g;Ci) + δ. Lemma 5.13 implies that

φ(z) ≤ g(z) ≤ inf(g;Ci) + δ ≤ inf(f ;Ci) + 2δ < inf(f ;C∞) + 1

and therefore ||z|| ≤ m and |f(z)− g(z)| ≤ δ. Since

f(z) ≤ g(z) + δ ≤ inf(g; Ci) + 2δ ≤ inf(f ; Ci) + 3δ

it follows that ||z − xf || ≤ ε. Thus property (P3) holds. Proposition 5.14 is
proved.

It is not difficult to show in a straightforward manner that the following
lemma holds. For details see [45].

Lemma 5.15. Let f ∈M. Then

lim
i→∞

inf(f ; Ci) = inf(f ;C∞).
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5.9 Proof of Theorem 5.12

It is convenient to split the proof into several smaller parts. We use the nota-
tion A to denote either M, M1 or M2.

Lemma 5.16. For each integer n ≥ 1 denote by Fn the set of all f ∈ A which
possess the following property.

(Q1) There exist xn ∈ C∞, a positive number δn and an integer pn ≥ 1
such that for i ∈ {pn, pn + 1, . . . } ∪ {∞} and each y ∈ Ci satisfying f(y) ≤
inf(f ;Ci) + δn the inequality ‖y − xn‖ ≤ 1/n holds.

If f ∈ F = ∩∞n=1Fn then properties (P1), (P2) and (P3) hold.

Proof: Let xf ∈ C∞ satisfy f(xf ) = inf(f ; C∞). It follows from (Q1) with
i = ∞ and y = xf that

‖xf − xn‖ ≤ 1/n

for all integers n ≥ 1. Thus xf = limn→∞ xn. Therefore xf is the unique
minimizer of f on C∞. Let ε be a positive number and a natural number n
satisfy n > 2/ε. For each i ∈ {pn, pn +1, . . .}∪{∞} and each y ∈ Ci satisfying
f(y) ≤ inf(f ; Ci) + δn it follows from property (Q1) that

‖y − xn‖ ≤ 1/n.

Thus ‖y− xf‖ ≤ ε. Therefore property (P4) holds and hence properties (P1),
(P2) and (P3) also hold. Lemma 5.16 is proved.

Remark 5.17. To complete the proof of Theorem 5.12 we need to show that
A \ F is σ-porous in (A, d). Since A \ F = ∪∞n=1(A \ Fn) it is sufficient to
show that the set A\Fn is σ-porous in (A, d) for any integer n ≥ 1. For each
natural number m denote by Em the subset of all f ∈ A with the following
property.

(Q2) If x ∈ C1 and φ(x) ≤ inf(f ; C∞) + 1, then ||x|| ≤ m.
Since ∪∞m=1Em = A and A \ Fn = ∪∞m=1(Em \ Fn) it is sufficient to show

that for each pair of integers m, n ≥ 1 the set Em \ Fn is porous in (A, d).

Lemma 5.18. Let m ≥ 1 be an integer, f ∈ Em and let xf ∈ C∞ satisfy
f(xf ) = inf(f ;C∞). For each positive number γ and each x ∈ C1 set

fγ(x) = f(x) + γ||x− xf ||.

Then fγ ∈ A and d(fγ , f) ≤ γ for all positive numbers γ.

Proof: Let γ > 0. It is easy to see that fγ ∈ A. Since

φ(xf ) ≤ f(xf ) = inf(f ;C∞)

it follows from property (Q2) that ||xf || ≤ m. For each natural number k
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dk(fγ , f) = sup{|fγ(x)− f(x)| : x ∈ C1 and ||x|| ≤ k}
= sup{γ||x− xf || : x ∈ C1 and ||x|| ≤ k}

≤ γ sup{||x||+ ||xf || : x ∈ C1 and ||x|| ≤ k} ≤ γ(m + k)

and thus

d(fγ , f) ≤
∞∑

k=1

2−kγ(m + k)(γ(m + k) + 1)−1 ≤ γ
∞∑

k=1

2−k = γ.

Lemma 5.18 is proved.

Lemma 5.19. Let m,n ≥ 1 be integers. Fix r ∈ (0, 1], γ = γ(r) = (1 −
1/2m+3)r and θ = θ(r,m, n) = r/(2m+4n). If f ∈ Em and g ∈ A satisfies
d(g, fγ) ≤ θ, then g ∈ Fn and d(g, f) < r.

Proof: Let f ∈ Em, g ∈ A and d(g, fγ) ≤ θ. It is easy to see that dm(g, fγ) ≤
2m+1θ. If x ∈ Ci and φ(x) ≤ inf(f ; Ci) + 1, then φ(x) ≤ inf(f ; C∞) + 1 and
since f ∈ Em it follows that ‖x‖ ≤ m. Thus

|g(x)− fγ(x)| ≤ 2m+1θ.

Clearly, if y ∈ Ci and fγ(y) ≤ inf(fγ ; Ci) + 1, then φ(y) ≤ fγ(y) ≤
inf(fγ ;Ci) + 1 ≤ inf(fγ ; C∞) + 1 and since inf(fγ ; C∞) = fγ(xf ) = f(xf ) =
inf(f ;C∞) it follows that φ(y) ≤ inf(f ; C∞) + 1. Since f ∈ Em we deduce
that ||y|| ≤ m and

|g(y)− fγ(y)| ≤ 2m+1θ.

Since this inequality holds for any such y we conclude that

inf(g; Ci) ≤ inf(fγ ; Ci) + 2m+1θ.

Assume that z ∈ Ci and g(z) ≤ inf(g;Ci) + 2m+1θ. Then φ(z) ≤ g(z) ≤
inf(g;Ci) + 2m+1θ ≤ inf(fγ ;Ci) + 2m+2θ < inf(fγ ;C∞) + 1 = inf(f ; C∞) + 1.
Hence ||z|| ≤ m and

|g(z)− fγ(z)| ≤ 2m+1θ.

We can now deduce that fγ(z) ≤ g(z) + 2m+1θ ≤ inf(g;Ci) + 2m+2θ ≤
inf(fγ ;Ci) + 3 · 2m+1θ ≤ inf(f, C∞) + 3 · 2m+1θ. If we choose p so large that
inf(f ;Ci) ≥ inf(f, C∞)− 2m+1θ when i ∈ {p, p + 1, . . .} ∪ {∞}, then

fγ(z) ≤ inf(f, Ci) + 2m+3θ ≤ f(z) + 2m+3θ

and
‖z − xf‖ ≤ 2m+3θ/γ ≤ 1/n.

Since z ∈ Ci and g(z) ≤ inf(g; Ci) + 2m+1θ for i ∈ {p, p + 1, . . .} ∪ {∞}
implies ||z− xf || ≤ 1/n we have shown that g ∈ Fn. In order to complete the
proof of the lemma we note that d(g, f) ≤ d(g, fγ) + d(fγ , f) ≤ θ + γ < r.
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Completion of the Proof of Theorem 5.12: By Remark 5.17 we should show
that for each pair of integers m,n ≥ 1 the set Em \Fn is porous in (A, d). Let
f ∈ Em \ Fn. Let r ∈ (0, 1] and let real numbers γ = γ(r) and θ = θ(r,m, n)
be as in Lemma 5.19. If we define α = α(m,n) by the formula

α = 1/(2m+4n),

then θ = αr and for each r ∈ (0, 1] we can see from Lemma 5.19 that

{g ∈ A : d(g, fγ) ≤ αr} ⊂ {g ∈ A : d(g, f) ≤ r} ∩ Fn.

Hence each sufficiently small ball Bd(f, r) ⊂ (A, d) centered at a point f ∈
Em\Fn contains a smaller ball Bd(fγ , αr) of fixed proportional radius centered
at the point fγ and lying entirely within Fn. Hence Em\Fn is porous in (A, d).
This completes the proof of Theorem 5.12.

5.10 A porosity result for variational problems arising in
crystallography

We study the structure of minimizers of variational problems considered in
[43, 55, 70, 132] which describe step-terraces on surfaces of crystals. It is well-
known in surface physics that when a crystalline substance is maintained at a
temperature T above its roughening temperature TR, then the surface stored
energy integrand, usually referred to as surface tension, is a smooth function
β of the azimuthal angle of orientation θ. Furthermore, β obeys the following:

β(−θ) = β(π − θ) = β(θ), 0 < β(π/2) ≤ β(θ) ≤ β(0).

The classical model is given by

J(y) =
∫ S

0

β(θ)ds

where s is arclength and y is a function defined on a fixed interval [0, L] whose
graph is the locus under consideration:

y ∈ W 1,1(0, L), θ = arctan y′ ∈ [−π/2, π/2],

while β is a positive π-periodic function which belongs to a space of functions
described below. Minimization of J subject to appropriate boundary data is a
parametric variational problem. It is closely related to the variational problem
defining the Wulff crystal shape as that shape for a domain of prescribed
area such that the boundary integral with respect to arclength involving the
integrand in J [referred to as the surface tension] attains its minimum value.

For each function f : X → R1 put inf(f) = inf{f(x) : x ∈ X}.
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Denote by M the set of all functions β ∈ C2(R1) which satisfy the follow-
ing assumption:

(A)
β(t) ≥ 0 for all t ∈ R1, (5.91)

β(π/2) ≤ β(t) ≤ β(0) for all t ∈ R1, (5.92)

β(t) = β(−t) for all t ∈ R1, (5.93)

β(t + π) = β(t) for all t ∈ R1, (5.94)

β(0) + β′′(0) ≤ 0. (5.95)

For each β1, β2 ∈M put

ρ(β1, β2) = sup{|β(i)
1 (t)− β

(i)
2 (t)| : t ∈ R1, i = 0, 1, 2}. (5.96)

Clearly, the metric space (M, ρ) is complete.
Denote by Mr the set of all β ∈M such that

β(t) > 0 for all t ∈ R1, (5.97)

β(0) + β′′(0) < 0. (5.98)

It was shown in [70] that Mr is an open everywhere dense subset of (M, ρ).
Let β ∈M. Define

Gβ(z) = β(arctan(z))(1 + z2)1/2, z ∈ R1. (5.99)

It is easy to see that Gβ is a continuous function and if β ∈Mr, then

Gβ(z) →∞ as z → ±∞. (5.100)

Note that if β ∈Mr, then inf(Gβ) < β(0) (see [43]).
We can rewrite the variational functional J in the form

J(y) =
∫ L

0

Gβ(y′)dx.

It was shown in [43] that y ∈ W 1,1(0, L) is a minimizer of J if and only if

|y′| ∈ {z ∈ R1 : Gβ(z) = inf(Gβ)} a.e.

In [70] we showed that for a generic function β the set

{z ∈ R1 : Gβ(z) = inf(Gβ)} = {zβ ,−zβ}
where zβ is a unique positive number depending only on β.

More precisely, denote by F the set of all β ∈ Mr which satisfy the
following condition:

(C) There is zβ ∈ R1 such that

Gβ(z) > Gβ(zβ) for all z ∈ R1 \ {zβ ,−zβ}.
In [70] we showed that F is a countable intersection of open everywhere dense
subsets of (M, ρ).

We prove the following theorem which was obtained in [132].
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Theorem 5.20. M\F is a σ-porous subset of (M, ρ).

For each ψ ∈ C2(R) set

||ψ||C2 = sup{|ψ(i)(t)| : t ∈ R1, i = 0, 1, 2}.

5.11 The set M \ Mr is porous

Proposition 5.21. M\Mr is a porous subset of (M, ρ).

Proof: Consider the function

β̃(t) = cos(2t) + 3/2, t ∈ R1.

It is easy to see that β̃ ∈Mr,

β̃(t) ≥ 1/2 for all t ∈ R1, (5.101)

β̃(0) + β̃′′(0) < −1, (5.102)

||β̃||C2 = 4. (5.103)

Put
α = 1/32. (5.104)

Assume that
β ∈M, r ∈ (0, 1]. (5.105)

Define
β1(t) = β(t) + 8−1rβ̃(t), t ∈ R1. (5.106)

It is easy to see that β1 ∈M. It follows from (5.106) and (5.103) that

ρ(β, β1) = 8−1r||β̃||C2 = 2−1r. (5.107)

By (5.106), (5.105), (5.91) and (5.101) for all t ∈ R1,

β1(t) ≥ 8−1rβ̃(t) ≥ 16−1r. (5.108)

Relations (5.106), (5.105), (5.95) and (5.102) imply that

β1(0) + β′′1 (0) = β(0) + β′′(0) + 8−1r(β̃(0) + β̃′′(0))

≤ 8−1r(β̃(0) + β̃′′(0)) < −8−1r. (5.109)

Assume that
φ ∈M, ρ(φ, β1) ≤ αr = r/32. (5.110)

In view of (5.110) and (5.107),

ρ(φ, β) ≤ ρ(φ, β1) + ρ(β1, β) ≤ r/32 + r/2 < r. (5.111)
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It follows from (5.110), (5.96) and (5.108) that for all t ∈ R1

φ(t) ≥ β1(t)− ρ(φ, β1) ≥ β1(t)− r/32 ≥ r/16− 32−1r = 32−1r. (5.112)

Relations (5.96), (5.110) and (5.109) imply that

φ(0) + φ′′(0) ≤ β1(0) + β′′1 (0) + 2ρ(φ, β1)

≤ −8−1r + 2ρ(φ, β1) ≤ −8−1r + r/16 = −r/16.

By the relation above, (5.110) and (5.112), φ ∈ Mr. Together with (5.111)
this implies that

{φ ∈M : ρ(φ, β1) ≤ αr} ⊂ {φ ∈M : ρ(φ, β) ≤ r} ∩Mr.

This completes the proof of Proposition 5.21.

5.12 Auxiliary results

Let n ≥ 1 be an integer. Put

Ωn = {z ∈ R1 : 1/n ≤ |z| ≤ n}.

Denote by Fn the set of all β ∈M which satisfy the following condition:
(C1) There exists zβn ∈ Ωn such that

Gβ(z) > Gβ(zβn)

for all
z ∈ Ωn \ {zβn,−zβn}.

Proposition 5.22. Mr ∩ (∩∞n=1Fn) ⊂ F .

Proof: Assume that
f ∈Mr ∩ (∩∞n=1Fn).

The inclusion β ∈Mr implies that

lim
|z|→∞

Gβ(z) = ∞, inf(Gβ) < β(0) = Gβ(0) (5.113)

(see (5.100) and the remark after (5.100)).
In view of (5.113) there exist an integer k ≥ 1 and a positive number δ

such that

Gβ(z) ≥ Gβ(0) + 4 for all z ∈ R1 satisfying |z| ≥ k, (5.114)

Gβ(z) > inf(Gβ) + δ for all z ∈ [−1/k, 1/k].
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Inclusion β ∈ Fk and condition (C1) imply that there exists zk ∈ Ωk such
that

Gβ(z) > Gβ(zk) for all z ∈ Ωk \ {zk,−zk}. (5.115)

Since the function Gβ is continuous (5.113) implies that G has a point of
minimum. Let z ∈ R1 satisfy

Gβ(z) = inf(Gβ). (5.116)

It follows from (5.114) and the definition of Ωn that

1/k ≤ |z| ≤ k and z ∈ Ωk.

Together with (5.116) and (5.115) this implies that z ∈ {zk,−zk}. Hence
β ∈ F . This completes the proof of Proposition 5.22.

Let n, i ≥ 1 be integers. Denote by Fni the set of all β ∈M which satisfy
the following condition:

(C2) There exist a positive number δ and z∗ ∈ Ωn such that for each
z ∈ Ωn satisfying

Gβ(z) ≤ inf{Gβ(x) : x ∈ Ωn}+ δ

the inequality
min{|z − z∗|, |z + z∗|} ≤ 1/i

holds.

Proposition 5.23. Let n ≥ 1 be an integer. Then ∩∞i=1Fni ⊂ Fn.

Proof: Let β ∈ ∩∞i=1Fni. Condition (C2) implies that for each integer i ≥ 1
there exist

zi ∈ Ωn, δi > 0 (5.117)

such that the following property holds:
(C3) If z ∈ Ωn satisfies

Gβ(z) ≤ inf{Gβ(y) : y ∈ Ωn}+ δi,

then
min{|z − zi|, |z + zi|} ≤ 1/i.

We may assume without loss of generality that

zi ≥ 0 for all integers i ≥ 1. (5.118)

Let
z ∈ Ωn, Gβ(z) = inf{Gβ(x) : x ∈ Ωn}. (5.119)

It follows from (5.119) and property (C3) for each natural number i,
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min{|z − zi|, |z + zi|} ≤ 1/i. (5.120)

If z = 0, then by (5.120) limi→∞ zi = 0. If z > 0, then (5.118) and (5.120)
imply that z = limi→∞ zi. If z < 0, then it follows from (5.118) and (5.120)
that z = − limi→∞ zi. We conclude that there exists limi→∞ zi and if a number
z satisfies (5.119), then z ∈ {limi→∞ zi,− limi→∞ zi}. Therefore β ∈ Fn. This
completes the proof of Proposition 5.23.

5.13 Proof of Theorem 5.20

We preface the proof of Theorem 5.20 by the following auxiliary result.

Proposition 5.24. Let n, i be integers. Then the set M \ Fni is a porous
subset of (M, ρ).

Proof: There exists ψ ∈ C∞(R1) such that

0 ≤ ψ(t) ≤ 1 for all t ∈ R1, ψ(t) = 0 if |t| ≥ 1,

ψ(t) = 1 if |t| ≤ 1/2. (5.121)

Put
ψ1(t) = (1− t2)ψ(t), t ∈ R1. (5.122)

It is easy to see that ψ1 ∈ C∞(R1),

0 ≤ ψ1(t) ≤ 1 for all t ∈ R1, ψ1(t) = 0 if |t| ≥ 1,

ψ1(t) = (1− t2) if |t| ≤ 1/2, ψ1(t) < 1 for each t ∈ R1 \ {0}. (5.123)

Fix a number c0 > 0 such that

c0 > max{8n2i, 2(arctan(1/n))−1, 2(arctan(n+1)− arctan(n))−1}. (5.124)

Put
∆ = inf{cos(2t)− cos(π) : t ∈ [0, arctan(n + 1)]}. (5.125)

It is easy to see that
∆ > 0. (5.126)

Choose a number α > 0 for which

α ≤ 8−1 min{(4c2
0||ψ1||C2)−1, 64−1∆}n−1. (5.127)

Let
β ∈M, r ∈ (0, 1]. (5.128)

Consider the function

β̃(t) = cos(2t) + 3/2, t ∈ R1. (5.129)
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Clearly, β̃ ∈Mr,
β̃(t) ≥ 1/2 for all t ∈ R1, (5.130)

β̃(0) + β̃′′(0) < −1. (5.131)

Define
β1(t) = β(t) + (32)−1rβ̃(t), t ∈ R1. (5.132)

It is easy to see that β1 ∈M,

ρ(β, β1) = (32−1)r||β̃||C2 = 8−1r. (5.133)

By (5.132), (5.128), (5.91) and (5.130), for each t ∈ R1,

β1(t) ≥ (32)−1rβ̃(t) ≥ (64)−1r. (5.134)

It follows from (5.132), (5.95), (5.128) and (5.131) that

β1(0) + β′′1 (0) = β(0) + β′′(0) + (32−1)r[β̃(0) + β̃′′(0)]

≤ (32)−1r[β̃(0) + β̃′′(0)] = −32−1r. (5.135)

There exists
z̄ ∈ Ωn (5.136)

for which
Gβ1(z̄) = inf{Gβ1(z) : z ∈ Ωn}. (5.137)

We may assume that
z̄ > 0. (5.138)

Put
θ̄ = arctan(z̄). (5.139)

It follows from (5.139), (5.138), (5.136) and the definition of Ωn that

θ̄ ∈ [ arctan(1/n), arctan(n)]. (5.140)

Put
cr = r min{(4c2

0||ψ1||C2)−1, 64−1∆} (5.141)

and define
ψ2(t) = cr(1− ψ1(c0(t− θ̄))), t ∈ R1. (5.142)

It is easy to see that ψ2 ∈ C∞(R1). In view of (5.142) and (5.123),

0 ≤ ψ2(t) ≤ cr for all t ∈ R1, (5.143)

ψ2(t) = cr if |t− θ̄| ≥ c−1
0 , (5.144)

ψ2(θ̄) = 0, (5.145)

ψ2(t) > 0 for each t ∈ R1 \ {θ̄}. (5.146)
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By (5.140) and (5.124),

{t ∈ [0, π/2] : |t− θ̄| ≥ c−1
0 }

= [0, π/2] ∩ ((−∞, θ̄ − c−1
0 ] ∪ [θ̄ + c−1

0 ,∞))

⊃ [0, π/2] ∩ ((−∞, arctan(1/n)− c−1
0 ] ∪ [arctan(n) + c−1

0 ,∞))

⊃ [0, π/2] ∩ ((−∞, 2−1 arctan(1/n)] ∪ [arctan(n + 1),∞))

= [0, 2−1arctan(1/n)] ∪ [arctan(n + 1), π/2]. (5.147)

Relations (5.147) and (5.144) imply that

ψ2(t) = cr for each t ∈ [0, 2−1arctan(1/n)] ∪ [ arctan(n + 1), π/2]. (5.148)

In view of (5.148) there exists a function ψ3 : R1 → R1 such that

ψ3(t) = ψ2(t), t ∈ [0, π/2],

ψ3(−t) = ψ3(t + π) = ψ3(t) for all t ∈ R1. (5.149)

It is easy to see that ψ3 ∈ C∞(R1). It follows from (5.149), (5.143), (5.145)
and (5.146) that

0 ≤ ψ3(t) ≤ cr for all t ∈ R1, (5.150)

ψ3(θ̄) = 0,

ψ3(t) > 0 for all t ∈ [0, π/2] \ {θ̄}, (5.151)

ψ3(t) > 0 for all t ∈ [−π/2, 0] \ {−θ̄}.
Put

φ(t) = β1(t) + ψ3(t), t ∈ R1. (5.152)

It is easy to see that φ ∈ C2(R1). By the inclusion β1 ∈ M, (5.152), (5.150)
and (5.149),

φ(t) ≥ 0 for all t ∈ R1, φ(t) = φ(−t) = φ(t + π) for all t ∈ R1. (5.153)

Relations (5.149) and (5.148) imply that

ψ3(0) = ψ2(0) = cr, ψ′′3 (0) = ψ′′2 (0) = 0, (5.154)

ψ3(π/2) = ψ2(π/2) = cr.

By (5.152), (5.154), (5.135), (5.141) and (5.125),

φ(0) + φ′′(0) = β1(0) + β′′1 (0) + ψ3(0) + ψ′′3 (0)

= β1(0) + β′′1 (0) + cr ≤ −32−1r + cr ≤ 64−1r. (5.155)

Now we show that for all t ∈ R1
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φ(π/2) ≤ φ(t) ≤ φ(0).

By (5.153) it is sufficient to show that this inequality holds for all t ∈ [0, π/2].
Assume that t ∈ [0, π/2]. It follows from (5.152), (5.150), (5.92) and (5.154)

that

φ(t) = β1(t)+ψ3(t) ≤ β1(t)+cr ≤ β1(0)+cr = β1(0)+ψ3(0) = φ(0). (5.156)

Let us show that φ(t) ≥ φ(π/2). There are two cases:

|t− θ̄| ≥ c−1
0 (5.157)

and
|t− θ̄| < c−1

0 . (5.158)

Assume that (5.157) holds. It follows from (5.157), (5.149) and (5.144) that

ψ3(t) = ψ2(t) = cr.

Together with (5.152), (5.92) and (5.154) this equality implies that

φ(t) = β1(t) + ψ3(t) = β1(t) + cr ≥ β1(π/2) + cr = β1(π/2)

+ ψ3(π/2) = φ(π/2)

and
φ(t) ≥ φ(π/2).

Assume that (5.158) holds. By (5.158), (5.140) and (5.124),

2−1arctan(1/n) ≤ arctan(1/n)− c−1
0 ≤ θ̄ − c−1

0 ≤ t ≤ θ̄ + c−1
0

≤ arctan(n) + c−1
0 ≤ arctan(n + 1). (5.159)

Relations (5.132), (5.92), (5.159), (5.129), (5.126) and (5.125) imply that

β1(t)− β1(π/2) = β(t)− β(π/2) + 32−1r(β̃(t)− β̃(π/2))

≥ 32−1r(β̃(t)− β̃(π/2)) = 32−1r(cos(2t)− cos(π)) ≥ 32−1r∆. (5.160)

By (5.152), (5.150), (5.160), (5.141) and (5.154),

φ(t) = β1(t) + ψ3(t) ≥ β1(t) ≥ β1(π/2) + 32−1r∆

≥ β1(π/2) + cr = β1(π/2) + ψ3(π/2) = φ(π/2).

Thus in both cases φ(t) ≥ φ(π/2). Combined with (5.156) this implies that

φ(π/2) ≤ φ(t) ≤ φ(0). (5.161)

We proved (5.161) for all t ∈ [0, π/2]. It follows from (5.153) that inequality
(5.161) holds for all t ∈ R1. Together with (5.155) and (5.153) inequality
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(5.161) implies that φ ∈ M. By (5.133), (5.96), (5.152), (5.149), (5.142),
(5.123) and (5.124),

ρ(β, φ) ≤ ρ(β, β1) + ρ(β1, φ) ≤ 8−1r + ρ(β1, φ)

≤ 8−1r + ||ψ3||C2 ≤ 8−1r + ||ψ2||C2

≤ 8−1r + cr max{1, c0||ψ1||C2 , c2
0||ψ1||C2} ≤ 8−1r + crc

2
0|ψ1||C2 .

Together with (5.141) this inequality implies that

ρ(β, φ) ≤ r/8 + crc
2
0||ψ1||C2 ≤ 8−1r

+r(4c2
0||ψ1||C2)−1c2

0||ψ1||C2 ≤ r/8 + r/4 ≤ r/2. (5.162)

In view of (5.152), (5.150) and (5.99),

φ(t) ≥ β1(t) for all t ∈ R1

and
Gφ(t) ≥ Gβ1(t) for all t ∈ R1. (5.163)

Now assume that
h ∈M, ρ(h, φ) ≤ αr, (5.164)

z ∈ Ωn, Gh(z) ≤ inf{Gh(y) : y ∈ Ωn}+ αrn. (5.165)

It follows from (5.162), (5.164) and (5.127) that

ρ(h, β) ≤ ρ(h, φ) + ρ(φ, β) ≤ αr + r/2 ≤ r/8 + r/2 ≤ 3r/4. (5.166)

By (5.99), (5.96), the definition of Ωn and (5.164), for each y ∈ Ωn,

|Gφ(y)−Gh(y)| = |φ(arctan(y))(1 + y2)1/2 − h(arctan(y))(1 + y2)1/2|

≤ (1 + y2)1/2ρ(h, φ) ≤ (1 + n2)1/2ρ(h, φ) ≤ 2nαr. (5.167)

In particular
|Gφ(z)−Gh(z)| ≤ 2nαr. (5.168)

Relation (5.167) implies that

| inf{Gφ(y) : y ∈ Ωn} − inf{Gh(y) : y ∈ Ωn}| ≤ 2nαr. (5.169)

It follows from (5.168), (5.165) and (5.169) that

Gφ(z) ≤ Gh(z) + 2nαr ≤ inf{Gh(y) : y ∈ Ωn}+ 3αrn

≤ inf{Gφ(y) : y ∈ Ωn}+ 5αrn. (5.170)

It follows from (5.170), (5.99), (5.139), (5.152) and (5.150) that

Gφ(z) ≤ 5αrn + Gφ(z̄) = 5αrn + φ(arctan(z̄))(1 + z̄2)1/2
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= 5αrn + φ(θ̄)(1 + z̄2)1/2 = 5αrn + (1 + z̄2)1/2(β1(θ̄) + ψ3(θ̄))

= 5αrn + (1 + z̄2)1/2β1(θ̄)

= 5αrn + (1 + z̄2)1/2β1(arctan(z̄)) = 5αrn + Gβ1(z̄). (5.171)

By (5.99), (5.152), (5.149), (5.137) and (5.165),

Gφ(z) = φ(arctan(z))(1 + z2)1/2

= β1(arctan(z))(1 + z2)1/2 + ψ3(arctan(z))(1 + z2)1/2

= Gβ1(z) + ψ2(|arctan(z)|)(1 + z2)1/2

≥ Gβ1(z̄) + ψ2(|arctan(z)|)(1 + z2)1/2.

Together with (5.171) the equality above implies that

Gβ1(z̄) + ψ2(|arctan(z)|)(1 + z2)1/2 ≤ Gφ(z)

≤ 5αrn + Gβ1(z̄)

and
ψ2(|arctan(z)|)(1 + z2)1/2 ≤ 5αrn.

This inequality implies that

ψ2(|arctan(z)|) ≤ 5αrn. (5.172)

If
||arctan(z)| − θ̄| ≥ c−1

0 ,

then (5.144), (5.141) and (5.127) imply that

ψ2(|arctan(z)|) = cr ≥ 8αrn.

The relation above contradicts (5.172). Thus

|arctan(|z|)− θ̄| < c−1
0 . (5.173)

By the mean value theorem,

||z| − z̄| = |arctan(|z|)− θ̄||(tan)′(x)| =

|arctan(|z|)− θ̄|(cos(x))−2, (5.174)

where
x ∈ [min{θ̄, arctan(|z|)},max{θ̄, arctan(|z|)}]. (5.175)

It follows from (5.175), (5.165), (5.139), (5.136), (5.138) and the definition of
Ωn that

x ∈ [arctan(1/n), arctan(n)]. (5.176)

Since
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cos(x)−2 = (tan(x))2 + 1 ∈ [1 + 1/n2, n2 + 1]

it follows from (5.174), (5.173) and (5.124) that

||z| − z̄| ≤ |arctan(|z|)− θ̄|(n2 + 1) ≤ c−1
0 (n2 + 1) ≤ 1/i. (5.177)

We have shown that ||z|− z̄| ≤ 1/i. Therefore h ∈ Fni. Combined with (5.166)
this inequality implies that

{h ∈M : ρ(h, φ) ≤ αr} ⊂ {h ∈M : ρ(β, h) ≤ r} ∩ Fni

and M\Fni is a porous subset of (M, ρ). This completes the proof of Propo-
sition 5.24.

Completion of the Proof of Theorem 5.20: Let n ≥ 1 be an integer. It follows
from Proposition 5.24 that for each integer i ≥ 1, M\Fni is a porous subset
of (M, ρ). By Proposition 5.23,

M\Fn ⊂M\ (∩∞i=1Fni) = ∪∞i=1(M\Fni).

Thus M\Fn is a σ-porous subset of (M, ρ) for any natural number n.
Propositions 5.21 and 5.22 imply that

M\F ⊂M\ (Mr ∩ (∩∞n=1Fn)) = (M\Mr) ∪∞n=1 (M\Fn)

andM\F is a σ-porous subset of (M, ρ). This completes the proof of Theorem
5.20.

5.14 Porosity results for a class of equilibrium problems

Let (X, ρ) be a complete metric space. We consider the following equilibrium
problem:

To find x ∈ X such that f(x, y) ≥ 0 for all y ∈ X, (P)

where f belongs to a complete metric space of functions A defined below.
Using the notion of porosity we show that for most elements of the space of
functions A the equilibrium problem (P) possesses a solution.

We consider the set F ⊂ A which consists of all functions f ∈ A such that
the problem (P) possesses a solution and show that A \ F is a porous set in
A. Actually we prove three porosity results for different spaces of functions.
These results were obtained in [139].

We use the following notation and definitions.
Put

ρ1((x1, y1), (x2, y2)) = ρ(x1, x2) + ρ(y1, y2), x1, x2, y1, y2 ∈ X.
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It is easy to see that (X ×X, ρ1) is a complete metric space. For each x ∈ X
and each positive number r put

B(x, r) = {y ∈ X : ρ(x, y) ≤ r}.

We use the convention ∞/∞ = 1.
Denote by M the set of all functions f : X ×X → R1. For each f, g ∈M

set
d̃(f, g) = sup{|f(x, y)− g(x, y)| : x, y ∈ X}

+sup{|(f − g)(x1, x2)− (f − g)(y1, y2)|(ρ1((x1, x2), (y1, y2)))−1 :

(x1, x2), (y1, y2) ∈ X ×X and (x1, x2) 6= (y1, y2)}, (5.178)

d(f, g) = d̃(f, g)(1 + d̃(f, g))−1. (5.179)

Evidently, (M, d) is a complete metric space. If f, g ∈ M and d(f, g) < 1,
then

d̃(f, g) = d(f, g)(1− d(f, g))−1. (5.180)

5.15 The first porosity result

In this section we use the notation and definitions from Section 5.14.
Let the metric space (X, ρ) be compact. Set

diam(X) = sup{ρ(x, y) : x, y ∈ X}.

Denote byM0 the set of all functions f ∈M such that the following properties
hold:

(A1) f(x, x) = 0 for all x ∈ X;
(A2) For each y ∈ X the function f : (·, y) is upper semicontinuous;
(A3) For any positive number ε there exists xε ∈ X such that f(xε, y) ≥ −ε

for all y ∈ X.
It is easy to see that M0 is a closed subset of the metric space (M, d).

Remark 5.25. Since the space (X, ρ) is compact it is not difficult to see that
M0 is the set of all f ∈ M which satisfy (A1) and (A2) and for which there
exists xf ∈ X such that f(xf , y) ≥ 0 for all y ∈ X.

Assume that A is a nonempty closed subset of the metric space (M0, d)
such that the following property holds:

for each f ∈ A and each positive number r the function

(x, y) → f(x, y) + rρ(x, y), x, y ∈ X

belongs to A.
Denote by F the set of all f ∈ A such that the following property holds:
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there exist x̄ ∈ X, a positive number γ and an open neighborhood U of f
in A such that for each g ∈ U

g(x̄, y) ≥ γ(x̄, y) for all y ∈ X.

We consider the complete metric space A equipped with the metric d.

Theorem 5.26. A \ F is a porous set in the complete metric space A.

Proof: Put
α = 32−1(diam(X) + 1)−1. (5.181)

Let f ∈ A and r ∈ (0, 1) and define

fr(x, y) = f(x, y) + 8−1ρ(x, y)r(diam(X) + 1)−1, x, y ∈ X. (5.182)

It is easy to see that fr ∈ A. Denote by Ω the set of all x ∈ X such that

f(x, y) ≥ 0 for all y ∈ X.

Remark 5.25 implies that
Ω 6= ∅. (5.183)

It follows from (5.178), (5.179) and (5.182) that

d(f, fr) ≤ d̃(f, fr) ≤ 8−1r + 8−1r. (5.184)

Assume that
y ∈ A, d(fr, g) ≤ αr. (5.185)

In view of (5.181), (5.184) and (5.185),

d(g, f) ≤ d(g, fr) + d(fr, f) ≤ αr + r/4 < r/2. (5.186)

Relations (5.186), (5.181) and (5.185) imply that

d̃(fr, g) = d(fr, g)(1− d(fr, g))−1 ≤ 2αr. (5.187)

For each x ∈ Ω and each y ∈ X it follows from the equation

g(y, y) = fr(y, y) = 0, (5.188)

(5.178) and (5.187) that

|(g−fr)(x, y)| = |(g−fr)(x, y)− (g−fr)(y, y)| ≤ d̃(g, fr)ρ(x, y) ≤ 2αrρ(x, y).
(5.189)

Relations (5.189), (5.182), (5.181) and the definition of Ω imply that for each
x ∈ Ω and each y ∈ X

g(x, y) ≥ fr(x, y)− 2αrρ(x, y)

= f(x, y) + 8−1r(diam(X) + 1)−1ρ(x, y)− 2αrρ(x, y)

≥ f(x, y) + (diam(X) + 1)−116−1rρ(x, y) ≥ (diam(X) + 1)−116−1ρ(x, y).

Theorem 5.26 is proved.
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5.16 The second porosity result

We use the notation and definitions introduced in Section 5.14.
Assume that each bounded closed subset of the metric space (X, ρ) is

compact. Fix θ ∈ X.
Denote by M1 the set of all functions f ∈ M such that the following

properties hold:
(B1) f(x, x) = 0 for all x ∈ X;
(B2) For all y ∈ X the function f : (·, y) : X → R1 is upper semicontinu-

ous;
(B3) There exist positive numbers Mf , δf and yf ∈ X such that f(x, yf ) <

−δf for all x ∈ X such that ρ(x, θ) > Mf ;
(B4) For each positive number ε there exists xε ∈ X such that

f(xε, y) ≥ −ε for all y ∈ X. (5.190)

It is easy to see that M1 is a closed subset of the metric space M with
the metric d. We equip the space M1 with the metric d. Define

ψ(x, y) = min{ρ(x, y), 1}, x, y ∈ X. (5.191)

Assume that A is a closed subset of the metric space M1 with the metric
d such that

f + rψ ∈ A for each f ∈ A and each number r > 0. (5.192)

We equip the space A with the metric d.

Proposition 5.27. Let f ∈M1. Then there exists x̄ ∈ X such that f(x̄, y) ≥
0 for all y ∈ X.

Proof: It follows from (B4) that for each integer k ≥ 1 there exists xk ∈ X
such that

f(xk, y) ≥ −k−1 for all y ∈ X. (5.193)

By (B3) there exist positive numbers δ0, M0 and y0 ∈ X such that

f(x, y0) < −δ0 for all x ∈ X such that ρ(x, θ) > −M0. (5.194)

Relations (5.193) and (5.194) imply that ρ(xk, θ) ≤ M0 for all sufficiently large
natural numbers k. This implies that there exists a convergent subsequence
{xki}∞i=1 with

x̄ := lim
k→∞

xki . (5.195)

It follows from (5.193), (5.195) and (B2) that

f(x̄, y) ≥ 0 for all y ∈ X.

Proposition 5.27 is proved.



220 5 Well-Posedness and Porosity

Denote by F the set of all f ∈ A such that the following property holds:
there exist x̄ ∈ X, a positive number γ and an open neighborhood U of f

in A such that for each g ∈ U

g(x̄, y) ≥ γψ(x̄, y) for all y ∈ X. (5.196)

Theorem 5.28. A \ F is a porous set in the space A with the metric d.

Proof: Set
α = 32−1.

Let f ∈ A and r ∈ (0, 1] and define

fr(x, y) = f(x, y) + 8−1rψ(x, y), x, y ∈ X. (5.197)

It is easy to see that fr ∈ A.
Denote by Ω the set of all x ∈ X such that

f(x, y) ≥ 0 for all y ∈ X.

Proposition 5.27 implies that
Ω 6= ∅. (5.198)

It follows from (5.178), (5.179), (5.191) and (5.197) that

d(f, fr) ≤ d̃(f, fr) ≤ 8−1r + 8−1r. (5.199)

Assume that
g ∈ A and d(fr, g) ≤ αr. (5.200)

In view of (5.199) and (5.200),

d(g, f) ≤ d(g, fr) + d(fr, f) ≤ αr + r/4 < r/2. (5.201)

It follows from (5.180) and (5.200) that

d̃(fr, g) = d(fr, g)(1− d(fr, g))−1 ≤ 2αr. (5.202)

Let
x ∈ Ω and y ∈ X. (5.203)

We estimate g(x, y). There are two cases: ρ(x, y) ≥ 1; ρ(x, y) < 1.
Assume that

ρ(x, y) ≥ 1. (5.204)

It follows from (5.197), (5.202), (5.178), (5.203), the definition of Ω, (5.204)
and (5.191) that

g(x, y) = fr(x, y) + (g − fr)(x, y) ≥ f(x, y) + 8−1rψ(x, y)− 2αr

≥ 8−1r − 2αr ≥ 16−1r = 16−1rψ(x, y). (5.205)
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Consider the case
ρ(x, y) < 1. (5.206)

It follows from (5.197), (5.203), the definition of Ω, (5.206) and (5.201) that

g(x, y) = fr(x, y) + (g − fr)(x, y)

= f(x, y) + 8−1rψ(x, y) + (g − fr)(x, y)

≥ 8−1rψ(x, y) + (g − fr)(x, y). (5.207)

(B1), (5.178) and (5.202) imply that

|(g − fr)(x, y)| = |(g − fr)(x, y)− (g − fr)(y, y)|

≤ d̃(g, fr)ρ(x, y) ≤ 2αrρ(x, y). (5.208)

Together with (5.207), (5.206) and (5.191) this implies that

g(x, y) ≥ 8−1rρ(x, y)− 16−1rρ(x, y) = 16−1rρ(x, y) = 16−1rψ(x, y).

Thus in both cases
g(x, y) ≥ 16−1rψ(x, y)

for all y ∈ X. This completes the proof of Theorem 5.28.

5.17 The third porosity result

We use the notation and definitions from Section 5.14.
Let (X, ρ) be a complete metric space. Define

ψ(x, y) = min{ρ(x, y), 1}, x, y ∈ X. (5.209)

Assume that A is a closed subset of the space M with the metric d such
that for each f ∈ A the following properties hold:

(C1) f(x, x) = 0 for all x ∈ X;
(C2) For each number r > 0, f + rψ ∈ A;
(C3) For each positive number ε there exists xε ∈ X such that for all

y ∈ X,
f(xε, y) + εψ(xε, y) ≥ 0. (5.210)

We equip the space A with the metric d.

Proposition 5.29. Let M̃ be the set of all functions f ∈ M for which (C1)
and (C3) hold. Then M̃ is a closed subset of the space M with the metric d
and (C2) holds for A = M̃.
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Proof: It is easy to see that (C2) holds for A = M̃. Let us show that M̃ is a
closed subset of (M, d).

Assume that {fk}∞k=1 ⊂ M̃, f ∈M and

lim
k→∞

d(fk, f) = 0. (5.211)

Then
f(x, x) ≥ 0 for all x ∈ X. (5.212)

We show that (C3) holds. Let ε ∈ (0, 1). There exists an integer k ≥ 1
such that

d(fk, f) ≤ 8−1ε. (5.213)

Relations (5.213) and (5.180) imply that

d̃(fk, f) = d(fk, f)(1− d(fk, f))−1 ≤ 2d(f, fk) ≤ ε/4. (5.214)

It follows from (C3) that there exists x0 ∈ X such that for all y ∈ X

fk(x0, y) + 16−1εψ(x0, y) ≥ 0. (5.215)

Let y ∈ X. If ρ(x0, y) ≥ 1, then (5.214), (5.178), (5.211) and (5.215) imply
that

f(x0, y) + εψ(x0, y) = f(x0, y) + ε ≥ fk(x0, y)− 4−1ε

≥ fk(x0, y) + (ε/2) = fk(x0, y) + (ε/2)ψ(x0, y) ≥ 0.

Assume that
ρ(x0, y) < 1. (5.216)

Relation (5.211) implies that

ψ(x0, y) = ρ(x0, y)

and in view of (C1) which holds with f and fk, (5.178) and (5.214),

f(x0, y) = fk(x0, y) + (f − fk)(x0, y)

= fk(x0, y) + (f − fk)(x0, y)− (f − fk)(y, y)

≥ fk(x0, y)− (ε/4)ρ(x0, y).

Together with (5.211), (5.216) and (5.215) this implies that

f(x0, y) + εψ(x0, y) = f(x0, y) + ερ(x0, y)

≥ fk(x0, y)− (ε/4)ρ(x0, y) + ερ(x0, y)

≥ fk(x0, y) + (ε/2)ρ(x0, y) = fk(x0, y) + (ε/2)ψ(x0, y) ≥ 0

and
f(x0, y) + εψ(x0, y) ≥ 0 for all y ∈ X.

Therefore
f ∈ M̃.

This completes the proof of Proposition 5.29.

The next proposition easily follows from (C3).
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Proposition 5.30. The set of all f ∈ A for which there is xf ∈ X satisfying
f(xf , y) ≥ 0 for all y ∈ X is an everywhere dense subset of the metric space
A.

Denote by F the set of all f ∈ A such that the following property holds:
there exist x̄ ∈ X, a positive number γ and a neighborhood U of f in A

such that for each g ∈ U

g(x̄, y) ≥ γψ(x̄, y) for all y ∈ X.

Theorem 5.31. A \ F is a porous set in the metric space A with the metric
d.

Proof: Let
α = 32−1

and
f ∈ A, r ∈ (0, 1]. (5.217)

Proposition 5.30 implies that there exist

f0 ∈ A, x0 ∈ X (5.218)

such that
d̃(f, f0) ≤ r/16, (5.219)

f0(x0, y) ≥ 0 for all y ∈ X.

Put
f1(x, y) = f0(x, y) + 8−1rψ(x, y), x, y ∈ X. (5.220)

It follows from (5.220) and (C2) that f1 ∈ A. By (5.219) and (5.220),

f1(x0, y) ≥ 8−1rψ(x0, y) for all y ∈ X. (5.221)

In view of (5.178), (5.179), (5.209) and (5.220),

d(f1, f0) ≤ d̃(f1, f0) ≤ 8−1r + 8−1r. (5.222)

Assume that
g ∈ A and d(f1, g) ≤ αr. (5.223)

By (5.217), (5.219), (5.222) and (5.223),

d(g, f) ≤ d(g, f1) + d(f1, f0) + d(f0, f) ≤ αr + 4−1r + r/16 < r. (5.224)

It follows from (5.180), (5.217) and (5.223) that

d̃(f1, g) = d(f1, g)(1− d(f1, g))−1 ≤ 2αr. (5.225)

Let y ∈ X. We estimate g(x0, y). There are two cases: ρ(x, y) ≥ 1; ρ(x, y) < 1.
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Assume that ρ(x, y) ≥ 1. Then (5.209), (5.225), (5.217) and (5.178) imply
that

g(x0, y) = f1(x0, y)+ (g− f1)(x0, y) ≥ 8−1rψ(x0, y)− 16−1r = 16−1rψ(x0, y).

Assume that ρ(x0, y) < 1. Then it follows from (5.221), (C1), (5.178), (5.225)
and (5.217) that

g(x0, y) = f1(x0, y) + (g − f1)(x0, y)

≥ 8−1rψ(x0, y) + (g − f1)(x0, y)− (g − f1)(y, y)

≥ 8−1rρ(x0, y)− 2αrρ(x0, y)

≥ 16−1rρ(x0, y) = 16−1rψ(x0, y).

Therefore
g(x0, y) ≥ 16−1rψ(x0, y)

for all y ∈ X. Theorem 5.31 is proved.

5.18 Comments

In this chapter we continue to consider various classes of minimization prob-
lems showing that most problems in these classes are well-posed. In order to
meet this goal we use a porosity notion. As in Chapter 4 we identify a class
of minimization problems with a certain complete metric space of functions,
study the set of all functions for which the corresponding minimization prob-
lem is well-posed and show that the complement of this set is not only of the
first category but also a σ-porous set.
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Parametric Optimization

6.1 Generic variational principle

In this chapter we obtain our generic results as realizations of a variational
principle which is introduced in this section.

We consider a complete metric space (X, ρ). Let (A, dA) be a complete
metric space and B be a nonempty set. We always consider the set X with the
topology generated by the metric ρ. For the space A we consider the topology
generated by the metric dA. This topology will be called the strong topology.
In addition to the strong topology we also consider a weaker topology on
A which is not necessarily Hausdorff. This topology will be called the weak
topology. (Note that these topologies can coincide.) We assume that with
every (a, b) ∈ A × B a lower semicontinuous function fab on X is associated
with values in R̄ = [−∞,∞]. For each function g : X → R̄ we set

inf(g) = inf{g(x) : x ∈ X}.
For each x ∈ X and each F ⊂ X we set

ρ(x, F ) = inf{ρ(x, y) : y ∈ F}.
We use the convention that ∞−∞ = 0.

Let (a, b) ∈ (A×B). We say that the minimization problem for fab on (X, ρ)
is well-posed in the generalized sense [40] if inf(fab) is finite, the set {x ∈ X :
fab(x) = inf(fab)} is nonempty and compact and each sequence {xi}∞i=1 ⊂ X
satisfying limi→∞ fab(xi) = inf(fab) has a convergent subsequence.

In our study we use the following basic hypotheses about the functions.
(H) For each a ∈ A and each positive number ε there exist ā ∈ A, an open

neighborhood V of ā in A with the weak topology, a finite set {x1, . . . , xq} ⊂
X, where q ≥ 1 is an integer, and a positive number δ such that

(i) dA(a, ā) < ε;
(ii) for each ξ ∈ V and each b ∈ B, inf(fξb) is finite and if x ∈ X satisfies

fξb(x) ≤ inf(fξb) + δ, then min{ρ(x, xi) : i = 1, . . . , q} ≤ ε.
The following theorem was established in [113].
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Theorem 6.1. Assume that (H) holds. Then there exists a set F ⊂ A which
is a countable intersection of open (in the weak topology) everywhere dense (in
the strong topology) subsets of A such that for each a ∈ F and each b ∈ B the
minimization problem for fab on (X, ρ) is well-posed in the generalized sense.

Proof: It follows from (H) that for each a ∈ A and each integer n ≥ 1 there
exist a(n) ∈ A, an open neighborhood V (a, n) of a(n) in A with the weak
topology, a positive number δ(a, n) and a nonempty finite set Q(a, n) ⊂ X
such that

dA(a, a(n)) < 1/n (6.1)

and the following property holds:
(C1) For each ξ ∈ V (a, n) and each b ∈ B, inf(fξb) is finite and if x ∈ X

satisfies
fξb(x) ≤ inf(fξb) + δ(a, n), (6.2)

then
ρ(x,Q(a, n)) ≤ 1/n. (6.3)

Define
F = ∩∞n=1[∪{V (a, i) : a ∈ A and i ≥ n}]. (6.4)

It is easy to see that F is a countable intersection of open (in the weak
topology) everywhere dense (in the strong topology) subsets of A.

Let ξ ∈ F and b ∈ B. It is easy to see that inf(fξb) is finite. It follows from
(6.4) that for each natural number n there exist an ∈ A and an integer in ≥ n
such that

ξ ∈ V (an, in). (6.5)

Assume that a sequence {zi}∞i=1 ⊂ X satisfies

lim
i→∞

fξb(zi) = inf(fξb). (6.6)

In view of (6.6), (6.5) and the definition of V (an, in) (see the property (C1)),
for each natural number n the inequality

ρ(zj , Q(an, in)) ≤ 1/in ≤ 1/n (6.7)

holds for all sufficiently large natural numbers j. Since the sets Q(an, in),
n = 1, 2, . . . are finite we conclude that for each natural number p there
exists a subsequence {z(p)

ik
}∞k=1 of the sequence {zi}∞i=1 such that the following

properties hold:
For each natural number p the sequence {z(p+1)

ik
}∞k=1 is a subsequence of

{z(p)
ik
}∞k=1.

For each natural number p and each pair of natural numbers j, s ≥ 1,

ρ(z(p)
ij

, z
(p)
is

) ≤ 2p−1. (6.8)
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These properties imply that there exists a subsequence {z∗ik
}∞k=1 of the se-

quence {zi}∞i=1 which is a Cauchy sequence.
Let

x∗ = lim
k→∞

z∗ik
. (6.9)

It follows from (6.6) and the lower semicontinuity of fξb that

fξb(x∗) = inf(fξb). (6.10)

Therefore we have shown that for each sequence {zi}∞i=1 ⊂ X satisfying (6.6)
there exists a subsequence which converges to a point x∗ satisfying (6.10).
This completes the proof of Theorem 6.1.

Remark 6.2. Note that Theorem 6.1 is also valid if B = ∪∞i=1Ci and (H) holds
with B = Ci for all integers i ≥ 1.

6.2 Concretization of the hypothesis (H)

We use the notations and definitions introduced in Section 6.1. The proofs of
our generic existence results consist in verification in each case of the hypoth-
esis (H). To simplify the verification of (H) in this section we introduce new
assumptions and show that they imply (H). Thus to verify (H) we need to
show that these new assumptions are valid. In fact this approach allows us to
simplify the problem.

In the sequel we assume that

inf(fab) is finite for all (a, b) ∈ A× B. (6.11)

We use the following assumptions.
(A1) For each a ∈ A, supb∈B inf(fab) < ∞.
(A2) For each a ∈ A and each positive number ε there exist ā ∈ A, a

nonempty finite set Q ⊂ X and a positive number δ such that dA(a, ā) < ε
and the following property holds:

For each b ∈ B and each x ∈ X satisfying fāb(x) ≤ inf(fāb) + δ, the
inequality ρ(x,Q) ≤ ε holds.

(A3) For each a ∈ A, each natural number n and each positive number ε
there exists a neighborhood V of a in A with the weak topology such that for
each b ∈ B, each ξ ∈ V and each x ∈ X satisfying min{fab(x), fξb(x)} ≤ n
the inequality |fab(x)− fξb(x)| ≤ ε holds.

Proposition 6.3. Assume that (A1),(A2) and (A3) hold. Then (H) holds.

Proof: Let a ∈ A and ε be a positive number. (A2) implies that there exist
ā ∈ A, a nonempty finite set Q ⊂ X and a number δ ∈ (0, 1) such that

dA(a, ā) < ε/2 (6.12)
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and that the following property holds:
(C2) For each b ∈ B and each x ∈ X satisfying fāb(x) ≤ inf(fāb) + δ the

inequality ρ(x,Q) ≤ ε/2 holds.
In view of (A1) there exists an integer n ≥ 1 such that

n > | sup
b∈B

inf(fāb)|+ 4 + 4ε. (6.13)

It follows from (A3) that there exists a neighborhood V of ā in A with the
weak topology such that the following property holds:

(C3) For each b ∈ B, each ξ ∈ V and each x ∈ X satisfying

min{fāb(x), fξb(x)} ≤ n

the inequality
|fāb(x)− fξb(x)| ≤ δ/8 (6.14)

holds.
Let ξ ∈ V and b ∈ B. We will show that

| inf(fξb)− inf(fāb)| ≤ δ/8. (6.15)

Let x ∈ X and
fāb(x) ≤ inf(fāb) + 1. (6.16)

It follows from (6.16), (6.13) and the property (C3) that (6.14) holds. Since
(6.16) implies (6.14) we obtain that

inf(fξb) ≤ inf{fξb(x) : x ∈ X and fāb(x) ≤ inf(fāb) + 1} ≤
inf{fāb(x) + δ/8 : x ∈ X and fāb(x) ≤ inf(fāb) + 1} = δ/8 +

inf{fāb(x) : x ∈ X and fāb(x) ≤ inf(fāb) + 1} = δ/8 + inf(fāb).

Hence
inf(fξb) ≤ inf(fāb) + δ/8. (6.17)

Let x ∈ X and
fξb(x) ≤ inf(fξb) + 1. (6.18)

In view of (6.18), (6.17), (6.13) and the property (C3), the inequality (6.14)
is true. Since (6.18) implies (6.14) we obtain that

inf(fāb) ≤ inf{fāb(x) : x ∈ X and fξb(x) ≤ inf(fξb) + 1} ≤
inf{fξb(x) + δ/8 : x ∈ X and fξb(x) ≤ inf(fξb) + 1} =

δ/8 + inf{fξb(x) : x ∈ X and fξb(x) ≤ inf(fξb) + 1} =

δ/8 + inf(fξb).

Hence inf(fāb) ≤ δ/8 + inf(fξb). Together with (6.17) this inequality implies
(6.15).
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Let x ∈ X and
fξb(x) ≤ inf(fξb) + δ/4. (6.19)

By (6.19) and (6.15),
fξb(x) ≤ inf(fāb) + 3δ/8. (6.20)

It follows from (6.20), (6.13) and the property (C3) that (6.14) is true. In
view of (6.14) and (6.20), fāb(x) ≤ inf(fāb) + δ/2. By this inequality and the
property (C2), ρ(x,Q) ≤ ε/2. Proposition 6.3 is proved.

Assume that B is a Hausdorff topological space. We use the following
assumption.

(A4) Let (a, b) ∈ A × B, ε be a positive number and let n be a natural
number. Then there exists a neighborhood U of b in B such that for each
ξ ∈ U and each x ∈ X satisfying min{fab(x), faξ(x)} ≤ n the inequality
|fab(x)− faξ(x)| ≤ ε holds.

Proposition 6.4. Assume that (A4) holds. Then the function b → inf(fab),
b ∈ B is continuous for each a ∈ A.

Proof: Let a ∈ A, b ∈ B and ε ∈ (0, 1). Fix an integer

n > | inf(fab)|+ 4. (6.21)

It follows from (A4) that there exists a neighborhood U of b in B such that
for each ξ ∈ U and each x ∈ X satisfying

min{fab(x), faξ(x)} ≤ n + 1 (6.22)

the following inequality holds:

|fab(x)− faξ(x)| ≤ ε/2. (6.23)

Assume that ξ ∈ U . Inequality (6.21) implies that

inf(fab) = inf{fab(x) : x ∈ X and fab(x) ≤ n− 3}. (6.24)

Let x ∈ X satisfy
fab(x) ≤ n− 3. (6.25)

It follows from (6.25), the definition of U (see (6.22) and (6.23)) that

faξ(x) ≤ fab(x) + ε/2. (6.26)

Since (6.25) implies (6.26) equality (6.24) implies that

inf(faξ) ≤ inf{faξ(x) : x ∈ X and fab(x) ≤ n− 3} ≤

inf{fab(x) + ε/2 : x ∈ X and fab(x) ≤ n− 3} = ε/2 + inf(fab).

Hence
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inf(faξ) ≤ inf(fab) + ε/2. (6.27)

Let x ∈ X satisfy
faξ(x) ≤ inf(faξ) + ε/2. (6.28)

It follows from (6.28), (6.27) and (6.21) that faξ(x) ≤ n−3. By this inequality
and the definition of U , (6.23) is true. Since (6.28) implies (6.23) we obtain

inf(fab) ≤ inf{fab(x) : x ∈ X and faξ(x) ≤ inf(faξ) + ε/2} ≤

inf{faξ(x) + ε/2 : x ∈ X and faξ(x) ≤ inf(faξ) + ε/2} =

ε/2 + inf{faξ(x) : x ∈ X and faξ(x) ≤ inf(faξ) + ε/2} =

ε/2 + inf(faξ).

Hence inf(fab) ≤ ε/2 + inf(faξ). Combined with (6.27) this implies that
| inf(fab)− inf(faξ)| ≤ ε/2 for all ξ ∈ U . This completes the proof of Proposi-
tion 6.4.

Corollary 6.5. Assume that B is compact. Then (A4) implies (A1).

We also use the following assumption.
(A5) Let a ∈ A and ε be a positive number. Then there exists a positive

number δ such that for each nonempty finite set F ⊂ B there exist ā ∈ A and
a nonempty compact subset A of the metric space (X, ρ) such that

dA(a, ā) < ε, (6.29)

sup
b∈B

inf(fāb) ≤ sup
b∈B

inf(fab) + 1, (6.30)

fāb(x) ≥ fab(x) for all b ∈ B and all x ∈ X,

|fāb1(x)− fāb2(x)| ≤ |fab1(x)− fab2(x)| (6.31)

for each b1, b2 ∈ X and each x ∈ X, and the following property holds:
For each b ∈ F and each x ∈ X satisfying fāb(x) ≤ inf(fāb) + δ the

inequality ρ(x,A) ≤ ε holds.

Proposition 6.6. Assume that B is compact and (A4) and (A5) hold. Then
(A2) holds.

Proof: Corollary 6.5 implies that (A1) holds and

sup
b∈B

inf(fab) < ∞ for all a ∈ A. (6.32)

Let a ∈ A and ε0 be a positive number. Let δ ∈ (0, 1) be as guaranteed by
(A5) with ε = ε0/2. Fix an integer

m > | sup
b∈B

inf(fab)|+ 4. (6.33)
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It follows from (A4) that for each b ∈ B there exists an open neighborhood
Ub of b in B such that for each ξ ∈ Ub and each x ∈ X satisfying

min{faξ(x), fab(x)} ≤ m + 4 (6.34)

the inequality
|faξ(x)− fab(x)| ≤ δ/16 (6.35)

holds. Since B is compact there exists a nonempty finite set F ⊂ B such that

B = ∪{Ub : b ∈ F}. (6.36)

In view of the definition of δ and (A5) with ε = ε0/2, there exist ā ∈ A and a
nonempty compact set A of the metric space (X, ρ) such that

dA(a, ā) < ε0/2, (6.37)

(6.30) and (6.31) hold and the following property holds:
(C4) For each b ∈ F and each x ∈ X satisfying fāb(x) ≤ inf(fāb) + δ the

inequality ρ(x,A) ≤ ε0/2 is valid.
Since A is compact there exists a nonempty finite set Q ⊂ A such that

ρ(x,Q) ≤ ε0/4 for all x ∈ A. (6.38)

Let ξ ∈ B, x ∈ X and

fāξ(x) ≤ inf(fāξ) + δ/16. (6.39)

In order to complete the proof of the proposition it is sufficient to show that
ρ(x,Q) ≤ ε0. In view of (6.38) we need only to show that ρ(x,A) ≤ ε0/2.

It follows from (6.36) that there exists b ∈ F such that

ξ ∈ Ub. (6.40)

By (6.33) and (6.30),

inf(fab), inf(faξ) < m− 4, inf(fāb), inf(fāξ) < m. (6.41)

Hence
inf(fhg) = inf{fhg(z) : z ∈ X and fhg(z) ≤ m + 1}, (6.42)

(h, g) ∈ {(a, b), (a, ξ), (ā, b), (ā, ξ)}.
We will show that

| inf(fāb)− inf(fāξ)| ≤ δ/16. (6.43)

Let z ∈ X and
min{fāb(z), fāξ(z)} ≤ m + 2. (6.44)

Relations (6.44) and (6.30) imply that min{fab(z), faξ(z)} ≤ m+2. It follows
from this inequality, (6.40) and the definition of Ub (see (6.34) and (6.35)) that
|fab(z)− faξ(z)| ≤ δ/16. Together with (6.31) this inequality implies that
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|fāb(z)− fāξ(z)| ≤ |fab(z)− faξ(z)| ≤ δ/16.

Thus for each z ∈ X satisfying (6.44), |fāb(z)−fāξ(z)| ≤ δ/16. Combining this
inequality with (6.42) we see that (6.43) holds. By (6.30), (6.39) and (6.41),
faξ(x) ≤ fāξ(x) ≤ m + 1. It follows from this inequality, (6.40), the definition
of Ub (see (6.34) and (6.35)) and (6.31) that

|fāξ(x)− fāb(x)| ≤ |faξ(x)− fab(x)| ≤ δ/16.

Together with (6.39) and (6.43) this inequality implies that

fāb(x) ≤ fāξ(x) + δ/16 ≤ δ/8 + inf(fāξ) ≤ inf(fāb) + δ/4.

These inequalities and the property (C4) imply that ρ(x,A) ≤ ε0/2. Proposi-
tion 6.6 is proved.

Theorem 6.1, Propositions 6.3 and 6.6 and Corollary 6.5 imply the follow-
ing result which was obtained in [113].

Theorem 6.7. Assume that B is compact and (A3), (A4) and (A5) hold.
Then there exists a set F which is a countable intersection of open (in the
weak topology) everywhere dense (in the strong topology) subsets of A such
that for each a ∈ F and each b ∈ B the minimization problem for fab on
(X, ρ) is well-posed in the generalized sense.

Remark 6.8. Note that Theorem 6.7 is also valid if B = ∪∞i=1Ci and (A3), (A4)
and (A5) hold with B = Ci for all natural numbers i.

6.3 Two generic existence results

Denote by Cl(X) the set of all lower semicontinuous bounded from below
functions f : X → R1 ∪ {∞} which are not identically ∞. In this section we
assume that A,B ⊂ Cl(X),

fab(x) = a(x) + b(x), x ∈ X, a ∈ A, b ∈ B
and that one of the following properties holds:

Any function h ∈ A is finite-valued; any function h ∈ B is finite-valued.
Fix θ ∈ X. For the set Cl(X) we consider the uniformity determined by

the following base:

U0(n) = {(f, g) ∈ Cl(X)× Cl(X) : |f(x)− g(x)| ≤ n−1

for all x ∈ X such that ρ(x, θ) ≤ n or min{f(x), g(x)} ≤ n},
where n = 1, 2, . . . . Clearly the space Cl(X) with this uniformity is Hausdorff
and has a countable base. Therefore this uniform space is metrizable (by a
metric d0(·, ·)) [58].
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The set Cl(X) is also equipped with the uniformity determined by the
following base:

U1(n) = {(f, g) ∈ Cl(X)× Cl(X) : f(x) ≤ g(x) + n−1

and g(x) ≤ f(x) + n−1 for each x ∈ X and

f(x) + g(y) ≤ f(y) + g(x) + n−1ρ(x, y) for each x, y ∈ X},
where n = 1, 2, . . . . It is easy to see that the space Cl(X) with this uniformity
is metrizable (by a metric d1) and complete. For the space A we consider the
strong and weak topologies induced by the metrics d1 and d0, respectively.
The space B is equipped with the topology induced by the metric d0.

We show that our main result in [106] is obtained as a realization of our
variational principle (see Theorem 6.7). In this result the space A is either
Cl(X) or {f ∈ Cl(X) : f is finite-valued} or

{f ∈ Cl(X) : f is finite-valued and continuous}

or
{f ∈ Cl(X) : f is finite-valued and continuous and

sup{|f(y)− f(x)|/ρ(x, y) : x, y ∈ X and x 6= y} < ∞}.
Note that in all these cases the metric space (A, d1) is complete.

Theorem 6.9. Assume that B is a countable union of compact subsets of the
metric space (Cl(X), d0). Then there exists a set F ⊂ A which is a countable
intersection of open (in the weak topology) everywhere dense (in the strong
topology) subsets of A such that for each g ∈ F and each h ∈ B the problem
minimize g(x) + h(x) subject to x ∈ X on (X, ρ) is well-posed in the general-
ized sense.

Proof: We may assume without loss of generality that B is a compact subset
of (Cl(X), d0). In view of Theorem 6.7 we need to show that (A3), (A4) and
(A5) hold. Evidently, (A4) holds. We will show that (A3) is true.

Let a ∈ A, ε ∈ (0, 1) and let n be a natural number. By (A4) and Propo-
sition 6.4 the function b → inf(ξ + b), b ∈ B is continuous for all ξ ∈ A. Since
B is compact there exists a number

c0 > | inf(b)|+ 1, b ∈ B.

Fix an integer
m > n + c0 + ε−1.

Let b ∈ B, ξ ∈ A, (a, ξ) ∈ U0(m), x ∈ X and

min{(a + b)(x), (ξ + b)(x)} ≤ n. (6.45)

In view of (6.45) and the choice of c0 and m,
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min{a(x), ξ(x)} ≤ min{(a + b)(x), (ξ + b)(x)} − b(x) ≤ n + c0 < m.

Since (a, ξ) ∈ U0(m), |a(x)− ξ(x)| ≤ m−1 < ε. Hence (A3) holds.
We will show that (A5) holds. Let a ∈ A and let ε ∈ (0, 1). Fix a natural

number n0 such that the following condition holds:

if ξ ∈ A and (a, ξ) ∈ U1(n0), then d1(a, ξ) < ε. (6.46)

Choose numbers

ε0 ∈ (0, 8−1 min{ε, n−1
0 }), δ ∈ (0, 8−1ε0). (6.47)

Let {b1, . . . , bq} ⊂ B where q ≥ 1 is an integer. For each i ∈ {1, . . . , q} choose
xi ∈ X such that

(a + bi)(xi) ≤ inf(a + bi) + 4−1δε0. (6.48)

Define A = {x1, . . . , xq},
ā(y) = a(y) + 4−1ε0 min{1, ρ(y, A)}, y ∈ X. (6.49)

It is easy to see that ā ∈ A. It follows from (6.49), (6.47) and (6.46) that
(ā, a) ∈ U1(n0) and d1(ā, a) < ε. Evidently, (6.30) and (6.31) hold. Let i ∈
{1, . . . , q}, x ∈ X and

(ā + bi)(x) ≤ inf(ā + bi) + δε0 < ∞. (6.50)

By (6.50), (6.49) and (6.48),

(ā + bi)(x) ≤ inf(ā + bi) + δε0 ≤ (ā + bi)(xi) + δε0 =

(a + bi)(xi) + δε0 ≤ (a + bi)(x) + 2δε0.

Combined with (6.49) and (6.47) this implies that

bi(x) + a(x) + 4−1ε0 min{1, ρ(x, A)} = (ā + bi)(x) ≤
(a + bi)(x) + 2δε0, min{1, ρ(x,A)} ≤ 8δ < ε, ρ(x,A) < ε.

Theorem 6.9 is proved.

Now we obtain an analog of Theorem 6.9 for a space A which is a set of
convex functions defined on a closed convex subset of a Banach space.

Let X be a nonempty convex closed subset of a Banach space (E, || · ||),
θ = 0 ∈ X, ρ(x, y) = ||x− y||, x, y ∈ X, c0 ∈ R1 and let c1 > 0.

Denote by Ccon(X) the set of all convex functions f ∈ Cl(X) which satisfy

f(x) ≥ c1||x|| − c0 for all x ∈ X. (6.51)

We consider the metric space (A, d0) where A is either Ccon(X) or {f ∈
Ccon(X) : f is finite-valued} or

{f ∈ Ccon(X) : f is finite-valued and continuous}.
The space A is equipped with the topology induced by the metric d0.
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Theorem 6.10. Assume that B is a countable union of compact subsets of the
metric space (Cl(X),d0). Then there exists a subset F of the complete met-
ric space (A, d0) which is a countable intersection of open everywhere dense
subsets of (A, d0) such that for each g ∈ F and each h ∈ B the problem
minimize g(x) + h(x) subject to x ∈ X on (X, ρ) is well-posed in the general-
ized sense.

Proof: It is easy to see that the metric space (A, d0) is complete and the
topology induced by the metric d0 in A is the topology of uniform convergence
on bounded subsets of X. This topology is also induced by the uniformity with
the following base:

Uco(n) = {(f, g) ∈ A×A : |f(x)− g(x)| ≤ n−1 (6.52)

for all x ∈ X satisfying ||x|| ≤ n}
where n = 1, 2, . . . . We may assume without loss of generality that B is a
compact subset of (Cl(X), d0). In view of Theorem 6.7 we need to show that
(A3), (A4) and (A5) hold. Evidently, (A4) holds. Analogously to the proof of
Theorem 6.9 we can show that (A3) is valid.

We will show that (A5) holds. Let a ∈ A and ε ∈ (0, 1). By (A4) and
Proposition 6.4, the functions b → inf(a+b), b → inf(b), b ∈ B are continuous.
Since B is compact there exists a number d0 > 1 such that

| inf(a + b)|, | inf(b)| ≤ d0 for all b ∈ B. (6.53)

Fix an integer n1 ≥ 1 such that

c1n1 − c0 > 2d0 + 2. (6.54)

Assume that

b ∈ B, x ∈ X and (a + b)(x) ≤ inf(a + b) + 1. (6.55)

Relations (6.53) and (6.55) imply that

a(x) ≤ inf(a + b) + 1− b(x) ≤ inf(a + b) + 1− inf(b) ≤ 2d0 + 1.

Combined with (6.54) and (6.51) these inequalities imply that ||x|| ≤ n1. Thus
we have shown that

if (a + b)(x) ≤ inf(a + b) + 1 with b ∈ B, x ∈ X, then ||x|| ≤ n1. (6.56)

There exists a natural number n0 ≥ 1 + n1 such that

if ξ ∈ A, (a, ξ) ∈ Uco(n0), then d0(a, ξ) < ε. (6.57)

Choose
ε0 ∈ (0, 8−1 min{ε, n−2

0 }), δ ∈ (0, 8−1ε0). (6.58)
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Let {b1, . . . , bq} ⊂ B where q ≥ 1 is an integer. For each i ∈ {1, . . . , q} choose
xi ∈ X such that

(a + bi)(xi) ≤ inf(a + bi) + 4−1δε0. (6.59)

Let A be the convex hull of the set {x1, . . . , xq} ∪ {0} and define

ā(y) = a(y) + 4−1ε0ρ(y,A), y ∈ X. (6.60)

It is easy to see that ā ∈ A. It follows from (6.60), (6.58) and the inclusion
0 ∈ A that

sup{|ā(y)− a(y)| : y ∈ X, ||y|| ≤ n0} ≤ 4−1ε0n0 ≤ 32−1n−1
0 .

Hence (ā, a) ∈ Uco(n0) (see (6.52)) and in view of (6.57),

d0(a, ā) < ε.

It is not difficult to see that (6.61) is true. We will show that (6.60) holds.
Assume that (6.55) holds. It follows from (6.56) that ||x|| ≤ n1 and by

(6.60) and (6.58),

ā(x) + b(x) ≤ a(x) + b(x) + 4−1ε0||x|| ≤ a(x) + b(x) + 4−1ε0n1 ≤

a(x) + b(x) + 2−5n−1
0 .

Thus we have shown that (6.55) implies that ā(x) + b(x) ≤ a(x) + b(x) + 1/2.
Thus (6.60) holds.

Let i ∈ {1, . . . , q}, x ∈ X and

(ā + bi)(x) ≤ inf(ā + bi) + 4−1δε0.

Combined with (6.60) and (6.59) this inequality implies that

(ā + bi)(x) ≤ inf(ā + bi) + 4−1δε0 ≤ (ā + bi)(xi) + 4−1δε0 =

(a + bi)(xi) + 4−1δε0 ≤ inf(a + bi) + 2−1δε0 ≤ (a + bi)(x) + 2−1δε0,

bi(x) + a(x) + 4−1ε0ρ(x,A) = (ā + bi)(x) ≤ a(x) + bi(x) + 2−1δε0

and
ρ(x,A) ≤ 2δ < ε.

Therefore (A5) is valid. This completes the proof of Theorem 6.10.

It should be mentioned that the results of this section were obtained in
[113].
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6.4 A generic existence result in parametric optimization

Let B be a Hausdorff topological space. We assume that B is a countable
union of its compact subsets.

Denote by M the set of all functions a : B×X → R1 ∪ {∞} such that for
each b ∈ B the following properties hold:

The function x → a(b, x), x ∈ X belongs to Cl(X);
for each natural number n and each positive number ε there exists a neigh-

borhood U of b in B such that for each ξ ∈ U and each x ∈ X satisfying
min{a(ξ, x), a(b, x)} ≤ n the inequality |a(b, x)− a(ξ, x)| ≤ ε holds.

For the set M we consider the uniformity determined by the following
base:

Us(n) = {(a1, a2) ∈M×M : |a1(b, x)− a2(b, x)| ≤ n−1 (6.61)

for all b ∈ B and all x ∈ X}
where n ≥ 1 is an integer. The space M with this uniformity is metrizable
(by a metric ds) and complete.

Fix θ ∈ X. For the set M we also consider the uniformity determined by
the following base:

Uw(n) = {(a1, a2) ∈M×M : |a1(b, x)− a2(b, x)| ≤ n−1 (6.62)

for each b ∈ B and each x ∈ X such that ρ(x, θ) ≤ n

or min{a1(b, x), a2(b, x)} ≤ n},
where n = 1, 2, . . . . It is easy to see that the space M with this uniformity
is metrizable (by a metric dw). For the space M we consider the strong and
weak topologies induced by the metrics ds and dw, respectively.

Denote by Mf the set of all finite-valued functions a ∈ M, by Ms the
set of all functions a ∈ Mf such that the function x → a(b, x), x ∈ X
is continuous for all b ∈ B, and by Mc the set of all continuous functions
a ∈ Mf . Clearly Mf , Ms and Mc are closed subsets of the metric space
(M, ds). We consider the subspaces Mf , Ms, Mc ⊂ M equipped with the
relative weak and strong topologies.

The following result was obtained in [113].

Theorem 6.11. Let A be either M or Mf or Ms or Mc. Then there exists a
subset F ⊂ A which is a countable intersection of open (in the weak topology)
everywhere dense (in the strong topology) subsets of A such that for each
a ∈ F and each b ∈ B the problem minimize a(b, x) subject to x ∈ X on
(X, ρ) is well-posed in the generalized sense.

Proof: We may assume without loss of generality that B is compact. For each
(a, b) ∈ A× B set

fab(x) = a(b, x), x ∈ X.
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Theorem 6.7 implies that we need to show that (A3), (A4) and (A5) hold.
Clearly, (A3) and (A4) are valid. We will show that (A5) holds.

Let a ∈ A and ε ∈ (0, 1). There exists a natural number n0 such that

if ξ ∈ A, (a, ξ) ∈ Us(n0), then ds(a, ξ) < ε. (6.63)

Fix
ε0 ∈ (0, 8−1 min{ε, n−1

0 }), δ ∈ (0, 8−1ε0). (6.64)

Let {b1, . . . , bq} ⊂ B where q ≥ 1 is an integer. For each i ∈ {1, . . . , q}
choose xi ∈ X for which

a(bi, xi) ≤ inf{a(bi, x) : x ∈ X}+ 4−1δε0. (6.65)

Define A = {x1, . . . , xq} and

ā(b, y) = a(b, y) + 4−1ε0 min{1, ρ(y, A)}, b ∈ B, y ∈ X. (6.66)

It is easy to see that ā ∈ A. In view of (6.66) and (6.64), (a, ā) ∈ Us(n0). It
follows from (6.63) that ds(a, ā) < ε. Clearly (6.30) and (6.31) hold.

Let i ∈ {1, . . . , q}, x ∈ X and

ā(bi, x) ≤ inf{ā(bi, z) : z ∈ X}+ 4−1δε0. (6.67)

Relations (6.66), (6.67) and (6.65) imply that

a(bi, x) + 4−1ε0 min{1, ρ(x,A)} = ā(bi, x) ≤ ā(bi, xi) + 4−1δε0 =

a(bi, xi) + 4−1δε0 ≤ a(bi, x) + 2−1δε0

and
min{1, ρ(x,A)} ≤ 2δ < ε.

Hence ρ(x,A) < ε. Theorem 6.11 is proved.

6.5 Parametric optimization and porosity

Let (X, ρ) be a complete metric space. We continue to study the parametric
family of the minimization problems

minimize f(b, x) subject to x ∈ X (P1)

with a parameter b ∈ B and f(·, ·) ∈ M. Here B is a Hausdorff topological
space which is a countable union of its compact subsets and M is a complete
metric space of functions on B × X. We also study a special case of the
parametric family of the minimization problems (P1). Namely, we consider
the minimization problem
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minimize g(x) + h(x) subject to x ∈ X (P2)

with g ∈ L and h ∈ M where M is a Hausdorff compact space of functions on
X and L is a complete metric space of functions on X.

We study the set of all functions f(·, ·) ∈ M for which the corresponding
parametric family of the minimization problems (P1) has solutions for all
parameters b ∈ B. We show that the complement of this set is not only of the
first category but also a σ-porous set in the space M.

We also consider the set of all functions g ∈ L for which the minimization
problems (P2) have solutions for all functions h ∈ M . We prove that the
complement of this set is also a σ-porous set in L.

These two results and their extensions are obtained by using a certain
abstract class of parametric minimization problems.

In this chapter we use the notion of porosity discussed in Chapter 5. A set
Y equipped with two metrics d1 and d2 satisfying d1(x, y) ≤ d2(x, y) for all
x, y ∈ Y will be denoted by (Y, d1, d2).

6.6 A variational principle and porosity

We consider a complete metric space (X, ρ). Let A and B be nonempty sets.
We assume that the set A is equipped with two complete metrics dw, ds :
A×A → [0,∞) such that

dw(a1, a2) ≤ ds(a1, a2) for all a1, a2 ∈ A. (6.68)

We assume that with every (a, b) ∈ A × B a lower semicontinuous bounded
from below function fab on X is associated with values in R1 ∪ {∞} which is
not identically ∞. For each function g : X → [−∞,∞] we set

inf(g) = inf{g(x) : x ∈ X}. (6.69)

For each x ∈ X and each E ⊂ X set

ρ(x,A) = inf{ρ(x, y) : y ∈ A}. (6.70)

We use the convention that ∞−∞ = 0 and ∞/∞ = 1.
Let (a, b) ∈ A×B. Recall that the minimization problem for fab on (X, ρ)

is well-posed in the generalized sense [40] if inf(fab) is finite, the set

{x ∈ X : fab(x) = inf(fab)}

is nonempty and compact and each sequence {xi}∞i=1 ⊂ X satisfying

lim
i→∞

fab(xi) = inf(fab)

has a convergent subsequence.
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In our study we use the following basic hypotheses about the functions.
(H1) For each a ∈ A, sup{inf(fab) : b ∈ B} < ∞.
(H2) For each positive number ε and each natural number m there exist

positive numbers δ and r0 such that the following property holds:
For each a ∈ A satisfying sup{inf(fab) : b ∈ B} ≤ m and each r ∈ (0, r0]

there exist ā ∈ A and a nonempty finite set A ⊂ X such that

ds(a, ā) ≤ r, sup
b∈B

inf(fāb) ≤ m + 1

and for each b ∈ B and each x ∈ X satisfying fāb(x) ≤ inf(fāb) + δr the
inequality ρ(x,A) ≤ ε holds.

(H3 ) For each natural number m there exist α ∈ (0, 1) and a positive
number r0 such that for each r ∈ (0, r0], each b ∈ B, each a1, a2 ∈ A satisfying
dw(a1, a2) ≤ αr and each x ∈ X satisfying min{fa1b(x), fa2b(x)} ≤ m the
inequality |fa1b(x)− fa2b(x)| ≤ r holds.

The following result was obtained in [127].

Theorem 6.12. (variational principle) Assume that (H1)–(H3) hold. Then
there exists a set F ⊂ A such that the complement A \ F is σ-porous in
A with respect to the pair of metrics (dw, ds) and that for each a ∈ F and
each b ∈ B the minimization problem for fab on (X, ρ) is well-posed in the
generalized sense.

Proof: For each natural number n denote by An the set of all a ∈ A which
have the following property:

(C1) There exist a positive number δ and a nonempty finite set A ⊂ X
such that for each b ∈ B and each x ∈ X which satisfies fab(x) ≤ inf(fab) + δ
the inequality

ρ(x, A) ≤ 1/n (6.71)

holds.
Define F = ∩∞n=1An.
Let n be a natural number. We will show that the set A \An is σ-porous

in A with respect to (dw, ds). In view of (H1) it is sufficient to show that for
each natural number m the set

Ωnm := {a ∈ A \ An : sup{inf(fab) : b ∈ B} ≤ m} (6.72)

is porous in A with respect to (dw, ds).
Let m be a natural number. It follows from (H3) that there exist

α1 ∈ (0, 1), r1 ∈ (0, 1/2) (6.73)

such that for each r ∈ (0, r1], each b ∈ B, each a1, a2 ∈ A satisfying
dw(a1, a2) ≤ α1r and each x ∈ X satisfying

min{fa1b(x), fa2b(x)} ≤ m + 4 (6.74)
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the inequality |fa1b(x)− fa2b(x)} ≤ r is valid.
It follows from (H2) that there exist r2, α2 ∈ (0, 1) such that the following

property holds:
(C2) For each a ∈ A satisfying sup{inf(fab) : b ∈ B} ≤ m + 2 and each

r ∈ (0, r2] there exist ā ∈ A and a nonempty finite set A ⊂ X such that

ds(a, ā) ≤ r, sup
b∈B

inf(fāb) ≤ m + 3

and that for each b ∈ B and each x ∈ X satisfying fāb(x) ≤ inf(fāb) + 4rα2

the inequality ρ(x,A) ≤ 1/n holds.
Fix

ᾱ ∈ (0, α1α2/16), r̄ ∈ (0, r1r2ᾱ). (6.75)

Let a ∈ A and r ∈ (0, r̄]. Define

E0 = {ξ ∈ A : ds(ξ, a) ≤ r/4}. (6.76)

There are two cases:

E0 ∩ {ξ ∈ A : sup
b∈B

inf(fξb) ≤ m + 2} = ∅; (6.77)

E0 ∩ {ξ ∈ A : sup
b∈B

inf(fξb) ≤ m + 2} 6= ∅. (6.78)

Assume that (6.77) holds. We show that for each ξ ∈ A satisfying
dw(a, ξ) ≤ r̄ the inequality supb∈B inf(fξb) > m holds.

Let us assume the contrary. Then there exist ξ ∈ A such that

dw(a, ξ) ≤ r̄ and sup
b∈B

inf(fξb) ≤ m. (6.79)

Let b ∈ B. It follows from (6.79) that there exists y ∈ X such that

fξb(y) ≤ inf(fξb) + 1/2 ≤ m + 1/2. (6.80)

By the definition of α1, r1 (see (6.73), (6.74)), (6.79), (6.80) and (6.75),
|fab(y)− fξb(y)| ≤ r̄α−1

1 ≤ 1/4. In view of this inequality and (6.80),

inf(fab) ≤ fab(y) ≤ fξb(y) + 1/4 ≤ m + 1.

Thus inf(fab) ≤ m + 1 for all b ∈ B, a contradiction (see (6.76), (6.77)).
Therefore

{ξ ∈ A : dw(a, ξ) ≤ r̄} ∩ {ξ ∈ A : sup
b∈B

inf(fξb) ≤ m} = ∅.

It follows from (6.72) that

{ξ ∈ A : dw(a, ξ) ≤ r̄} ∩Ωnm = ∅. (6.81)
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Thus we have shown that (6.77) implies (6.81).
Assume now that (6.78) is valid. Then there exists a1 ∈ A such that

ds(a, a1) ≤ r/4 and sup
b∈B

inf(fa1b) ≤ m + 2. (6.82)

It follows from the definition of α2, r2, the property (C2), (6.82) and (6.75)
that there exist ā ∈ A and a nonempty finite set A ⊂ X such that

ds(a1, ā) ≤ r/4, sup
b∈B

inf(fāb) ≤ m + 3 (6.83)

and the following property holds:
(C3) For each b ∈ B and each x ∈ X satisfying fāb(x) ≤ inf(fāb)+ rα2 the

inequality ρ(x,A) ≤ 1/n holds.
By (6.82) and (6.83),

ds(a, ā) ≤ r/2. (6.84)

Assume that ξ ∈ A satisfies

dw(ā, ξ) ≤ ᾱr. (6.85)

We show that for all b ∈ B the inequality inf(fξb) ≤ inf(fāb) + α2r/16 holds.
Let b ∈ B. Relation (6.83) implies that

inf(fāb) = inf{fāb(x) : x ∈ X and fāb(x) ≤ m + 7/2}. (6.86)

Let x ∈ X satisfy
fāb(x) ≤ m + 7/2. (6.87)

By (6.85), (6.87), (6.75) and the definition of α1, r1 (see (6.73), (6.74)),

|fāb(x)− fξb(x)| ≤ ᾱrα−1
1 ≤ α2r/16.

Since this inequality holds for any x ∈ X satisfying (6.87), it follows from
(6.86) that

inf(fξb) ≤ inf{fξb(x) : x ∈ X and fāb(x) ≤ m + 7/2} ≤

inf{fāb(x) + α2r/16 : x ∈ X and fāb(x) ≤ m + 7/2} =

α2r/16 + inf(fāb).

Thus for all b ∈ B,
inf(fξb) ≤ inf(fāb) + α2r/16. (6.88)

Assume now that b ∈ B, x ∈ X and

fξb(x) ≤ inf(fξb) + α2r/16. (6.89)

In view of (6.88) and (6.89),
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fξb(x) ≤ inf(fāb) + α2r/8. (6.90)

By (6.90) and (6.83), fξb(x) ≤ m + 7/2. By this inequality, (6.75), (6.85) and
the definition of α1, r1 (see (6.73), (6.74)),

|fāb(x)− fξb(x)| ≤ ᾱrα−1
1 ≤ rα2/16.

Together with (6.90) this inequality implies that

fāb(x) ≤ inf(fāb) + α2r/4.

This relation and the property (C3) imply that ρ(x,A) ≤ 1/n. Since this
inequality is valid for any b ∈ B and any x ∈ X satisfying (6.89), we conclude
that ξ ∈ An. Thus we have shown that

{ξ ∈ A : dw(ā, ξ) ≤ ᾱr} ⊂ An ⊂ A \Ωnm.

Together with (6.81) and (6.84) this relation implies that in both cases

{ξ ∈ A : dw(ā, ξ) ≤ ᾱr} ∩Ωnm = ∅

with ā ∈ A satisfying (6.84). (Note that if (6.77) holds, then ā = a.) Therefore
the set Ωnm is porous in A with respect to (dw, ds). This implies that A\An

is σ-porous in A with respect to (dw, ds) for all integers n ≥ 1. Since F =
∩∞n=1An we conclude that the set A \ F is σ-porous in A with respect to
(dw, ds).

Now assume that a ∈ F and b ∈ B. We show that the minimization
problem for fab on (X, ρ) is well-posed in the generalized sense.

Assume that {zi}∞i=1 ⊂ X satisfies

lim
i→∞

fab(zi) = inf(fab). (6.91)

We will show that the sequence {zi}∞i=1 has a convergent subsequence.
It follows from the definition of the sets An, n = 1, 2, . . . (see the property

(C1)) that for each natural number n there exist a number δn > 0 and a
nonempty finite set An ⊂ X such that the following property holds:

(C4) If x ∈ X satisfies fab(x) ≤ inf(fab) + δn, then ρ(x, An) ≤ 1/n.
Property (C4) and (6.91) imply that for any natural number n the inequal-

ity ρ(zj , An) ≤ 1/n is valid for all sufficiently large natural numbers j. This
implies that for each natural number p there exists a subsequence {z(p)

ik
}∞k=1

of the sequence {zi}∞i=1 with the following properties:
For each natural number p the sequence {z(p+1)

ik
}∞k=1 is a subsequence of

{z(p)
ik
}∞k=1;

For each natural number p and each pair of natural numbers j, s,

ρ(z(p)
ij

, z
(p)
is

) ≤ 2/p.



244 6 Parametric Optimization

These properties imply that there exists a subsequence {z∗ik
}∞k=1 of the

sequence {zi}∞i=1 which is a Cauchy sequence. There exists x∗ = limk→∞ z∗ik
.

It follows from (6.91) and the lower semicontinuity of fab that

fab(x∗) = inf(fab). (6.92)

Therefore we have shown that for each sequence {zi}∞i=1 ⊂ X satisfying (6.91)
there exists a subsequence {z∗ik

}∞k=1 which converges to x∗ ∈ X satisfying
(6.92). Theorem 6.12 is proved.

6.7 Concretization of the variational principle

We use the notations and definitions introduced in Section 6.6. We assume
that B is a Hausdorff topological space. In our study we use the following
assumptions.

(H4) For each (a, b) ∈ A × B, each natural number n and each positive
number ε there exists a neighborhood U of b in B such that for each ξ ∈ U
and each x ∈ X satisfying min{faξ(x), fab(x)} ≤ n the inequality |fab(x) −
faξ(x)| ≤ ε holds.

(H5) For each positive number ε and each natural number m there exist
positive numbers δ and r0 such that the following property holds:

For each a ∈ A satisfying sup{inf(fab) : b ∈ B} ≤ m, each r ∈ (0, r0] and
each nonempty finite set Q ⊂ B there exist ā ∈ A and a nonempty compact
set A ⊂ X such that

ds(a, ā) ≤ r, sup
b∈B

inf(fāb) ≤ m + 1,

fāb(x) ≥ fab(x) for each (b, x) ∈ B ×X

and

|fāb1(x)− fāb2(x)| ≤ |fab1(x)− fab2(x)| for all b1, b2 ∈ B and all x ∈ X,

and that for each b ∈ Q and each x ∈ X satisfying fāb(x) ≤ inf(fāb) + δr the
inequality ρ(x,A) ≤ ε holds.

Lemma 6.13. Assume that (H4) holds and a ∈ A. Then the function b →
inf(fab), b ∈ B is continuous.

Proof: Let b ∈ B and ε ∈ (0, 1). Fix an integer

n > | inf(fab)|+ 4.

It follows from (H4) that there exists a neighborhood U of b in B such that
for each ξ ∈ U and each x ∈ X satisfying

min{fab(x), faξ(x)} ≤ n + 1
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the inequality
|fab(x)− faξ(x)| ≤ ε/2 (6.93)

holds.
Assume that ξ ∈ U . We show that inf(faξ) ≤ inf(fab)+ε/2. It follows from

the choice of n that

inf(fab) = inf{fab(x) : x ∈ X and fab(x) ≤ n− 3}. (6.94)

Let x ∈ X and
fab(x) ≤ n− 3. (6.95)

It follows from (6.95) and the definition of U (see (6.93)) that

|fab(x)− faξ(x)| ≤ ε/2 and faξ(x) ≤ fab(x) + ε/2. (6.96)

Since (6.95) implies (6.96) equality (6.94) implies that

inf(faξ) ≤ inf{faξ(x) : x ∈ X and fab(x) ≤ n− 3} ≤
inf{fab(x) + ε/2 : x ∈ X and fab(x) ≤ n− 3} =

ε/2 + inf{fab(x) : x ∈ X and fab(x) ≤ n− 3} = ε/2 + inf(fab).

Hence
inf(faξ) ≤ inf(fab) + ε/2. (6.97)

Now we show that inf(fab) ≤ inf(faξ) + ε/2. Let x ∈ X and

faξ(x) ≤ inf(faξ) + ε/2. (6.98)

In view of (6.98), (6.97) and the choice of n,

faξ(x) ≤ inf(fab) + ε ≤ n− 3.

By these inequalities and the definition of U (see (6.93)), (6.93) holds and

fab(x) ≤ faξ(x) + ε/2. (6.99)

Since (6.98) implies (6.99) we obtain that

inf(fab) ≤ inf{fab(x) : x ∈ X and faξ(x) ≤ inf(faξ) + ε/2} ≤
inf{faξ(x) + ε/2 : x ∈ X and faξ(x) ≤ inf(faξ) + ε/2} =

ε/2 + inf{faξ(x) : x ∈ X and faξ(x) ≤ inf(faξ) + ε/2} = ε/2 + inf(faξ).

Therefore inf(fab) ≤ inf(faξ)+ε/2. Together with (6.97) this inequality implies
that | inf(fab)− inf(faξ)| ≤ ε/2 for all ξ ∈ U . Lemma 6.13 is proved.

Corollary 6.14. Assume that B is compact and (H4) is true. Then (H1)
holds.
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Lemma 6.15. Assume that B is compact and (H4) and (H5) are true. Then
(H2) holds.

Proof: Let ε0 be a positive number and let m be a natural number. Let δ ∈
(0, 1) and r0 ∈ (0, 1) be as guaranteed by (H5) with ε = ε0/2.

Let a ∈ A and
r ∈ (0, r0], sup

b∈B
inf(fab) ≤ m. (6.100)

It follows from (H4) that for each b ∈ B there exists an open neighborhood
Ub of b in B such that for each ξ ∈ Ub and each x ∈ X satisfying

min{faξ(x), fab(x)} ≤ m + 4 (6.101)

the inequality
|fab(x)− faξ(x)| ≤ δr/16 (6.102)

holds. Since B is compact there exists a finite nonempty set Q ⊂ B such that

∪{Ub : b ∈ Q} = B. (6.103)

It follows from (H5) and the definition of δ and r0 that there exist ā ∈ A and
a nonempty compact set A0 ⊂ X such that

ds(a, ā) ≤ r, sup
b∈B

inf(fāb) ≤ m + 1, (6.104)

fāb(x) ≥ fab(x) for all b ∈ B and all x ∈ X, (6.105)

|fāh1(x)− fāh2(x)| ≤ |fah1(x)− fah2(x)| for all h1, h2 ∈ B and all x ∈ X

and that for each b ∈ Q and each x ∈ X satisfying

fāb(x) ≤ inf(fāb) + δr (6.106)

the following inequality holds:

ρ(x,A0) ≤ ε0/2. (6.107)

There exists a nonempty finite set A ⊂ A0 such that

ρ(x, A) ≤ ε0/4 for all x ∈ A0. (6.108)

Let b ∈ B. In view of (6.103) there exists h ∈ Q such that

b ∈ Uh.

We show that | inf(fāb) − inf(fāh)| ≤ δr/16. Relations (6.100) and (6.104)
imply that

inf(fāb), inf(fāh) ≤ m + 1, inf(fab), inf(fah) ≤ m. (6.109)



6.7 Concretization of the variational principle 247

Then

inf(fāξ) = inf{fāξ(z) : z ∈ X and fāξ(z) ≤ m + 2}, ξ ∈ {b, h}, (6.110)

inf(faξ) = inf{faξ(z) : z ∈ X and faξ(z) ≤ m + 1}, ξ ∈ {b, h}.
Let z ∈ X and

min{fāb(z), fāh(z)} ≤ m + 2. (6.111)

By (6.105), min{fab(z), fah(z)} ≤ m+2. It follows from (6.105), the inclusion
b ∈ Uh, (6.108) and the definition of Uh (see (6.101), (6.102)) that

|fāb(z)− fāh(z)| ≤ |fab(z)− fah(z)| ≤ δr/16.

Thus we have shown that the following property holds:
(C5) If z ∈ X satisfies (6.111), then |fāb(z)− fāh(z)| ≤ δr/16.
By property (C5) and (6.110),

| inf(fāh)− inf(fāb)| ≤ δr/16. (6.112)

Now assume that x ∈ X and that

fāb(x) ≤ inf(fāb) + δr/16. (6.113)

Relations (6.113) and (6.109) imply that fāb(x) ≤ m + 2. Together with the
property (C5), (6.113) and (6.112) this inequality implies that

fāh(x) ≤ fāb(x) + δr/16 ≤ inf(fāb) + δr/8 ≤ inf(fāh) + δr/4.

Thus fāh(x) ≤ inf(fāh) + δr/4. In view of this inequality, the relation h ∈ Q
and the definition of ā, A0 (see (6.106), (6.107)), ρ(x,A0) ≤ ε0/2. Together
with (6.108) this inequality implies that ρ(x,A) < ε0. Thus we have shown
that the following property holds:

For each b ∈ B and each x ∈ X satisfying (6.113) the inequality ρ(x, A) <
ε0 is valid.

Together with (6.104) this property implies (H2). This completes the proof
of Lemma 6.15.

Theorem 6.12, Lemma 6.15 and Corollary 6.14 imply the following result
which was obtained in [127].

Theorem 6.16. Assume that B is compact and (H3) ,(H4) and (H5) hold.
Then there exists a set F ⊂ A such that the complement A\F is σ-porous in
A with respect to the pair (dw, ds) and that for each a ∈ F and each b ∈ B the
minimization problem for fab on (X, ρ) is well-posed in the generalized sense.

Remark 6.17. Note that Theorem 6.16 is also valid if B = ∪∞i=1Ci, the set Ci

is compact and (H3), (H4) and (H5) hold with B = Ci for all natural numbers
i.
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6.8 Existence results for the problem (P2)

Denote by Cl(X) the set of all lower semicontinuous bounded from below
functions f : X → R1 ∪ {∞} which are not identically ∞. We assume that
A,B ⊂ Cl(X) and for any a ∈ A and any b ∈ B,

fab(x) = a(x) + b(x), x ∈ X.

Fix θ ∈ X. For the set Cl(X) we consider the uniformity determined by the
following base:

U0(n) = {(f, g) ∈ Cl(X)×Cl(X) : |f(x)−g(x)| ≤ 1/n for all x ∈ X (6.114)

such that ρ(x, θ) ≤ n or min{f(x), g(x)} ≤ n},
where n = 1, 2, . . . . It is easy to see that the space Cl(X) with this uniformity
is metrizable (by a metric d0). We always assume that B is equipped with the
metric d0 and with the topology induced by d0.

For each f, g ∈ Cl(X) define

d̃1(f, g) = sup{|f(x)− g(x)| : x ∈ X},
d1(f, g) = d̃1(f, g)(1 + d̃1(f, g))−1.

Clearly, the metric space (Cl(X), d1) is complete.
Denote by Cv(X) the set of all finite-valued functions g ∈ Cl(X) and by

C(X) the set of all finite-valued continuous functions g ∈ Cl(X).
For any function f : X → R1 set

Lip(f) = sup{|f(x)− f(y)|ρ(x, y)−1 : x, y ∈ X, x 6= y}.
Denote by CL(X) the set of all continuous functions f : X → R1 such that
Lip(f) < ∞. For each f, g ∈ Cv(X) define

d2(f, g) = d1(f, g) + Lip(f − g)(Lip(f − g) + 1)−1.

Clearly, the metric space (Cv(X), d2) is complete, C(X) and CL(X) are closed
subsets of the metric space (Cv(X), d2) and Cv(X) and C(X) are closed sub-
sets of the metric space (Cl(X), d1).

Our goal in this section is to prove porosity results for the space Cl(X)
and its certain subspaces which were obtained in [127].

Theorem 6.18. Let B be a countable union of compact subsets of the met-
ric space (Cl(X), d0) and let a space (A, dw, ds) be either (Cl(X), d1, d1) or
(Cv(X), d1, d2) or (C(X), d1, d2) or (CL(X), d2, d2). Assume that one of the
following properties holds:

1. Each g ∈ B is finite-valued; 2. each g ∈ A is finite-valued.
Then there exists a set F ⊂ A such that the complement A\F is σ-porous

in A with respect to (dw, ds) and that for each g ∈ F and each h ∈ B the
problem minimize g(x) + h(x) subject to x ∈ X on (X, ρ) is well-posed in the
generalized sense.
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Proof: We may assume without loss of generality that B is a compact subset
of (Cl(X), d0). In view of Theorem 6.16 we need to show that (H3), (H4) and
(H5) hold. Evidently, (H3) and (H4) hold. We show that (H5) holds. Let ε be
a positive number. Fix

δ ∈ (0,min{1/16, ε/8}), r0 ∈ (0, 1]. (6.115)

Let g ∈ A, r ∈ (0, r0] and {h1, . . . , hq} ⊂ B where q ≥ 1 is an integer. For
each i ∈ {1, . . . , q} choose xi ∈ X such that

g(xi) + hi(xi) ≤ inf(g + hi) + δr/4. (6.116)

Put
A = {x1, . . . , xq}, (6.117)

ḡ(y) = g(y) + 4−1r min{1, ρ(y, A)}, y ∈ X. (6.118)

It is easy to see that ḡ ∈ A,
ds(g, ḡ) ≤ r (6.119)

and
sup
h∈B

inf(ḡ + h) ≤ sup
h∈B

inf(g + h) + 1. (6.120)

Let i ∈ {1, . . . , q}, y ∈ X and

ḡ(y) + hi(y) ≤ inf(ḡ + hi) + δr. (6.121)

By (6.118), (6.121), (6.117), (6.116) and (6.115),

g(y) + hi(y) + 4−1r min{1, ρ(y, A)} = ḡ(y) + hi(y) ≤ inf(ḡ + hi) + δr ≤

ḡ(xi) + hi(xi) + δr = g(xi) + hi(xi) + δr ≤ inf(g + hi)+

4−1δr + δr ≤ g(y) + hi(y) + 2δr,

and
min{1, ρ(y,A)} ≤ 8δ < ε, ρ(y,A) < ε.

Now it is easy to see that (H5) holds. This completes the proof of Theorem
6.18.

Now we obtain extensions of Theorem 6.18. We use the convention that
ln(∞) = ∞. Define

C+
l (X) = {h ∈ Cl(X) : h(z) ≥ 0 for all z ∈ X}, C+

v (X) = Cv(X) ∩ C+
l (X),

C+(X) = C+
l (X) ∩ C(X), C+

L (X) = C+
l (X) ∩ CL(X).

It is clear that C+
l (X) is a closed subset of (Cl(X), d1), C+

v (X) is a closed
subset of (Cv(X), d1), C+(X) is a closed subset of (C(X), d1) and C+

L (X) is
a closed subset of (CL(X), d2).
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Now we equip the space C+
l (X) with the metric dw. For h, ξ ∈ C+

l (X) set

d̃w(h, ξ) = sup{|ln(h(z) + 1)− ln(ξ(z) + 1)| : z ∈ X},
dw(h, ξ) = d̃w(h, ξ)(1 + d̃w(h, ξ))−1. (6.122)

Clearly, the metric space (C+
l (X), dw) is complete, dw(h, ξ) ≤ d1(h, ξ) for all

h, ξ ∈ C+
l (X) and C+

v (X), C+(X) are closed subsets of (C+
l (X), dw).

It is easy to see that d̃w(h, ξ) ≤ ε where h, ξ ∈ C+
l (X) and ε is a positive

number if and only if

(h(z) + 1)(ξ(z) + 1)−1 ∈ [e−ε, eε]

for all z ∈ X. It means that h, ξ ∈ C+
l (X) are close with respect to dw if and

only if the function

z → (h(z) + 1)(ξ(z) + 1)−1, z ∈ X

is close to the function which is identically 1 with respect to the topology of
the uniform convergence.

Theorem 6.19. Let B be a countable union of compact subsets of the met-
ric space (Cl(X), d0) and let a space (A, dw, ds) be either (C+

l (X), dw, d1) or
(C+

v (X), dw, d2) or (C+(X), dw, d2) or (C+
L (X), d2, d2). Assume that one of

the following properties hold:
1. Each g ∈ B is finite-valued; 2. each g ∈ A is finite-valued.
Then there exists a set F ⊂ A such that the complement A\F is σ-porous

in A with respect to (dw, ds) and that for each g ∈ F and each h ∈ B the
problem minimize g(x) + h(x) subject to x ∈ X on (X, ρ) is well-posed in the
generalized sense.

Proof: We may assume without loss of generality that B is a compact subset
of the metric space (Cl(X), d0). In view of Theorem 6.16 we need to show that
(H3), (H4) and (H5) hold. Evidently, (H4) holds. Analogously to the proof of
Theorem 6.18 we can show that (H5) holds. In order to complete the proof
we need to show that (H3) holds.

Let m be a natural number. Since (H4) holds it follows from Lemma 6.13
that there exists a positive number c0 for which

1 + | inf(g)| < c0 for all g ∈ B. (6.123)

Fix
α ∈ (0, [4e(m + c0 + 1)]−1). (6.124)

Assume that g1, g2 ∈ A, r ∈ (0, 1],

dw(g1, g2) ≤ αr, (6.125)

h ∈ B, x ∈ X and
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min{(g1 + h)(x), (g2 + h)(x)} ≤ m. (6.126)

In view of (6.126) and (6.123),

min{g1(x), g2(x)} ≤ m + c0. (6.127)

Relations (6.122), (6.125) and (6.124) imply that

d̃w(g1, g2) = dw(g1, g2)(1− dw(g1, g2))−1 ≤ 2dw(g1, g2) ≤ 2αr,

(1 + g1(x))(1 + g2(x))−1 ∈ [e−2αr, e2αr]. (6.128)

We will show that |g1(x)− g2(x)| ≤ r. We may assume without loss of gener-
ality that g1(x) ≥ g2(x). Then (6.128) implies that

0 ≤ g1(x)− g2(x) ≤ e2αr(1 + g2(x))− 1− g2(x) =

(g2(x) + 1)(e2αr − 1) = (g2(x) + 1)2αreα′

where α′ ∈ [0, 2αr]. Therefore (6.124) and (6.127) imply that

0 ≤ g1(x)− g2(x) ≤ (g2(x) + 1)2αre ≤ 2αre(m + c0 + 1) ≤ r.

Hence (H3) holds. Theorem 6.19 is proved.

Next two theorems are extensions of Theorem 6.18 to classes of convex
functions.

Theorem 6.20. Let X be a nonempty bounded closed convex subset of a
Banach space (E, || · ||), ρ(x, y) = ||x − y||, x, y ∈ X and let A be ei-
ther {f ∈ Cl(X) : f is convex} or {f ∈ Cv(X) : f is convex} or
{f ∈ C(X) : f is convex}. Assume that B is a countable union of compact
subsets of the metric space (Cl(X), d0) and that one of the following properties
holds:

1. Each g ∈ B is finite-valued; 2. each g ∈ A is finite-valued.
Then there exists a set F ⊂ A such that the complement A\F is σ-porous

in A with respect to (d1, d1) and that for each g ∈ F and each h ∈ B the
problem minimize g(x) + h(x) subject to x ∈ X on (X, ρ) is well-posed in the
generalized sense.

Proof: We may assume without loss of generality that B is compact. In view
of Theorem 6.16 we need to show that (H3), (H4) and (H5) hold. It is easy
to see that (H3) and (H4) are true. In order to prove Theorem 6.20 we need
to show that (H5) holds. Fix

d0 > sup{||x− y|| : x, y ∈ X}. (6.129)

Let ε be a positive number. Fix

δ ∈ (0, (8(d0 + 1))−1ε). (6.130)
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Assume that g ∈ A, r ∈ (0, 1] and {h1, . . . , hq} ⊂ B where q ≥ 1 is an integer.
For each i ∈ {1, . . . , q} choose xi ∈ X such that

g(xi) + hi(xi) ≤ inf(g + hi) + 4−1δr. (6.131)

Denote by A the convex hull of the set {x1, . . . , xq} and define

ḡ(y) = g(y) + (4d0 + 1)−1rρ(y, A) for all y ∈ X. (6.132)

It is easy to see that A is compact, ḡ ∈ A,

d1(ḡ, g) ≤ r

and
sup
h∈B

inf(ḡ + h) ≤ sup
h∈B

inf(g + h) + 1.

Let i ∈ {1, . . . , q}, y ∈ X and

ḡ(y) + hi(y) ≤ inf(ḡ + hi) + δr. (6.133)

By (6.132), (6.133), (6.131) and (6.130),

g(y) + (4d0 + 1)−1rρ(y, A) + hi(y) = ḡ(y) + hi(y) ≤ (ḡ + hi)(xi) + δr =

g(xi) + hi(xi) + δr ≤ g(y) + hi(y) + 4−1δr + δr,

ρ(y, A) ≤ 2δ(4d0 + 1) < ε.

Thus (H5) is valid. This completes the proof of Theorem 6.20.

Theorem 6.21. Let X be a nonempty closed convex subset of a Banach space
(E, || · ||), ρ(x, y) = ||x − y||, x, y ∈ X, c0 > 0 and let B be a countable
union of compact subsets of the metric space (Cl(X), d0). Assume that a
set A is either {f ∈ Cl(X) : f is convex and f(x) ≥ c0||x||, x ∈ X} or
{f ∈ Cv(X) : f is convex and f(x) ≥ c0||x||, x ∈ X} or {f ∈ C(X) :
f is convex and f(x) ≥ c0||x||, x ∈ X} and that one of the following proper-
ties holds:

1. Each g ∈ B is finite-valued; 2. each g ∈ A is finite-valued.
Then the metric space (A, dw) is complete and there exists a set F ⊂ A

such that the complement A\F is σ-porous in A with respect to (dw, dw) and
that for each g ∈ F and each h ∈ B the problem minimize g(x) + h(x) subject
to x ∈ X on (X, ρ) is well-posed in the generalized sense.

Proof: We may assume without loss of generality that B is a compact subset
of (Cl(X), d0). In view of Theorem 6.16 we need to show that (H3), (H4) and
(H5) hold. It is clear that (H4) holds. Since (H3) holds for the metric space
(C+

l (X), dw) (see the proof of Theorem 6.19) it is also true for the subspace
(A, dw). Thus in order to prove Theorem 6.21 we need to show that (H5)
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holds. Since B is compact Lemma 6.13 implies that there exists a positive
number c1 such that

1 + | inf(h)| ≤ c1 for all h ∈ B. (6.134)

Let ε be a positive number and let m be a natural number. Choose an integer
m0 ≥ 1 and a number r0 > 0 such that

m0 > (m + c0 + c1 + 2)(min{c0, 1})−1, r0 < (m0 + 2)−1. (6.135)

Put
γ = min{1, c0}. (6.136)

Fix
δ ∈ (0,min{8−1γε, 1}). (6.137)

Assume that g ∈ A satisfies

inf(g + h) ≤ m for all h ∈ B, (6.138)

r ∈ (0, r0] and {h1, . . . , hq} ⊂ B where q ≥ 1 is an integer. For each i ∈
{1, . . . , q} choose xi ∈ X such that

g(xi) + hi(xi) ≤ inf(g + hi) + 4−1δr. (6.139)

Denote by A the convex hull of the set {0, x1, . . . , xq} and define

ḡ(y) = g(y) + 4−1rγρ(y, A) for all y ∈ X. (6.140)

It is easy to see that A is compact and ḡ ∈ A. We show that dw(ḡ, g) ≤ r.
It follows from (6.122), (6.140) and (6.136) that

dw(g, ḡ) ≤ d̃w(g, ḡ) = sup{|ln(ḡ(y) + 1)− ln(g(y) + 1)| : y ∈ X} =

sup
y∈X

{ln(1 + (ḡ(y)− g(y))(g(y) + 1)−1)}

≤ sup
y∈X

{ln(1 + 4−1γrρ(y, A)(1 + c0||y||)−1)} ≤

sup
y∈X

{4−1γrρ(y,A)(1 + c0||y||)−1} ≤ sup
y∈X

4−1γr||y||(1 + c0||y||)−1 ≤

4−1γr/c0 ≤ r.

Hence
dw(g, ḡ) ≤ r. (6.141)

Now we will estimate suph∈B inf(ḡ + h).
Let h ∈ B and x ∈ X. Assume that ||x|| ≥ m0. Then (6.140), (6.134) and

(6.135) imply that
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ḡ(x) + h(x) ≥ g(x) + h(x) ≥ c0||x|| − c1 ≥ c0m0 − c1 > m + 2.

Hence

if x ∈ X, ||x|| ≥ m0, then ḡ(x) + h(x) ≥ g(x) + h(x) ≥ m + 2. (6.142)

If y ∈ X and ||y|| ≤ m0, then it follows from (6.140), (6.136) and (6.135) that

ḡ(y) + h(y) = g(y) + h(y) + 4−1rγρ(y, A) ≤

g(y) + h(y) + 4−1rγ||y|| ≤ g(y) + h(y) + 4−1r0m0 ≤
g(y) + h(y) + 4−1.

Thus

inf{ḡ(y) + h(y) : y ∈ X, ||y|| ≤ m0} ≤ inf{g(y) + h(y) : (6.143)

y ∈ X, ||y|| ≤ m0}+ 4−1.

By (6.142), (6.143) and (6.138),

m ≥ inf(g + h) = inf{g(y) + h(y) : y ∈ X, ||y|| ≤ m0},

inf(ḡ + h) ≤ m + 1/4.

Thus we have shown that

sup
h∈B

inf(ḡ + h) ≤ m + 1/4. (6.144)

Let i ∈ {1, . . . , q}, y ∈ X and

ḡ(y) + hi(y) ≤ inf(ḡ + hi) + δr. (6.145)

By (6.140), (6.145), (6.139) and (6.137),

g(y) + 4−1γrρ(y, A) + hi(y) = ḡ(y) + hi(y) ≤ (ḡ + hi)(xi) + δr =

g(xi) + hi(xi) + δr ≤ g(y) + hi(y) + 4−1δr + δr,

4−1γρ(y, A) ≤ 2δ, ρ(y,A) ≤ 8δγ−1 < ε.

Thus ρ(y, A) < ε and (H5) holds (see (6.141), (6.144)). Theorem 6.21 is proved.
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6.9 Existence results for the problem (P1)

Let (X, ρ) be a complete metric space. Assume that B is a Hausdorff topologi-
cal space and that B = ∪∞i=1Bi where Bi is a compact subset of B, i = 1, 2, . . . .
Denote by M the set of all functions g : B ×X → (−∞,∞] such that:

(i) For each b ∈ B the function g(b, ·) : X → (−∞,∞] is lower semicontin-
uous bounded from below and it is not identically ∞;

(ii) For each b ∈ B, each natural number n and each positive number ε
there exists a neighborhood U of b in B such that for each ξ ∈ U and each
x ∈ X satisfying min{g(b, x), g(ξ, x)} ≤ n the inequality |g(b, x)− g(ξ, x)| ≤ ε
holds.

For each f, g ∈M set

d̃s(f, g) = sup{|f(b, x)− g(b, x)| : (b, x) ∈ B ×X},

ds(f, g) = d̃(f, g)(1 + d̃(f, g))−1.

Clearly, the metric space (M, ds) is complete. Denote by Mv the set of all
finite-valued functions g ∈ M, by Ms the set of all functions f ∈ Mv such
that the function f(b, ·) : X → (−∞,∞] is continuous for all b ∈ B, and by
Mc the set of all continuous functions f ∈ Mv. It is easy to see that Mv,
Ms and Mc are closed subsets of the metric space (M, ds).

Theorem 6.22. Let A be either M or Mv or Ms or Mc. Then there exists
a set F ⊂ A such that the complement A\F is σ-porous in A with respect to
(ds, ds) and that for each g ∈ F and each b ∈ B the problem minimize g(b, x)
subject to x ∈ X is well-posed in the generalized sense.

Proof: We may assume without loss of generality that B is compact. For each
a ∈ A and each b ∈ B set fab(x) = a(b, x), x ∈ X. In view of Theorem 6.16 we
need to show that (H3), (H4) and (H5) hold. It is clear that (H3) holds. (H4)
follows from the property (ii). In order to prove Theorem 6.22 it is sufficient
to show that (H5) is true.

Let ε be a positive number. Fix

δ ∈ (0,min{8−1ε, 1/8}).

Assume that g ∈ A, r ∈ (0, 1] and {b1, . . . , bq} ⊂ B where q ≥ 1 is an integer.
For each i ∈ {1, . . . , q} choose xi ∈ X such that

g(bi, xi) ≤ inf(g(bi, ·)) + 4−1δr. (6.146)

Put A = {x1, . . . , xq} and define

ḡ(b, x) = g(b, x) + 4−1r min{1, ρ(x,A)} for all x ∈ X.

Clearly ḡ ∈ A and
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ds(g, ḡ) ≤ 4−1r, sup
b∈B

inf(ḡ(b, ·)) ≤ sup
b∈B

inf(g(b, ·)) + 1.

Assume that i ∈ {1, . . . , q}, y ∈ X and

ḡ(bi, y) ≤ inf(ḡ(bi, ·)) + δr.

By the inequality above, the definition of ḡ, (6.146) and the choice of δ,

g(bi, y) + 4−1r min{1, ρ(y, A)} = ḡ(bi, y) ≤ ḡ(bi, xi) + δr =

g(bi, xi) + δr ≤ g(bi, y) + 4−1δr + δr,

min{1, ρ(y,A)} < 8δ < ε, ρ(y,A) < ε.

Thus (H5) is true. Theorem 6.22 is proved.

Denote by M+ the set of all nonnegative g ∈ M. Set M+
v = M+ ∩Mv,

M+
c = M+ ∩Mc and M+

s = M+ ∩Ms. It is easy to see that M+, M+
v ,

M+
s and M+

c are closed subsets of the complete metric space (M, ds).
For each g, h ∈M+ define

d̃w(g, h) = sup{|ln(g(b, x) + 1)− ln(h(b, x) + 1)| : (b, x) ∈ B ×X},
dw(g, h) = d̃w(g, h)(1 + d̃w(g, h))−1.

Clearly, the metric space (M+, dw) is complete, M+, M+
s and M+

c are closed
subsets of (M+, dw). Evidently, dw(g, h) ≤ ds(g, h) for all g, h ∈M+.

Theorem 6.23. Let A be either M+ or M+
v or M+

s or M+
c . Then there

exists a set F ⊂ A such that the complement A \ F is σ-porous in A with
respect to (dw, ds) and that for each g ∈ F and each b ∈ B the problem
minimize g(b, x) subject to x ∈ X is well-posed in the generalized sense.

Proof: We may assume without loss of generality that B is compact. For each
a ∈ A and each b ∈ B set fab(x) = a(b, x), x ∈ X. In view of Theorem 6.16 we
need to show that (H3), (H4) and (H5) hold. (H4) follows from the property
(ii). Analogously to the proof of Theorem 6.22 we can show that (H5) holds.
In order to prove Theorem 6.23 it is sufficient to show that (H3) holds.

Let m be a natural number. Fix α ∈ (0, (4e(m + 1))−1). Assume that
r ∈ (0, 8−1], b ∈ B, g1, g2 ∈ A and x ∈ X satisfy

dw(g1, g2) ≤ αr, min{g1(b, x), g2(b, x)} ≤ m. (6.147)

It follows from (6.147) that

d̃w(g1, g2) = dw(g1, g2)(1− dw(g1, g2))−1 ≤ αr(1− αr)−1 ≤ 2αr,

(g1(b, x) + 1)(g2(b, x) + 1)−1 ∈ [e−2αr, e2αr]. (6.148)

We may assume without loss of generality that g2(b, x) ≥ g1(b, x). By (6.147),
(6.148) and the mean value theorem,
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0 ≤ g2(b, x)− g1(b, x) ≤ (g1(b, x) + 1)[e2αr − 1] ≤ (m + 1)(e2αr − 1) =

(m + 1)2αrer̄

where 0 ≤ r̄ ≤ 2αr ≤ 1/2. It follows from the choice of α that

0 ≤ g2(b, x)− g1(b, x) ≤ (m + 1)2αre < r.

Thus (H3) holds. This completes the proof of Theorem 6.23.
The results of this section were obtained in [127].

6.10 Parametric optimization problems with constraints

Let (X, ρ) be a complete metric space. We study the parametric family of the
minimization problems

minimize h(b, x) subject to x ∈ ω (P)

with a parameter b ∈ B, h(·, ·) ∈ M and ω ∈ S(X). Here B is a Hausdorff
topological space which is a countable union of its compact subsets, M is a
complete metric space of functions on B ×X and S(X) is a complete metric
space of nonempty closed subsets of X. We show the existence of a set F ⊂
M×S(X) which is a countable intersection of open everywhere dense subsets
of M×S(X) such that for each (h, ω) ∈ F the minimization problem (P) has
a solution for all parameters b ∈ B.

We use the convention that ∞−∞ = 0 and ∞/∞ = 1.
In this section we usually consider topological spaces with two topologies

where one is weaker than the other. (Note that they can coincide.) We refer to
them as the weak and the strong topologies, respectively. If (X, d) is a metric
space with a metric d and Y ⊂ X, then usually Y is also endowed with the
metric d (unless another metric is introduced in Y ). Assume that X1 and X2

are topological spaces and that each of them is endowed with a weak and a
strong topology. Then for the product X1 × X2 we also introduce a pair of
topologies: a weak topology which is the product of the weak topologies of X1

and X2 and a strong topology which is the product of the strong topologies of
X1 and X2. If Y ⊂ X1, then we consider the topological subspace Y with the
relative weak and strong topologies (unless other topologies are introduced).
If (Xi, di), i = 1, 2 are metric spaces with the metrics d1 and d2, respectively,
then the space X1 ×X2 is endowed with the metric d defined by

d((x1, x2), (y1, y2)) = d1(x1, y1) + d2(x2, y2), (xi, yi) ∈ X × Y, i = 1, 2.

We consider a complete metric space (X, ρ). For each function g : X →
R1 ∪ {∞} we set

inf(g) = inf{g(x) : x ∈ X}.
For x ∈ X and A ⊂ X set
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ρ(x,A) = inf{ρ(x, y) : y ∈ A}.

Denote by S(X) the collection of all nonempty closed subsets of X. For A,B ∈
S(X) we define

H̃(A,B) = max{sup{ρ(x,B) : x ∈ A}, sup{ρ(y, A) : y ∈ B}},

H(A,B) = H̃(A,B)(H̃(A,B) + 1)−1.

It is well known that the metric space (S(X),H) is complete. We equip the
set S(X) with the topology induced by the metric H.

Let h : X → R1 ∪ {∞}. Recall that the minimization problem for h on
(X, ρ) is well-posed in the generalized sense [40] if inf(h) is finite, the set
{x ∈ X : h(x) = inf(h)} is nonempty and compact and each sequence
{xi}∞i=1 ⊂ X satisfying limi→∞ h(xi) = inf(h) has a convergent subsequence.

Denote by L the set of all lower semicontinuous functions f : X → R1

which are bounded from below and satisfy the following assumption:
(D1) For each x ∈ X, each neighborhood U of x in X and each positive

number δ there exists a nonempty open set V ⊂ U such that f(y) ≤ f(x) + δ
for all y ∈ V .

Remark 6.24. Let f : X → R1 be a lower semicontinuous bounded from below
function. Then f satisfies (A1) if and only if the epigraph

epi(f) = {(y, α) ∈ X ×R1 : α ≥ f(y)}

is the closure of its interior.

Let B be a Hausdorff topological space. We assume that B is a countable
union of its compact subsets. Denote byM the set of all functions a : B×X →
R1 such that for each b ∈ B the following properties hold:

(D2) The function x → a(b, x), x ∈ X belongs to L;
(D3) For each natural number n and each positive number ε there exists a

neighborhood U of b in B such that for each ξ ∈ U and each x ∈ X satisfying

min{a(ξ, x), a(b, x)} ≤ n

the inequality |a(b, x)− a(ξ, x)| ≤ ε holds.
For a1, a2 ∈M we set

d̃s(a1, a2) = sup{|a1(b, x)− a2(b, x)| : b ∈ B, x ∈ X},

ds(a1, a2) = d̃s(a1, a2)(1 + d̃s(a1, a2))−1. (6.149)

It is easy to see that the metric space (M, ds) is complete.
Fix θ ∈ X. For the set M we also consider the uniformity determined by

the following base:



6.11 Proof of Theorem 6.25 259

Uw(n) = {(a1, a2) ∈M×M : |a1(b, x)− a2(b, x)| ≤ 1/n (6.150)

for each b ∈ B and each x ∈ X such that

ρ(x, θ) ≤ n or min{a1(b, x), a2(b, x)} ≤ n},
where n = 1, 2, . . . . Clearly the space M with this uniformity is metrizable
(by a metric dw). For the space M we consider the strong and weak topologies
induced by the metrics ds and dw, respectively.

Denote by Ms the set of all functions a ∈ M such that the function
x → a(b, x), x ∈ X is continuous for all b ∈ B and denote by Mc the set of
all continuous functions a ∈M. It is easy to see that Ms and Mc are closed
subsets of the metric space (M, ds).

Define A = A1×A2 where A2 = S(X) and A1 is either M or Ms or Mc.
For each a = (a1, a2) ∈ A1 ×A2 we consider the problem

minimize a1(b, x) subject to x ∈ a2

where a parameter b ∈ B.
We prove the following theorem obtained in [119].

Theorem 6.25. There exists a set F ⊂ A which is a countable intersection
of open (in the weak topology) everywherere dense (in the strong topology)
subsets of A such that for each a = (a1, a2) ∈ F and each b ∈ B the problem
minimize a1(b, x) subject to x ∈ a2 is well-posed in the generalized sense.

We prove this result as a realization of the variational principle which was
established in Section 6.1 (Theorem 6.1).

6.11 Proof of Theorem 6.25

It is clear that B = ∪∞i=1Bi where Bi, i = 1, 2, . . . is a compact subset of B.
In order to prove Theorem 6.25 it is sufficient to show that for each natural
number i there exists a set Fi ⊂ A which is a countable intersection of open
(in the weak topology) everywhere dense (in the strong topology) subsets of
A such that the following property holds:

For each a = (a1, a2) ∈ Fi (a = (a1, a2)) and each b ∈ Bi the minimization
problem a1(b, x) → min, x ∈ a2 is well-posed in the generalized sense.

Fix a natural number s. For each a = (a1, a2) ∈ A = A1 × A2 and each
b ∈ Bs define

fab(x) = a1(b, x) if x ∈ a2, otherwise fab(x) = ∞. (6.151)

Evidently, the function fab : X → R1 ∪ {∞} is lower semicontinuous for any
a ∈ A and any b ∈ Bs. In order to prove Theorem 6.25 it is sufficient to show
that there exists a set F ⊂ A which is a countable intersection of open (in the
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weak topology) everywhere dense (in the strong topology) subsets of A such
that the following property holds:

For each a = (a1, a2) ∈ F and each b ∈ Bs the minimization problem
a1(b, x) → min, x ∈ a2 is well-posed in the generalized sense.

In view of Theorem 6.1 to meet this goal we need to show that (H) holds
with B = Bs.

Proposition 6.4 and (D3) imply the following auxiliary result.

Lemma 6.26. Let a1 ∈ A1, a2 ∈ A2. Then the function

b → inf{a1(b, x) : x ∈ a2}, b ∈ B

is continuous.

Let a = (a1, a2) ∈ A = A1 ×A2, ε ∈ (0, 1). We construct ā = (ā1, ā2) ∈ A
(see hypothesis (H) in Section 6.1).

Since the set Bs is compact, Lemma 6.26 implies that there exists an
integer n0 ≥ 4 such that

| inf{a1(b, u) : u ∈ a2}| < n0 for all b ∈ Bs. (6.152)

Fix positive numbers
ε0 < ε/4, η < εε0/16. (6.153)

By the definition of M (see (D3)) for each b ∈ Bs there exists an open neigh-
borhood Ub of b ∈ B such that:

(P1) For each ξ ∈ Ub and each x ∈ X satisfying

min{a1(ξ, x), a1(b, x)} ≤ 4n0

the inequality |a1(ξ, x)− a1(b, x)| ≤ η/16 holds.
Since Bs is compact and

Bs ⊂ ∪b∈Bs
Ub

there exists a finite set {b1, . . . , bq} ⊂ Bs where q ≥ 1 is an integer such that

Bs ⊂ ∪q
i=1Ubi

. (6.154)

Put
Ω = {x ∈ X : ρ(x, a2) < ε0}. (6.155)

Let i ∈ {1, . . . , q}. It follows from (D2) and (D1) that there exists a nonempty
open set Ei ⊂ X such that

Ei ⊂ Ω, a1(bi, z) ≤ inf{a1(b, u) : u ∈ Ω}+ 16−1η for all z ∈ Ei. (6.156)

Let
x̄i ∈ Ei (6.157)
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and define
ā2 = a2 ∪ {x̄i : i = 1, . . . , q}, (6.158)

ā1(b, x) = a1(b, x) + 4−1ε0 min{1, ρ(x, {x̄i : i = 1, . . . , q})}, (6.159)

b ∈ B, x ∈ X.

Put
ā = (ā1, ā2).

Clearly, ā1 ∈ A1, ā2 ∈ A2. By (6.153), (6.155) and (6.157)–(6.159),

H(a2, ā2) ≤ H̃(a2, ā2) < ε0 < ε/4 (6.160)

and
ds(a1, ā1) ≤ d̃s(a1, ā1) ≤ 4−1ε0 < ε/4. (6.161)

We construct a neighborhood V of ā in A with the weak topology (see hy-
pothesis (H) in Section 6.1).

Fix an integer n1 ≥ 1 such that

n1 > 16 + 2n0 + 32ε−2
0 + 16[ε0 −max{ρ(x̄i, a2) : i = 1, . . . , q}]−1, (6.162)

{z ∈ X : ρ(z, x̄i) ≤ 8n−1
1 } ⊂ Ei, i = 1, . . . , q. (6.163)

Define
V1 = {ξ ∈ A1 : (ξ, ā1) ∈ Uw(n1)}, (6.164)

V2 = {h ∈ A2 : H(h, ā2) < 1/n1}, (6.165)

V = V1 × V2. (6.166)

It is easy to see that V is a neighborhood of (ā1, ā2) in A with the weak
topology.

We show that hypothesis (H) holds with ā, V, xi = x̄i, i = 1, . . . , q and
δ = η. The inequalities (6.160) and (6.161) imply part (i) of hypothesis (H).

Assume that
b ∈ Bs, ξ = (ξ1, ξ2) ∈ V . (6.167)

In view of (6.154) there exists j ∈ {1, . . . , q} such that

b ∈ Ubj
. (6.168)

By (6.167) and (6.165),

H̃(ξ2, ā2) = H(ξ2, ā2)(1−H(ξ2, ā2))−1 ≤ 2H(ξ2, ā2) < 2/n1. (6.169)

Therefore (see (6.158)) there exists ȳ ∈ X such that

ȳ ∈ ξ2, ρ(ȳ, x̄j) < 2/n1. (6.170)

It follows from (6.170), (6.163) and (6.156) that
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ȳ ∈ Ej ⊂ Ω. (6.171)

By (6.171), (6.157) and (6.156),

max{a1(bj , ȳ), a1(bj x̄j)} ≤ inf{a1(bj , u) : u ∈ Ω}+ 16−1η. (6.172)

We show that ξ1(b, ȳ) ≤ n0 + 1. In view of (6.159), (6.169), (6.172), (6.171)
and (6.157),

ā1(bj , ȳ) ≤ a1(bj , ȳ) + 2−1ε0n
−1
1 ≤ a1(bj , x̄j) + 16−1η + 2−1ε0n

−1
1 . (6.173)

Relations (6.172), (6.152) and (6.155) imply that

a1(bj , ȳ) ≤ n0 + 16−1η. (6.174)

By (6.174), (6.168) and the property (P1) (with b = bj , ξ = b, x = ȳ),

|a1(bj , ȳ)− a1(b, ȳ)| ≤ η/16. (6.175)

In view of (6.174) and (6.175),

a1(b, ȳ) ≤ a1(bj , ȳ) + η/16 ≤ n0 + η/8. (6.176)

By (6.176), (6.159) and (6.153),

ā1(b, ȳ) ≤ a1(b, ȳ) + 4−1ε0 ≤ n0 + η/8 + ε/4 ≤ n0 + 1/2. (6.177)

It follows from (6.177), (6.167), (6.164), (6.166), (6.150) and (6.162) that

|ā1(b, ȳ)− ξ1(b, ȳ)| ≤ n−1
1 .

Combined with (6.177) and (6.162) this inequality implies that

ξ1(b, ȳ) ≤ ā1(b, ȳ) + 1/n1 ≤ n0 + 1/2 + 1/n1 ≤ n0 + 1

and
ξ1(b, ȳ) ≤ n0 + 1. (6.178)

By (6.170) and (6.178),

inf{ξ1(b, u) : u ∈ ξ2} ≤ n0 + 1. (6.179)

Note that (6.179) holds for any b ∈ Bs and any ξ = (ξ1, ξ2) ∈ V. Therefore we
have

inf{ā1(b, u) : u ∈ ξ2} ≤ n0 + 1. (6.180)

Let
h1, h2 ∈ A1, {h1, h2} = {ξ1, ā1}. (6.181)

Assume that
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z ∈ ξ2, h1(b, z) ≤ inf{h1(b, u) : u ∈ ξ2}+ 1. (6.182)

It follows from (6.179), (6.180), (6.181) and (6.182) that h1(b, z) ≤ n0 + 2.
Together with (6.181), (6.164), (6.166), (6.150) and (6.162) this inequality
implies that

|h2(b, z)− h1(b, z)| ≤ 1/n1. (6.183)

Hence we have shown that the following property holds:
(P2) If z ∈ X satisfies (6.182), then (6.183) holds.
By property (P2), (6.182), (6.183) and (6.181),

inf{h2(b, u) : u ∈ ξ2} ≤ inf{h2(b, u) : u ∈ ξ2 and

h1(b, u) ≤ inf{h1(b, v) : v ∈ ξ2}+ 1} ≤ inf{h1(b, u) + 1/n1 :

u ∈ ξ2 and h1(b, u) ≤ inf{h1(b, v) : v ∈ ξ2}+ 1} =

1/n1 + inf{h1(b, u) : u ∈ ξ2 and h1(b, u) ≤
inf{h1(b, v) : v ∈ ξ2}+ 1} = 1/n1 + inf{h1(b, u) : u ∈ ξ2}

and

| inf{ā1(b, u) : u ∈ ξ2} − inf{ξ1(b, u) : u ∈ ξ2}| ≤ 1/n1. (6.184)

Let
p1, p2 ∈ Bs, {p1, p2} = {b, bj}. (6.185)

Assume that

z ∈ ξ2, ā1(p1, z) ≤ inf{ā1(p1, u) : u ∈ ξ2}+ 1. (6.186)

By (6.159), (6.180) (recall that (6.180) holds for any b ∈ Bs),

a1(p1, z) ≤ ā1(p1, z) ≤ n0 + 2. (6.187)

Property (P1) (with b = bj , ξ = b), (6.187), (6.159), (6.168) and (6.185) imply
that

|ā1(p1, z)− ā1(p2, z)| = |a1(p1, z)− a1(p2, z)| ≤ η/16. (6.188)

We have shown that the following property holds:
(P3) If z ∈ X satisfies (6.186), then (6.188) holds.
By property (P3), (6.186), (6.188) and (6.185),

inf{ā1(p2, z) : z ∈ ξ2} ≤

inf{ā1(p2, z) : z ∈ ξ2 and ā1(p1, z) ≤ inf{ā1(p1, u) : u ∈ ξ2}+ 1} ≤
inf{ā1(p1, z) + η/16 : z ∈ ξ2 and ā1(p1, z) ≤ inf{ā1(p1, u) : u ∈ ξ2}+ 1} =

η/16 + inf{ā1(p1, z) : z ∈ ξ2 and ā1(p1, z) ≤ inf{ā1(p1, u) : u ∈ ξ2}+ 1} =
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η/16 + inf{ā1(p1, z) : z ∈ ξ2}
and

| inf{ā1(b, z) : z ∈ ξ2} − inf{ā1(bj , z) : z ∈ ξ2}| ≤ η/16. (6.189)

Now we show that part (ii) of hypothesis (H) holds. Assume that

z ∈ ξ2 and ξ1(b, z) ≤ inf{ξ1(b, u) : u ∈ ξ2}+ η. (6.190)

By (6.190) and (6.169),

ρ(z, ā2) ≤ H̃(ξ2, ā2) < 2/n1. (6.191)

Property (P2), (6.182), (6.183), (6.181), (6.190) and (6.153) imply that

|ξ1(b, z)− ā1(b, z)| ≤ 1/n1. (6.192)

In view of (6.192), (6.190) and (6.184),

ā1(b, z) ≤ ξ1(b, z) + 1/n1 ≤ inf{ξ1(b, u) : u ∈ ξ2}+ η + (6.193)

1/n1 ≤ inf{ā1(b, u) : u ∈ ξ2}+ η + 2/n1.

By (6.193), the property (P3), (6.190), (6.186), (6.188), (6.185), (6.153) and
(6.162),

|ā1(b, z)− ā1(bj , z)| ≤ η/16. (6.194)

It follows from (6.194), (6.193) and (6.189) that

ā1(bj , z) ≤ ā1(b, z) + η/16 ≤ (6.195)

inf{ā1(b, u) : u ∈ ξ2}+ η + 2/n1 + η/16 ≤
inf{ā1(bj , u) : u ∈ ξ2}+ η/8 + 2/n1 + η.

In view of (6.191), (6.158), (6.163), (6.155), (6.156), (6.162) and (6.163),

z ∈ Ω. (6.196)

By (6.196), (6.157) and (6.156),

a1(bj , z) ≥ a1(bj , x̄j)− 16−1η. (6.197)

By (6.159), (6.195), (6.170), (6.196), (6.162), (6.153) and (6.172),

a1(bj , z) + 4−1ε0 min{1, ρ(z, {x̄i : i = 1, . . . , q})} =

ā1(bj , z) ≤ inf{ā1(bj , u) : u ∈ ξ2}+ η/8 + η + 2/n1 ≤
ā1(bj , ȳ) + η/8 + η + 2/n1 ≤

2−1ε0n
−1
1 + a1(bj , ȳ) + η/8 + η + 2/n1 ≤

a1(bj , z) + 8−1η + 2−1ε0n
−1
1 + 16−1η + 2/n1 <

a1(bj , z) + 2η + 4n−1
1

and
min{1, ρ(z, {x̄i : i = 1, . . . , q})} ≤ (8n + 16n−1

1 )ε−1
0 < ε.

Thus we have shown that (H) holds with B = Bs. This completes the proof
of Theorem 6.25.
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6.12 Comments

In this chapter we study a parametric family of the problems minimize f(b, x)
subject to x ∈ X on a complete metric space X with a parameter b which
belongs to a Hausdorff compact space B. Here f(·, ·) belongs to a space of
functions on B × X endowed with an appropriate uniform structure. Using
the generic approach and the porosity notion we show that for most functions
f(·, ·) the minimization problem has a solution for all parameters b ∈ B. These
results and their extensions are obtained as realizations of abstract variational
principles. The chapter is based on the works [106, 109, 113, 119, 127].





7

Optimization with Increasing Objective
Functions

7.1 Preliminaries

Let K be a nonempty closed subset of a Banach ordered space (X, || · ||,≥).
A function f : K → R1 ∪ {+∞} is called increasing if

f(x) ≤ f(y) for all x, y ∈ K such that x ≤ y.

Increasing functions are considered in many models of mathematical eco-
nomics. As a rule both utility and production functions are increasing with
respect to natural order relations.

We study the existence of a solution of the minimization problem

minimize f(x) subject to x ∈ K (P1)

where f : K → R1 ∪{+∞} is an increasing lower semicontinuous function. In
[88] it was established the generic existence of solutions of the problem (P1)
for certain classes of increasing lower semicontinuous functions f which satisfy
the growth condition

f(x) ≥ φ(||x||)− a for all x ∈ K,

where a is a given real number and φ : [0,∞) → [0,∞) is a given increasing
function such that φ(t) → +∞ as t → +∞. Note that the perturbations
which are usually used to obtain a generic existence result are not suitable for
these classes since they break the monotonicity. In [88] we proposed the new
kind of perturbations which allowed us to established the generic existence
of solutions for certain classes of increasing lower semicontinuous functions
satisfying the growth condition.

In the present chapter we prove significant improvements of the results of
[88]. We establish a general variational principle which is an extension of the
variational principles obtained in Section 4. Our generic existence results are
obtained as realizations of this principle.
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In contrast with [88], where the growth condition was used in the main
results, in the present chapter we also establish generic existence results for
spaces of increasing functions assuming only that the set K is bounded from
below.

We equip the space of functions with weak and strong topologies. We
construct a subset of this space which is a countable intersection of open (in
the weak topology) everywhere dense (in the strong topology) sets such that
for each function the corresponding minimization problem has a solution. This
approach allows us to enlarge the set of functions, for which we can guarantee
that (P1) has a unique solution.

In the present chapter we also consider the following minimization prob-
lem:

minimize f(x) subject to x ∈ A, (P2)

where A is a nonempty closed subset of K and f : K → R1 is an increasing
continuous function. We show that for a generic pair (f,A) the minimization
problem (P2) has a solution.

The chapter is based on the works [114, 115].

7.2 A variational principle

We use the following notations and definitions. Let (X, || · ||,≥) be a Banach
ordered space and X+ = {x ∈ X : x ≥ 0} be the cone of its positive
elements. Assume that X+ is a closed convex cone such that ||x|| ≤ ||y||
for each x, y ∈ X+ satisfying x ≤ y. We assume that the cone X+ has the
following property (A):

Property (A): If {xi}∞i=1 ⊂ X, xi+1 ≤ xi for all integers i ≥ 1 and
sup{||xi|| : i = 1, 2, . . . } < ∞, then the sequence {xi}∞i=1 converges.

The property (A) is well-known in the theory of ordered Banach spaces
(see, for example, [60, 88, 90]). Recall that the cone X+ has the property
(A) if the space X is reflexive. The property (A) also holds for the cone of
nonnegative functions (with respect to usual order relation) in the space L1

of all integrable on a measure space functions.
Assume that K is a closed subset of X. For each function f : Y →

[−∞,∞], where Y is a nonempty set we define

dom(f) = {y ∈ Y : |f(y)| < ∞}, inf(f) = inf{f(y) : y ∈ Y }

and
epi(f) = {(y, α) ∈ Y ×R1 : α ≥ f(y)}.

We use the convention that ∞−∞ = 0.
We consider a complete metric space (A, d) which is called the data space.

We consider the space A with the topology τs induced by the metric d. The
topology τs is called the strong topology. The space A is also equipped with
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a topology τw which is weaker than τs. The topology τw is called the weak
topology. We assume that the topology τw is induced by a metric dw : A×A →
R1.

For each a ∈ A and each number r > 0 set

B(a, r) = {b ∈ A : d(a, b) < r}, Bw(a, r) = {b ∈ A : dw(a, b) < r}. (7.1)

We assume that with every a ∈ A a lower semicontinuous function fa :
K → [−∞,∞] is associated and fa is not identically ∞ for all a ∈ A. The
following is the basic hypotheses about the functions.

(H) For each a ∈ A and each pair of positive numbers ε and γ there exist
ā ∈ A, x ∈ K and r, η, c > 0 such that d(a, ā) < ε, −∞ < fā(x) ≤ inf(fā) + ε
and for each b ∈ A satisfying dw(ā, b) < r the following properties hold:

inf(fb) > −∞;
if z ∈ K satisfies fb(z) ≤ inf(fb) + η, then ||z|| ≤ c, |fb(z) − fā(x)| ≤ γ

and there is u ∈ X such that z ≤ x + u and ||u|| < ε;
there is y ∈ K such that ||y − x|| ≤ ε and fb(y) ≤ inf(fb) + ε.
The hypothesis (H) is of technical nature. It turns out that this hypothesis

is valid in many natural situations.
The following theorem was proved in [114].

Theorem 7.1. Assume that (H) holds. Then there exists a set F ⊂ A which
is a countable intersection of open (in the weak topology) everywhere dense
(in the strong topology) subsets of A such that for each a ∈ F the following
assertions hold:

1. inf(fa) is finite and attained at a point x(a) ∈ K such that for each
x ∈ K satisfying fa(x) = inf(fa) the inequality x ≤ xa holds.

2. For any positive number ε there exist δ > 0 and a neighborhood U of a
in A with the weak topology such that for each b ∈ U , inf(fb) is finite, and if
x ∈ K satisfies fb(x) ≤ inf(fb) + δ, then |fa(x(a)) − fb(x)| < ε and there is
u ∈ X such that ||u|| < ε and x ≤ x(a) + u.

Proof: It follows from (H) that for each a ∈ A and each natural number n
there exist b̄(a, n) ∈ A, x(a, n) ∈ K and positive numbers r(a, n), c(a, n),
η(a, n) such that

d(a, b̄(a, n)) < 2−n, −∞ < fb̄(a,n)(x(a, n)) ≤ inf(fb̄(a,n)) + 2−n (7.2)

and for each b ∈ Bw(b̄(a, n), r(a, n)) the following properties hold:

inf(fb) > −∞; (7.3)

there exists yb ∈ K such that

||yb − x(a, n)|| ≤ 2−n, fb(yb) ≤ inf(fb) + 2−n; (7.4)

if z ∈ K satisfies fb(z) ≤ inf(fb) + η(a, n), then
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||z|| ≤ c(a, n), |fb(z)− fb̄(a,n)(x(a, n))| ≤ 2−n, (7.5)

and there is u ∈ X such that

z ≤ x(a, n) + u and ||u|| < 2−n. (7.6)

We may assume without loss of generality that

η(a, n), r(a, n) < 4−n−1 for all a ∈ A and all natural numbers n. (7.7)

Define
F = ∩∞q=1 ∪ {Bw(b̄(a, n), r(a, n)) : a ∈ A, n ≥ q}. (7.8)

Relations (7.1) and (7.2) imply that F is a countable intersection of open (in
the weak topology) everywhere dense (in the strong topology) subsets of A.

Assume that a ∈ F . (7.8) implies that there exist a sequence {an}∞n=1 ⊂ A
and a strictly increasing sequence of natural numbers {kn}∞n=1 such that

a ∈ Bw(b̄(an, kn), r(an, kn)), n = 1, 2, . . . . (7.9)

It follows from (7.9) and (7.7) that we may assume without loss of generality
that

Bw(b̄(an+1, kn+1), r(an+1, kn+1)) ⊂ Bw(b̄(an, kn), r(an, kn)), n = 1, 2, . . .
(7.10)

and
4 · 2−kn+1 < η(an, kn), n = 1, 2, . . . . (7.11)

In view of (7.11) and (7.7),

η(an+1, kn+1) < η(an, kn), n = 1, 2, . . . . (7.12)

Let n be a natural number. By (7.2),

−∞ < fb̄(an+1,kn+1)(x(an+1, kn+1)) ≤ inf(fb̄(an+1,kn+1)) + 2−kn+1 . (7.13)

By (7.10)–(7.13) and the definition of b̄(an, kn), x(an, kn), r(an, kn), c(an, kn),
η(an, kn) (see (7.4)–(7.6)),

||x(an+1, kn+1)|| ≤ c(a1, k1), (7.14)

and that there exists un ∈ X for which

||un|| < 2−kn , x(an+1, kn+1) ≤ x(an, kn) + un. (7.15)

For each natural number n put

yn = x(an, kn) +
∞∑

i=n

ui. (7.16)
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Clearly the sequence {yn}∞n=1 is well-defined and for each natural number n,

yn+1 − yn = x(an+1, kn+1)− x(an, kn)− un ≤ 0. (7.17)

By (7.14), (7.16) and (7.15), the sequence {yn}∞n=1 is bounded. In view of
(7.17) and the property (A) there exists x(a) = limn→∞ yn. Together with
(7.16) and (7.15) this equality implies that

x(a) = lim
n→∞

x(an, kn). (7.18)

In view of (7.9) and the definition of b̄(an, kn), x(an, kn), r(an, kn) (see (7.4)),
for each natural number n there exists zn ∈ K such that

||zn − x(an, kn)|| ≤ 2−kn , fa(zn) ≤ inf(fa) + 2−kn .

These inequalities, (7.18) and lower semicontinuity of fa imply that fa(x(a))
= inf(fa).

Assume now that x ∈ K and fa(x) = inf(fa). It follows from (7.9) and the
definition of b̄(an, kn), x(an, kn), r(an, kn) (see (7.5) and (7.6)) that for each
natural number n there exists vn ∈ X such that

||vn|| ≤ 2−kn , x ≤ x(an, kn) + vn.

In view of these inequalities and (7.18), x ≤ x(a). Hence the first assertion of
Theorem 7.1 is true.

We turn now to the second assertion. Assume that ε > 0. Choose a natural
number m for which

||x(a) − x(am, km)|| < 4−1ε and 2−km < 4−1ε. (7.19)

Assume that

b ∈ Bw(b̄(am, km), r(am, km)), x ∈ K and fb(x) ≤ inf(fb) + η(am, km).
(7.20)

It follows from (7.20) and the definition of b̄(am, km), r(am, km), η(am, km)
(see (7.5), (7.6)) that

|fb(x)− fb̄(am,km)(x(am, km))| ≤ 2−km (7.21)

and there exists v ∈ X such that

||v|| < 2−km , x ≤ x(am, km) + v. (7.22)

Since (7.21) and (7.22) hold for any b and x satisfying (7.20) we have

|fa(x(a))− fb̄(am,km)(x(am, km))| ≤ 2−km . (7.23)

By (7.22) and (7.19),
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x ≤ x(a) + (x(am, km)− x(a) + v),

||x(am, km)− x(a) + v|| ≤ ||v||+ ||x(am, km)− x(a)|| < 2−km + 4−1ε < 2−1ε

and
|fa(x(a))− fb(x)| ≤ 21−km < ε.

Theorem 7.1 is proved.

An element x ∈ K is called minimal if for each y ∈ K satisfying y ≤ x the
equality x = y holds.

We also use the following hypotheses.
(H1) For each a ∈ A, each pair of positive numbers ε and γ there exist

ā ∈ A, a minimal element x ∈ K and numbers r, η, c > 0 such that d(a, ā) < ε,
−∞ < fā(x) ≤ inf(fā) + ε and for each b ∈ A satisfying dw(ā, b) < r the
following properties hold:

inf(fb) > −∞;
if z ∈ K satisfies fb(z) ≤ inf(fb) + η, then ||z|| ≤ c, |fb(z) − fā(x)| ≤ γ

and there exists u ∈ X such that z ≤ x + u and ||u|| < ε;
there exists y ∈ K such that ||y − x|| ≤ ε and fb(y) ≤ inf(fb) + ε.

The hypothesis (H1) is of technical nature. It turns out that this hypothesis
is valid in many natural situations.

Theorem 7.2. Assume that (H1) holds and that the set of all minimal ele-
ments of K is a closed subset of X. Then there exists a set F ⊂ A which is a
countable intersection of open (in the weak topology) everywhere dense (in the
strong topology) subsets of A such that for each a ∈ F the following assertions
hold:

1. inf(fa) is finite and attained at a unique point x(a) ∈ K.
2. For any positive number ε there exist a positive number δ and a neigh-

borhood U of a in A with the weak topology such that for each b ∈ U , inf(fb)
is finite, and if x ∈ K satisfies fb(x) ≤ inf(fb) + δ, then |fa(x(a))− fb(x)| < ε
and there exists u ∈ X such that ||u|| < ε and x ≤ x(a) + u.

The proof of Theorem 7.2 is analogous to the proof of Theorem 7.1. Note
that in view of (H1) we can assume that x(a, n) is a minimal element of K.
Then xa constructed in the proof of Theorem 7.1 is also a minimal element
of K. This implies the uniqueness of a minimizer of the function fa for all
a ∈ F .

In this chapter we use the following functional λ : X → R1 defined by

λ(x) = inf{||y|| : y ≥ x}, x ∈ X. (7.24)

The function λ introduced in [88] has the following properties.
(i) The function λ is sublinear. Namely,

λ(αx) = αλ(x) for all α ≥ 0 and all x ∈ X,
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λ(x1 + x2) ≤ λ(x1) + λ(x2) for all x1, x2 ∈ X.

(ii) λ(x) = 0 if x ≤ 0.
(iii) If x1, x2 ∈ X and x1 ≤ x2, then λ(x1) ≤ λ(x2).
(iv) 0 ≤ λ(x) ≤ ‖x|| for all x ∈ X.
It is easy to see that for each x, y ∈ X,

|λ(x)− λ(y)| ≤ ||x− y||. (7.25)

7.3 Spaces of increasing coercive functions

Denote by M the set of all increasing lower semicontinuous bounded from
below functions f : K → R1 ∪ {+∞} which are not identically +∞. Recall
that a function f : K → R1 ∪ {+∞} is called increasing if

f(x) ≤ f(y) for all x, y ∈ X such that x ≤ y.

We equip the set M with strong and weak topologies. For the space M we
consider the uniformity determined by the following base:

Es(n) = {(f, g) ∈M×M : |f(x)− g(x)| ≤ n−1 for all x ∈ K} (7.26)

where n is a natural number. It is easy to see that this uniform space M is
metrizable (by a metric d) and complete. Denote by τs the topology in M
induced by this uniformity. The topology τs is called the strong topology.

For each (x, α) ∈ X×R1 put ||(x, α)|| = ||x||+|α|. For each lower semicon-
tinuous bounded from below function f : K → R1 ∪ {+∞} with a nonempty
epigraph epi(f) define a function ∆f : K ×R1 → R1 by

∆f (x, α) = inf{||x−y||+ |α−β| : (y, β) ∈ epi(f)}, (x, α) ∈ K×R1. (7.27)

For the set M we consider the uniformity determined by the following base:

Ew(n) = {(f, g) ∈M×M : |∆f (x, α)−∆g(x, α)| ≤ n−1 (7.28)

for all (x, α) ∈ K ×R1 satisfying ||x||+ |α| ≤ n}
where n = 1, 2, . . . . This uniform space M is metrizable (by a metric dw).
Denote by τw the epi-distance topology in M induced by this uniformity (see
[2]). The topology τw is called the weak topology. It is clear that the topology
τw is weaker than τs.

Assume that φ : K → R1 ∪ {+∞} satisfies

φ(x) → +∞ as ||x|| → +∞. (7.29)

Denote by M(φ) the set of all f ∈M such that

f(x) ≥ φ(x) for all x ∈ K (7.30)
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and by Mc(φ) the set of all continuous finite-valued functions f ∈M(φ).
Evidently, Mc(φ) and M(φ) are closed subsets of M with the strong

topology. We consider the topological subspaces Mc(φ), M(φ) ⊂M with the
relative weak and strong topologies.

We say that the set K has property (P) if for each x ∈ K there is a minimal
element y ∈ K such that y ≤ x and the set of all minimal elements of K is a
closed subset of X.

Remark 7.3. It follows from Zorn’s lemma that property (P) holds if the Ba-
nach space X is reflexive, the set K is bounded from below and convex, and
the set of all minimal elements of K is a closed subset of X.

The following theorem was proved in [114].

Theorem 7.4. Assume that A is either M(φ) or Mc(φ). Then there exists
a set F ⊂ A which is a countable intersection of open (in the weak topology)
everywhere dense (in the strong topology) subsets of A such that for each
f ∈ F the following assertions hold:

1. inf(f) is finite and attained at a point x(f) ∈ K such that for each
x ∈ K satisfying f(x) = inf(f) the inequality x ≤ xf holds.

2. For each positive number ε there exist a positive number δ and a neigh-
borhood U of f in A with the weak topology such that for each g ∈ U , inf(g)
is finite, and if x ∈ K satisfies g(x) ≤ inf(g) + δ, then |f(x(f)) − g(x)| < ε
and there exists u ∈ X such that ||u|| < ε and x ≤ x(f) + u. Moreover if K
has the property (P), then inf(fa) is attained at the unique point x(f).

7.4 Proof of Theorem 7.4

Lemma 7.5. Let f ∈ A. Then there exist a neighborhood U of f in A with
the weak topology and a real number c such that for each g ∈ U the inequality
g(x) ≥ c holds for all x ∈ K.

Proof: There exists c0 ∈ R1 such that f(x) ≥ c0 for all x ∈ K. Relation (7.29)
implies that there exists a positive number c1 such that

φ(x) ≥ 4(|c0|+ 2) for all x ∈ K satisfying ||x|| ≥ c1. (7.31)

Fix a number c < 0 and an integer n ≥ 1 such that

c < c0 − 3, (7.32)

n > |c|+ c1. (7.33)

Put
U = {g ∈ A : (f, g) ∈ Ew(n)}. (7.34)

Let g ∈ U and x ∈ K. We will show that
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g(x) ≥ c. (7.35)

It follows from (7.31), (7.32), (7.29) and (7.30) that we may assume that

||x|| < c1. (7.36)

Assume that (7.35) does not hold. Then g(x) < c and

(x, c) ∈ epi(g). (7.37)

It follows from (7.36) and (7.33) that ||x|| + c < |c| + c1 < n. In view of this
inequality, (7.37), (7.34) and (7.28), ∆f (x, c) ≤ n−1 and there exists (y, β) ∈
epi(f) such that ||x−y||+|β−c| ≤ 2. Thus β ≥ f(y), β ≤ 2+c and f(y) ≤ 2+c.
Combined with (7.32) this implies that f(y) ≤ c0 − 1, a contradiction. Thus
(7.35) holds. This completes the proof of Lemma 7.5.

We can easily prove the following auxiliary result.

Lemma 7.6. Assume that f ∈ A and δ is a positive number. Then there exists
a neighborhood U of f in A with the weak topology such that inf(g) ≤ inf(f)+δ
for each g ∈ U .

By using Lemmas 7.5, 7.6, the growth condition (7.29) and the definition
of the epi-distance topology we can prove in a straightforward manner the
following result.

Lemma 7.7. Let f ∈ A and γ be a positive number. Then there exists a
neighborhood U of f in A with the weak topology such that inf(g) > inf(f)−γ
for each g ∈ U .

Denote by B the set of all f ∈ A for which there is xf ∈ K such that
f(xf ) = inf(f). If K has the property (P) we may assume that xf is a minimal
element of K for each f ∈ B.

Lemma 7.8. Let f ∈ A. Then there exists a sequence {fn}∞n=1 ⊂ B such that
fn(x) ≥ f(x) for all x ∈ K and all natural numbers n and fn → f as n →∞
in the space A with the strong topology.

Proof: For each natural number n there exists xn ∈ K such that f(xn) ≤
inf(f) + n−1. For n = 1, 2, . . . define

fn(x) = max{f(x), f(xn)} for all x ∈ K.

Evidently, fn ∈ B for n = 1, 2, . . . and limn→∞ fn = f in the strong topology.
This completes the proof of Lemma 7.8.

Lemma 7.9. Let f ∈ B, xf ∈ K,

f(xf ) = inf(f), ε ∈ (0, 1) and δ ∈ (0, 16−1ε2). (7.38)
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Define a function f̄ ∈ A by

f̄(x) = f(x) + 2−1ε min{λ(x− xf ), 1} for all x ∈ K. (7.39)

Then there exist a neighborhood U of f̄ in A with the weak topology and a
number c > 0 such that the following assertions are true:

1. For each g ∈ U and each x ∈ K satisfying g(x) ≤ inf(g) + δ the
inequalities

|g(x)− f(xf )| ≤ ε, ||x|| ≤ c (7.40)

hold and there is v ∈ X such that

||v|| ≤ ε, x ≤ xf + v. (7.41)

2. For each g ∈ U there exists z ∈ K such that

||z − xf || ≤ ε, |g(z)− f(xf )| ≤ ε and g(z) ≤ inf(g) + ε. (7.42)

Proof: It follows from Lemmas 7.6 and 7.7 that there exists a neighborhood
U0 of f̄ in A with the weak topology such that

| inf(f̄)− inf(g)| ≤ 2−1δ for all g ∈ U0. (7.43)

In view of (7.29) there exists a number c > 1 such that

φ(x) ≥ | inf(f̄)|+ 4 for all x ∈ K satisfying ||x|| ≥ c. (7.44)

Fix an integer
n > | inf(f̄)|+ 4 + 4δ−1 + c + ||xf || (7.45)

and put
U = U0 ∩ {g ∈ A : (f̄ , g) ∈ Ew(n)}. (7.46)

Assume that
g ∈ U, x ∈ K and g(x) ≤ inf(g) + δ. (7.47)

In view of (7.47) and (7.43),

g(x) ≤ inf(f̄) + 2δ. (7.48)

It follows from (7.48), (7.44) and (7.30) that

||x|| ≤ c. (7.49)

By (7.49), (7.48), (7.46), (7.28) and (7.45), there exist (y, α) ∈ epi(f̄) such
that

||x− y|| ≤ 2n−1 and |α− inf(f̄) + 2δ| ≤ 2/n. (7.50)

By (7.50), (7.39), (7.38) and (7.45),

f(y) + 2−1εmin{λ(y − xf ), 1} = f̄(y) ≤ α ≤ inf(f̄) + 2δ + 2/n ≤
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inf(f̄) + 3δ = f(xf ) + 3δ ≤ f(y) + 3δ,

min{λ(y − xf ), 1} ≤ 6δε−1

and
λ(y − xf ) ≤ 6ε/16. (7.51)

It follows from the definition of λ (see (7.24)) that there exists u ∈ X such
that y ≤ xf + u, ||u|| ≤ 2−1ε. Combined with (7.50) and (7.45) this implies
that

x ≤ xf + u + x− y, ||x− y + u|| ≤ ε. (7.52)

(7.40) and (7.41) now follow from (7.52), (7.49), (7.47) and (7.43). Since
(xf , f(xf )) ∈ epi(f̄) relations (7.46), (7.28) and (7.47) imply that there exists
(z, β) ∈ epi(g) such that

||z − xf ||+ |β − f(xf )| ≤ 2/n < 2−1δ. (7.53)

It follows from (7.53) and (7.43) that

f(xf )− δ ≤ inf(g) ≤ g(z) ≤ β ≤ f(xf ) + δ/2 ≤ inf(g) + δ.

Lemma 7.9 is proved.

For each a ∈ A set fa = a. The hypotheses (H) follow from Lemmas 7.8
and 7.9. If K has the property (P), then these lemmas imply (H1). Theorem
7.4 now follows from Theorems 7.1 and 7.2.

7.5 Spaces of increasing noncoercive functions

We consider the space M with the complete metrizable (by the metric d)
uniformity which is determined by the base Es(n), n = 1, 2, . . . (see (7.26))
and with the the strong topology τs induced by this uniformity.

For the set M we consider the uniformity determined by the following
base:

Êw(n) = {(f, g) ∈M×M : sup{∆f (x, α) : (x, α) ∈ epi(g)} ≤ 1/n, (7.54)

sup{∆g(x, α) : (x, α) ∈ epi(f)} ≤ 1/n},
where n = 1, 2, . . . . The spaceM with this uniformity is metrizable (by a met-
ric dw). The topology induced by this uniformity it is called the weak topology.
Denote by Mc the set of all continuous finite-valued functions f ∈M. Clearly
Mc is a closed subset of M with the strong topology. We consider the topo-
logical subspace Mc ⊂M with the relative weak and strong topologies.

In this section we use the property (P) introduced in Section 7.3. The
following theorem was obtained in [114].
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Theorem 7.10. Assume that there is z̄ ∈ X such that z̄ ≤ x for all x ∈ K
and assume that A is either M or Mc. Then there exists a set F ⊂ A which
is a countable intersection of open (in the weak topology) everywhere dense
(in the strong topology) subsets of A such that for each f ∈ F the following
assertions hold:

1. inf(f) is finite and attained at a point x(f) ∈ K such that for each
x ∈ K satisfying f(x) = inf(f) the inequality x ≤ xf holds.

2. For any positive number ε there exist a positive number δ and a neigh-
borhood U of f in A with the weak topology such that for each g ∈ U , inf(g)
is finite, and if x ∈ K satisfies g(x) ≤ inf(g) + δ, then |f(x(f)) − g(x)| < ε
and there is u ∈ X such that ||u|| < ε and x ≤ x(f) + u.

Moreover if K has the property (P), then inf(fa) is attained at the unique
point x(f).

7.6 Proof of Theorem 7.10

We can easily prove the following auxiliary result.

Lemma 7.11. Let f ∈ A and let ε be a positive number. Then there exists a
neighborhood U of f in A with the weak topology such that | inf(g)−inf(f)| ≤ ε
for all g ∈ U .

Denote by B the set of all f ∈ A for which there is xf ∈ K such that
f(xf ) = inf(f). If K has the property (P), we may assume that xf is a
minimal element of K for each f ∈ B.

Analogously to Lemma 7.8 we can prove the following lemma.

Lemma 7.12. The set B is everywhere dense in A with the strong topology.

Lemma 7.13. Let f ∈ B, xf ∈ K,

f(xf ) = inf(f), ε ∈ (0, 1), δ ∈ (0, 16−1ε2). (7.55)

Define a function f̄ ∈ A by

f̄(x) = f(x) + 2−1ε min{λ(x− xf ), 1} for all x ∈ K. (7.56)

Then there exist a neighborhood U of f̄ in A with the weak topology and a
number c > 0 such that for each g ∈ U the following properties hold:

If x ∈ K satisfies g(x) ≤ inf(g) + δ, then there is v ∈ X such that

||v|| ≤ ε, x ≤ xf + v and |g(x)− f(xf )| ≤ ε, ||x|| ≤ c; (7.57)

for each g ∈ U there is z ∈ K such that

||z − xf || ≤ ε, |g(z)− f(xf )| ≤ ε and g(z) ≤ inf(g) + ε. (7.58)
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Proof: There exists z̄ ∈ X such that

z̄ ≤ x for all x ∈ K. (7.59)

Lemma 7.11 implies that there exists a neighborhood U0 of f in A with the
weak topology such that

| inf(f̄)− inf(g)| ≤ 2−1δ for all g ∈ U0. (7.60)

Fix
c > 4(||z̄||+ ||xf ||+ 1), (7.61)

an integer
n > | inf(f̄)|+ 4 + 4δ−1 (7.62)

and put
U = U0 ∩ {g ∈ A : (f, g) ∈ Êw(n)}. (7.63)

Assume that
g ∈ U, x ∈ K, g(x) ≤ inf(g) + δ. (7.64)

In view of (7.60), (7.55) and (7.56),

|g(x)− f(xf )| = |g(x)− inf(f̄)| ≤ 2δ. (7.65)

Thus (x, inf(f̄) + 2δ) ∈ epi(g). It follows from (7.65), (7.63) and (7.54) that
there exists (y, α) ∈ epi(f̄) such that

||y − x|| ≤ 2/n, |α− (inf(f̄) + 2δ)| ≤ 2/n. (7.66)

By (7.56), (7.66), (7.62) and (7.55),

f(y) + 2−1εmin{λ(y − xf ), 1} = f̄(y) ≤ α ≤

inf(f̄) + 2δ + 2/n ≤ f(xf ) + 3δ ≤ f(y) + 3δ,

min{λ(y − xf ), 1} ≤ 6δε−1 ≤ 6 · 16−1ε,

and
λ(y − xf ) ≤ 6 · 16−1ε.

It follows from the definition of λ (see (7.24)) that there exists u ∈ X such
that ||u|| ≤ 2−1ε, y ≤ xf + u. Combined with (7.66) and (7.62) this implies
that

x ≤ xf + x− y + u, ||x− y + u|| ≤ ε. (7.67)

It follows from (7.67), (7.59) and (7.61) that

||x|| ≤ ||x− z̄||+ ||z̄|| ≤ ||z̄||+ ||xf + x− y + u− z̄|| ≤ (7.68)

2||z̄||+ ||xf ||+ 1 < c.
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(7.57) now follows from (7.65), (7.67) and (7.68). Since (xf , f(xf )) ∈ epi(f̄)
relations (7.63), (7.54) and (7.62) imply that there exists (z, β) ∈ epi(g) such
that

||z − xf ||+ |β − f(xf )| ≤ 2/n < δ/2.

This relation and (7.60) imply that

f(xf )− δ ≤ inf(g) ≤ g(z) ≤ β ≤ f(xf ) + δ/2 ≤ inf(g) + δ.

Lemma 7.13 is proved.

For each a ∈ A set fa = a. The hypotheses (H) follow from Lemmas 7.12
and 7.13. If K has the property (P), then these lemmas imply (H1). Theorem
7.10 now follows from Theorems 7.1 and 7.2.

7.7 Spaces of increasing quasiconvex functions

Assume that the set K is convex. We consider the space M with the weak
and strong topologies (uniformities) introduced in Section 7.3 (see (7.26) and
(7.28)). A function f ∈ M is called quasiconvex if for each α ∈ R1 the set
{x ∈ K : f(x) ≤ α} is convex.

Denote by Mq the set of all quasiconvex functions f ∈ M and by Mqc

the set of all finite-valued continuous quasiconvex functions f ∈M. It is clear
that Mq and Mqc are closed subsets of M with the strong topology.

Let φ : K → R1 ∪ {+∞} satisfy

φ(x) → +∞ as ||x|| → +∞. (7.69)

Consider the spaces Mc(φ) and M(φ) defined in Section 7.3 and set

Mq(φ) = Mq ∩M(φ), Mqc(φ) = Mqc ∩M(φ). (7.70)

Evidently, Mq(φ), Mqc(φ) are closed subsets of M with the strong topology.
We consider the topological subspaces Mq, Mqc, Mq(φ), Mqc(φ) ⊂M with
the relative strong and weak topologies.

The following theorem was obtained in [114].

Theorem 7.14. Assume that one of the following cases holds:
1. A is either Mq(φ) or Mqc(φ);
2. there is z̄ ∈ X such that z̄ ≤ x for all x ∈ K and A is either Mq or

Mqc. Then there exists a set F ⊂ A which is a countable intersection of open
(in the weak topology) everywhere dense (in the strong topology) subsets of A
such that for each f ∈ F the following assertions hold:

1. inf(f) is finite and attained at a point x(f) ∈ K such that for each
x ∈ K satisfying f(x) = inf(f) the inequality x ≤ xf holds.

2. For any positive number ε there exist a positive number δ and a neigh-
borhood U of f in A with the weak topology such that for each g ∈ U , inf(g)



7.8 Proof of Theorem 7.14 281

is finite, and if x ∈ K satisfies g(x) ≤ inf(g) + δ, then |f(x(f)) − g(x)| < ε
and there exists u ∈ X such that ||u|| < ε and x ≤ x(f) + u.

Moreover if K has the property (P), then inf(f) is attained at the unique
point x(f).

7.8 Proof of Theorem 7.14

Lemma 7.15. Let f ∈ M(φ) and ε be a positive number. Then there exist a
neighborhood U of f in M(φ) with the weak topology and a positive number
c such that | inf(f) − inf(g)| ≤ ε for all g ∈ U and for each g ∈ U and each
z ∈ K satisfying g(z) ≤ inf(g) + 4 the inequality ||z|| ≤ c is true.

Lemma 7.14 follows from Lemmas 7.6 and 7.7 and the growth condition
(7.69).

Denote by B the set of all f ∈ A for which there exists xf ∈ K such that
f(xf ) = inf(f). If K has property (P), we may assume that xf is a minimal
element of K for all f ∈ B. Analogously to Lemma 7.8 we can prove the
following auxiliary result.

Lemma 7.16. The set B is everywhere dense in the space A with the strong
topology.

It is easy to prove in a straightforward manner the following result.

Lemma 7.17. Let f ∈ B, xf ∈ K and f(xf ) = inf(f). For each δ ∈ (0, 1)
define fδ : K → R1 ∪ {∞} by

fδ(x) = max{f(x), f(xf ) + δ min{λ(x− xf ), 1}} for all x ∈ K. (7.71)

Then fδ ∈ A for each δ ∈ (0, 1) and fδ → f as δ → 0 in A with the strong
topology.

Lemma 7.18. Assume that z̄ ∈ X,

z̄ ≤ x for all x ∈ K, f ∈Mq, xf ∈ K, f(xf ) = inf(f), (7.72)

δ ∈ (0, 1) and fδ is defined by (7.71). Then there exist a neighborhood U of
fδ in Mq with the weak topology and a positive number c such that for each
g ∈ U and each z ∈ K satisfying ||z|| ≥ c the inequality g(z) ≥ f(xf )+64−1δ2

holds.

Proof: Let y ∈ K. Then y ≥ z̄ and there is v ∈ X such that

y − xf ≤ v, ||v|| ≤ λ(y − xf ) + 1.

We have
||y|| ≤ ||y − z̄||+ ||z̄|| ≤ ||z̄||+ ||xf + v − z̄|| ≤
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2||z̄||+ ||xf ||+ ||v|| ≤ 2||z̄||+ ||xf ||+ λ(y − xf ) + 1.

Hence
||y|| ≤ λ(y − xf ) + 2||z̄||+ ||xf ||+ 1 for all y ∈ K. (7.73)

Fix
c ≥ 4(2||z̄||+ ||xf ||+ 1), (7.74)

an integer n ≥ 1 satisfying

n > ||xf ||+ 4c + |f(xf )|+ 8 + 128δ−2 (7.75)

and put
U = {g ∈Mq : (fδ, g) ∈ Ew(n)} (7.76)

(see (7.28)). Assume that g ∈ U ,

x ∈ K, λ(x− xf ) = 4−1c. (7.77)

Relations (7.77), (7.73) and (7.74) imply that

||x|| ≤ c. (7.78)

We show that
g(x) > f(xf ) + 64−1δ2. (7.79)

Let us assume the contrary. Then (x, fδ(xf ) + δ2/64) ∈ epi(g) and it follows
from (7.76), (7.75), (7.78) and (7.28) that

∆fδ
(x, fδ(xf ) + δ2/64) ≤ 1/n.

Therefore there exists (y, β) ∈ epi(fδ) such that

||y − x||, |β − fδ(xf )− 64−1δ2| < 2/n. (7.80)

Combined with (7.75) this implies that

||y − x|| < 64−1δ2 (7.81)

and
fδ(y) ≤ β ≤ fδ(xf ) + δ2/32 = f(xf ) + δ2/32.

Combined with (7.71) this inequality implies that

f(xf ) + δ2/32 ≥ fδ(y) = max{f(y), f(xf ) + δ min{λ(y − xf ), 1}},

min{λ(y − xf ), 1} ≤ δ/32 and λ(y − xf ) ≤ δ/32.

It follows from (7.81) that λ(x − xf ) < 1/2. This is contradictory to (7.77).
The contradiction we have reached proves that (7.79) holds for each x ∈ K
satisfying (7.77).

Assume that g ∈ U ,
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z ∈ K, λ(z − xf ) > 4−1c. (7.82)

We show that
g(z) ≥ f(xf ) + 64−1δ2. (7.83)

Let us assume the contrary. Then

g(z) < f(xf ) + 64−1δ2. (7.84)

Since (xf , f(xf )) ∈ epi(fδ) relations (7.75), (7.76) and (7.28) imply that there
exists (y, β) ∈ epi(g) such that

||y − xf || ≤ 2/n < 64−1δ2, |β − f(xf )| < 2/n < 64−1δ2.

Thus

λ(y − xf ) ≤ ||y − xf || < 64−1δ2, g(y) ≤ β < f(xf ) + 64−1δ2. (7.85)

It follows from (7.85), (7.82) and (7.75) that the line segment joining z and y
contains a point h with λ(h− xf ) = 4−1c. By (7.79) which holds with x = h,
(7.84) and (7.85),

g(h) > f(xf ) + 64−1δ2 ≥ max{g(z), g(y)},

a contradiction. Since the inequality ||z|| ≥ c implies λ(z − xf ) > 4−1c (see
(7.73), (7.74)), the obtained contradiction completes the proof of Lemma 7.18.

Lemma 7.19. Assume that z̄ ∈ X, z̄ ≤ x for all x ∈ K, f ∈ Mq, xf ∈ K,
f(xf ) = inf(f), δ ∈ (0, 1), fδ is defined by (7.71) and ε ∈ (0, 1). Then there
exist a neighborhood U of fδ in Mq with the weak topology and a positive
number c such that | inf(fδ) − inf(g)| ≤ ε for all g ∈ U , and for each g ∈ U
and each z ∈ K satisfying g(z) ≤ inf(g) + 128−1δ2 the inequality ||z|| ≤ c
holds.

Proof: We may assume that ε < (128 · 4)−1δ2. Lemma 7.18 implies that there
exist a neighborhood U0 of fδ in Mq with the weak topology and c > 0 such
that for each g ∈ U0 and each z ∈ K satisfying ||z|| ≥ c the inequality

g(z) ≥ f(xf ) + 64−1δ2 (7.86)

holds. Fix an integer

n > 4(||xf ||+ |f(xf )|+ 1 + c) + 8ε−1 (7.87)

and put
U = U0 ∩ {g ∈Mq : (fδ, g) ∈ Ew(n)}. (7.88)

Assume that g ∈ U . It follows from (7.88), (7.28) and (7.87) that



284 7 Optimization with Increasing Objective Functions

∆g(xf , f(xf )) ≤ n−1

and that there exists (y, β) ∈ epi(g) such that

||xf − y|| < 2/n, |β − f(xf )| < 2/n, (7.89)

inf(g) ≤ g(y) ≤ β < f(xf ) + 2/n < f(xf ) + ε/2 = inf(fδ) + ε/2.

Now we show that inf(fδ) ≤ inf(g) + ε. There is z ∈ K such that

g(z) ≤ inf(g) + ε/4. (7.90)

It follows from (7.90), (7.89) and the inequality ε < (128 · 4)−1δ2 that

g(z) ≤ f(xf ) + 3/4ε < f(xf ) + (128 · 4)−1δ2,

and in view of the definition of U0,

||z|| < c0. (7.91)

Assume that
inf(fδ) > inf(g) + ε. (7.92)

Relations (7.92) and (7.90) imply that g(z) < f(xf )− ε/2 and

(z, f(xf )− ε/2) ∈ epi(g). (7.93)

By (7.93), (7.91), (7.87) and (7.88),

∆fδ
(z, f(xf )− ε/2) ≤ 1/n

and there exists (z̄, γ̄) ∈ epi(fδ) such that

||z − z̄|| ≤ 2/n, |γ̄ − f(xf ) + ε/2| < 2/n.

Hence
fδ(z̄) ≤ γ̄ ≤ f(xf )− ε/2 + 2/n < f(xf ),

a contradiction (see (7.87)).
The contradiction we have reached proves that inf(fδ) ≤ inf(g) + ε. To-

gether with (7.89) this implies that

| inf(g)− inf(fδ)| ≤ ε for all g ∈ U. (7.94)

Assume that g ∈ U ,

z ∈ K, g(z) ≤ inf(g) + 128−1δ2.

Since ε < (128 · 4)−1δ2 relation (7.94) implies that g(z) < f(xf ) + 64−1δ2. In
view of this inequality and the definition of U0, ||z|| < c. This completes the
proof of Lemma 7.19.
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Lemma 7.20. Let f ∈ B, xf ∈ K, f(xf ) = inf(f), δ ∈ (0, 1) fδ is defined by
(7.71),

ε ∈ (0, 1), γ ∈ (0, (8−1εδ)2128−1). (7.95)

Then there exist a neighborhood U of fδ in A with the weak topology and c > 0
such that for each g ∈ U the following assertions hold:

For each x ∈ K satisfying g(x) ≤ inf(g) + γ,

|g(x)−f(xf )| ≤ ε, ||x|| ≤ c and there is v ∈ X such that ||v|| ≤ ε, x ≤ xf+v;
(7.96)

there is z ∈ K such that

||z − xf || ≤ ε, g(z) ≤ inf(g) + ε. (7.97)

Proof: Lemmas 7.19 and 7.15 imply that there exist a neighborhood U0 of fδ

in A with the weak topology and a positive number c such that

| inf(g)− inf(fδ)| ≤ 8−1γ for all g ∈ U0 (7.98)

and that for each g ∈ U0 and each x ∈ K satisfying g(x) ≤ inf(g) + 128−1δ2,

||x|| ≤ c. (7.99)

Fix an integer
n > 4(||xf ||+ |f(xf )|+ 1 + c) + 8−1γ (7.100)

and put
U = U0 ∩ {g ∈ A : (fδ, g) ∈ Ew(n)} (7.101)

(see (7.28)). Assume that g ∈ U , x ∈ K and

g(x) ≤ inf(g) + γ. (7.102)

It follows from (7.95), (7.102) and the definition of U0 that inequality (7.99)
holds. Relations (7.102) and (7.98) imply that

|g(x)| ≤ γ + | inf(g)| ≤ γ + |f(xf )|+ 8−1γ. (7.103)

It follows from (7.103), (7.99), (7.100) and (7.101) that ∆fδ
(x, g(x)) ≤ n−1.

Therefore there exists (y, α) ∈ epi(fδ) such that

||x− y|| < 2/n, |g(x)− α| < 2/n.

Combined with (7.100) this implies that

||x− y|| < 4−1γ, |g(x)− α| < 4−1γ. (7.104)

In view of (7.104), (7.102) and (7.98),

f(xf ) ≤ fδ(y) ≤ α ≤ g(x) + 4−1γ ≤ inf(g) + γ + 4−1γ ≤ (7.105)
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f(xf ) + γ + 4−1γ + 8−1γ.

By (7.71), (7.105) and (7.95),

f(xf ) + δ min{λ(y − xf ), 1} ≤ fδ(y) ≤ f(xf ) + 3/2γ,

min{λ(y − xf ), 1} ≤ δ−1(3/2)γ ≤ 3(2δ)−1(8−1εδ)2128−1

and
λ(y − xf ) ≤ 2−143ε2δ. (7.106)

In view of (7.106) and (7.104),

λ(x− xf ) < ε/2.

It follows from this inequality and the definition of λ that there exists v ∈ X
such that ||v|| < ε and x ≤ xf + v. Clearly, (7.105) and (7.99) imply (7.96).
It follows from (7.101) and (7.100) that ∆g(xf , f(xf )) ≤ 1/n and there exists
(z, β) ∈ epi(g) for which

||z − xf || < 2/n, |β − f(xf )| < 2/n. (7.107)

By (7.107), (7.100), (7.95) and (7.98), ||z − xf || < ε and

g(z) ≤ β ≤ f(xf ) + 2/n ≤ inf(g) + 2/n + γ/8 < inf(g) + γ/2 <

inf(g) + ε.

Therefore (7.107) holds. This completes the proof of Lemma 7.20.

For each a ∈ A set fa = a. The hypotheses (H) follow from Lemmas 7.20,
7.16 and 7.17. If K has the property (P), then these lemmas imply (H1).
Theorem 7.14 now follows from Theorems 7.1 and 7.2.

7.9 Spaces of increasing convex functions

Assume that the set K is convex. Denote by M(co) the set of all increasing
lower semicontinuous convex functions f : K → R1 ∪ {+∞} which are not
identically +∞ and which are bounded from below on bounded subsets of K.
Denote by M(co)

c the set of all finite-valued continuous functions f ∈ M(co).
We equip the set M(co) with weak and strong topologies.

For the set M(co) we consider the uniformity determined by the following
base:

Ês(n) = {(f, g) ∈M(co) ×M(co) : |f(x)− g(x)| ≤ 1/n (7.108)

for all x ∈ K such that ||x|| ≤ n},
where n = 1, 2, . . . . It is easy to see that this uniform space is metrizable and
complete. Denote by τs the topology in M(co) induced by this uniformity. The
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topology τs is called the strong topology. Evidently,M(co)
c is a closed subset of

M(co) with the strong topology. We equip the set M(co) with a weak topology
which is defined as in Section 7.3.

For each function f : K → R1 ∪ {+∞} with a nonempty epigraph epi(f)
define a function ∆f : K ×R1 → R1 by

∆f (x, α) = inf{||x− y||+ |α− β| : (y, β) ∈ epi(f)}, (x, α) ∈ K ×R1.

For the set M(co) we consider the uniformity determined by the following
base:

Ew(n) = {(f, g) ∈M(co) ×M(co) : |∆f (x, α)−∆g(x, α)| ≤ 1/n (7.109)

for all (x, α) ∈ K ×R1 satisfying ||x||+ |α| ≤ n},
where n = 1, 2, . . . . This uniform space is metrizable. We endow the space
M(co) with the topology τw induced by this uniformity. It is clear that τw is
weaker than τs. The topology τw is called the weak topology.

Let φ : K → R1 ∪ {+∞} satisfy

φ(x) → +∞ as ||x|| → +∞. (7.110)

Put
M(co)(φ) = {f ∈M(co) : f(x) ≥ φ(x) for all x ∈ K},

M(co)
c (φ) = M(co)(φ) ∩M(co)

c .

It is easy to see that M(co)(φ) and M(co)
c (φ) are closed subsets of M(co) with

the strong topology. We consider the topological subspaces M(co), M(co)
c ,

M(co)(φ), M(co)
c (φ) ⊂ M(co) with the relative weak and strong topologies.

For each a ∈M(co) put fa = a.
The following theorem was obtained in [114].

Theorem 7.21. Assume that one of the following cases holds:
1. A is either M(co)(φ) or M(co)

c (φ);
2. there exists z̄ ∈ X such that z̄ ≤ x for all x ∈ K and A is either M(co)

or M(co)
c .

Then there exists a set F ⊂ A which is a countable intersection of open
(in the weak topology) everywhere dense (in the strong topology) subsets of A
such that for each f ∈ F the following assertions hold:

1. inf(f) is finite and attained at a point x(f) ∈ K such that for each
x ∈ K satisfying f(x) = inf(f) the inequality x ≤ xf holds.

2. For any positive number ε there exist a positive number δ and a neigh-
borhood U of f in A with the weak topology such that for each g ∈ U , inf(g)
is finite, and if x ∈ K satisfies g(x) ≤ inf(g) + δ, then |f(x(f)) − g(x)| < ε
and there exists u ∈ X such that ||u|| < ε and x ≤ x(f) + u.

Moreover if K has the property (P), then inf(f) is attained at the unique
point x(f).
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7.10 Proof of Theorem 7.21

Since M(co)(φ) ⊂ M(φ) Lemmas 7.6, 7.7 and the growth condition (7.110)
imply the following auxiliary result.

Lemma 7.22. Let f ∈M(co)(φ) and ε be a positive number. Then there exist
a neighborhood U of f in M(co)(φ) with the weak topology and a number c > 0
such that

| inf(f)− inf(g)| ≤ ε for all g ∈ U,

and for each g ∈ U and each x ∈ K satisfying g(z) ≤ inf(g) + 4 the inequality
||z|| ≤ c is true.

Denote by B the set of all f ∈ A for which there exists xf ∈ K such that
f(xf ) = inf(f). If K has property (P), then we assume that xf is a minimal
element of K for all f ∈ B. Analogously to Lemma 7.8 we can prove the
following lemma.

Lemma 7.23. The set B is everywhere dense in the space A with the strong
topology.

We can easily prove in a straightforward manner the following auxiliary
result.

Lemma 7.24. Let f ∈ B, xf ∈ K and f(xf ) = inf(f). For each δ ∈ (0, 1)
define fδ : K → R1 ∪ {∞} by

fδ(x) = max{f(x), f(xf ) + δλ(x− xf )} for all x ∈ K.

Then fδ ∈ A for each δ ∈ (0, 1) and fδ → f as δ → 0 in A with the strong
topology.

Lemma 7.25. Assume that z̄ ∈ X,

z̄ ≤ x for all x ∈ K, f ∈M(co), xf ∈ K, f(xf ) = inf(f), δ ∈ (0, 1)

and fδ is defined by

fδ(x) = max{f(x), f(xf ) + δλ(x− xf )} for all x ∈ K.

Then there exist a neighborhood U of fδ in M(co) with the weak topology and
a positive constant c such that for each g ∈ U and each z ∈ K satisfying
||z|| ≥ c the inequality g(z) ≥ f(xf ) + 64−1δ2 holds.

Lemma 7.25 is proved analogously to the proof of Lemma 7.18. Analo-
gously to the proof of Lemma 7.19 we can prove the following lemma.
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Lemma 7.26. Assume that z̄ ∈ X, z̄ ≤ x for all x ∈ K, f ∈M(co), xf ∈ K,
f(xf ) = inf(f), δ ∈ (0, 1) and fδ is defined by

fδ(x) = max{f(x), f(xf ) + δλ(x− xf )} for all x ∈ K.

Then there exist a neighborhood U of fδ in M(co) with the weak topology and
a positive constant c such that the following assertions are true:

1. inf(g) is finite and | inf(fδ)− inf(g)| ≤ ε for all g ∈ U ;
2. for each g ∈ U and each z ∈ K satisfying g(z) ≤ inf(g) + 128−1δ2 the

inequality ||z|| ≤ c holds.

Analogously to Lemma 7.20 we can prove the following auxiliary result.

Lemma 7.27. Let f ∈ B, xf ∈ K, f(xf ) = inf(f), δ ∈ (0, 1), fδ is defined by

fδ(x) = max{f(x), f(xf ) + δλ(x− xf )} for all x ∈ K,

ε ∈ (0, 1) and γ ∈ (0, (8−1εδ)2128−1). Then there exist a neighborhood U of
fδ in A with the weak topology and a positive constant c such that for each
g ∈ U the following assertions hold:

1. inf(g) is finite and there exists z ∈ K such that ||z − xf || ≤ ε and
g(z) ≤ inf(g) + ε;

2. if x ∈ K satisfies g(x) ≤ inf(g) + γ, then |g(x) − f(xf )| ≤ ε, ||x|| ≤ c
and there is v ∈ X such that ||v|| ≤ ε and x ≤ xf + v.

The hypotheses (H) follow from Lemmas 7.27, 7.23 and 7.24. If K has
property (P), then these lemmas imply (H1). Theorem 7.21 follows from The-
orems 7.1 and 7.2.

7.11 The generic existence result for the minimization
problem (P2)

Denote by L the set of all increasing lower semicontinuous bounded from
below functions f : K → R1 which satisfy the following assumption:

(A) For each x ∈ K, each neighborhood U of x in K and each positive
number δ there exists an open nonempty set V ⊂ U such that f(y) ≤ f(x)+δ
for all y ∈ V .

Denote by Lc the set of all finite-valued continuous functions f ∈ L.

Remark 7.28. Let f : K → R1 be a lower semicontinuous bounded from below
function. Then f satisfies assumption (A) if and only if epi(f) = {(y, α) ∈
K ×R1 : α ≥ f(y)} is the closure of its interior in the space K ×R1.

For x ∈ K and A ⊂ K set

ρ(x,A) = inf{||x− y|| : y ∈ A}.
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For each positive number r put

B(r) = {x ∈ K : ||x|| ≤ r}.
Denote by S(K) the collection of all closed nonempty sets in K. We equip the
set S(K) with a weak and a strong topology.

For the set S(K) we consider the uniformity determined by the following
base:

Gs(n) = {(A,B) ∈ S(K)× S(K) : ρ(x,B) ≤ n−1 for all x ∈ A (7.111)

and ρ(y, A) ≤ n−1 for all y ∈ B}, n = 1, 2, . . . .

It is well known that the space S(K) with this uniformity is metrizable (by a
metric Hs) and complete. The Hausdorff topology induced by this uniformity
is a strong topology in the space S(K).

Also for the set S(K) we consider the uniformity determined by the fol-
lowing base:

Gw(n) = {(A,B) ∈ S(K)× S(K) : |ρ(x,A)− ρ(x,B)| ≤ n−1 (7.112)

for all x ∈ K satisfying ||x|| ≤ n},
where n = 1, 2, . . . . It is well known that the set S(K) with this uniformity is
metrizable (by a metric Hw). The bounded Hausdorff (Attouch–Wets) topol-
ogy induced by this uniformity is a weak topology in the space S(K).

For the space L we consider the uniformity determined by the following
base:

ELw(n) = {(f, g) ∈ L × L : |f(x)− g(x)| ≤ n−1 for all x ∈ B(n)}, (7.113)

where n = 1, 2, . . . . It is clear that this uniform space is metrizable (by a
metric hw). This uniformity induces the weak topology in the space L.

For the set L we consider the uniformity determined by the following base:

ELc(n) = {(f, g) ∈ L × L : |f(x)− g(x)| ≤ 1/n for all x ∈ K} (7.114)

where n = 1, 2, . . . . It is easy to see that this uniform space is metrizable (by
a metric hs) and complete. This uniformity induces a strong topology in the
space L.

Let a function φ : K → R1 satisfy

φ(x) →∞ as ||x|| → ∞. (7.115)

Denote by L(φ) the set of all f ∈ L such that

f(x) ≥ φ(x) for all x ∈ K (7.116)

and set Lc(φ) = Lc ∩ L(φ). Evidently, Lc(φ), L(φ) and Lc are closed subsets
of L with the strong topology.
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For the space L× S(K) we consider the product topology induced by the
metric

d((f, A), (g,B)) = hs(f, g) + Hs(A,B), (f, A), (g, B) ∈ L × S(K) (7.117)

which is called a strong topology and consider the product topology induced
by the metric

dw((f,A), (g, B)) = hw(f, g) + Hw(A,B), (f, A), (g,B) ∈ L × S(K) (7.118)

which is called a weak topology.
For each a = (g, B) ∈ L×S(K) we define a lower semicontinuous function

fa : K → R1 ∪ {∞} by

fa(x) = g(x) for all x ∈ B and fa(x) = ∞ for all x ∈ K \B. (7.119)

The following two theorems ware obtained in [114].

Theorem 7.29. Assume that A is either L(φ)×S(K) or Lc(φ)×S(K). Then
there exists a set F ⊂ A which is a countable intersection of open (in the
weak topology) everywhere dense (in the strong topology) sets such that for
each a ∈ F the following assertions hold:

1. inf(fa) is finite and attained at a point x(a) ∈ K such that for each
x ∈ K satisfying fa(x) = inf(fa) the inequality x ≤ xa holds.

2. For any positive number ε there exist a positive number δ and a neigh-
borhood U of a in A with the weak topology such that for each b ∈ U , inf(fb)
is finite, and if x ∈ K satisfies fb(x) ≤ inf(fb) + δ, then |fa(x(a))− fb(x)| < ε
and there exists u ∈ X such that ||u|| < ε and x ≤ x(a) + u.

Theorem 7.30. Assume that there exists z̄ ∈ X such that z̄ ≤ x for all
x ∈ K and that A is either L × S(K) or Lc × S(K). Then there exists a
set F ⊂ A which is a countable intersection of open everywhere dense (in the
strong topology) subsets of A such that for each a ∈ F the following assertions
hold:

1. inf(fa) is finite and attained at a point x(a) ∈ K such that for each
x ∈ K satisfying fa(x) = inf(fa) the inequality x ≤ xa holds.

2. For any positive number ε there exist a positive δ and a neighborhood U
of a in A with the strong topology such that for each b ∈ U , inf(fb) is finite,
and if x ∈ K satisfies fb(x) ≤ inf(fb)+δ, then |fa(x(a))−fb(x)| < ε and there
exists u ∈ X such that ||u|| < ε and x ≤ x(a) + u.

7.12 Proofs of Theorems 7.29 and 7.30

We consider the topological subspaces L(φ) ⊂ L with the relative weak and
strong topologies.
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Proposition 7.31. Let f ∈ L(φ), A ∈ S(K) and ε, γ ∈ (0, 1). Then there
exist Â ∈ S(X), f̂ ∈ L(φ), x̂ ∈ K, η > 0, a neighborhood U of (f̂ , Â) in
L(φ)× S(K) with the weak topology and a positive constant c1 such that

Â = A ∪ {x̂}, ρ(x̂, A) < ε0, (7.120)

f̂(x) = f(x) + ε0 min{1, λ(x− x̂)}, x ∈ K (7.121)

with ε0 ∈ (0, ε) and for each (g, D) ∈ U the following assertions hold:
For each z ∈ D satisfying

g(z) ≤ inf{g(y) : y ∈ D}+ η (7.122)

there exists v ∈ X such that

||v|| ≤ γ, z ≤ x̂ + v and |g(z)− f(x̂)| ≤ γ, ||z|| ≤ c1; (7.123)

there exists y ∈ D such that

||y − x̂|| ≤ γ, g(y) ≤ inf{g(z) : z ∈ D}+ γ. (7.124)

Proof: Fix

ε0 ∈ (0, 4−1 min{ε, γ}), ε1 ∈ (0, 4−1ε0), η ∈ (0, 16−1ε1ε0). (7.125)

Put
Ω = {x ∈ K : ρ(x,A) < ε0}. (7.126)

Assumption (A) implies that there exists an open nonempty subset E of K
such that

E ⊂ Ω, f(z) ≤ inf{f(u) : u ∈ Ω}+ 16−1η for all z ∈ E. (7.127)

Let x̂ ∈ E and define Â, f̂ by (7.120) and (7.121). Fix an integer

n1 > 8(1 + |f(x̂)|). (7.128)

It follows from (7.113), (7.115) and (7.116) that there exist a neighborhood
V1 of f̂ in the space L(φ) with the weak topology and c0 ∈ R1 and c1 > 1
such that

inf{g(x) : x ∈ K} ≥ c0 for all g ∈ V1 (7.129)

and

g(x) ≥ 2n1 + 4 for each g ∈ V1 and each x ∈ K satisfying ||x|| ≥ c1. (7.130)

Fix an integer

n2 > 2c1 + 2|c0|+ 2n1 + 16(ε0 − ρ(x̂, A))−1 + 8||x̂||+ 8η−1 + 8 (7.131)
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such that
{z ∈ K : ||z − x̂|| ≤ 8n−1

2 } ⊂ E. (7.132)

Set

U = {(g,B) ∈ V1 × S(K) : (f̂ , g) ∈ ELw(n2), (Â, B) ∈ Gw(n2)}. (7.133)

We show that for all (g, D) ∈ U

inf{g(u) : u ∈ D} = inf{g(u) : u ∈ D ∩B(n2/2− 2)}. (7.134)

Let (g,D) ∈ U . Relations (7.133) and (7.131) imply that there exists y ∈ D
for which

||y − x̂|| ≤ 2n−1
2 . (7.135)

In view of (7.135), (7.132) and (7.127),

y ∈ E ⊂ Ω, |f(y)− f(x̂)| ≤ 8−1η. (7.136)

Combined with (7.121) and (5.135) this implies that

|f̂(y)− f̂(x̂)| ≤ 8−1η + 2ε0n
−1
2 . (7.137)

It follows from (7.137), (7.135), (7.131), (7.133) and (7.128) that |g(y) −
f̂(y)| ≤ n−1

2 and

inf{g(u) : u ∈ D} ≤ g(y) ≤ f̂(x̂) + n−1
2 + 8−1η + 2ε0n

−1
2 < n1. (7.138)

Relations (7.133), (7.130) and (7.131) imply that

inf{g(u) : u ∈ D} = inf{g(u) : u ∈ D and g(u) ≤ n1 + 2} (7.139)

= inf{g(u) : u ∈ D ∩B(c1)} = inf{g(u) : u ∈ D ∩B(n2/2− 2)}
and (7.134) holds. We have shown (see (7.138), (7.128)) that for all (g, D) ∈ U

inf{g(u) : u ∈ D} ≤ f(x̂) + 2−1η < n1. (7.140)

Assume that (g,D) ∈ U , z ∈ D and (7.122) holds. By (7.140), (7.122),
(7.130) and (7.131),

||z|| ≤ c1 < n2/2− 1. (7.141)

It follows from (7.141) and (7.133) that

|g(z)− f̂(z)| ≤ n−1
2 , ρ(z, Â) ≤ n−1

2 . (7.142)

By (7.142), (7.121), (7.126), (7.131) and (7.127),

z ∈ Ω, f(z) ≥ f(x̂)− 16−1η. (7.143)

It follows from (7.121), (7.142), (7.140), (7.122), (7.143) and (7.127) that
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f(z) + ε0 min{1, λ(z − x̂)} = f̂(z) ≤ g(z) + n−1
2 ≤ (7.144)

≤ inf{g(y) : y ∈ D}+ η + n−1
2 ≤ f(x̂) + η/2 + η + n−1

2 ≤
f(z) + 16−1η + η + 2−1η + n−1

2 ≤ f(z) + 2η.

By (7.144) and (7.125),

min{1, λ(z − x̂)} ≤ 2ηε−1
0 , λ(z − x̂) ≤ 2ηε−1

0

and there exists v ∈ X such that

||v|| ≤ 4ηε−1
0 , z ≤ x̂ + v. (7.145)

It follows from (7.125), (7.131), (7.143), (7.144), (7.140), (7.122) and (7.125)
that

−γ < −n−1
2 − 16−1η < f̂(z)− f(x̂)− n−1

2 ≤ g(z)− f(x̂) ≤ η + 2−1η < γ.
(7.146)

In view of (7.146), (7.145) and (7.141), relation (7.123) holds. We have shown
that (7.38) is true and there exists y ∈ D such that (7.135) holds. Since (7.146)
is valid for all z ∈ D satisfying (7.122) we conclude that

| inf{g(u) : u ∈ D} − f(x̂)| ≤ η + η/2. (7.147)

Combined with (7.138), (7.131) and (7.125) this relation implies that

g(y) ≤ inf{g(u) : u ∈ D}+ 1/n2 + η/8 + 2ε0/n2 + 3η/2 ≤

inf{g(u) : u ∈ D}+ γ. (7.148)

Together with (7.135), (7.131) this inequality implies (7.124). This completes
the proof of the proposition.

The hypotheses (H) follow from Proposition 7.31. Theorem 7.29 follows
from Theorem 7.1.

Theorem 7.30 is proved analogously to Theorem 7.29. The proof of Theo-
rem 7.30 is based on a modification of Proposition 7.31. In this modification
f, f̂ ∈ L, U is a neighborhood of (f̂ , Â) in L×S(K) with the strong topology
and V1 is a neighborhood of f̂ in the space L with the strong topology such
that (7.129) is true. In the definition of U we use the uniformity defined by
(7.114). The existence of a positive number c1 follows from the inequalities

||z|| ≤ ||z̄||+ ||z − z̄|| ≤ ||z̄||+ ||x̂ + v − z̄|| ≤

2||z̄||+ ||x̂||+ ||v|| ≤ c1

where c1 = 2||z̄||+ ||x̂||+ 1.
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7.13 Well-posedness of optimization problems with
increasing cost functions

We use the convention that ∞−∞ = 0, ∞/∞ = 1 and ln(∞) = ∞.
Assume that A is a nonempty set and dw, ds : A × A → [0,∞) are two

metrics which satisfy dw(a, b) ≤ ds(a, b) for all a, b ∈ A. We assume that the
metric space (A, ds) is complete. The topology induced in A by the metric ds

is called the strong topology and the topology induced in A by the metric dw

is called the weak topology.
We assume that with every a ∈ A a lower semicontinuous function fa :

K → [−∞, +∞] is associated and fa is not identically ∞ for all a ∈ A.
Let a ∈ A. We say that the minimization problem for fa on K is strongly

well-posed with respect to (A, dw) if the following assertions hold:
1. inf(fa) is finite and attained at a point x(a) ∈ K such that for each

x ∈ K satisfying fa(x) = inf(fa) the inequality x ≤ x(a) holds.
2. For any positive number ε there exist a positive number δ and a neigh-

borhood U of a in A with the weak topology such that for each b ∈ U , inf(fb)
is finite, and if x ∈ K satisfies fb(x) ≤ inf(fb) + δ, then |fa(x(a))− fb(x)| < ε
and there exists u ∈ X such that ||u|| < ε and x ≤ x(a) + u.

Note that if X+ = {0}, then our definition reduces to those in Section 4.1.
For each natural number n denote by An the set of all a ∈ A which have

the following property:
(P1) There exist x ∈ K and r > 0, η > 0, c > 0 such that

−∞ < fa(x) < inf(fa) + 1/n (7.149)

and for each b ∈ A satisfying dw(a, b) < r, inf(fb) is finite, and if z ∈ K
satisfies fb(z) ≤ inf(fb) + η, then

||z|| ≤ c, |fb(z)− fa(x)| ≤ 1/n (7.150)

and there exists u ∈ X such that ||u|| ≤ 1/n and z ≤ x + u.
The following result was obtained in [115].

Proposition 7.32. Assume that a ∈ ∩∞n=1An. Then the minimization prob-
lem for fa on K is strongly well-posed with respect to (A, dw).

Proof: It follows from (P1) that for each natural number n there exist xn ∈ K,
rn > 0 and positive numbers ηn and cn such that

−∞ < fa(xn) < inf(fa) + 2−n (7.151)

and the following property holds:
(P2) For each b ∈ A satisfying dw(a, b) < rn, inf(fb) is finite and if z ∈ K

satisfies fb(z) ≤ inf(fb) + ηn, then there exists u ∈ X such that

||u|| ≤ 2−n, z ≤ xn + u and ||z|| ≤ cn, |fb(z)− fa(xn)| ≤ 2−n. (7.152)
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We may assume without loss of generality that for all natural numbers n,

ηn, rn < 4−n−1 and ηn < η1. (7.153)

There exists a strictly increasing sequence of natural numbers {kn}∞n=1 such
that

4 · 2−kn+1 < η(kn) for all integers n ≥ 1. (7.154)

Let n be a natural number. In view of (7.151),

−∞ < fa(xkn+1) < inf(fa) + 2−kn+1 < inf(fa) + η(kn). (7.155)

It follows from (7.155), (7.153) and the definition of c1 that

||xkn+1 || ≤ c1. (7.156)

By (7.155), (P2) (see (7.152)) and the definition of xkn
and ηkn

, there exists
un ∈ X such that

||un|| ≤ 2−kn , xkn+1 ≤ xkn
+ un (7.157)

and
|fa(xkn+1)− fa(xkn

)| ≤ 2−kn . (7.158)

Put

yn = xkn +
∞∑

i=n

ui. (7.159)

It is easy to see that the sequence {yn}∞n=1 is well-defined. Relations (7.159)
and (7.157) imply that for each natural number n,

yn+1 − yn = xkn+1 +
∞∑

i=n+1

ui − (xkn +
∞∑

i=n

ui) = (7.160)

xkn+1 − xkn
− un ≤ 0.

In view of (7.159), (7.157) and (7.156),

sup{||yn|| : n = 1, 2, . . . } < ∞. (7.161)

By (7.161), (7.160) and property (A), there exists x(a) = limn→∞ yn. Together
with (7.159) and (7.157) this equality implies that

x(a) = lim
n→∞

xkn
. (7.162)

It follows from (7.162), (7.151) and the lower semicontinuity of fa that

fa(x(a)) = inf(fa). (7.163)

Assume now that x ∈ K and fa(x) = inf(fa). In view of the definition
of xkn

, n = 1, 2, . . . (see the property (P2)) for each natural number n there
exists vn ∈ X such that
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||vn|| ≤ 2−kn , x ≤ xkn + vn.

These inequalities and (7.162) imply that x ≤ x(a).
It follows from (7.163) and property (P2) that for all natural numbers n

|fa(x(a))− fa(xn)| ≤ 2−n. (7.164)

Let ε be a positive number. Fix an integer m ≥ 1 such that

||x(a) − xkm
|| < 4−1ε, 2−km < 4−1ε. (7.165)

Assume that b ∈ Bw(a, rkm
/2), x ∈ K and

fb(x) ≤ inf(fb) + ηkm . (7.166)

It follows from (7.166) and the definition of ηkm , rkm , xkm (see property (P2))
that

|fb(x)− fa(xkm
)| ≤ 2−km (7.167)

and that there exists v ∈ X for which

||v|| < 2−km , x ≤ xkm + v. (7.168)

By (7.168) and (7.165),

x ≤ xkm
+ v = x(a) + (xkm

− x(a) + v),

||xkm
− x(a) + v|| ≤ ||x(a) − xkm

||+ ||v|| < ε/2. (7.169)

In view of (7.167), (7.164) and (7.165),

|fa(x(a))− fb(x)| ≤ |fa(x(a))− fa(xkm)|+ |fa(xkm)− fb(x)| ≤

2−km + 2−km < ε/2.

Proposition 7.32 is proved.

Recall that an element x ∈ K is called minimal if for each y ∈ K satisfying
y ≤ x the equality x = y is true. Denote by Kmin the set of all minimal
elements of K.

For each natural number n denote by Ãn the set of all a ∈ A which have
the property (P1) with x ∈ Kmin.

Analogously to the proof of Proposition 7.32 we can prove the following
result.

Proposition 7.33. Assume that the set Kmin is a closed subset of the Banach
space X and a ∈ ∩∞n=1Ãn. Then the minimization problem for fa on K is
strongly well-posed with respect to (A, dw) and inf(fa) is attained at a unique
point.



298 7 Optimization with Increasing Objective Functions

In the proof of Proposition 7.33 we choose xn ∈ Kmin (n = 1, 2, . . . ). This
implies that inf(fa) is attained at the unique point x(a) ∈ Kmin (see (7.161)).

Remark 7.34. Note that the assertion 1 in the definition of a strongly well-
posed minimization problem for fa can be represented in the following way:

inf(fa) is finite and the set

argminx∈Kfa = {x ∈ K : fa(x) = inf(fa)}

has the largest element.

We construct an example of an increasing function h for which the set
argmin(h) is not a singleton and has the largest element. Define a continuous
increasing function ψ : [0,∞) → R1 by

ψ(t) = 0, t ∈ [0, 1/2], ψ(t) = 2t− 1, t ∈ (1/2,∞). (7.170)

Let n ≥ 1 be an integer and consider the Euclidean space Rn. Let K = {x =
(x1, . . . , xn) ∈ Rn : xi ≥ 0, i = 1, . . . , n}. Define a function h : K → R1 by

h(x) = ψ(max{xi : i = 1, . . . , n}), x ∈ K.

Clearly, h is a continuous increasing function,

inf{h(x) : x ∈ K} = 0

and the set

{x ∈ K : h(x) = 0} = {x = (x1, . . . , xn) ∈ Rn : xi ∈ [0, 1/2], i = 1, . . . , n}

is not a singleton and has the largest element (1/2, . . . , 1/2).

Remark 7.35. The following example shows that in some cases the sets An

can be empty. Let A = K = R1. For each a ∈ R1 consider the function
fa : K → R1, where fa = 0 for any x ≤ a and fa(x) > 0 for any x > a.
Clearly, the set An is empty for any integer n ≥ 1.

7.14 Variational principles

We use the notations and definitions introduced in Section 7.13. The following
are the basic hypotheses about the functions.

(H1) For each a ∈ A, inf(fa) is finite.
(H2) For each positive number ε and each natural number m there exist

δ > 0, r0 > 0 such that the following property holds:
(P3) For each a ∈ A satisfying inf(fa) ≤ m and each r ∈ (0, r0] there exist

ā ∈ A, x̄ ∈ K and d̄ > 0 such that
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ds(a, ā) ≤ r, inf(fā) ≤ m + 1, fā(x̄) ≤ inf(fā) + ε (7.171)

and if x ∈ K satisfies
fā(x) ≤ inf(fā) + δr, (7.172)

then ||x|| ≤ d̄ and there exists u ∈ X for which ||u|| ≤ ε, x ≤ x̄ + u.
(H3) For each natural number m there exist α ∈ (0, 1) and a posi-

tive number r0 such that for each r ∈ (0, r0], each a1, a2 ∈ A satisfying
dw(a1, a2) ≤ αr and each x ∈ K satisfying min{fa1(x), fa2(x)} ≤ m the
inequality |fa1(x)− fa2(x)| ≤ r holds.

The following result was obtained in [115].

Theorem 7.36. Assume that (H1), (H2) and (H3) hold. Then there exists a
set F ⊂ A such that the complement A \ F is σ-porous in A with respect to
(dw, ds) and for each a ∈ F the minimization problem for fa on K is strongly
well-posed with respect to (A, dw).

Proof: Recall that for each natural number n, An is the set of all a ∈ A which
have the property (P1). Proposition 7.32 implies that in order to prove the
theorem it is sufficient to show that the set A \ An is σ-porous in A with
respect to (dw, ds) for any natural number n. Then the theorem holds with
F = ∩∞n=1An.

Let n be a natural number. We will show that the set A \An is σ-porous
in A with respect to (dw, ds). To meet this goal it is sufficient to show that
for each natural number m the set

Ωnm := {a ∈ A \ An : inf(fa) ≤ m} (7.173)

is porous in A with respect to (dw, ds).
Let m be a natural number. It follows from (H3) that there exist

α1 ∈ (0, 1), r1 ∈ (0, 1/2) (7.174)

such that for each r ∈ (0, r1], each a1, a2 ∈ A satisfying dw(a1, a2) ≤ α1r and
each x ∈ K satisfying

min{fa1(x), fa2(x)} ≤ m + 4 (7.175)

the inequality |fa1(x)− fa2(x)| ≤ r holds.
It follows from (H2) that there exist α2, r2 ∈ (0, 1) such that the following

property holds:
(P4) For each a ∈ A satisfying inf(fa) ≤ m + 2 and each r ∈ (0, r2] there

exist ā ∈ A, x̄ ∈ K and d̄ > 0 such that

ds(a, ā) ≤ r, inf(fā) ≤ m + 3, fā(x̄) ≤ inf(fā) + (2n)−1

and if x ∈ K satisfies fā(x) ≤ inf(fā) + 4rα2, then ||x|| ≤ d̄ and there exists
u ∈ X for which ||u|| ≤ (2n)−1 and x ≤ x̄ + u.
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Fix
ᾱ ∈ (0, α1α2/16), r̄ ∈ (0, r1r2ᾱ/n). (7.176)

Let a ∈ A and r ∈ (0, r̄]. There are two cases:

Bds
(a, r/4) ∩ {ξ ∈ A : inf(fξ) ≤ m + 2} = ∅; (7.177)

Bds
(a, r/4) ∩ {ξ ∈ A : inf(fξ) ≤ m + 2} 6= ∅; (7.178)

Assume that (7.177) holds. We show that for each ξ ∈ Bdw
(a, r̄) the inequality

inf(fξ) > m is valid. Let us assume the contrary. Then there exists ξ ∈ A such
that

dw(ξ, a) ≤ r̄, inf(fξ) ≤ m. (7.179)

There exists y ∈ K such that

fξ(y) ≤ m + 1/2. (7.180)

By the definition of α1, r1 (see (7.174), (7.175)), (7.180), (7.179) and (7.176),

|fa(y)− fξ(y)| ≤ α−1
1 r̄ ≤ 1/4.

In view of this inequality and (7.180),

inf(fa) ≤ fa(y) ≤ fξ(y) + 1/4 ≤ m + 1,

a contradiction (see (7.177)). Therefore

Bdw(a, r̄) ⊂ {ξ ∈ A : inf(fξ) > m}

and (7.173) implies that

Bdw
(a, r̄) ∩Ωnm = ∅. (7.181)

Thus we have shown that (7.177) implies (7.181).
Assume that (7.178) holds. Then there exists a1 ∈ A such that

ds(a, a1) ≤ r/4, inf(fa1) ≤ m + 2. (7.182)

It follows from the definition of α2, r2, the property (P4), (7.182) and (7.176)
that there exist ā ∈ A, x̄ ∈ K, d̄ > 0 such that

ds(a1, ā) ≤ r/4, inf(fā) ≤ m + 3, fā(x̄) ≤ inf(fā) + (2n)−1 (7.183)

and that the following property holds:
(P5) If x ∈ K satisfies fā(x) ≤ inf(fā) + rα2, then ||x|| ≤ d̄ and there

exists u ∈ X for which ||u|| ≤ (2n)−1 and x ≤ x̄ + u.
By (7.183) and (7.182),

ds(a, ā) ≤ r/2. (7.184)
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Assume that
ξ ∈ Bdw

(ā, ᾱr). (7.185)

In view of (7.183),

inf(fā) = inf{fā(z) : z ∈ K, fā(z) ≤ m + 7/2}. (7.186)

Let x ∈ K satisfy
fā(x) ≤ m + 7/2. (7.187)

By (7.185), (7.187), (7.176) and the definition of α1, r1 (see (7.174), (7.175)),

|fā(x)− fξ(x)| ≤ ᾱrα−1
1 ≤ α2r/16.

Since these inequalities hold for any x ∈ K satisfying (7.187) it follows from
(7.186) that

inf(fξ) ≤ inf{fξ(x) : x ∈ K, fā(x) ≤ m + 7/2} ≤

inf{fā(x) + α2r/16 : x ∈ K, fā(x) ≤ m + 7/2} =

α2r/16 + inf(fā).

Moreover since (7.187) holds with x = x̄ (see (7.183)), we obtain that |fā(x̄)−
fξ(x̄)| ≤ α2r/16. Hence

inf(fξ) ≤ inf(fā) + α2r/16, |fā(x̄)− fξ(x̄)| ≤ α2r/16. (7.188)

Let x ∈ K satisfy
fξ(x) ≤ inf(fξ) + 1/4. (7.189)

By (7.189), (7.188), (7.183) and (7.176), fξ(x) ≤ m + 7/2. This inequality,
(7.185), (7.176) and the definition of α1, r1 (see (7.174), (7.175)) imply that

|fā(x)− fξ(x)| ≤ ᾱrα−1
1 ≤ α2r/16.

Thus the following property holds:
(P6) If x ∈ K satisfies (7.189), then |fā(x)− fξ(x)| ≤ α2r/16.
By (P6),

inf(fā) ≤ inf{fā(x) : x ∈ K, fξ(x) ≤ inf(fξ) + 1/4} ≤

inf{fξ(x) + α2r/16 : x ∈ K, fξ(x) ≤ inf(fξ) + 1/4} =

α2r/16 + inf(fξ).

Hence
inf(fā) ≤ inf(fξ) + α2r/16.

Together with (7.188) and (7.183) this inequality implies that

| inf(fā)− inf(fξ)| ≤ α2r/16, fξ(x̄) ≤ inf(fξ) + α2r/8 + (2n)−1. (7.190)
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Assume that x ∈ K and

fs(x) ≤ inf(fξ) + α2r/16. (7.191)

In view of (P6),
|fā(x)− fξ(x)| ≤ α2r/16. (7.192)

By (7.191), (7.190), (7.183) and (7.176),

|fξ(x)− fā(x̄)| ≤ |fξ(x)− inf(fξ)|+ | inf(fξ)− inf(fā)|+
| inf(fā)− fā(x̄)| ≤ α2r/16 + α2r/16 + (2n)−1 < n−1

and
|fξ(x)− fā(x̄)| < n−1. (7.193)

By (7.192), (7.191) and (7.190),

fā(x) ≤ fξ(x) + rα2/16 ≤ inf(fξ) + α2r/8 ≤ inf(fā) + 3α2r/16,

fā(x) ≤ inf(fā) + 3α2r/16. (7.194)

In view of (7.194) and the property (P5), ||x|| ≤ d̄ and there exists u ∈ X
such that ||u|| ≤ (2n)−1 and x ≤ u + x̄. Thus if x ∈ K satisfies (7.191), then
(7.193) holds, ||x|| ≤ d̄ and there exists u ∈ X such that

||u|| ≤ (2n)−1 and x ≤ u + x̄. (7.195)

Thus we have shown that for each ξ ∈ Bdw
(ā, ᾱr) the inequalities (7.190)

hold and if x ∈ K satisfies (7.191), then (7.193) is valid, ||x|| ≤ d̄ and there
exists u ∈ X such that ||u|| ≤ (2n)−1 and x ≤ u + x̄.

It follows from the definition of An and (7.173) that

Bdw
(ā, ᾱr/2) ⊂ An ⊂ A \Ωnm. (7.196)

Since (7.187) implies (7.181) we conclude that in both cases

Bdw
(ā, ᾱr/2) ∩Ωnm = ∅ (7.197)

with ā ∈ A satisfying (7.184). (Note that if (7.177) holds, then ā = a.) There-
fore the set Ωnm is porous in A with respect to (dw, ds). This implies that
A \ An is σ-porous in A with respect to (dw, ds) for all natural numbers n.
Therefore A \ (∩∞n=1An) is σ-porous in A with respect to (dw, ds). Theorem
7.36 is proved.

We also use the following hypotheses about the functions.
(H4) For each positive number ε and each natural number m there exist

positive numbers δ, r0 such that the following property holds:
(P7) For each a ∈ A satisfying inf(fa) ≤ m and each r ∈ (0, r0] there exist

ā ∈ A, x̄ ∈ Kmin and d̄ > 0 such that (7.171) holds and if x ∈ K satisfies
(7.172), then ||x|| ≤ d̄ and there exists u ∈ X for which

||u|| ≤ ε, x ≤ x̄ + u. (7.198)
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Theorem 7.37. Assume that (H1), (H3) and (H4) hold and Kmin is a closed
subset of the Banach space X. Then there exists a set F ⊂ A such that the
complement A \F is σ-porous in A with respect to (dw, ds) and that for each
a ∈ F the following assertions hold:

1. The minimization problem for fa on K is strongly well-posed with respect
to (A, dw).

2. inf(fa) is attained at a unique point.

We can prove Theorem 7.37 analogously to the proof of Theorem 7.36.
Recall that for each natural number n, Ãn is the set of all a ∈ A which have
the property (P1) with x ∈ Kmin. Set

F = ∩∞n=1Ãn. (7.199)

Proposition 7.33 implies that for each a ∈ F assertions 1 and 2 hold. Thus
in order to prove Theorem 7.37 it is sufficient to show that for each natural
number n the set A \ Ãn is σ-porous in A with respect to (dw, ds). We can
show this fact analogously to the proof of Theorem 7.36.

Note that the results of this section were obtained in [115].

7.15 Spaces of increasing functions

In the section we use the functional λ : X → R1 introduced in Section 7.2
(see (7.24)).

Denote by M the set of all increasing lower semicontinuos bounded from
below functions f : K → R1 ∪ {+∞} which are not identically +∞. For each
f, g ∈M set

d̃s(f, g) = sup{|f(x)− g(x)| : x ∈ X}, (7.200)

ds(f, g) = d̃s(f, g)(1 + d̃s(f, g))−1. (7.201)

Clearly, the metric space (M, ds) is complete. Denote by Mv the set of all
finite-valued functions f ∈M and byMc the set of all finite-valued continuous
functions f ∈M. It is easy to see that Mv and Mc are closed subsets of the
metric space (M, ds).

We say that the set K has property (C) if Kmin is a closed subset of K
and for each x ∈ K there is y ∈ Kmin such that y ≤ x.

Denote by Mg the set of all f ∈ M such that f(x) → ∞ as ||x|| → ∞.
Clearly Mg is a closed subset of the metric space (M, ds). Set Mgc = Mg ∩
Mc, Mgv = Mg ∩Mv.

Clearly,

Mc ⊂Mv ⊂M and Mgc ⊂Mgv ⊂Mg ⊂M. (7.202)
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Remark 7.38. Let K = X+ and define

f1(x) = ||x||, x ∈ K, f2(x) = ||x||, x ∈ K \ {0}, f2(0) = −1,

f3(x) = ||x|| if x ∈ K and ||x|| ≤ 1, f3(x) = +∞ if x ∈ K and ||x|| > 1.

It is easy to see that

f1 ∈Mgc, f2 ∈Mgv \Mgc, f3 ∈Mg \Mgv.

Theorem 7.39. Assume that A is either Mg or Mgv or Mgc and that fa = a
for all a ∈ A. Then there exists a set F ⊂ A such that the complement A\F is
σ-porous in A with respect to (ds, ds) and that for each f ∈ F the minimization
problem for f on K is strongly well-posed with respect to (A, ds). If K has the
property (C), then for each f ∈ F , inf(f) is attained at a unique point.

Proof: Theorems 7.36 and 7.37 imply that we need to show that (H1), (H2)
and (H3) hold and that the property (C) implies (H4). It is easy to see that
(H1) holds. For each f, g ∈M,

d̃s(f, g) = ds(f, g)(1− ds(f, g))−1, (7.203)

if ds(f, g) ≤ 1/2, then d̃s(f, g) ≤ 2ds(f, g).

These inequalities imply (H3).
We show that (H2) holds and that the property (C) implies (H4).
Let f ∈ A, ε ∈ (0, 1) and r ∈ (0, 1]. Fix x̄ ∈ K for which

f(x̄) ≤ inf(f) + εr/8. (7.204)

If K has the property (C), then we assume that x̄ is a minimal element of K.
Define

f̄(x) = f(x) + 2−1r min{1, λ(x− x̄)} for all x ∈ K. (7.205)

It is clear that f̄ ∈ A, ds(f, f̄) ≤ d̃s(f, f̄) ≤ r/2 and

inf(f̄) ≤ f̄(x̄) = f(x̄) ≤ inf(f) + εr/8.

Let x ∈ K and f̄(x) ≤ inf(f̄) + εr/8. Then (7.205) and (7.204) imply that

f(x) + 2−1r min{1, λ(x− x̄)} = f̄(x) ≤ inf(f̄) + εr/8 ≤ f̄(x̄) + εr/8 =

f(x̄) + εr/8 ≤ f(x) + εr/4, min{1, λ(x− x̄)} ≤ ε/2

and
λ(x− x̄) ≤ ε/2.

It follows from the definition of λ that there exists u ∈ X such that x ≤ x̄+u
and ||u|| < ε. Since f̄(y) → ∞ as ||y|| → ∞ we obtain that ||x|| ≤ d̄ where
d̄ is a positive constant which depends only on f̄ . Thus (H2) holds and if K
has the property (C), then (H4) holds. This completes the proof of Theorem
7.39.



7.15 Spaces of increasing functions 305

Theorem 7.40. Assume that there exists z̄ ∈ X such that z̄ ≤ x for all
x ∈ K, a space A is either M or Mv or Mc and that fa = a for all a ∈ A.
Then there exists a set F ⊂ A such that A \ F is σ-porous in A with respect
to (ds, ds) and that for each f ∈ F the minimization problem for f on K is
strongly well-posed with respect to (A, ds). If K has the property (C), then for
each f ∈ F , inf(f) is attained at a unique point.

Proof: We can prove Theorem 7.40 analogously to the proof of Theorem 7.39.
The existence of a constant d̄ is obtained in the following manner. Let x ∈ K,
u ∈ X, x ≤ x̄+u and ||u|| < ε. Then ||x|| ≤ ||x−z̄||+||z̄|| ≤ ||z̄||+||x̄+u−z̄|| ≤
2|z̄||+ ||x̄||+ ε and ||x|| ≤ d̄ where d̄ = 2||z̄||+ ||x̄||+ ε.

Denote by M+ the set of all f ∈ M such that f(x) ≥ 0 for all x ∈ K. It
is easy to see that M+ is a closed subset of the metric space (M, ds). Define
M+

v = M+ ∩Mv, M+
c = M+ ∩Mc, M+

g = M+ ∩Mg, M+
gv = M+ ∩Mgv

and M+
gc = M+ ∩Mgc.

For each f, g ∈M+ set

d̃w(f, g) = sup{|ln(f(z) + 1)− ln(g(z) + 1)| : z ∈ K}, (7.206)

dw(f, g) = d̃w(f, g)(1 + d̃w(f, g))−1.

Clearly, the metric space (M+, dw) is complete and M+
v , M+

c , M+
g , M+

gv and
M+

gc are closed subsets of (M+, dw). It is easy to see that dw(f, g) ≤ ds(f, g)
for all f, g ∈M+.

Theorem 7.41. Assume that one of the following cases holds:
1. A is either M+

g or M+
gv or M+

gc;
2. there is z̄ ∈ X such that z̄ ≤ x for all x ∈ K and that A is either M+

or M+
v or M+

c .
Let fa = a for all a ∈ A. Then there exists a set F ⊂ A such that A\F is σ-

porous in A with respect to (dw, ds) and that for each f ∈ F the minimization
problem for f on K is strongly well-posed with respect to (A, dw). If K has
the property (C), then for each f ∈ F , inf(f) is attained at a unique point.

Proof: Theorems 7.36 and 7.37 imply that we need to show that (H1), (H2)
and (H3) hold and that the property (C) implies (H4). It is easy to see that
(H1) holds. Analogously to the proofs of Theorems 7.39 and 7.40 we can show
that (H2) is valid. Thus in order to prove Theorem 7.41 it is sufficient to show
that (H3) is true.

Let m be a natural number. Fix α ∈ (0, 1) for which

α < 4−1(2e(m + 1))−1. (7.207)

Let r ∈ (0, 1], x ∈ K, f1, f2 ∈ A,

dw(f1, f2) ≤ αr and min{f1(x), f2(x)} ≤ m.
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We may assume without loss of generality that f1(x) ≤ f2(x). Then

d̃w(f1, f2) ≤ 2dw(f1, f2) ≤ 2αr,

ln(f2(x) + 1)− ln(f1(x) + 1) ≤ 2αr, f2(x) + 1 ≤ (f1(x) + 1)e2αr

and

|f2(x)− f1(x)| ≤ (f1(x) + 1)(e2αr − 1) ≤ (m + 1)(e2αr − 1) =

2αr(m + 1)er1

with r1 ∈ [0, 2αr]. Then (7.207) implies that

|f2(x)− f1(x)| ≤ 2(m + 1)αre2αr ≤ 2αe(m + 1)r < r.

Hence (H3) holds. This completes the proof of Theorem 7.41.

Fix a positive constant c0 and denote by M(co) the set of all convex func-
tions f ∈M such that f(x) ≥ c0||x|| for all x ∈ K. It is easy to see that M(co)

is a closed subset of the metric space (M+, dw). Put M(co)
v = M(co) ∩M+

v ,
M(co)

c = M(co) ∩ M+
c . It is easy to see that M(co)

v and M(co)
c are closed

subsets of the metric space (M+, dw).

Theorem 7.42. Assume that a space A is either Mco or M(co)
v or M(co)

c

and that fa = a for all a ∈ A. Then there exists a set F ⊂ A such that the
complement A\F is σ-porous in A with respect to (dw, dw) and that for each
f ∈ F the minimization problem for f on K is strongly well-posed with respect
to (A, dw). If the set K has the property (C), then for each f ∈ F , inf(f) is
obtained at a unique point.

Proof: It follows from Theorems 7.36 and 7.37 that we need to show that (H1),
(H2) and (H3) hold and that the property (C) implies (H4). Evidently, (H1)
is true. Analogously to the proof of Theorem 7.41 we can show that (H3) is
valid.

We show that (H2) holds and that the property (C) implies (H4).
Let f ∈ A, ε ∈ (0, 1) and m be a natural number. Fix an integer m0 ≥ 1

and a positive number r0 such that

m0 > (m + c0 + 2)(min{c0, 1})−1, r0 < (m0 + 2)−1. (7.208)

Fix
δ ∈ (0, 8−1ε min{1, c0}). (7.209)

Assume that f ∈ A and

r ∈ (0, r0], inf(f) ≤ m. (7.210)

There exists x̄ ∈ K such that
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f(x̄) ≤ inf(f) + 4−1δr(m + 1)−1. (7.211)

If K has the property (C) we assume that x̄ is a minimal element of K. Define

f̄(x) = f(x) + 4−1r min{1, c0}(m + 1)−1λ(x− x̄), x ∈ K. (7.212)

Clearly, f̄ ∈ A. By (7.211) and (7.210),

c0||x̄|| ≤ f(x̄) ≤ inf(f) + 1 ≤ m + 1, ||x̄|| ≤ (m + 1)c−1
0 . (7.213)

Relations (7.206) and (7.212) imply that

dw(f, f̄) ≤ d̃w(f, f̄) = sup{|ln(f̄(x) + 1)− ln(f(x) + 1)| : x ∈ K} =

sup
x∈K

{ln(1 + (f̄(x)− f(x))(f(x) + 1)−1)} ≤

sup
x∈K

{ln(1 + (4−1r min{1, c0}λ(x− x̄))((1 + c0||x||)(m + 1))−1)} ≤

≤ sup
x∈K

{4−1r min{1, c0}λ(x− x̄)((1 + c0||x||)(m + 1))−1} ≤

4−1r sup
x∈K

{min{1, c0}||x− x̄||((1 + c0||x||)(m + 1))−1} ≤

4−1r sup
x∈K

{c0||x||(1 + c0||x||)−1 + ||x̄||min{1, c0}(m + 1)−1} ≤ 2−1r.

Hence
dw(f, f̄) ≤ 2−1r. (7.214)

By (7.212) and (7.211),

f̄(x̄) = f(x̄) ≤ inf(f) + 4−1δr(m + 1)−1 ≤ inf(f̄) + 4−1δr(m + 1)−1. (7.215)

It follows from (7.210) that

inf(f̄) ≤ f̄(x̄) = f(x̄) ≤ inf(f) + 4−1δr(m + 1)−1 ≤ m + 1. (7.216)

Let x ∈ K and
f̄(x) ≤ inf(f̄) + 4−1δr(m + 1)−1. (7.217)

In view of (7.217) and (7.216),

c0||x|| ≤ m + 2, ||x|| ≤ c−1
0 (m + 2). (7.218)

It follows from (7.212), (7.217), (7.211) and (7.209) that

f(x) + 4−1r(m + 1)−1{1, c0}λ(x− x̄) = f̄(x) ≤ f̄(x̄) + 4−1δr(m + 1)−1 =

f(x̄) + 4−1δr(m + 1)−1 ≤ f(x) + 2−1δr(m + 1)−1,

min{1, c0}λ(x− x̄) ≤ 2δ,
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λ(x− x̄) ≤ 2δ(min{1, c0})−1 < 4−1ε.

Therefore there exists u ∈ X such that ||u|| < 4−1ε and x ≤ x̄ + u. Thus
(H2) holds and if K has the property (C), then (H4) holds. Theorem 7.42 is
proved.

A function f : K → R1 ∪ {∞} is called quasiconvex if the set

{x ∈ K : f(x) ≤ α}

is convex for any α ∈ R1. Denote byM(qu) the set of all quasiconvex functions
f ∈ M. It is easy to see that M(qu) is a closed subset of the metric space
(M, ds). Put M(qu)

v = M(qu) ∩Mv, M(qu)
c = M(qu) ∩Mc, M(qu)

g = M(qu) ∩
Mg, M(qu)

gv = M(qu) ∩Mgv and M(qu)
gc = M(qu) ∩Mgc.

Theorem 7.43. Assume that one of the following cases holds:
1. A space A is either M(qu)

g or M(gu)
qv or M(qu)

gc ;
2. there exists z̄ ∈ X such that z̄ ≤ x for all x ∈ K and a space A is either

M(qu) or M(qu)
v or M(qu)

c .
Let fa = a for all a ∈ A. Then there exists a set F ⊂ A such that the

complement A \ F is σ-porous in A with respect to (ds, ds) and that for each
f ∈ F the minimization problem for f on K is strongly well-posed with respect
to (A, ds). If K has the property (C), then for each f ∈ F , inf(f) is attained
at a unique point.

Proof: In view of Theorems 7.36 and 7.37 we need to show that (H1), (H2)
and (H3) hold and that the property (C) implies (H4). It is easy to see that
(H1) is true. Analogously to the proof of Theorem 7.39 we can how that (H3)
holds. Now we show that (H2) holds and that the property (C) implies (H4).

Let f ∈ A, ε ∈ (0, 1] and r ∈ (0, 1]. Fix x̄ ∈ K such that

f(x̄) ≤ inf(f) + εr/8. (7.219)

If K has the property (C), then we assume that x̄ is a minimil element of K.
Define

f̄(x) = max{f(x), f(x̄) + 2−1r min{λ(x− x̄), 1}}, x ∈ K. (7.220)

It is easy to see that f̄ ∈ A,

ds(f, f̄) ≤ d̃s(f, f̄) ≤ r. (7.221)

f̄(x̄) = f(x̄) ≤ inf(f) + εr/8 ≤ inf(f̄) + εr/8 (7.222)

and
inf(f̄) ≤ f̄(x̄) = f(x̄) ≤ inf(f) + 1.

Let x ∈ K and
f̄(x) ≤ inf(f̄) + εr/8. (7.223)
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It follows from (7.220) and (7.223) that

2−1r min{λ(x− x̄), 1}+ f(x̄) ≤ f̄(x) ≤ f̄(x̄) + εr/8 =

f(x̄) + εr/8, min{λ(x− x̄), 1} ≤ ε/4, λ(x− x̄) ≤ ε/4

and there exists u ∈ X such that

||u|| < ε/2, x ≤ x̄ + u. (7.224)

In the first case we choose d̄ > 0 such that f̄(y) > inf(f̄) + 1 for all y ∈ K
satisfying ||y|| > d̄, and obtain that ||x|| ≤ d̄. In the second case

z̄ ≤ x ≤ x̄ + u, ||x|| ≤ ||z̄||+ ||x− z̄|| ≤
||z̄||+ ||x̄ + u− z̄|| ≤ 2||z̄||+ ||x̄||+ ||u|| ≤ 2||z̄|+ ||x̄||+ 1

and ||x|| ≤ d̄ := 2||z̄|| + ||x̄|| + 1. Therefore in both cases (H2) holds and if
the set K has the property (C), then (H4) is true. This completes the proof
of Theorem 7.43.

Theorem 7.44. Let A be defined as in Theorem 7.43 and let A+ be the set
of all f ∈ A such that f(x) ≥ 0 for all x ∈ K. Assume that fa = a for
all a ∈ A+. Then the metric spaces (A+, ds) and (A+, dw) are complete and
there exists a set F ⊂ A+ such that the complement A+ \ F is σ-porous in
A+ with respect to (dw, ds) and that for each f ∈ F the minimization problem
for f on K is strongly well-posed with respect to (A+, dw). If the set K has
the property (C), then for each f ∈ F , inf(f) is attained at a unique point.

Proof: It follows from Theorems 7.36 and 7.37 that we need to show that (H1),
(H2) and (H3) are true and that the property (C) implies (H4). It is easy to
see that (H1) is true. Analogously to the proof of Theorem 7.43 we can show
that (H2) holds and that the property (C) implies (H4). We can prove (H3)
as in the proof of Theorem 7.41.

The results of this section were obtained in [115].

7.16 Comments

In this chapter we consider the problem minimize f(x) subject to x ∈ K
where K is a closed subset of an ordered Banach space X and f belongs to
a space of increasing lower semicontinuous functions on K. We show that for
most functions f in this space the corresponding minimization problem has a
unique solution. Instead of considering the existence of solutions for a single
cost function we study it for a space of all such cost functions equipped with an
appropriate complete uniformity. Using the generic approach and the porosity
notion we show that a solution exists for most functions. These results and
their extensions are obtained as realizations of abstract variational principles.





8

Generic Well-Posedness of Minimization
Problems with Constraints

8.1 Variational principles

In this chapter we usually consider topological spaces with two topologies
where one is weaker than the other. (Note that they can coincide). We refer
to them as weak and strong topologies, respectively. If (X, d) is a metric
space with a metric d and Y ⊂ X, then usually Y is also endowed with the
metric d (unless another metric is introduced in Y ). Assume that X1 and X2

are topological spaces and that each of them is endowed with a weak and a
strong topology. Then for the product X1 × X2 we also introduce a pair of
topologies: a weak topology which is the product of the weak topologies of X1

and X2 and a strong topology which is the product of the strong topologies of
X1 and X2. If Y ⊂ X1, then we consider the topological subspace Y with the
relative weak and strong topologies (unless other topologies are introduced).
If (Xi, di), i = 1, 2 are metric spaces with the metric d1 and d2, respectively,
then the space X1 ×X2 is endowed with the metric d defined by

d((x1, y1), (x2, y2)) = d1(x1, x2) + d2(y1, y2), (xi, yi) ∈ X × Y, i = 1, 2.

For each function f : Y → [−∞,∞] where Y is nonempty, we set inf(f) =
inf{f(y) : y ∈ Y }.

We consider a metric space (X, ρ) which is called the domain space and
a complete metric space (A, d) which is called the data space. We always
consider the set X with the topology generated by the metric ρ. For the space
A we consider the topology generated by the metric d. This topology will
be called the strong topology and denoted by τs. In addition to the strong
topology we also consider a weaker topology on A which is not necessarily
Hausdorff. This topology will be called the weak topology and denoted by
τw. (Note that these topologies can coincide.) We assume that with every
a ∈ A a lower semicontinuous function fa on X is associated with values in
R̄ = [−∞,∞]. In our study we use the following basic hypotheses about the
functions introduced in Section 4.1.
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(H1) For each a ∈ A and each pair of positive numbers ε and γ there exist
a nonempty open set W in A with the weak topology, x ∈ X, α ∈ R1 and
η > 0 such that

W ∩ {b ∈ A : d(a, b) < ε} 6= ∅
and for any b ∈ W

(i) inf(fb) is finite;
(ii) if z ∈ X is such that fb(z) ≤ inf(fb) + η, then ρ(z, x) ≤ γ and |fb(z)−

α| ≤ γ.
(H2) if a ∈ A, inf(fa) is finite, {xn}∞n=1 ⊂ X is a Cauchy sequence and

the sequence {fa(xn)}∞n=1 is bounded, then the sequence {xn}∞n=1 converges
in X.

Let a ∈ A. Recall that the minimization problem for fa on (X, ρ) is
strongly well-posed with respect to A endowed with the weak topology if
inf(fa) is finite and attained at a unique point xa ∈ X and the following
assertion holds:

For each positive number ε there exist a neighborhood V of a in A with
the weak topology and a positive number δ such that for each b ∈ V , inf(fb)
is finite and if z ∈ X satisfies fb(z) ≤ inf(fb) + δ, then ρ(xa, z) ≤ ε and
|fb(z)− fa(xa)| ≤ ε.

Now we consider the metric space (A1×A2, d) where (Ai, di), i = 1, 2 are
complete metric space and

d((a1, a2), (b1, b2)) = d1(a1, b1) + d2(a2, b2), (a1, a2), (b1, b2) ∈ A1 ×A2.

For the space A2 we consider the topology induced by the metric d2 (the
strong and weak topologies coincide) and for the space A1 we consider the
strong topology which is induced by the metric d1 and a weak topology which
is weaker than the strong topology. The strong topology of A1 × A2 is the
product of the strong topology of A1 and the topology of A2 and the weak
topology ofA1×A2 is the product of the weak topology ofA1 and the topology
of A2.

Assume that with every a ∈ A1 a continuous function φa : X → R1

is associated and with every a ∈ A2 a set Sa ⊂ X is associated. For each
a = (a1, a2) ∈ A1 ×A2 define fa : X → R1 ∪ {∞} by

fa(x) = φa1(x) for all x ∈ Sa2 , fa(x) = ∞ for all x ∈ X \ Sa2 . (8.1)

Denote by A the closure of the set {a ∈ A1 × A2 : inf(fa) < ∞} in the
space A1 ×A2 with the strong topology. We assume that A is nonempty.

We use the following hypotheses.
(A1) For each a1 ∈ A1, inf(φa1) > −∞ and for each a ∈ A1 × A2 the

function fa is lower semicontinuous.
(A2) For each a1 ∈ A1 and each pair of positive numbers ε and D there

exists a neighborhood U of a1 in A1 with the weak topology such that for each
b ∈ U and each x ∈ X which satisfy min{φa1(x), φb(x)} ≤ D the inequality
|φa1(x)− φb(x)| ≤ ε is valid.
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(A3) For each γ ∈ (0, 1) there exist ε(γ) > 0 and δ(γ) > 0 such that
ε(γ), δ(γ) → 0 as γ → 0 and the following property holds:

For each γ ∈ (0, 1), each a ∈ A1, each nonempty set Y ⊂ X and each
x̄ ∈ Y satisfying

φa(x̄) ≤ inf{φa(z) : z ∈ Y }+ δ(γ) < ∞

there exists ā ∈ A1 such that the following conditions hold:

d1(a, ā) ≤ ε(γ), φā(z) ≥ φa(z), z ∈ X, φā(x̄) ≤ φa(x̄) + δ(γ);

if y ∈ Y satisfies

φā(y) ≤ inf{φā(z) : z ∈ Y }+ 2δ(γ),

then ρ(y, x̄) ≤ γ.
(A4) For each a = (a1, a2) ∈ A1 × A2 satisfying inf(fa) < ∞ and each

ε, γ ∈ (0, 1) there exist ā2 ∈ A2, r̄ ∈ (0, 1) and x̄ ∈ Sā2 such that the following
properties hold:

{b ∈ A2 : d2(ā2, b) ≤ r̄} ⊂ {b ∈ A2 : d2(a2, b) ≤ ε};

if b ∈ A2 satisfies d2(ā2, b) ≤ r̄ and if x ∈ Sb, then φa1(x̄) ≤ φa1(x) + γ;
for each positive number ∆ there exists a positive number δ < r̄ such that

if b ∈ A2 satisfies d2(b, ā2) ≤ δ, then there exists x ∈ Sb for which ρ(x, x̄) ≤ ∆.

Remark 8.1. We showed in [105] (see also Section 4.14) that if (A3) holds,
then the numbers ε(γ) and δ(γ) can be chosen such that 0 < δ(γ) ≤ ε(γ) ≤ γ.
In this chapter we always assume that this inequality holds.

The following result obtained in [124] will be proved in the next section.

Proposition 8.2. Assume that (A1)–(A4) hold. Then (H1) holds.

8.2 Proof of Proposition 8.2

Let a = (a1, a2) ∈ A and let ε, γ ∈ (0, 1). We may assume that inf(fa) < ∞.
Fix

γ0 ∈ (0, 8−1 min{ε, γ}).
Let ε(γ0), δ(γ0) > 0 be as guaranteed by (A3) (namely, (A3) holds with
γ = γ0, ε(γ) = ε(γ0), δ(γ) = δ(γ0)). Fix a positive number

δ1 < 4−1δ(γ0). (8.2)

In view of (A4) there exist

ā2 ∈ A2, r̄ ∈ (0, 1), x̄ ∈ Sā2 (8.3)
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such that

{b ∈ A2 : d2(ā2, b) ≤ r̄} ⊂ {b ∈ A2 : d2(a2, b) ≤ ε(γ0)}, (8.4)

φa1(x̄) ≤ φa1(x) + δ1

for all x ∈ ∪{Sb : b ∈ A2 and d2(ā2, b) ≤ r̄} (8.5)

and that the following property holds:
(P1) For each positive number ∆ there exists a positive number r∆ < r̄

such that for each b ∈ A2 satisfying d2(b, ā2) ≤ r∆ there exists x ∈ Sb for
which ρ(x, x̄) ≤ ∆.

By the choice of ε(γ0), δ(γ0), (A3) (with a = a1, Y = ∪{Sb : b ∈
A2 and d2(b, ā2) ≤ r̄}), (8.2) and (8.5), there exists ā1 ∈ A1 such that

d1(a1, ā1) ≤ ε(γ0), φā1(z) ≥ φa1(z) for all z ∈ X, (8.6)

φā1(x̄) ≤ φa1(x̄) + δ(γ0)

and that the following property holds:
(P2) If y ∈ ∪{Sb : b ∈ A2 and d2(b, ā2) ≤ r̄} satisfies

φā1(y) ≤ inf{φā1(z) : z ∈ ∪{Sb : b ∈ A2 and d2(b, ā2) ≤ r̄}}+ 2δ(γ0),

then ρ(y, x̄) ≤ γ0.
Since the function φā1 is continuous there exists a positive number ∆0

such that

|φā1(x)− φā1(x̄)| ≤ δ1 for all x ∈ X satisfying ρ(x, x̄) ≤ ∆0. (8.7)

By property (P1) there exists

r0 ∈ (0, r̄) (8.8)

such that the following property holds:
(P3) For each b ∈ A2 satisfying d2(b, ā2) ≤ r0 there exists x ∈ Sb such

that ρ(x, x̄) ≤ ∆0.
Let b ∈ A2 satisfy

d2(b, ā2) ≤ r0. (8.9)

It follows from (8.9) and property (P3) that Sb 6= ∅. We show that the follow-
ing property holds:

(P4) For each y ∈ Sb satisfying

φā1(y) ≤ inf{φā1(z) : z ∈ Sb}+ δ1

the inequalities

ρ(y, x̄) ≤ γ0, |φā1(y)− φā1(x̄)| ≤ 2δ1 + δ(γ0)
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hold.
Assume that y ∈ X satisfies

y ∈ Sb, φā1(y) ≤ inf{φā1(z) : z ∈ Sb}+ δ1. (8.10)

By (8.9) and property (P3) there is z0 ∈ X such that

z0 ∈ Sb, ρ(z0, x̄) ≤ ∆0. (8.11)

By (8.11) and (8.7),
|φā1(z0)− φā1(x̄)| ≤ δ1. (8.12)

Relations (8.10), (8.11), (8.12), (8.6), (8.5) and (8.2) imply that

φā1(y) ≤ inf{φā1(z) : z ∈ Sb}+ δ1

≤ φā1(z0) + δ1 ≤ φā1(x̄) + 2δ1

≤ φa1(x̄) + δ(γ0) + 2δ1

≤ inf{φa1(z) : z ∈ ∪{Sg : g ∈ A2 and d2(ā2, g) ≤ r̄}}+ δ1 + δ(γ0) + 2δ1

≤ inf{φā1(z) : z ∈ ∪{Sg : g ∈ A2 and d2(ā2, g) ≤ r̄}}+ 2δ(γ0). (8.13)

In view of property (P2), (8.10), (8.9), (8.8) and (8.13),

ρ(y, x̄) ≤ γ0. (8.14)

It follows from (8.13), (8.10), (8.9), (8.8) and (8.6) that

φā1(y) ≤ φā1(x̄) + 2δ1

≤ inf{φa1(z) : z ∈ ∪{Sg : g ∈ A2 and d2(ā2, g) ≤ r̄}}+ 3δ1 + δ(γ0)

≤ φa1(y) + 3δ1 + δ(γ0) ≤ φā1(y) + 3δ1 + δ(γ0)

and
|φā1(y)− φā1(x̄)| ≤ 2δ1 + δ(γ0).

Together with (8.14) this inequality implies that property (P4) holds for each
b ∈ A2 satisfying (8.9).

Fix
D > 4 + |φā1(x̄)|. (8.15)

(A2) implies that there exists an open neighborhood V of ā1 in A1 with the
weak topology for which the following property holds:

(P5) If b ∈ V and if x ∈ X satisfies min{φb(x), φā1(x)} ≤ D + 2, then
|φā1(x)− φb(x)| ≤ δ1/4 holds.

It follows from property (P5) and (8.15) that for each b ∈ V

|φb(x̄)− φā1(x̄)| ≤ δ1/4, inf(φb) ≤ φb(x̄) ≤ D − 2. (8.16)
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Now we show that (H1) holds with the open set

W = V × {g ∈ A2 : d2(g, ā2) < r0}, x = x̄, α = φā1(x̄), η = δ1/4.

Assume that

b = (b1, b2) ∈ V × {g ∈ A2 : d2(g, ā2) < r0}. (8.17)

It follows from (8.17) and property (P4) which holds with b = b2 that

inf(f(ā1,b2)) = inf{φā1(y) : y ∈ Sb2 and φā1(y) ≤ inf{φā1(z) : z ∈ Sb2}+ δ1}

∈ [φā1(x̄)− 2δ1 − δ(γ0), φā1(x̄) + 2δ1 + δ(γ0]. (8.18)

In view of (8.18), (8.15), (8.2) and the choice of γ0,

inf(f(ā1,b2)) < D − 2. (8.19)

Property (P5) and (8.19) imply that inf(f(b1,b2)) < ∞.
Assume now that z ∈ X satisfies

fb(z) ≤ inf(fb) + δ1/4. (8.20)

Then
z ∈ Sb2 , φb1(z) ≤ inf{φ1(y) : y ∈ Sb2}+ δ1/4. (8.21)

It follows from (8.19), (8.17) and (P5) that

inf(f(b1,b2)) = inf{φb1(z) : z ∈ Sb2}

≤ inf{φb1(z) : z ∈ Sb2 and φā1(z) ≤ D − 1}
≤ inf{φā1(z) + δ1/4 : z ∈ Sb2 and φā1(z) ≤ D − 1}
= δ1/4 + inf{φā1(z) : z ∈ Sb2 and φā1(z) ≤ D − 1}

= δ1/4 + inf{φā1(z) : z ∈ Sb2} = δ1/4 + inf(f(ā1,b2)). (8.22)

It follows from (8.22), (8.19), (8.2) and the choice of γ0 that

inf(f(b1,b2)) ≤ inf(f(ā1,b2)) + δ1/4 < D − 1. (8.23)

Relations (8.23), (8.17) and property (P5) imply that

inf(f(ā1,b2)) = inf{φā1(z) : z ∈ Sb2}

≤ inf{φā1(z) : z ∈ Sb2 and φb1(z) ≤ D}
≤ inf{φb1(z) + δ1/4 : z ∈ Sb2 and φb1(z) ≤ D}

= δ1/4 + inf{φb1(z) : z ∈ Sb2 and φb1(z) ≤ D} = δ1/4 + inf(f(b1,b2)).

Together with (8.23) this inequality implies that
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| inf(f(ā1,b2))− inf(f(b1,b2))| ≤ δ1/4. (8.24)

In view of (8.24) (with b2 = ā2)

| inf(f(ā1,ā2))− inf(f(b1,ā2))| ≤ δ1/4. (8.25)

By (8.20), (8.21), (8.23), (8.2) and the choice of γ0,

φb1(z) ≤ δ1/4 + D − 1 < D.

Together with (8.17) and (P5) this inequality implies that

|φb1(z)− φā1(z)| ≤ δ1/4. (8.26)

Relations (8.26), (8.21), (8.20) and (8.24) imply that

φā1(z) ≤ φb1(z) + δ1/4 ≤ inf(fb) + δ1/4 + δ1/4

≤ inf(f(ā1,b2)) + δ1/4 + δ1/4 + δ1/4. (8.27)

It follows from (8.27), (8.21), (8.17) and (P4) (with b = b2, y = z) that

ρ(z, x̄) ≤ γ0, (8.28)

|φā1(z)− φā1(x̄)| ≤ 2δ1 + δ(γ0). (8.29)

It follows from (8.2), the choice of γ0, (8.26) and (8.29) that

|φb1(z)− φā1(x̄)| ≤ 3δ1 + δ(γ0) < γ.

Proposition 8.2 is proved.

8.3 Minimization problems with mixed continuous
constraints

We use the convention that ∞/∞ = 1 and ∞−∞ = 0.
Let (X1, ρ1) and (X2, ρ2) be metric spaces. For each mapping F : X1 → X2

set

Lip(F ) = sup{ρ2(F (x), F (y))(ρ1(x, y))−1 : x, y ∈ X1, x 6= y}. (8.30)

Let (X, || · ||) be a norm space. For each x ∈ X and each positive number
r put

BX(x, r) = {y ∈ X : ||y − x|| ≤ r}, Bo
X(x, r) = {y ∈ X : ||y − x|| < r},

BX(r) = BX(0, r), Bo
X(r) = Bo

X(0, r).
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Denote by dim(X) the dimension of X. If X is an infinite-dimensional space,
then dim(X) = ∞.

Let (X, || · ||), (Y, || · ||) be Banach spaces. Denote by C(X, Y ) the set of
all continuous mappings G : X → Y . For each G1, G2 ∈ C(X,Y ) define

d̃XY (G1, G2) = sup{||G1(x)−G2(x)|| : x ∈ X}, (8.31)

dXY (G1G2) = d̃XY (G1, G2)(1 + d̃XY (G1, G2))−1.

It is not difficult to see that the metric space (C(X,Y ), dXY ) is complete.
If (X, || · ||) is a norm space, then we always equip X with a metric ρX

induced by the norm of X:

ρX(y, z) = ||y − z||, y, z ∈ X.

If (X, || · ||), (Y, || · ||) are norm spaces and L : X → Y is a continuous linear
operator, then

||L|| = sup{||L(x)|| : x ∈ X and ||x|| ≤ 1}.

Let (X, || · ||), (Y, || · ||) and (Z, || · ||) be Banach spaces, Y be finite-
dimensional, dim(Y ) <dim(X) and let Z be ordered by a convex closed cone
Z+ ⊂ X.

Assume that h∗ is an interior point of Z+ and

||z|| = inf{λ ≥ 0 : −λh∗ ≤ z ≤ λh∗}, z ∈ Z. (8.32)

Denote by Cb(X) the set of all continuous functions f : X → R1 which
are bounded from below. For each f1, f2 ∈ Cb(X) define

d̃cs(f1, f2) = sup{|f1(x)− f2(x)| : x ∈ X}+ Lip(f1 − f2), f1, f2 ∈ Cb(X),
(8.33)

dcs(f1, f2) = d̃cs(f1, f2)(1 + d̃cs(f1, f2))−1.

It is not difficult to see that the metric space (Cb(X), dcs) is complete. We
equip the space Cb(X) with the topology induced by the metric dcs which is
called the strong topology.

Now we equip the set Cb(X) with a weak topology.
For each positive number ε put

Ew(ε) = {(g, h) ∈ Cb(X)× Cb(X) :

|g(x)− h(x)| < ε + εmax{|g(x)|, |h(x)|} for all x ∈ X}. (8.34)

Using the following simple lemma we can easily show that for the set Cb(X)
there exists a uniformity which is determined by the base Ew(ε), ε > 0. This
uniformity induces in Cb(X) the weak topology.
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Lemma 8.3. Let a, b ∈ R1, ε ∈ (0, 1), ∆ ≥ 0 and

|a− b| < (1 + ∆)ε + ε max{|a|, |b|}.

Then

|a− b| < (1 + ∆)(ε + ε2(1− ε)−1) + ε(1− ε)−1 min{|a|, |b|}.

Note that Lemma 8.3 is proved in a straightforward manner (see Lemma
1.1 of [105]).

It is not difficult to see that the uniformity determined by the base Ew(ε),
ε > 0 is metrizable and complete.

We also consider the complete metric spaces

(C(X, Y ), dXY ), (C(X, Z), dXZ).

Denote by Cbu(X) the set of all f ∈ Cb(X) which are uniformly continuous
on X, by Cbub(X) the set of all f ∈ Cb(X) which are uniformly continuous
on bounded subsets of X, by CbL(X) the set of all f ∈ Cb(X) which are
Lipschitz on X, by CbLb(X) the set of all f ∈ Cb(X) which are Lipschitz on
all bounded subsets of X and by CbLl(X) the set of all f ∈ Cb(X) which are
locally Lipschitz. It is easy to see that Cbu(X), Cbub(X), CbL(X), CbLb(X)
and CbLl(X) are closed subsets of (Cb(X), dcs).

Let A1 be one of the following spaces

Cb(X), Cbu(X), Cbub(X), CbL(X), CbLb(X), CbLl(X)

and let
A21 = C(X, Y ), A22 = C(X,Z), A23 = Y, A24 = Z.

.
Set A2 = A21 ×A22 ×A23 ×A24. For each a2 = (G,H, y, z) ∈ A2 set

Sa2 = {x ∈ X : G(x) = y, H(x) ≤ z}. (8.35)

For each a = (a1, a2) ∈ A1 ×A2 define Ja : X → R1 ∪ {∞} by

Ja(x) = a1(x), x ∈ Sa2 , Ja(x) = ∞, x ∈ X \ Sa2 . (8.36)

The next theorem was obtained in [124].

Theorem 8.4. Let A be the closure of the set {a ∈ A1 ×A2 : inf(Ja) < ∞}
in the space A1×A2 with the strong topology. There exists a set B ⊂ A which
is a countable intersection of open (in the weak topology) everywhere dense (in
the strong topology) subsets of A such that for any a ∈ B the minimization
problem for Ja on (X, ρX) is strongly well-posed with respect to A endowed
with the weak topology.
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Let y0 ∈ Y , z0 ∈ Z, A1 be one of the following spaces

Cb(X), Cbu(X), Cbub(X), CbL(X), CbLb(X), CbLl(X)

and let
A21 = C(X, Y ), A22 = C(X, Z), A2 = A21 ×A22.

For each a2 = (G,H) ∈ A2 set

Sa2 = {x ∈ X : G(x) = y0, H(x) ≤ z0}. (8.37)

For each a = (a1, a2) ∈ A1 ×A2 define Ĵa : X → R1 ∪ {∞} as follows:

Ĵa(x) = a1(x), x ∈ Sa2 , Ĵa(x) = ∞, x ∈ X \ Sa2 . (8.38)

The next theorem was also obtained in [124].

Theorem 8.5. Let A be the closure of the set {a ∈ A1 ×A2 : inf(Ĵa) < ∞}
in the space A1×A2 with the strong topology. There exists a set B ⊂ A which
is a countable intersection of open (in the weak topology) everywhere dense (in
the strong topology) subsets of A such that for any a ∈ B the minimization
problem for Ĵa on (X, ρX) is strongly well-posed with respect to A endowed
with the weak topology.

Remark 8.6. Let f ∈ A1, y0 ∈ Y and z0 ∈ Z. Put G0(x) = y0 and H0(x) =
z0 for all x ∈ X. It is easy to see that (f,G0,H0, y0, z0) ∈ A in the case
of Theorem 8.4 and (f, G0,H0) ∈ A in the case of Theorem 8.5. Thus in
Theorems 8.4 and 8.5 the set A is nonempty.

Since the space Y is finite-dimensional and dim(Y ) <dim(X) the space
Y is linearly isomorphic to a vector subspace of X. We may assume without
loss of generality that Y ⊂ X. It is well-known that all norms in a finite-
dimensional vector space are equivalent. Therefore we may assume without
loss of generality that the norm of Y is induced by the norm of X.

Since Y is a finite-dimensional vector subspace of X there exists a linear
continuous operator L0 : X → Y such that

L0(x) = −x for all x ∈ Y. (8.39)

Theorems 8.4 and 8.5 are obtained as realizations of the variational prin-
ciples established in Sections 8.1 and 8.2

8.4 An auxiliary result for (A2)

Lemma 8.7. Assume that f ∈ Cb(X) and that D, ε is a pair of positive num-
bers. Then there exists a neighborhood U of f ∈ Cb(X) with the weak topology
such that for each g ∈ U and each x ∈ X satisfying min{f(x), g(x)} ≤ D the
inequality |f(x)− g(x)| ≤ ε holds.
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Proof: Since the function f is bounded from below there exists c0 > 0 for
which

f(x) ≥ −c0 for all x ∈ X.

Fix ε0 > 0 such that

4ε0(D + 2c0 + 4) < min{1, ε} (8.40)

and ε1 > 0 which satisfies

4(ε1 + ε1(1− ε1)−1) < ε0. (8.41)

Put
U = {g ∈ Cb(X) : (f, g) ∈ Ew(ε1)} (8.42)

(see (8.34)).
Assume that

g ∈ U , x ∈ X and min{f(x), g(x)} ≤ D. (8.43)

It follows from the choice of U and (8.34) that

|f(z)− g(z)| < ε1 + ε1 max{|f(z)|, |g(z)|}, z ∈ X.

By this relation, (8.41) and Lemma 8.3, for all z ∈ X,

|f(z)− g(z)| < ε0 + ε0 min{|f(z)|, |g(z)|} (8.44)

and it follows from the choice of c0 and (8.40) that

g(z) ≥ f(z)− ε0 − ε0|f(z)| ≥ −1− 2c0.

The relation above, (8.44), the choice of c0, (8.43) and (8.40) imply that

|f(x)− g(x)| < ε0 + ε0[min{f(x), g(x)}+ 4c0 + 4]

< ε0 + ε0(D + 4c0 + 4) < ε.

This completes the proof of Lemma 8.7.

8.5 An auxiliary result for (A3)

Let A1 be one of the following spaces:

Cb(X), Cbu(X), Cbub(X), CbL(X), CbLb(X), CbLl(X).

For each γ ∈ (0, 1) choose ε(γ) > 0, δ(γ) > 0 and ε0(γ) > 0 which satisfy

4ε0(γ) < ε(γ) < γ, (8.45)

δ(γ) < 8−1ε0(γ)2. (8.46)
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Lemma 8.8. Let γ ∈ (0, 1), f ∈ A1, M be a nonempty subset of X and let
x̄ ∈ M satisfy

f(x̄) ≤ inf{f(z) : z ∈ M}+ δ(γ) < ∞. (8.47)

Define a function f̄ : X → R1 ∪ {∞} by

f̄(x) = f(x) + ε0(γ)min{1, ||x− x̄||}, x ∈ X. (8.48)

Then
f̄ ∈ A1, dcs(f, f̄) ≤ ε(γ), (8.49)

f̄(z) ≥ f(z), z ∈ X, f̄(x̄) = f(x̄)

and for each y ∈ M satisfying

f̄(y) ≤ inf{f̄(z) : z ∈ M}+ 2δ(γ) (8.50)

the inequality ||y − x̄|| ≤ γ is valid.

Proof: It is easy to see that f̄ ∈ A1. Clearly, (8.49) holds.
Assume that y ∈ M satisfies (8.50). By (8.48), (8.49) , (8.50) and (8.47),

f(y) + ε0(γ)min{1, ||y − x̄||} = f̄(y) ≤ f̄(x̄) + 2δ(γ)

≤ f(x̄) + 2δ(γ) ≤ f(y) + 3δ(γ)

and (8.45) and (8.46) imply that

min{1, ||y − x̄||} ≤ 3δ(γ)ε0(γ)−1 ≤ ε0(γ) < γ.

Lemma 8.8 is proved.

8.6 An auxiliary result for (A4)

Lemma 8.9. Let ε, γ ∈ (0, 1), f0 ∈ Cb(X), A0 ∈ C(X, Y ), B0 ∈ C(X,Z),
y0 ∈ Y , z0 ∈ Z and let

inf{f0(x) : x ∈ X and A0(x) = y0, B0(x) ≤ z0} < ∞. (8.51)

Then there exist a positive number r̄ < ε/8,

Ā ∈ C(X, Y ), B̄ ∈ C(X, Z) and x̄ ∈ X

such that the following properties hold:

Ā(x̄) = y0, B̄(x̄) ≤ z0; (8.52)

{A ∈ C(X,Y ) : dXY (A, Ā) ≤ r̄} ⊂ {A ∈ C(X, Y ) : dXY (A, A0) ≤ ε/4};
(8.53)
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{B ∈ C(X, Z) : dXZ(B, B̄) ≤ r̄} ⊂ {B ∈ C(X,Z) : dXZ(B, B0) ≤ ε/4}.
(8.54)

(P6) For each A ∈ C(X, Y ), B ∈ C(X,Z), y ∈ Y , z ∈ Z and each x ∈ X
which satisfy

dXY (A, Ā) ≤ r̄, dXZ(B, B̄) ≤ r̄, ||y − y0|| ≤ r̄, ||z − z0|| ≤ r̄ (8.55)

and
A(x) = y, B(x) ≤ z (8.56)

the inequality
f0(x̄) ≤ f0(x) + γ (8.57)

is valid.
(P7) For each positive number ∆ there exists a positive number δ < r̄ such

that for each A ∈ C(X,Y ), B ∈ C(X, Z), y ∈ Y and z ∈ Z which satisfy

dXY (A, Ā) ≤ δ, dXZ(B, B̄) ≤ δ, ||y − y0|| ≤ δ, ||z − z0|| ≤ δ (8.58)

there exists x ∈ X satisfying

A(x) = y, B(x) ≤ z, ||x− x̄|| ≤ ∆. (8.59)

Proof: Fix ε0 > 0, ε1 > 0, ε2 > 0 which satisfy

ε2 < ε1 < ε0 < ε, ε1 < γ/2 (8.60)

and λ > 0 for which
λ(||L0||+ 1) < 1/8. (8.61)

For each r ∈ [0, 1] define

Qr = {x ∈ X : ||A0(x)− y0|| ≤ r and B0(x) ∈ z0 − Z+ + BZ(r)} (8.62)

and put
µ(r) = inf{f0(x) : x ∈ Qr}. (8.63)

It is easy to see that µ(r) is finite for all r ∈ [0, 1] and that the function µ is
monotone decreasing. There exists a positive number

r0 < ε/64 (8.64)

such that µ is continuous at r0. Fix a positive number r1 < r0 for which

|µ(r1)− µ(r0)| < ε1. (8.65)

There exists x̄ ∈ X which satisfies

x̄ ∈ Qr1 , f0(x̄) ≤ µ(r1) + ε1. (8.66)

It follows from (8.66) and (8.62) that
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||A0(x̄)− y0|| ≤ r1, B0(x̄) ∈ z0 − Z+ + BZ(r1). (8.67)

Thus there exists h0 ∈ Z such that

||h0|| ≤ r1, B0(x̄) ≤ z0 + h0. (8.68)

Fix r2 > 0 , r3 > 0 such that

r2 < (r0 − r1)/16, 16r3 < 4r2 < r1;

||A0(x̄)−A0(x)|| ≤ (r0 − r1)/4 for each x ∈ BX(x̄, r2) (8.69)

and put
r̄ = r3.

Urysohn’s theorem implies that there exists a continuous function φ : X →
[0, 1] which satisfies

φ(x) = 1, x ∈ BX(x̄, r2/2),

φ(x) = 0, x ∈ X \Bo
X(x̄, r2). (8.70)

For each x ∈ X define

Ā(x) = φ(x)[y0 + λL0(x− x̄)] + (1− φ(x))A0(x), (8.71)

B̄(x) = B0(x)− r2h∗ − h0 (8.72)

(see (8.32)).
It is easy to see that Ā ∈ C(X,Y ), B̄ ∈ C(X, Z). It follows from (8.71),

(8.72), (8.70) and (8.68) that

Ā(x̄) = y0, B̄(x̄) = B0(x̄)− r2h∗ − h0 ≤ z0 − r2h∗. (8.73)

By (8.71) and (8.70),

dXY (Ā, A0) ≤ d̃XY (Ā, A0) = sup{||A0(u)− Ā(u)|| : u ∈ X}

= sup{||A0(u)− Ā(u)|| : u ∈ BX(x̄, r2)}
= sup{φ(u)||y0 + λL0(u− x̄)−A0(u)|| : u ∈ BX(x̄, r2)}
≤ sup{||y0 −A0(u)||+ λ||L0||||u− x̄|| : u ∈ BX(x̄, r2)}
≤ sup{||y0 −A0(u)|| : u ∈ BX(x̄, r2)}+ λ||L0||r2

≤ λ||L0||r2 + ||y0 −A0(x̄)||+ ||A0(x̄)−A0(u)|| : u ∈ BX(x̄, r2)}. (8.74)

Relations (8.74), (8.67), (8.61) and (8.69) imply that

dXY (Ā, A0) = d̃XY (Ā, A0)

≤ λ||L0||r2 + ||y0 −A0(x̄)||+ sup{||A0(x̄)−A0(u)|| : u ∈ BX(x̄, r2)}
≤ r2/8 + r1 + sup{||A0(x̄)−A0(u)|| : u ∈ BX(x̄, r2)}
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≤ r2/8 + r1 + (r0 − r1)/4 < (r0 − r1)/16 + (r0 − r1)/4 + r1 = (r0 + r1)/2.

Therefore
dXY (Ā, A0) ≤ d̃XY (Ā, A0) ≤ (r0 + r1)/2. (8.75)

It follows from (8.72), (8.68), (8.32) and (8.69) that

dXZ(B̄, B0) ≤ d̃XZ(B̄, B0) ≤ ||r2h∗||+ ||h0||

≤ r1 + r2 < (r0 − r1)/16 + r1 < (r0 + r2)/2. (8.76)

By (8.75), (8.76), equality r̄ = r3, (8.69) and (8.64), relations (8.53) and (8.54)
are true.

Assume that

A ∈ C(X, Y ), B ∈ C(X, Z), y ∈ Y, z ∈ Z

and that x ∈ X satisfies (8.55) and (8.56). We show that x ∈ Qr0 . It follows
from (8.55), (8.31), (8.64) and (8.69) that

d̃XY (A, Ā) ≤ dXY (A, Ā)(1− dXY (A, Ā))−1 ≤ 2r̄, (8.77)

d̃XZ(B, B̄) ≤ dXZ(B, B̄)(1− dXZ(B, B̄))−1 ≤ 2r̄.

Relations (8.77), (8.75) and (8.76) imply that

d̃XY (A,A0) ≤ d̃XY (A, Ā) + d̃XY (Ā, A0)

≤ 2r̄ + (r0 + r1)/2, (8.78)

d̃XZ(B, B0) ≤ d̃XZ(B, B̄) + d̃XZ(B̄, B0) ≤ 2r̄ + (r0 + r1)/2.

By (8.78), (8.31), (8.55), (8.69) and (8.56),

||A0(x)− y0|| ≤ ||A0(x)−A(x)||+ ||A(x)− y||+ ||y − y0||

≤ 2r̄ + (r0 + r1)/2 + r̄ < r0.

It follows from (8.31), (8.32), (8.55), (8.78), (8.56) and (8.69) that

B0(x)− z0 = B0(x)−B(x) + B(x)− z + z − z0

≤ d̃XZ(B, B0)h∗ + ||z − z0||h∗
≤ (2r̄ + (r0 + r1)/2)h∗ + r̄h∗ = (3r̄ + (r0 + r1)/2)h∗ ≤ r0h∗.

Therefore
||A0(x)− y0|| < r0, B0(x)− z0 ≤ r0h∗.

Combined with (8.62) and (8.32) this implies that

x ∈ Qr0 . (8.79)
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In view of (8.79), (8.63), (8.65), (8.60) and (8.66),

f0(x) ≥ µ(r0) ≥ µ(r1)− ε1 ≥ f0(x̄)− 2ε1 ≥ f0(x̄)− γ.

Therefore we have shown that property (P6) holds.
Now we show that property (P7) holds.
Let ∆ be a positive number. Fix ∆1 > 0 such that

∆1 < ∆, ∆1 < r2/2, (8.80)

||B̄(u)− B̄(x̄)|| ≤ r2/8 for all u ∈ BX(x̄, ∆1). (8.81)

Fix δ > 0 for which
4δ < min{1,∆1, r̄/2}λ. (8.82)

Assume that A ∈ C(X,Y ), B ∈ C(X, Z), y ∈ Y , z ∈ Z satisfy

dXY (A, Ā) ≤ δ, dXZ(B, B̄) ≤ δ, ||y − y0|| ≤ δ, ||z − z0|| ≤ δ. (8.83)

By (8.31), (8.83) and (8.82),

d̃XY (A, Ā) = dXY (A, Ā)(1− dXY (A, Ā))−1 ≤ δ(1− δ)−1 ≤ 2δ, (8.84)

d̃XZ(B, B̄) = dXZ(B, B̄)(1− dXZ(B, B̄))−1 ≤ δ(1− δ)−1 ≤ 2δ. (8.85)

We show that there exists x ∈ X which satisfies

A(x) = y, B(x) ≤ z, ||x− x̄|| ≤ ∆1. (8.86)

For each x ∈ X put
D(x) = A(x)− y + x. (8.87)

We show that

D(BX(x̄,∆1) ∩ (x̄ + Y )) ⊂ BX(x̄, ∆1) ∩ (x̄ + Y ). (8.88)

Let
x ∈ BX(x̄,∆1) ∩ (x̄ + Y ). (8.89)

By (8.71), (8.70), (8.89), (8.80) and (8.39),

Ā(x) = y0 + λL0(x− x̄) ∈ Y. (8.90)

Relations (8.87) and (8.89) imply that

D(x) = A(x)− y + x ∈ Y + (x̄ + Y ) = x̄ + Y. (8.91)

It follows from (8.87), (8.90), (8.39), (8.89), (8.83), (8.84), (8.31) and (8.61)
that

||D(x)−x̄|| = ||A(x)−y+x−x̄|| = ||Ā(x)−y0+x−x̄+(y0−y)+(A(x)−Ā(x))||
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≤ ||λL0(x− x̄) + x− x̄||+ ||y0 − y||+ ||A(x)− Ā(x)|| (8.92)

≤ ||(1− λ)(x− x̄)||+ 3δ ≤ (1− λ)||x− x̄||+ 3δ.

By (8.89), (8.82) and (8.92),

||D(x)− x̄|| ≤ (1− λ)||x− x̄||+ 3δ = (1− λ)∆1 + 3δ < ∆1. (8.93)

In view of this inequality and (8.91),

D(x) ∈ BX(x̄,∆1) ∩ (x̄ + Y ). (8.94)

Thus we have shown that (8.88) holds. Since the space Y is finite dimensional
the Brouwer fixed point theorem implies that there exists x∗ ∈ X which
satisfies

x∗ ∈ BX(x̄, ∆1) ∩ (x̄ + Y ), (8.95)

x∗ = D(x∗) = A(x∗)− y + x∗.

Hence
A(x∗) = y. (8.96)

By (8.32), (8.85), (8.31), (8.73) and (8.83),

B(x∗) = B̄(x∗) + (B(x∗)− B̄(x∗)) ≤ B̄(x∗) + ||B(x∗)− B̄(x∗)||h∗
≤ B̄(x∗) + 2δh∗ = (B̄(x∗)− B̄(x̄)) + B̄(x̄) + 2δh∗

≤ (B̄(x∗)− B̄(x̄)) + z0 − r2h∗ + 2δh∗

= (B̄(x∗)− B̄(x̄)) + z + (z0 − z)− r2h∗ + 2δh∗

≤ B̄(x∗)− B̄(x̄) + z + 3δh∗ − r2h∗. (8.97)

It follows from (8.81), (8.32), (8.95), (8.82), (8.69) and (8.97) that

B(x∗) ≤ z − r2h∗ + 3δh∗ + B̄(x∗)− B̄(x̄)

≤ z − r2h∗ + 3δh∗ + (r2/8)h∗ ≤
z − r2h∗ + 2−1r2h∗ ≤ z. (8.98)

By (8.96), (8.95) and (8.98),

A(x∗) = y, B(x∗) ≤ z, x∗ ∈ BX(x̄,∆1).

Thus property (P7) holds. Lemma 8.9 is porved.

8.7 Proof of Theorems 8.4 and 8.5

It is clear that (A1) and (H2) hold. In view of Theorem 4.1 we need to show
that (H1) holds. Proposition 8.2 implies that it is sufficient to show that (A2),
(A3) and (A4) hold. Lemma 8.7 implies (A2). (A3) follows from Lemma 8.8.
It follows from Lemma 8.9 that (A4) holds. This completes the proof of the
theorems.
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8.8 An abstract implicit function theorem

Let (X, || · ||) be a norm space. For each x ∈ X and each positive number r
put

BX(x, r) = {y ∈ X : ||y − x|| ≤ r}, Bo
X(x, r) = {y ∈ X : ||y − x|| < r},

BX(r) = BX(0, r), Bo
X(r) = Bo

X(0, r).

We always equip the space X with the norm topology and with a metric ρX

induced by the norm of X:

ρX(y, z) = ||y − z||, y, z ∈ X.

Denote by dim(X) the dimension of X. If X is an infinite-dimensional space,
then dim(X) = ∞. We denote by IX the identity operator IX : X → X such
that IXx = x for all x ∈ X.

If (X, || · ||), (Y, || · ||) are norm spaces and L : X → Y is a continuous
linear operator, then

||L|| = sup{||L(x)|| : x ∈ X and ||x|| ≤ 1}.
Let (X, || · ||) and (Y, || · ||) be norm spaces and let W be a nonempty open

subset of X. Denote by C1(W,Y ) the set of all mappings f : W → Y such
that for each x ∈ W there exists a Frechet derivative f ′(x) : X → Y of f at
x and that the mapping x → f ′(x), x ∈ W is continuous.

If X = X1 × X2 where (Xi, || · ||), i = 1, 2 are normed spaces and f ∈
C1(W,Y ), then the partial derivative of f at a point w ∈ W with respect to
xi (i = 1, 2) is denoted by (∂f/∂xi)(w) or fxi

(w).
We will prove the following result established in [125].

Theorem 8.10. Let X be a topological space, (Y, ||·||) and (Z, ||·||) be Banach
spaces, W be a neighborhood of (x0, y0) in X×Y and Ψ̄ : W → Z be a mapping
which satisfy the following conditions:

Ψ̄(x0, y0) = z0; (8.99)

the mapping x → Ψ̄(x, y0), is continuous at x0;
there exists a linear continuous operator A : Y → Z such that for each

positive number ε there exist a positive number δ and a neighborhood V of x0

in X such that if x ∈ V and y′, y′′ ∈ BY (y0, δ), then

||Ψ̄(x, y′)− Ψ̄(x, y′′)−A(y′ − y′′)|| < ε||y′ − y′′|| (8.100)

and that
AY = Z. (8.101)

Then there exist a pair of positive constants K, σ and a neighborhood U of
(x0, z0) in X × Z such that for each mapping Ψ : W → Z which satisfies
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||(Ψ − Ψ̄)(x, y)|| ≤ σ for all (x, y) ∈ W (8.102)

and
||(Ψ − Ψ̄)(x, y′)− (Ψ − Ψ̄)(x, y′′)|| ≤ σ||y′ − y′′|| (8.103)

for each (x, y′), (x, y′′) ∈ W , there exists a mapping Φ̃ : U → Y such that for
each (x, z) ∈ U

(x, y0), (x, Φ̃(x, z)) ∈ W, Ψ(x, Φ̃(x, z)) = z, (8.104)

||Φ̃(x, z)− y0|| ≤ K||Ψ(x, y0)− z||. (8.105)

We need the following lemma proved in [1].

Lemma 8.11. Let T be a topological space, (Y, || · ||) be a Banach space, V
be a neighborhood of (t0, y0) in T × Y and let φ : V → Y . Assume that there
exist a neighborhood U of t0 in T , β > 0 and θ ∈ (0, 1) such that for each
t ∈ U and each y ∈ Bo

Y (y0, β)

φ(t, y) is defined and (t, Φ(t, y)) ∈ V, (8.106)

||Φ(t, Φ(t, y))− Φ(t, y)|| ≤ θ||Φ(t, y)− y||, (8.107)

||Φ(t, y0)− y0|| < β(1− θ). (8.108)

Then for each t ∈ U the sequence {yn(t)}∞n=0 defined by

y0(t) = y0, yn(t) = φ(t, yn−1(t)) for all integers n ≥ 1 (8.109)

is well-defined and is contained in Bo
Y (y0, β) and yn(t) converges to Φ(t) ∈ Y

as n →∞ uniformly on U and

||Φ(t)− y0|| ≤ ||Φ(t, y0)− y0||(1− θ)−1 for all t ∈ U. (8.110)

We also use the following auxiliary result. For its proof see [1].

Lemma 8.12. Let (X, || · ||), (Y, || · ||) be Banach spaces and let Λ : X → Y be
a continuous linear operator such that ΛX = Y . Then there exist a mapping
M : Y → X and a constant c > 0 such that

Λ ◦M = IY and ||My|| ≤ c||y|| for all y ∈ Y.

8.9 Proof of Theorem 8.10

Since AY = Z (see (8.101)) Lemma 8.12 implies that there exist a mapping
C : Z → Y and a number c0 > 0 for which

ACz = z for all z ∈ Z, (8.111)
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||Cz|| ≤ c0||z|| for all z ∈ Z. (8.112)

Set T = X × Z, choose θ ∈ (0, 1) and set

ε = θ/c0. (8.113)

The assumptions of the theorem (see (8.100)) imply that there exist a neigh-
borhood V1 of x0 and a positive constant β0 such that

V1 ×BY (y0, β0) ⊂ W, (8.114)

||Ψ̄(x, y′)− Ψ̄(x, y′′)−A(y′ − y′′)|| < 4−1||y′ − y′′||ε (8.115)

for each x ∈ V1 and each y′, y′′ ∈ BY (y0, β0).
Put

V = V1 × Z ×Bo
Y (y0, β0) (8.116)

and
β = β0(c0||A||+ 2)−1. (8.117)

By the assumptions of Theorem 8.10, the mapping

(x, z) → Ψ̄(x, y0)− z

is continuous at the point (x0, z0). Together with (8.99) this fact implies that
there exist a neighborhood V2 of x0 and a positive constant γ such that

V2 ⊂ V1 (8.118)

and that for each (x, z) ∈ V2 ×Bo
Z(z0, γ),

||Ψ̄(x, y0)− z|| < 4−1β(1− θ)c−1
0 . (8.119)

Define
U = V2 ×Bo

Z(z0, γ). (8.120)

Fix a positive number

σ < min{4−1β(1− θ)c−1
0 , ε/4, θ(c0 + 1)−1/4} (8.121)

and set
K = c0(1− θ)−1. (8.122)

Assume that a map Ψ : W → Z satisfies (8.102) and (8.103) for each
(x, y′), (x, y′′) ∈ W . Define a mapping Φ : V → Y by

Φ(x, z, y) = y + C(z − Ψ(x, y)), (x, z, y) ∈ V. (8.123)

Now we show that the conditions of Lemma 8.11 hold with T = X × Z,
t0 = (x0, z0), V = V and U = U .

Assume that
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(x, z) ∈ U , y ∈ Bo
Y (y0, β). (8.124)

By (8.123), (8.112), (8.124), (8.116), (8.120), (8.118), (8.117), (8.103), (8.115)
and (8.114),

||Φ(x, z, y)− y0|| = ||y − y0 + C(z − Ψ(x, y))||

≤ ||y − y0||+ c0||z − Ψ(x, y)||
≤ ||y − y0||+ c0||z − Ψ(x, y0)− Ψ(x, y) + Ψ(x, y0) + A(y − y0)−A(y − y0)||
≤ ||y−y0||+c0||z−Ψ(x, y0)||+c0||Ψ(x, y)−Ψ(x, y0)+A(y−y0)||+c0||A||||y−y0||

≤ ||y − y0||+ c0||z − Ψ(x, y0)||+ c0||A||||y − y0||
+c0||Ψ(x, y)− Ψ̄(x, y)− [Ψ(x, y0)− Ψ̄(x, y0)]||

+c0||Ψ̄(x, y)− Ψ̄(x, y0)−A(y − y0)||
≤ ||y−y0||+c0||A||||y−y0||+c0||z−Ψ(x, y0)||+c0σ||y−y0||+4−1c0ε||y−y0||

= (1 + c0σ + c0ε/4)||y − y0||+ c0||A||||y − y0||+ c0||z − Ψ(x, y0)||
= (1 + c0σ + c0ε/4 + c0||A||)||y − y0||+ c0||z − Ψ(x, y0)||.

By the relation above, (8.113) and (8.121),

||Φ(x, z, y)− y0|| ≤ c0||z − Ψ(x, y0)||+ ||y − y0||(1 + c0||A||+ θ/4 + θ/4)

≤ c0||z − Ψ(x, y0)||+ ||y − y0||(1 + c0||A||+ θ/2). (8.125)

It follows from (8.125), (8.119), (8.124), (8.120), (8.102), (8.121) and (8.117)
that

||Φ(x, z, y)− y0|| ≤ ||y − y0||(1 + c0||A||+ θ/2)

+c0||z − Ψ̄(x, y0)||+ c0||Ψ̄(x, y0)− Ψ(x, y0)||
≤ β(1 + c0||A||+ θ/2) + 4−1c0β(1− θ)c−1

0 + c0σ

≤ β(1 + c0||A||+ θ/2) + 2−1β(1− θ) < β(2 + c0||A||) = β0. (8.126)

Therefore the first condition of Lemma 8.11 holds (see (8.106)).
By (8.119), (8.120), (8.124), (8.102), (8.121) and (8.125) with y = y0,

||Φ(x, z, y0)− y0|| ≤ c0||z − Ψ(x, y0)|| ≤ c0||z − Ψ̄(x, y0)||

+c0||Ψ̄(x, y0)− Ψ(x, y0)|| ≤ 4−1β(1− θ) + 4−1β(1− θ) < β(1− θ). (8.127)

Thus the third condition of Lemma 8.11 holds (see (8.108)).
It follows from (8.126), (8.124), (8.123), (8.116), (8.120) and (8.118) that

Φ(x, z, Φ(x, z, y))− Φ(x, z, y) = Φ(x, z, y)

+C(z − Ψ(x, Φ(x, z, y)))− Φ(x, z, y) = C(z − Ψ(x, Φ(x, z, y))). (8.128)

Relations (8.123) and (8.111) imply that
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AΦ(x, z, y) = Ay + AC(z − Ψ(x, y)) = Ay + z − Ψ(x, y)

and
z = Ψ(x, y) + A(Φ(x, z, y)− y). (8.129)

By (8.128), (8.112) and (8.129),

||Φ(x, z, Φ(x, z, y))− Φ(x, z, y)|| ≤ c0||z − Ψ(x, Φ(x, z, y))||

= c0||Ψ(x, Φ(x, z, y))− Ψ(x, y)−A(Φ(x, z, y)− y)||
≤ c0||Ψ̄(x, Φ(x, z, y))− Ψ̄(x, y)−A(Φ(x, z, y)− y)||

+c0||Ψ(x, Φ(x, z, y))− Ψ̄(x, Φ(x, z, y))− [Ψ(x, y)− Ψ̄(x, y)]||.
Together with (8.115), (8.124), (8.120), (8.118), (8.126), (8.117), (8.103),
(8.114), (8.121) and (8.113) this relation implies that

||Φ(x, z, Φ(x, z, y))− Φ(x, z, y)||

≤ 4−1c0ε||y − Φ(x, z, y)||+ c0σ||y − Φ(x, z, y)||
≤ 2−1c0ε||y − Φ(x, z, y)|| ≤ θ||y − Φ(x, z, y)||.

Therefore the second condition of Lemma 8.11 holds (see (8.107)).
Put

t = (x, z). (8.130)

Since all the conditions of Lemma 8.11 hold the sequence {yn(t)}∞n=0 defined
by

y0(t) = y0, yn(t) = Φ(t, yn−1(t)) for all natural numbers n (8.131)

is well-defined and is contained in Bo
Y (y0, β) and yn(t) converges to Φ̃(t) =

Φ̃(x, z) ∈ Y as n →∞ in the norm topology uniformly on U and

||Φ̃(x, z)− y0|| ≤ ||Φ(x, z, y0)− y0||(1− θ)−1. (8.132)

It follows from (8.124), (8.120), (8.118) and (8.114) that

(x, y0) ∈ W. (8.133)

Clearly,
||Φ̃(x, z)− y0|| ≤ β. (8.134)

By (8.124), (8.120), (8.118), (8.114), (8.117) and (8.134),

(x, Φ̃(x, z)) ∈ W. (8.135)

By (8.132), (8.123), (8.112) and (8.122),

||Φ̃(x, z)− y0|| ≤ ||Φ(x, z, y0)− y0||(1− θ)−1 = ||C(z − Ψ(x, y0))||(1− θ)−1
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≤ c0||z − Ψ(x, y0)||(1− θ)−1 = K||z − Ψ(x, y0)||. (8.136)

In view of (8.135), (8.131), (8.130), (8.114), (8.124), (8.120), (8.118), the in-
clusion {yi(t)}∞i=0 ⊂ Bo

Y (y0, β), (8.117), (8.103), (8.123) and (8.115), for each
integer n ≥ 1,

||Ψ(x, Φ̃(x, z))− z|| ≤ ||Ψ(x, Φ̃(x, z))− Ψ(x, yn(x, z))||+ ||z − Ψ(x, yn(x, z))||
≤ ||Ψ̄(x, Φ̃(x, z))−Ψ̄(x, yn(x, z))||+||(Ψ−Ψ̄)(x, Φ̃(x, z))−(Ψ−Ψ̄)(x, yn(x, z))||

+||AC(z − Ψ(x, yn(x, z)))||
≤ ||Ψ̄(x, Φ̃(x, z))− Ψ̄(x, yn(x, z))−A(Φ̃(x, z)− yn(x, z))||

+||A(Φ̃(x, z)−yn(x, z))||+σ||Φ̃(x, z)−yn(x, z)||+ ||A||||yn+1(x, z)−yn(x, z)||
≤ 4−1ε||Φ̃(x, z)− yn(x, z)||+ ||A||||Φ̃(x, z)− yn(x, z)||

+σ||Φ̃(x, z)− yn(x, z)||+ ||A||||yn+1(x, z)− yn(x, z)|| → 0 as n →∞.

Hence
Ψ(x, Φ̃(x, z)) = z. (8.137)

Theorem 8.10 follows from (8.133), (8.135), (8.137) and (8.136).

8.10 An extension of the classical implicit function

Theorem 8.13. Let (X, || · ||), (Y, || · ||) and (Z, || · ||) be Banach spaces, W
be an open neighborhood of (x0, y0) in X × Y and let a mapping Ψ̄ : W → Z
belong to C1(W,Z). Assume that

Ψ̄(x0, y0) = 0 (8.138)

and that there exists an inverse operator [Ψ̄y(x0, y0)]−1 : Z → Y which is
linear and continuous.

Let ε0 be a positive number. Then there exist

σ > 0, δ > 0, ε ∈ (0, ε0) (8.139)

such that for each mapping Ψ : W → Z which satisfies

||(Ψ − Ψ̄)(x, y)|| ≤ σ for all (x, y) ∈ W, (8.140)

||(Ψ − Ψ̄)(x, y′)− (Ψ − Ψ̄)(x, y′′)|| ≤ σ||y′ − y′′|| (8.141)

for each (x, y′), (x, y′′) ∈ W , there exists a mapping Φ : Bo
X(x0, δ) → Y such

that
if Ψ = Ψ̄ , then Φ(x0) = y0, (8.142)

(x, Φ(x)) ∈ W and Ψ(x, Φ(x)) = 0 for all x ∈ Bo
X(x0, δ), (8.143)

||Φ(x)− y0|| < ε for each x ∈ Bo
X(x0, δ), (8.144)

and that for each x ∈ Bo
X(x0, δ) and each y ∈ Bo

Y (y0, δ) the equality Ψ(x, y) =
0 holds if and only if y = Φ(x).
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Proof: We show that Ψ̄ satisfies the conditions of Theorem 8.10 with z0 = 0.
It is easy to see that the mapping x → Ψ̄(x, y0) is continuous at x0. Put

A = Ψ̄y(x0, y0). (8.145)

Since Ψ̄ ∈ C1(W,Z) by the mean value theorem for each positive number ε
there exist a positive number δ and a neighborhood V of x0 such that (8.100)
holds for each x ∈ V and each y′, y′′ ∈ BY (y0, δ). It is easy to see that (8.101)
holds. In view of Theorem 8.10 there exist a pair of positive constants K0, σ0

and a neighborhood U of x0 in X such that the following property holds:
(P1) For each mapping Ψ : W → Z which satisfies

||(Ψ − Ψ̄)(x, y)|| ≤ σ0 for all (x, y) ∈ W (8.146)

and
||(Ψ − Ψ̄)(x, y′)− (Ψ − Ψ̄)(x, y′′)|| ≤ σ0||y′ − y′′|| (8.147)

for each (x, y′), (x, y′′) ∈ W there exists a mapping Φ : U → Y such that

(x, Φ(x)) ∈ W and Ψ(x, Φ(x)) = 0 for all x ∈ U , (8.148)

||Φ(x)− y0|| ≤ K0||Ψ(x, y0)|| for all x ∈ U . (8.149)

Since Ψ̄ ∈ C1(W,Z) for each positive number κ there exists a positive number

ε(κ) < ε0 (8.150)

such that
Bo

X(x0, ε(κ))×Bo
Y (y0, ε(κ)) ⊂ W (8.151)

and that for each

x1, x2 ∈ Bo
X(x0, ε(κ)), y1, y2 ∈ Bo

Y (y0, ε(κ)) (8.152)

the following inequality holds:

||Ψ̄(x1, y1)− Ψ̄(x2, y2)− Ψ̄x(x0, y0)(x1 − x2)− Ψ̄y(x0, y0)(y1 − y2)||

≤ κ max{||x1 − x2||, ||y1 − y2||}. (8.153)

Put
κ̄ = 4−1||(Ψ̄y(x0, y0))−1||−1, ε = ε(κ̄). (8.154)

Since Ψ̄ is continuous and Ψ̄(x0, y0) = 0 (see (8.138)) there exists a positive
number

δ < ε (8.155)

such that
BX(x0, δ) ⊂ U , (8.156)

||Ψ̄(x, y0)|| < εK−1
0 4−1 for each x ∈ BX(x0, δ). (8.157)
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Choose a positive number

σ < min{σ0, (4K0)−1κ̄ε}. (8.158)

Assume that a map Ψ : W → Z satisfies (8.140) and (8.141) for each
(x, y′), (x, y′′) ∈ W . Let a mapping Φ : U → Y be as guaranteed by the
property (P1). Then (8.148) and (8.149) hold. Relations (8.149) and (8.138)
imply that (8.142) holds. It follows from (8.148) and (8.156) that

(x, Φ(x)) ∈ W and Ψ(x, Φ(x)) = 0 for all x ∈ Bo
X(x0, δ)

and (8.143) is true. Assume that

x ∈ Bo
X(x0, δ). (8.159)

It follows from (8.149), (8.156), (8.159), (8.158) and (8.140) that

||Φ(x)− y0|| ≤ K0||Ψ(x, y0)|| ≤ K0(||Ψ̄(x, y0)||+ ||Ψ(x, y0)− Ψ̄(x, y0)||)

≤ K0εK
−1
0 4−1 + K0σ < ε/4 + ε/4.

Therefore (8.144) holds. Assume that

x ∈ Bo
X(x0, δ), y ∈ Bo

Y (y0, ε), Ψ(x, y) = 0. (8.160)

We show that y = Φ(x). By (8.160), (8.143), (8.154), (8.144), (8.141), (8.151),
(8.158), (8.155) and the choice of ε(κ̄) (see (8.152), (8.153)),

||y − Φ(x)|| = ||(Ψ̄y(x0, y0))−1Ψ̄y(x0, y0)(y − Φ(x))||

≤ ||(Ψ̄y(x0, y0))−1||||Ψ̄(x, y)− Ψ(x, Φ(x))− Ψ̄y(x0, y0)(y − Φ(x))||
≤ ||(Ψ̄y(x0, y0))−1||||Ψ̄(x, y)− Ψ̄(x, Φ(x))− Ψ̄y(x0, y0)(y − Φ(x))||
+||(Ψ̄y(x0, y0))−1||||(Ψ − Ψ̄)(x, y)− [Ψ(x, Φ(x))− Ψ̄(x, Φ(x))]||

≤ ||(Ψ̄y(x0, y0))−1||κ̄||y − Φ(x)||
+||(Ψ̄y(x0, y0))−1||||(Ψ − Ψ̄)(x, y)− [Ψ(x, Φ(x))− Ψ̄(x, Φ(x))]||
≤ ||(Ψ̄y(x0, y0))−1||κ̄||y − Φ(x)||+ σ||y − Φ(x)||||(Ψ̄y(x0, y0))−1||

≤ ||(Ψ̄y(x0, y0))−1||2κ̄||y − Φ(x)|| ≤ 2−1||y − Φ(x)||.
This relation implies that y = Φ(x). This completes the proof of Theorem
8.13.

Note that Theorem 8.13 was obtained in [125].
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8.11 Minimization problems with mixed smooth
constraints

We use the convention that ∞/∞ = 1 and ∞−∞ = 0.
Let (X, || · ||) and (Y, || · ||) be Banach spaces. Denote by C(X, Y ) the set

of all continuous mappings f : X → Y .
Let k ≥ 1 be an integer. For each mapping f : X → Y we denote by

f (k)(x) its Frechet derivative of the order k at a point x ∈ X if it exists.
Denote by Ck(X, Y ) the set of all mappings f : X → Y such that f (k)(x)
exists at any point x ∈ X and the mapping x → f (k)(x), x ∈ X is continuous.
We set C0(X,Y ) = C(X, Y ), f (0) = f , f ∈ C(X,Y ).

Let k ≥ 0 be an integer. For each f, g ∈ C(k)(X,Y ) define

d̃
(k)
X,Y (f, g) = sup{||f (j)(x)− g(j)(x)|| : j = 0, . . . , k, x ∈ X},

d
(k)
X,Y (f, g) = d̃

(k)
X,Y (f, g)(1 + d̃

(k)
X,Y (f, g))−1.

It is known that (C(k)(X, Y ), d(k)
X,Y ) is a complete metric space [74, 35].

Let k ≥ 1 be an integer, (X, || · ||), (Y, || · ||) and (Z, || · ||) be Banach spaces,
the space Y be finite-dimensional and let dim(Y ) <dim(X).

We assume that there exists a function λ∗ ∈ Ck(X,R1) such that

0 ≤ λ∗(x) ≤ 1, x ∈ X, (8.161)

supp(λ∗) = {x ∈ X : λ∗(x) > 0} ⊂ BX(0, 1)}, (8.162)

λ∗(z) > 0 for some z ∈ X, (8.163)

sup{||λ(j)
∗ (z)|| : z ∈ X, j = 0, . . . , k} < ∞. (8.164)

We assume that the space Z is ordered by a convex closed cone Z+ ⊂ X, h∗
is an interior point of Z∗ and that

||z|| = inf{λ ≥ 0 : −λh∗ ≤ z ≤ λh∗}, z ∈ Z. (8.165)

Remark 8.14. Note that the function λ∗ exists if the space X is Hilbert. It
also exists if k = 1 and X has an equivalent Frechet differentiable norm. For
more details concerning the existence of the function λ∗ see [31].

Let p, q, l ≥ 0 be integers such that p ≥ 1 and p, l ≤ k. We consider the
complete metric spaces

(C(p)(X, Y ), d(p)
X,Y ), (C(q)(X, Z), d(q)

X,Z)

and the complete metric space (C(l)(X, R1), d(l)
X,R1). Denote by C

(l)
b (X) the

set of all functions f ∈ C(l)(X,R1) which are bounded from below. It is easy
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to see that C
(l)
b (X) is a closed subset of (C(l)(X, R1), d(l)

X,R1). We consider the

complete metric space (C(l)
b (X), d(l)

X,R1).
We equip the space C(p)(X, Y ) with the topology induced by the metric

d
(p)
X,Y (the strong and the weak topologies coincide), the space C(q)(X, Z) with

the topology induced by the metric d
(q)
X,Z (the strong and the weak topologies

coincide) and we equip the space C
(l)
b (X) with the strong topology induced

by the metric d
(l)
X,R1 .

We also equip the space C
(l)
b (X) with the weak topology induced by the

uniformity determined by the base

Ew(ε) = {(g, h) ∈ C
(l)
b (X)× C

(l)
b (X) :

|g(x)− h(x)| < ε + εmax{|g(x)|, |h(x)|} for all x ∈ X},
where ε > 0. It was shown in Section 8.3 (see Lemma 8.3) that for the space
C

(l)
b (X) there exists a uniformity which is determined by the base Ew(ε),

ε > 0. Evidently, the space C
(l)
b (X) with this uniformity is metrizable.

Set
A1 = C

(l)
b (X), A21 = C(p)(X, Y ), A22 = C(q)(X,Z),

A23 = Y, A24 = Z, A2 = A21 ×A22 ×A23 ×A24.

For each a2 = (G,H, y, z) ∈ A2 put

Sa2 = {x ∈ X : G(x) = y, H(x) ≤ z}. (8.166)

For each a = (a1, a2) ∈ A1 ×A2 define Ja : X → R1 ∪ {∞} by

Ja(x) = a1(x), x ∈ Sa2 , Ja(x) = ∞, x ∈ X \ Sa2 . (8.167)

We prove the following theorem which was obtained in [125].

Theorem 8.15. Let A be the closure of the set {a ∈ A1×A2 : inf(Ja) < ∞}
in the space A1 ×A2 with the strong topology. Then there exists a set B ⊂ A
which is a countable intersection of open (in the weak topology) everywhere
dense (in the strong topology) subsets of A such that for any a ∈ B the mini-
mization problem for Ja on (X, || · ||) is strongly well-posed with respect to the
space A with the weak topology.

Let y0 ∈ Y , z0 ∈ Z and

A1 = C
(l)
b (X), A21 = C(p)(X,Y ), A22 = C(q)(X, Z), A2 = A21 ×A22.

For each a2 = (G,H) ∈ A2 set

Sa2 = {x ∈ X : Gx = y0, Hx ≤ z0}. (8.168)
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For each a = (a1, a2) ∈ A1 ×A2 define Ĵa : X → R1 ∪ {∞} by

Ĵa(x) = a1(x), x ∈ Sa2 , Ĵa(x) = ∞, x ∈ X \ Sa2 . (8.169)

We also prove the following theorem which was obtained in [125].

Theorem 8.16. Let A be the closure of the set {a ∈ A1×A2 : inf(Ĵa) < ∞}
in the space A1 ×A2 with the strong topology. Then there exists a set B ⊂ A
which is a countable intersection of open (in the weak topology) everywhere
dense (in the strong topology) subsets of A such that for any a ∈ B the mini-
mization problem for Ĵa on (X, || · ||) is strongly well-posed with respect to the
space A with the weak topology.

Note that Theorems 8.15 and 8.16 are obtained as realizations of the vari-
ational principles established in Sections 8.1 and 8.2

Clearly, without loss of generality we may assume that Y ⊂ X and that
the norm of Y is induced by the norm of X.

It is easy to see that there exists a linear continuous operator L0 : X → Y
such that

L0x = x, x ∈ Y. (8.170)

Put
S = L−1

0 (0) = {x ∈ X : L0x = 0}.
For each x ∈ X we have

x = L0x + (x− L0x) ∈ Y + S.

It is easy to see that for each x ∈ X there is a unique pair u, v ∈ X such that
u ∈ Y , v ∈ S and x = u + v. The linear continuous operator

x → (L0x, x− L0x), x ∈ X

acting from X to Y × S has a continuous inverse operator. Note that S is
equipped with the norm induced by the norm of X. Evidently, we may assume
without loss of generality that

X = S × Y (8.171)

where (S, || · ||) is a Banach space and

||(s, y)|| = ||s||+ ||y||, (s, y) ∈ S × Y. (8.172)

8.12 Auxiliary results

Lemma 8.17. There exists a function λ̃ ∈ Ck(X, R1) such that
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0 ≤ λ̃(x) ≤ 1, x ∈ X,

supp(λ̃) = {x ∈ X : λ̃(x) > 0} ⊂ BX(0, 1), (8.173)

λ̃(x) = 1 for all x belonging to a neighborhood of zero, (8.174)

sup{||λ̃(j)(x)|| : j = 0, . . . , k, x ∈ X} < ∞. (8.175)

Proof: We may assume without loss of generality that

sup{λ∗(z) : z ∈ X} = 1. (8.176)

There exists a monotone increasing C∞-function η : R1 → R1 such that

η(0) = 0, η(x) = η(c0) for all x ≥ c0,

where c0 > 0 is a constant. We may assume without loss of generality that
there is a c1 > 0 such that

η(c0) = 1, c0 < c1 ∈ λ∗(BX(0, 1)). (8.177)

Consider the function η ◦ λ∗. Clearly, η ◦ λ∗ ∈ Ck(X, R1),

{x ∈ X : (η ◦ λ∗)(x) 6= 0} ⊂ BX(0, 1), (8.178)

0 ≤ (η ◦ λ∗)x ≤ 1, x ∈ X

and there exist x0 ∈ X and a positive number r0 for which

(η ◦ λ∗)(x) = 1 for all x ∈ BX(x0, r0). (8.179)

Fix c2 > 2 and define

λ̃(x) = (η ◦ λ∗)(c2x + x0), x ∈ X. (8.180)

It is easy to see that λ̃ ∈ Ck(X, R1),

0 ≤ λ̃(x) ≤ 1 for all x ∈ X (8.181)

and (8.175) is true.
Assume that x ∈ X satisfies λ̃(x) > 0. Then (8.180) implies that

0 < (η ◦ λ∗)(c2x + x0).

It follows from the inequality above and (8.178) that ||c2x + x0|| ≤ 1. By this
inequality, (8.178), (8.179) and the equality x = c−1

2 ((c2x + x0)− x0),

||x|| ≤ c−1
2 (||c2x + x0||+ ||x0||) ≤ c−1

2 + c−1
2 ||x0|| ≤ 2c−1

2 < 1.

Therefore
{x ∈ X : λ̃(x) > 0} ⊂ BX(0, 1).
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Combined with (8.181) this inclusion implies that (8.173) is true.
Let x ∈ BX(0, c−1

2 r0). Then c2x+x0 ∈ BX(x0, r0) and (8.179) and (8.180)
imply that

λ̃(x) = (η ◦ λ∗)(c2x + x0) = 1.

Lemma 8.17 is proved.

For each γ ∈ (0, 1) set

λγ(z) = λ̃(γ−1z), z ∈ X (8.182)

and choose ε(γ) > 0, ε0(γ) > 0, δ(γ) > 0 such that

ε0(γ) < ε(γ) < γ,

ε0(γ)[2 + sup{||λ(j)
γ (z)|| : z ∈ X, j = 0, . . . , k}] < ε(γ),

δ(γ) < ε0(γ)γ/12. (8.183)

The following lemma is an auxiliary result for (A3) (see Section 8.1).

Lemma 8.18. Let γ ∈ (0, 1), f ∈ C
(l)
b (X), M be a nonempty subset of X,

x̄ ∈ M and let
f(x̄) ≤ inf{f(z) : z ∈ M}+ δ(γ) < ∞. (8.184)

Define a function f̄ : X → R1 by

f̄(x) = f(x) + ε0(γ)(1− λγ(x− x̄)), x ∈ X. (8.185)

Then f̄ ∈ C
(l)
b (X),

d
(l)
X,R1(f, f̄) ≤ ε(γ), f̄(z) ≥ f(z) for all x ∈ X, (8.186)

f̄(x̄) = f(x̄)

and for each y ∈ M satisfying

f̄(y) ≤ inf{f̄(z) : z ∈ M}+ 2δ(γ) (8.187)

the inequality ||y − x̄|| ≤ γ is valid.

Proof: It is clear that f̄ ∈ C
(l)
b (X). Evidently, (8.186) is true. Assume that

y ∈ M satisfies (8.187). By (8.184)–(8.187),

f(y) + ε0(γ)(1− λγ(y − x̄)) = f̄(y) ≤ f̄(x̄) + 2δ(γ)

= f(x̄) + 2δ(γ) ≤ f(y) + 3δ(γ). (8.188)

In view of (8.188),
1− λγ(y − x̄) ≤ 3δ(γ)ε0(γ)−1.

It follows from the inequality above, (8.182) and (8.183) that

λ̃(γ−1(y − x̄)) = λγ(y − x̄) ≥ 1− 3δ(γ)ε0(γ)−1 ≥ 1− γ/4 ≥ 3/4. (8.189)

By (8.189) and (8.173),

||γ−1(y − x̄)|| ≤ 1 and ||y − x̄|| ≤ γ. (8.190)

This completes the proof of Lemma 8.18.
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We assume that the infimum over empty set is ∞.

Lemma 8.19. Let ε, γ ∈ (0, 1), f0 ∈ C
(l)
b (X), A0 ∈ C(p)(X,Y ), B0 ∈

C(q)(X, Z), y0 ∈ Y , z0 ∈ Z and let

inf{f0(x) : x ∈ X and A0x = y0, B0x ≤ z0} < ∞. (8.191)

Then there exist
r̄ ∈ (0, 8−1ε),

Ā ∈ C(p)(X, Y ), B̄ ∈ C(q)(X,Z), x̄ ∈ X (8.192)

such that the following properties hold:

Āx̄ = y0, B̄x̄ ≤ z0; (8.193)

{A ∈ C(p)(X, Y ) : d
(p)
X,Y (A, Ā) ≤ r̄}

⊂ {A ∈ C(p)(X, Y ) : d
(p)
X,Y (A, A0) ≤ 4−1ε}; (8.194)

{B ∈ C(q)(X,Z) : d
(q)
X,Z(B, B̄) ≤ r̄}

⊂ {B ∈ C(q)(X, Z) : d
(q)
X,Z(B, B0) ≤ 4−1ε}. (8.195)

(P2) For each A ∈ C(p)(X, Y ), each B ∈ C(q)(X,Z), each y ∈ Y , each
z ∈ Z and each x ∈ X which satisfy

d
(p)
X,Y (A, Ā) ≤ r̄, d

(q)
X,Z(B, B̄) ≤ r̄, ||y − y0|| ≤ r̄, ||z − z0|| ≤ r̄,

Ax = y, Bx ≤ z (8.196)

the inequality
f0(x̄) ≤ f0(x) + γ (8.197)

holds.
(P3) For each positive number ∆ there exists a positive number δ < r̄ such

that for each A ∈ C(p)(X, Y ), each B ∈ Cq(X, Z), each y ∈ Y and each z ∈ Z
which satisfy

d
(p)
X,Y (A, Ā) ≤ δ, d

(q)
X,Z(B, B̄) ≤ δ, ||y − y0|| ≤ δ, ||z − z0|| ≤ δ (8.198)

there exists x ∈ X such that

Ax = y, Bx ≤ z, ||x− x̄|| ≤ ∆. (8.199)
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Proof: Let a function λ̃ ∈ C(k)(X,R1) be as guaranteed by Lemma 8.17.
Namely, λ̃ satisfies

0 ≤ λ̃(x) ≤ 1, x ∈ X,

{x ∈ X : λ̃(x) > 0} ⊂ BX(0, 1), (8.200)

λ̃(x) = 1 for all x in a neighborhood of 0, (8.201)

sup{||λ̃(j)(x)|| : x ∈ X, j = 0, . . . , k} < ∞. (8.202)

Fix ε0 > 0, ε1 > 0, ε2 > 0 for which

ε2 < ε1 < ε0 < ε and ε0 < γ/4. (8.203)

For each r ∈ [0, 1] set

Qr = {x ∈ X : ||A0x− y0|| ≤ r, B0x ∈ z0 − Z+ + BZ(r)} (8.204)

and put
µ(r) = inf{f0(x) : x ∈ Qr}. (8.205)

It is clear that µ(r) is finite for all r ∈ [0, 1] and the function µ is monotone
decreasing. There exists a positive number

r0 < ε/64 (8.206)

such that µ is continuous at r0. Fix a positive number r1 < r0 such that

|µ(r1)− µ(r0)| < ε1. (8.207)

There exists x̄ ∈ X such that

x̄ ∈ Qr1 , f0(x̄) ≤ µ(r1) + ε1. (8.208)

Let
x̄ = (s̄, ȳ) ∈ S × Y, where s̄ ∈ S, ȳ ∈ Y (8.209)

(see (8.171)). It follows from (8.208) and (8.204) that

||A0x̄− y0|| ≤ r1, B0x̄ ∈ z0 − Z+ + BZ(r1). (8.210)

Therefore there exists h0 ∈ Z such that

||h0|| ≤ r1, B0x̄ ≤ z0 + h0. (8.211)

Fix r2 > 0, r3 > 0 such that

r2 < 16−1(r0 − r1), 16r3 < 4r2 < r1. (8.212)

Put
φ(x) = λ̃(x− x̃), x ∈ X. (8.213)
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By (8.213), (8.200), and (8.201),

0 ≤ φ(x) ≤ 1, x ∈ X,

{x ∈ X : φ(x) > 0} ⊂ BX(x̄, 1), (8.214)

φ(x) = 1 for all x in a neighborhood of x̄ in X, (8.215)

sup{||φ(j)(z)|| : z ∈ X, j = 0, . . . , k} < ∞. (8.216)

Put
A1(s, y) = A0(s, y)−A0x̄ + y0, (s, y) ∈ S × Y. (8.217)

Relations (8.217) and (8.210) imply that

d
(p)
X,Y (A1, A0) ≤ d̃

(p)
X,Y (A1, A0) = d̃

(0)
X,Y (A1, A0) = ||A0x̄− y0|| ≤ r1. (8.218)

Denote by L(Y, Y ) the set of all linear mappings L : Y → Y . For each L ∈
L(Y, Y ) denote by Lφ a mapping Lφ : X → Y defined by

Lφ(s, y) = φ(s, y)L(y − ȳ), (s, y) ∈ S × Y = X. (8.219)

It is clear to see that Lφ ∈ C(k)(X, Y ), L ∈ L(Y, Y ) and the mapping L → Lφ,
L ∈ L(Y, Y ) from L(Y, Y ) to Ck(X,Y ) is continuous. Therefore there exists
a positive number ε3 such that

sup{||L(j)
φ (z)|| : j = 0, . . . , k, z ∈ X} ≤ 16−1(r0 − r1) (8.220)

for each L ∈ L(Y, Y ) satisfying ||L|| ≤ ε3.

There exists L ∈ L(Y, Y ) such that

||L|| ≤ ε3 and L + (∂A1/∂y)(s̄, ȳ) is invertible. (8.221)

It is easy to see that (8.220) holds. For each x = (s, y) ∈ S × Y = X define

Āx = Ā(s, y) = φ(s, y)[A0(s, y)−A0x̄ + y0 + L(y − ȳ)] (8.222)

+(1− φ(s, y))[A0(s, y)−A0x̄ + y0],

B̄x = B0x− r2h∗ − h0. (8.223)

Evidently,
Ā ∈ C(p)(X, Y ), B̄ ∈ C(q)(X,Z). (8.224)

It follows from (8.222), (8.215), (8.209), (8.223) and (8.211) that

Āx̄ = y0, B̄x̄ = B0x̄− r2h∗ − h0 ≤ z0 − r2h∗. (8.225)

By (8.222), (8.215), (8.209) and (8.217)

Ā(s, y) = A0(s, y)−A0x̄ + y0 + L(y − ȳ) = A1(s, y) + L(y − ȳ) (8.226)
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in a neighborhood of x̄ in S × Y.

Put
r̄ = r3. (8.227)

By (8.223), (8.165), (8.211) and (8.212),

d
(q)
X,Z(B̄, B0) ≤ d̃

(q)
X,Z(B̄, B0) = d̃

(0)
X,Z(B̄, B0)

≤ ||r2h∗||+ ||h0|| ≤ r2 + r1 < r1 + 16−1(r0 − r1) < (r0 + r1)/2. (8.228)

Relations (8.222), (8.217) and (8.220) imply that

d̃
(p)
X,Y (Ā, A1) = sup{||L(j)

φ (z)|| : z ∈ X, j = 0, . . . , k} ≤ 16−1(r0 − r1).
(8.229)

It follows from (8.229) and (8.218) that

d̃p
X,Y (Ā, A0) ≤ d̃p

X,Y (Ā, A1)+d̃p
X,Y (A1, A0) ≤ 16−1(r0−r1)+r1 ≤ 2−1(r0+r1).

(8.230)
Relations (8.227), (8.212), (8.205), (8.224), (8.225), (8.228), (8.230) and
(8.205) imply that (8.192)–(8.195) are true. We will show that the property
(P2) holds.

Assume that A ∈ C(p)(X, Y ), B ∈ C(q)(X,Z), y ∈ Y , z ∈ Z and that
x ∈ X satisfies (8.196). We show that x ∈ Qr0 .

It follows from (8.196), (8.227), (8.212) and (8.206) that

d̃
(p)
X,Y (A, Ā) ≤ d

(p)
X,Y (A, Ā)(1− d

(p)
X,Y (A, Ā))−1 ≤ 2r̄,

d̃
(q)
X,Z(B, B̄) ≤ d

(q)
X,Z(B, B̄)(1− d

(q)
X,Z(B, B̄))−1 ≤ 2r̄.

In view of these relations, (8.230) and (8.228),

d̃
(p)
X,Y (A, A0) ≤ d̃

(p)
X,Y (A, Ā) + d̃

(p)
X,Y (Ā, A0) ≤ 2r̄ + (r0 + r1)/2, (8.231)

d̃
(q)
X,Z(B, B0) ≤ d̃

(q)
X,Z(B, B̄) + d̃

(q)
X,Z(B̄, B0) ≤ 2r̄ + (r0 + r1)/2. (8.232)

It follows from (8.231), (8.196), (8.227) and (8.212) that

||A0x− y0|| ≤ ||A0x−Ax||+ ||Ax− y||+ ||y− y0|| ≤ 2r̄ +(r0 + r1)/2+ r̄ < r0.
(8.233)

Relations (8.165), (8.196), (8.232), (8.227) and (8.212) imply that

B0x− z0 = B0x−Bx + Bx− z + z − z0

≤ d̃q
X,Z(B, B0)h∗ + ||z − z0||h∗ ≤ (2r̄ + (r0 + r1)/2 + r̄)h∗ ≤ r0h∗.

Combined with (8.233) and (8.204) this relation implies that x ∈ Qr0 . To-
gether with (8.205), (8.207), (8.208) and (8.203) this inclusion implies that
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f0(x) ≥ µ(r0) ≥ µ(r1)− ε1 ≥ f0(x̄)− 2ε1 ≥ f0(x̄)− γ.

Thus we have shown that the property (P2) holds.
Now we show that the property (P3) holds. Let ∆ be a positive number.

Fix
∆1 ∈ (0,∆) (8.234)

such that
||B̄u− B̄x̄|| ≤ r2/8 for all u ∈ BX(x̄,∆1). (8.235)

Put
Ψ̄(s, y) = Ā(s, y)− y0, (s, y) ∈ S × Y. (8.236)

By (8.236), (8.225) and (8.209),

Ψ̄(s̄, ȳ) = 0. (8.237)

It follows from (8.236), (8.226) and (8.209) that

(∂Ψ̄/∂y)(s̄, ȳ) = (∂Ā/∂y)(s, ȳ) = (∂A1/∂y)(s̄, ȳ) + L. (8.238)

By (8.221) and (8.238), the operator (∂Ψ̄/∂y)(s̄, ȳ) is invertible. It is easy
now to see that the conditions of Theorem 8.13 hold with X = S, Z = Y ,
(x0, y0) = (s̄, ȳ) and W = S×Y . Therefore by Theorem 8.13 there exist δ > 0
and σ > 0 such that the following property holds:

(P4) For each mapping Ψ ∈ C1(X,Y ) satisfying d̃
(1)
X,Y (Ψ, Ψ̄) ≤ 4σ and each

s ∈ BS(s̄, δ) there is D(s) ∈ Y such that

||D(s)− ȳ|| ≤ ∆1 and Ψ(s,D(s)) = 0.

Fix
δ̄ ∈ (0, 8−1 min{1, σ, δ, r̄/4}). (8.239)

Assume that A ∈ C(p)(X, Y ), B ∈ C(q)(X, Z), y1 ∈ Y , z1 ∈ Z satisfy

d
(p)
X,Y (A, Ā) ≤ δ̄, d

(q)
X,Z(B, B̄) ≤ δ̄, ||y1 − y0|| ≤ δ̄, ||z1 − z0|| ≤ δ̄. (8.240)

It follows from (8.240) and (8.239) that

d̃
(p)
X,Y (A, Ā) = d

(p)
X,Y (A, Ā)(1− d

(p)
X,Y (A, Ā))−1 ≤ δ̄(1− δ̄)−1 ≤ 2δ̄, (8.241)

d̃
(q)
X,Z(B, B̄) = d

(q)
X,Z(B̄, B)(1− d

(q)
X,Z(B, B̄))−1 ≤ δ̄(1− δ̄)−1 ≤ 2δ̄. (8.242)

We show that there exists x ∈ X such that

Ax = y1, Bx ≤ z1, ||x− x̄|| ≤ ∆1. (8.243)

Put
Ψ(s, y) = A(s, y)− y1, (s, y) ∈ S × Y. (8.244)
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By (8.244), (8.236), (8.241), (8.240) and (8.239),

d̃
(p)
X,Y (Ψ, Ψ̄) ≤ d̃

(p)
X,Y (A, Ā) + ||y1 − y0|| ≤ 3δ̄ < σ. (8.245)

By (8.245) and the property (P4), there exists D(s̄) ∈ Y for which

||D(s̄)− ȳ|| ≤ ∆1 and Ψ(s̄, D(s̄)) = 0. (8.246)

Put
x = (s̄, D(s̄)). (8.247)

It follows from (8.247), (8.244) and (8.246) that

Ax = A(s̄, D(s̄)) = Ψ(s̄, D(s̄)) + y1 = y1. (8.248)

By (8.209), (8.247) and (8.246),

||x̄− x|| = ||(s̄, ȳ)− (s̄, D(s̄))|| = ||ȳ −D(s̄))|| ≤ ∆1. (8.249)

It follows from (8.165), (8.242), (8.225), (8.235), (8.249) and (8.239) that

Bx = B̄x + Bx− B̄x ≤ B̄x + ||Bx− B̄x||h∗
≤ B̄x + 2δ̄h∗ = B̄x− B̄x̄ + B̄x̄ + 2δ̄h∗

≤ B̄x− B̄x̄ + z0 − r2h∗ + 2δ̄h∗

= B̄x− B̄x̄ + z1 + (z0 − z1)− r2h∗ + 2δ̄h∗

≤ B̄x− B̄x̄ + z1 + 3δ̄h∗ − r2h∗

≤ z1 + (r2/8)h∗ + 3δ̄h∗ − r2h∗ ≤ z1.

Combined with (8.249) and (8.248) this relation implies (8.243). Thus the
property (P3) holds. This completes the proof of Lemma 8.19.

8.14 Proof of Theorems 8.15 and 8.16

It is easy to see that the set A is nonempty and that (A1) and (H2) hold.
By Theorem 4.1 we need to show that (H1) holds. By Proposition 8.2 it is
sufficient to show that (A2), (A3) and (A4) hold. (A2) follows from Lemma
8.7. Lemma 8.18 implies (A3). By Lemma 8.19 (A4) holds. This completes
the proof of the theorems.
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8.15 Comments

In this chapter we study minimization problems with mixed constraints

minimize f(x) subject to G(x) = y, H(x) ≤ z,

where f is a continuous (differentiable) finite-valued function defined on a
Banach space X, y is an element of a finite-dimensional Banach space Y ,
z is an element of a Banach space Z ordered by a convex closed cone and
G : X → Y and H : X → Z are continuous (differentiable) mappings. We
consider two classes of these problems and show that most of the problems
(in the Baire category sense) are well-posed. Our result is a generalization of
a result of Ioffe, Lucchetti and Revalski [50] obtained for finite-dimensional
Banach spaces X and Z. Our first class of problems is identified with the cor-
responding complete metric space of quintets (f, G,H, y, z). We show that for
a generic quintet (f,G, H, y, z) the corresponding minimization problem has
a unique solution and is well-posed. Our second class of problems is identi-
fied with the corresponding complete metric space of triples (f, G,H) while y
and z are fixed. We show that for a generic triple (f, G, H) the corresponding
minimization problem has a unique solution and is well-posed. This chapter
is based on the works [124, 125].





9

Vector Optimization

9.1 Generic and density results in vector optimization

We use the convention that ∞/∞ = 1 and denote by Card(E) the cardinality
of the set E.

Let R1 be the set of real numbers and let n ≥ 1 be an integer. Consider
the finite-dimensional space Rn with the norm

||x|| = ||(x1, . . . , xn)|| = max{|xi| : i = 1, . . . , n}, x = (x1, . . . , xn) ∈ Rn.

Let {e1, . . . , en} be the standard basis in Rn:

e1 = (1, 0, . . . , 0), . . . , en = (0, . . . , 0, 1).

Let x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Rn. We equip the space Rn with
the natural order and say that

x ≥ y if xi ≥ yi for all i ∈ {1, . . . , n},

x > y if x ≥ y and x 6= y

and
x >> y if xi > yi for all i ∈ {1, . . . , n}.

We say that x << y (respectively, x < y, x ≤ y) if y >> x (respectively,
y > x, y ≥ x).

Let (X, ρ) be a complete metric space such that each of its bounded closed
subsets is compact. Fix θ ∈ X.

Denote byA the set of all continuous mappings F = (f1, . . . , fn) : X → Rn

such that for all i ∈ {1, . . . , n}

lim
ρ(x,θ)→∞

fi(x) = ∞. (9.1)

For each F = (f1, . . . , fn), G = (g1, . . . , gn) ∈ A set
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d̃(F, G) = sup{|fi(x)− gi(x)| : x ∈ X and i = 1, . . . , n},

d(F, G) = d̃(F, G)(1 + d̃(F, G))−1.

Clearly the metric space (A, d) is complete.
Note that d̃(F,G) = sup{||F (x)−G(x)|| : x ∈ X} for all F , G ∈ A.
Let A ⊂ Rn be a nonempty set. An element x ∈ A is called a minimal

element of A if there is no y ∈ A for which y < x.
Let F ∈ A. A point x ∈ X is called a point of minimum of F if F (x) is a

minimal element of F (X). If x ∈ X is a point of minimum of F , then F (x) is
called a minimal value of F . Denote by M(F ) the set of all points of minimum
of F and put v(F ) = F (M(F )).

We prove the following proposition obtained in [129].

Proposition 9.1. Let F = (f1, . . . , fn) ∈ A. Then M(F ) is a nonempty
bounded subset of (X, ρ) and for each z ∈ F (X) there is y ∈ v(F ) such that
y ≤ z.

Assume that n ≥ 2 and that the space (X, ρ) has no isolated points.
We prove the following theorem which was also obtained in [129].

Theorem 9.2. There exists a set F ⊂ A which is a countable intersection of
open everywhere dense subsets of A such that for each F ∈ F the set v(F ) is
infinite.

We also prove the following theorem which was also obtained in [128].

Theorem 9.3. Suppose that the space (X, ρ) is connected. Let

F = (f1, . . . , fn) ∈ A

and let ε be a positive number. Then there exists G ∈ A such that d̃(F,G) ≤ ε
and the set v(G) is not closed.

It is clear that if X is a finite-dimensional Euclidean space, then X is a
complete metric space such that all its bounded closed subsets are compact
and Theorems 9.2 and 9.3 hold. It is also clear that Theorems 9.2 and 9.3
hold if X is a convex compact subset of a Banach space or if X is a convex
closed cone generated by a convex compact subset of a Banach space which
does not contain zero.

9.2 Proof of Proposition 9.1

Let z ∈ F (X). We show that there is y ∈ v(F ) such that y ≤ z. Put

Ω0 = {h ∈ F (X) : h ≤ z}. (9.2)
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We consider the set Ω0 with the natural order and show that Ω0 has a minimal
element by using Zorn’s lemma.

Assume that D is a nonempty subset of Ω0 such that for each h1, h2 ∈ D
either h1 ≥ h2 or h1 ≤ h2. Since all bounded closed subsets of X are compact
it follows from (9.1) that the set F (X) is bounded from below. Combined
with (9.2) this implies that the set D is bounded. For each natural number
i ∈ {1, . . . , n} put

h̄i = inf{λ ∈ R1 : there is x = (x1, . . . , xn) ∈ D for which xi = λ} (9.3)

and put
h̄ = (h̄1, . . . , h̄n). (9.4)

It is easy to see that the vector h̄ is well defined.
Let p ≥ 1 be an integer. It follows from (9.3) and (9.4) that for each integer

j ∈ {1, . . . , n} there exists

z(p,j) = (z(p,j)
1 , . . . , z(p,j)

n ) ∈ D (9.5)

such that
h̄j ≥ z

(p,j)
j − 1/p. (9.6)

It is easy to see that there exists

z(p) ∈ {z(p,j) : j = 1, . . . , n} (9.7)

such that
z(p) ≤ z(p,j) for all j = 1, . . . , n. (9.8)

By (9.6), (9.8), (9.3), (9.7) and (9.5), for each j = 1, . . . , n,

h̄j ≤ z
(p)
j ≤ h̄j + 1/p. (9.9)

It follows from (9.7), (9.5) and (9.2) that for each natural number p there
exists xp ∈ X such that

F (xp) = z(p). (9.10)

It follows from (9.10), (9.9) and (9.1) that the sequence {xp}∞p=1 is bounded.
Since any bounded closed set in (X, ρ) is compact there is a subsequence
{xpi}∞i=1 of the sequence {xp}∞p=1 which converges to some point x̄ ∈ X.
Relations (9.9) and (9.10) imply that

F (x̄) = lim
i→∞

F (xpi) = lim
i→∞

z(pi) = h̄

and h̄ ∈ F (X). Combined with (9.2) and (9.3) this implies that h̄ ∈ Ω0. In
view of (9.3), h̄ ≤ h for all h ∈ D. Zorn’s lemma implies that there exists a
minimal element y ∈ F (X) for which y ≤ z. Proposition 9.1 is proved.
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9.3 Auxiliary results

Proposition 9.4. Let F = (f1, . . . , fn) ∈ A and let Card(v(F )) = p where
p ≥ 1 is an integer. Then there exists a neighborhood W of F in (A, d) such
that Card(v(G)) ≥ p for each G = (g1, . . . , gn) ∈ W .

Proof: Let
y1, . . . , yp ∈ v(F ), (9.11)

yi 6= yj for each (i, j) ∈ Ω := {1, . . . , p} × {1, . . . , p} \ {(i, i) : i = 1, . . . , p}.
(9.12)

For each i ∈ {1, . . . , p} there exists xi ∈ X such that

F (xi) = yi. (9.13)

It follows from (9.12) and (9.13) that for each (i, j) ∈ Ω there is p(i, j) ∈
{1, . . . , n} such that

fp(i,j)(xi) > fp(i,j)(xj). (9.14)

Fix a positive number ε such that

fp(i,j)(xi) > fp(i,j)(xj) + 4ε (9.15)

for all (i, j) ∈ Ω. Put

W = {G ∈ A : d̃(G, F ) ≤ ε}. (9.16)

Assume that
G = (g1, . . . , gn) ∈ W. (9.17)

For each i ∈ {1, . . . , p} the inclusion G(xi) ∈ G(X) holds and by Proposition
9.1 there exists

ȳi ∈ v(G) (9.18)

such that
ȳi ≤ G(xi). (9.19)

Let i ∈ {1, . . . , p}. It follows from (9.18) that there exists x̄i ∈ X such that

G(x̄i) = ȳi. (9.20)

Relations (9.17) and (9.16) imply that

||G(x̄i)− F (x̄i)|| ≤ ε. (9.21)

By (9.11), (9.12), the equality Card(v(F )) = p and Proposition 9.1, there
exists k(i) ∈ {1, . . . , p} such that

F (x̄i) ≥ yk(i). (9.22)

It follows from (9.13), (9.22), (9.21), (9.20) and (9.19) that
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F (xk(i)) = yk(i) ≤ F (x̄i) ≤ G(x̄i) + ε(1, 1, . . . , 1)

≤ G(xi) + ε(1, 1, . . . , 1) ≤ F (xi) + 2ε(1, 1, . . . , 1). (9.23)

By (9.23) and (9.15), k(i) = i. Together with (9.23), (9.20) and (9.13) this
equality implies that

yi ≤ ȳi + ε(1, 1, . . . , 1) ≤ yi + 2ε(1, 1, . . . , 1).

By this inequality, (9.15) and (9.13),

ȳi 6= ȳj if i, j ∈ {1, . . . , p} satisfy i 6= j.

Proposition 9.4 is proved.

Proposition 9.5. Assume that F = (f1, . . . , fn) ∈ A, p ≥ 1 is an integer,
Card(v(F )) = p and that

v(F ) = {y1, . . . , yp}, xi ∈ X, F (xi) = yi, i = 1, . . . , p, (9.24)

yi 6= yj for all i, j ∈ {1, . . . , p} satisfying i 6= j.

Then for each i = 1, . . . , p the inequality F (xi) ≤ F (x) holds for all x belonging
to a neighborhood of xi.

Proof: It is sufficient to consider the case with i = 1. It is easy to see that
for each j ∈ {2, . . . , n} there exists s(j) ∈ {1, . . . , n} for which fs(j)(x1) <
fs(j)(xj). Fix a positive number ε such that

fs(j)(x1) < fs(j)(xj)− 2ε for all j ∈ {2, . . . , n}. (9.25)

There exists a positive number δ such that for each x ∈ X satisfying ρ(x, x1) ≤
δ,

||F (x)− F (x1)|| ≤ ε/2. (9.26)

Let x ∈ X satisfy ρ(x, x1) ≤ δ. Then (9.26) holds. Proposition 9.1 implies
that there exists y ∈ v(F ) satisfying

y ≤ F (x). (9.27)

In order to complete the proof it is sufficient to show that y = F (x1).
Assume the contrary. Then there exists j ∈ {2, . . . , n} for which y = yj =

F (xj). This relation, (9.26) and (9.27) imply that

F (xj) = yj = y ≤ F (x) ≤ F (x1) + (ε/2)(1, 1, . . . , 1)

and
fs(j)(xj) ≤ fs(j)(x1) + ε/2.

This contradicts (9.25). The contradiction we have reached proves Proposition
9.5.
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Proposition 9.6. Assume that F = (f1, . . . , fn) ∈ A, ε is a positive number,
p ≥ 1 is an integer and that

Card(v(F )) = p, x1, . . . , xp ∈ X, yi = F (xi), i = 1, . . . , p, (9.28)

v(F ) = {yi : i = 1, . . . , p}.
Then there exists G = (g1, . . . , gn) ∈ A such that

fi(x) ≤ gi(x), x ∈ X, i = 1, . . . , n,

gi(xj) = fi(xj), i = 1, . . . , n, j = 1, . . . , p, (9.29)

d̃(F, G) ≤ ε, (9.30)

v(G) = {G(xj) : j = 1, . . . , p} (9.31)

and that for each x ∈ X \ {x1, . . . , xp} there exists an integer j ∈ {1, . . . , p}
for which

G(x) ≥ G(xj) + εmin{1, ρ(x, xi) : i = 1, . . . , p}(1, 1, . . . , 1). (9.32)

Proof: For each x ∈ X and i = 1, . . . , n put

gi(x) = fi(x) + εmin{1, ρ(x, xj) : j = 1, . . . , p} (9.33)

and set G = (g1, . . . , gn). It is easy to see that G ∈ A,

gi(x) ≥ fi(x), x ∈ X, i = 1, . . . , n,

gi(xj) = fi(xj) for each i ∈ {1, . . . , n} and each j ∈ {1, . . . , p}
and that d̃(F, G) ≤ ε. Hence (9.29) and (9.30) are true.

Let j ∈ {1, . . . , p}. We will show that G(xj) ∈ v(G). Assume that x ∈ X
satisfies

G(x) ≤ G(xj). (9.34)

Relations (9.29), (9.33) and (9.34) imply that

F (x) ≤ F (x) + εmin{1, ρ(x, xi) : i = 1, . . . , p}(1, 1, . . . , 1) = G(x)

≤ G(xj) = F (xj).

Combined with (9.28) this relation implies that

F (x) = F (xj), x ∈ {xi : i = 1, . . . , p} and x = xj .

Hence
{G(xj) : j = 1, . . . , p} ⊂ v(G). (9.35)

Let
x ∈ X \ {x1, . . . , xp}. (9.36)
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It follows from Proposition 9.1 and (9.28) that there exists j ∈ {1, . . . , p} for
which

F (xj) ≤ F (x). (9.37)

In view of (9.29), (9.37), (9.33) and (9.36),

G(xj) = F (xj) ≤ F (x)

< F (x) + εmin{1, ρ(x, xi) : i = 1, . . . , p}(1, . . . , 1) ≤ G(x).

This relation implies that

G(x) > G(xj) + εmin{1, ρ(x, xi) : i = 1, . . . , p}(1, 1, . . . , 1)

and G(x) 6∈ v(G). Combined with (9.35) this relation implies (9.31). Proposi-
tion 9.6 is proved.

Proposition 9.7. Assume that F = (f1, . . . , fn) ∈ A, p ≥ 1 is an integer,

Card(v(F )) = p (9.38)

and that ε is a positive number. Then there exists G ∈ A such that d̃(F,G) ≤ ε
and Card(v(G)) = p + 1.

Proof: Let
v(F ) = {y1, . . . , yp} (9.39)

where y1, . . . , yp ∈ Rn. It is easy to see that

yi 6= yj for each i, j ∈ {1, . . . , p} such that i 6= j. (9.40)

For each i ∈ {1, . . . , p} there exists xi ∈ X such that

F (xi) = yi. (9.41)

Proposition 9.6 implies that there exists F (1) = (f (1)
1 , . . . , f

(n)
1 ) ∈ A which

satisfies
f

(1)
i (x) ≥ fi(x) for all x ∈ X and all i = 1, . . . , n, (9.42)

f
(1)
i (xj) = fi(xj), i = 1, . . . , n, j = 1, . . . , p, (9.43)

d̃(F, F (1)) ≤ ε/4, (9.44)

v(F (1)) = {F (1)(xj) : j = 1, . . . , p} (9.45)

and that for each x ∈ X \ {x1, . . . , xp} there is j ∈ {1, . . . , p} such that

F (1)(x) ≥ F (1)(xj) + εmin{1, ρ(x, xi) : i = 1, . . . , p}(1, 1, . . . , 1). (9.46)

It is easy to see that there exists
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ε0 ∈ (0,min{1, ε}/8) (9.47)

and that for each i, j ∈ {1, . . . , p} satisfying i 6= j there exists s(i, j) ∈
{1, . . . , n} such that

f
(1)
s(i,j)(xi) < f

(1)
s(i,j)(xj)− 8ε0. (9.48)

Fix a positive number δ0 < 1/8 such that

ρ(xi, xj) ≥ 8δ0 for each i, j ∈ {1, . . . , p} satisfying i 6= j. (9.49)

There exists a positive number δ1 < δ0/2 such that for each x ∈ X satisfying
ρ(x1, x) ≤ 2δ1

||F (1)(x1)− F (1)(x)|| ≤ ε0/8. (9.50)

Set
ε1 = ε0/4. (9.51)

There exists x0 ∈ X such that

0 < ρ(x0, x1) < δ1. (9.52)

Relations (9.52) and (9.49) imply that

x0 6∈ {xi : i = 1, . . . , p}. (9.53)

Fix
ε2 ∈ (0, min{ε0ρ(x0, x1)/4, ε1}). (9.54)

Fix δ2 > 0 for which
4δ2 < ρ(x0, x1), (9.55)

|f (1)
i (x0)− f

(1)
i (x)| ≤ ε2/4 for each i ∈ {1, . . . , n}

and each x ∈ X satisfying ρ(x, x0) ≤ 4δ2. (9.56)

Fix λ > 0 such that
λδ2 > 2ε1 + 2ε2. (9.57)

Put

g1(x) = f
(1)
1 (x) for each x ∈ X satisfying ρ(x, x0) > 2δ2, (9.58)

g1(x) = min{f (1)
1 (x), f

(1)
1 (x0)− ε1 + λρ(x, x0)} (9.59)

for each x ∈ X satisfying ρ(x, x0) ≤ 2δ2.

For i ∈ {2, . . . , n} put

gi(x) = f
(1)
i (x) for each x ∈ X satisfying ρ(x, x0) > 2δ2, (9.60)

gi(x) = min{f (1)
i (x), f

(1)
i (x0)− ε2 + λρ(x, x0)} (9.61)
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for each x ∈ X satisfying ρ(x, x0) ≤ 2δ2.

Set G = (g1, . . . , gn). It follows from (9.56) and (9.57) that for each i ∈
{1, . . . , n} and each x ∈ X satisfying δ2 ≤ ρ(x, x0) ≤ 2δ2,

f
(1)
i (x0)− ε1 + λρ(x, x0) ≥ f1

i (x0)− ε1 + λδ2

≥ f1
i (x0) + ε1 + 2ε2 ≥ f

(1)
i (x)− ε2/4 + ε1 + 2ε2. (9.62)

Relations (9.62), (9.59) and (9.61) imply that for each i ∈ {1, . . . , n} and each
x ∈ X satisfying δ2 ≤ ρ(x, x0) ≤ 2δ2,

gi(x) = f
(1)
i (x). (9.63)

By (9.63) and (9.58)–(9.61), G is continuous. It follows from (9.58) and (9.60)
that G ∈ A. By (9.63), (9.58) and (9.60), for each x ∈ X satisfying ρ(x0, x) ≥
δ2

F (1)(x) = G(x). (9.64)

Relations (9.59) and (9.61) imply that for each x ∈ X satisfying ρ(x0, x) ≤ 2δ2,

G(x) ≤ F 1(x). (9.65)

Let x ∈ X satisfy
ρ(x, x0) ≤ δ2. (9.66)

It follows from (9.58)–(9.61), (9.54), (9.66) and (9.56) that for each i ∈
{1, . . . , n},

f
(1)
i (x) ≥ gi(x) ≥ min{f (1)

i (x), f
(1)
i (x0)− ε1}

≥ min{f (1)
i (x), f (1)

i (x)− ε2/4− ε1} ≥ f
(1)
i (x)− (5/4)ε1

and
F (1)(x) ≥ G(x) ≥ F (1)(x)− (ε/2)(1, 1, . . . , 1).

Combined with (9.64) this inequality implies that d̃(F (1), G) ≤ ε/2. Together
with (9.44) this implies that

d̃(F,G) ≤ d̃(F, F (1)) + d̃(F (1), G) < ε/4 + ε/2. (9.67)

Let x ∈ X. We show that there exists j ∈ {0, . . . , p} such that G(x) ≥ G(xj).
There are two cases:

ρ(x, x0) ≥ δ2; (9.68)

ρ(x, x0) < δ2. (9.69)

Assume that (9.68) holds. Then (9.64) implies that G(x) = F (1)(x). Proposi-
tion 9.1 and (9.45) imply that there exists j ∈ {1, . . . , p} for which

F (1)(xj) ≤ F (1)(x) = G(x). (9.70)
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If j = 1, then (9.55) implies that

ρ(xj , x0) = ρ(x0, x1) > 4δ2.

If j 6= 1, then it follows from (9.49) and (9.52) that

ρ(xj , x0) ≥ ρ(xj , x1)− ρ(x1, x0) ≥ 8δ0 − δ1 ≥ 7δ0 > 4δ2.

Thus in both cases ρ(xj , x0) > 4δ2. It follows from this inequality and (9.64)
that

F (1)(xj) = G(xj).

Combined with (9.70) this equality implies that G(xj) ≤ G(x). Assume that
(9.69) holds. We show that G(x0) ≤ G(x). In view of (9.59) and (9.61),

G(x0) = (f (1)
1 (x0)− ε1, f

(1)
2 (x0)− ε2, . . . , f

(1)
n (x0)− ε2)

= F (1)(x0)− (ε1, ε2, . . . , ε2). (9.71)

By (9.69)
F (1)(x) ≥ F (1)(x0)− (ε2/4)(1, 1, . . . , 1). (9.72)

It follows from (9.69), (9.59), (9.61), (9.72) and (9.54) that

g1(x) ≥ min{f (1)
1 (x0)− ε2/4, f

(1)
1 (x0)− ε1} = f

(1)
1 (x0)− ε1

and for i ∈ {1, . . . , p} \ {1}

gi(x) ≥ min{f (1)
i (x0)− ε2/4, f

(1)
i (x0)− ε2} = f

(1)
i (x0)− ε2.

Combined with (9.71) these inequalities imply that G(x) ≥ G(x0). Thus we
have shown that for each x ∈ X there is j ∈ {0, . . . , p} such that G(x) ≥
G(xj).

Now assume that j1, j2 ∈ {0, . . . , p} satisfy

G(xj1) ≤ G(xj2). (9.73)

We will show that j1 = j2. Relations (9.49) and (9.52) imply that for each
i ∈ {2, . . . , p}

ρ(xi, x0) ≥ ρ(xi, x1)− ρ(x0, x1) ≥ 8δ0 − δ1 > 7δ0 > 4δ2.

By (9.55) ρ(x0, x1) > 4δ2. Thus for all i ∈ {1, . . . , p}

ρ(xi, x0) > 4δ2. (9.74)

In view of (9.74), (9.58) and (9.60),

G(xi) = F (1)(xi), i = 1, . . . , p. (9.75)
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If j1, j2 ∈ {1, . . . , p}, then (9.73), (9.75) and (9.48) imply that F (1)(xj1) =
F (1)(xj2) and j1 = j2. Therefore we may consider only the case with 0 ∈
{j1, j2}. Let i ∈ {1, . . . , p} \ {1}. In view of (9.75),

G(xi) = F (1)(xi). (9.76)

It follows from (9.48) that

f
(1)
s(i,1)(xi) < f

(1)
s(i,1)(x1)− 8ε0, f

(1)
s(i,1)(x1) < f

(1)
s(1,i)(xi)− 8ε0. (9.77)

By (9.76), (9.77), (9.50), (9.52), (9.51), (9.59) and (9.61),

gs(i,1)(xi) = f
(1)
s(i,1)(xi) < f

(1)
s(i,1)(x1)− 8ε0 ≤ f

(1)
s(i,1)(x0) + ε0/4− 8ε0

< f
(1)
s(i,1)(x0)− 2ε1 ≤ gs(i,1)(x0)− ε1,

gs(i,1)(xi) = f
(1)
s(i,1)(xi) > f

(1)
s(1,i)(x1) + 8ε0

≥ f
(1)
s(i,1)(x0)− ε0/4 + 8ε0 > gs(1,i)(x0) + 7ε0.

It follows from these inequalities that the inequality G(xi) ≤ G(x0) does not
hold and that the inequality G(x0) ≤ G(xi) does not hold too. Combined with
(9.73) and the inclusion 0 ∈ {j1, j2} this implies that

{j1, j2} ⊂ {0, 1}. (9.78)

It follows from (9.75) that

G(x1) = F (1)(x1) and gs(x1) = f1
s (x1), s = 1, . . . , n. (9.79)

By (9.74) and (9.46), there exists an integer q ∈ {1, . . . , p} such that

F (1)(x0) ≥ F (1)(xq) + εmin{1, ρ(x0, xi) : i = 1, . . . , p}(1, 1, . . . , 1). (9.80)

By (9.52), (9.50) and (9.80),

F (1)(xq) ≤ F (1)(x0) ≤ F (1)(x1) + (ε0/8)(1, . . . , 1).

Combined with (9.48) this implies that q = 1. Together with (9.80) this equal-
ity implies that

F (1)(x0) ≥ F (1)(x1) + εmin{1, ρ(x0, xi) : i = 1, . . . , p}(1, 1, . . . , 1).

The inequality above, (9.49), (9.52) and (9.79) imply that for all i ∈ {1, . . . , p}\
{1}

ρ(x0, xi) ≥ ρ(x1, xi)− ρ(x1, x0) ≥ 8δ0 − δ1 ≥ 7δ0,

min{1, ρ(x0, xi) : i = 1, . . . , p} = ρ(x0, x1)
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and
F (1)(x0) ≥ F (1)(x1) + ερ(x0, x1)(1, 1, . . . , 1)

= G(1)(x1) + ερ(x0, x1)(1, 1, . . . , 1). (9.81)

By (9.81), (9.61) and (9.54), for i ∈ {1, . . . , p} \ {1},

g
(1)
i (x1) + ερ(x0, x1) ≤ f

(1)
i (x0) = gi(x0) + ε2,

g
(1)
i (x1) ≤ gi(x0) + ε2 − ερ(x0, x1) ≤ gi(x0)− ε2.

In view of (9.81) and (9.59),

g1(x1) + ερ(x0, x1) ≤ f
(1)
1 (x0) = g1(x0) + ε1.

It follows from this relation, (9.52), (9.50), (9.51) and (9.79) that

g1(x0) = f
(1)
1 (x0)−ε1 ≤ f

(1)
1 (x1)+ε0/8−ε1 = f

(1)
1 (x1)−ε0/8 = g1(x1)−ε0/8.

Then each of the inequalities G(x0) ≤ G(x1), G(x1) ≤ G(x0) does not hold.
Combined with (9.78), the inclusion 0 ∈ {j1, j2} and (9.73) this implies that
j1 = j2 = 0. Thus we have shown that if j1, j2 ∈ {0, . . . , p} and if G(xj1) ≤
G(xj2), then j1 = j2. Therefore Card(v(G)) = p+1. This completes the proof
of Proposition 9.7.

9.4 Proof of Theorem 9.2

Lemma 9.8. Let F ∈ A, p be a natural number and let ε be a positive number.
Then there exists an open nonempty set

U ⊂ {H ∈ A : d̃(F, H) ≤ ε}

such that for each G ∈ U the inequality Card(v(G)) ≥ p + 1 holds.

Proof: If for each G ∈ A satisfying d̃(F, G) < ε we have Card(v(G)) ≥ p + 1,
then set

U = {H ∈ A : d̃(F,H) < ε}.
Assume that there is G0 ∈ A such that

d̃(F, G0) < ε and Card(v(G0)) ≤ p.

Proposition 9.7 implies that there exists G1 ∈ A for which

d̃(F, G1) < ε and Card(v(G1)) = p + 1.

Proposition 9.4 implies that there exists an open neighborhood U of G1 in A
for which
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U ⊂ {H ∈ A : d̃(H, G) < ε}
and that for each G ∈ U the inequality Card(v(G)) ≥ p + 1 holds. Lemma 9.8
is proved.
Proof of Theorem 9.2: Let p ≥ 1 be an integer. It follows from Lemma 9.8 that
for each F ∈ A and each natural number i there exists an open nonempty set

U(F, i, p) ⊂ {H ∈ A : d̃(F,H) ≤ (2i)−1}

such that for each H ∈ U(F, i, p) the inequality Card(v(H)) ≥ p holds. Define

F = ∩∞p=1 ∪ {U(F, i, p) : F ∈ A and i is a natural number}.

Evidently, F is a countable intersection of open everywhere dense subsets of
A and for each G ∈ F the set v(G) is infinite. Theorem 9.2 is proved.

9.5 Proof of Theorem 9.3

Proposition 9.1 implies that there exists x∗ ∈ X for which

F (x∗) ∈ v(F ). (9.82)

There exists a positive number δ < 1/4 such that

||F (x)− F (x∗)|| ≤ ε/8 for each x ∈ X such that ρ(x, x∗) ≤ 2δ, (9.83)

{z ∈ X : ρ(z, x∗) = 8δ} 6= ∅. (9.84)

Since the metric space X is connected for each t ∈ (0, 8δ] there is z ∈ X such
that ρ(z, x∗) = t.

Evidently, there exists a continuous function ψ : X → [0, 1] such that

ψ(x) = 1 for each x ∈ X satisfying ρ(x, x∗) ≤ δ, (9.85)

ψ(x) = 0 for each x ∈ X satisfying ρ(x, x∗) ≥ 2δ.

For x ∈ X and i = 1, . . . , n define

f
(1)
i (x) = ψ(x)fi(x∗) + (1− ψ(x))fi(x), (9.86)

F (1) = (f (1)
1 , . . . , f (1)

n ). (9.87)

It is easy to see that F (1) ∈ A and that

F (1)(x) = F (x∗) for all x ∈ X satisfying ρ(x, x∗) ≤ δ. (9.88)

We will show that d̃(F, F (1)) ≤ ε/8. Let x ∈ X. If ρ(x, x∗) ≥ 2δ, then ψ(x) = 0
and F (1)(x) = F (x). If ρ(x, x∗) ≤ 2δ, then it follows from (9.83) that
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||F (x)− F (x∗)|| ≤ (ε/8).

Together with (9.86) the inequality above implies that

||F (1)(x)− F (x)|| = ||ψ(x)(F (x∗)− F (x))|| ≤ ||F (x∗)− F (x)|| ≤ ε/8.

Thus
d̃(F, F (1)) ≤ ε/8. (9.89)

We will show that F (1)(x∗) ∈ v(F (1)). Assume that x ∈ X and that

F (1)(x) ≤ F (1)(x∗) = F (x∗). (9.90)

It follows from (9.90), (9.86) and (9.87) that

F (x∗) ≥ F (1)(x) = ψ(x)F (x∗) + (1− ψ(x))F (x)). (9.91)

If ψ(x) = 1, then F (1)(x) = F (x∗). If ψ(x) < 1, then (9.91) and (9.82) imply
that F (x∗) ≥ F (x) and F (x∗) = F (x) and it follows from (9.86) and (9.87)
that F (1)(x) = F (x∗). Hence F (x∗) ∈ v(F (1)). For x ∈ X and i ∈ {1, . . . , n}
put

f
(2)
i (x) = f

(1)
i (x) + min{1, max{ρ(x, x∗)− δ/2, 0}}(ε/8), (9.92)

F (2) = (f (2)
1 , . . . , f (2)

n ).

It is easy to see that

F (2) ∈ A and F (2)(x) ≥ F (1)(x) for all x ∈ X. (9.93)

Relations (9.92) and (9.88) imply that

F (2)(x) = F (1)(x) = F (x∗) for all x ∈ X satisfying ρ(x, x∗) ≤ δ/2. (9.94)

It follows from (9.92) and (9.88) that for each x ∈ X satisfying ρ(x, x∗) ∈
[δ/2, δ]

F (2)(x) = F (1)(x∗) + (ε/8)[ρ(x, x∗)− δ/2](1, 1, . . . , 1). (9.95)

In view of (9.92),
d̃(F (2), F (1)) ≤ ε/8.

By inequality and (9.89),
d̃(F, F (2)) ≤ ε/4. (9.96)

Evidently, the inclusion F (x∗) ∈ v(F (1)), (9.93) and (9.94) imply that

F (x∗) ∈ v(F (2)). (9.97)

We will show that
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if x ∈ X satisfies F (2)(x) = F (x∗), then ρ(x, x∗) ≤ δ/2. (9.98)

Assume that
x ∈ X and F (2)(x) = F (x∗). (9.99)

It follows from (9.93) and (9.99) that F (1)(x) ≤ F (2)(x) ≤ F (x∗). Combined
with the inclusion F (x∗) ∈ v(F (1)) the inequality above implies that F (1)(x) =
F (x∗) ≥ F (2)(x). Together with (9.92) this relation implies that

ρ(x, x∗) ≤ δ/2.

Hence (9.98) is proved.
Since F (x∗) ∈ v(F (1)) it follows from (9.92) that the following property

holds:
(P1) For each x ∈ X satisfying ρ(x, x∗) > δ/2 there exists an integer

i ∈ {1, . . . , n} such that

f
(1)
i (x) ≥ f

(1)
i (x∗) = fi(x∗)

and that
f

(2)
i (x) = f

(1)
i (x) + (ε/8)min{1, ρ(x, x∗)− δ/2}

≥ f
(1)
i (x∗) + (ε/8)min{1, ρ(x, x∗)− δ/2}

= fi(x∗) + (ε/8) min{1, ρ(x, x∗)− δ/2}.
Fix

δ0 ∈ (0, δ/8) and λ0 ∈ (0, ε/16). (9.100)

Define functions φ1, φ2 : [0,∞) → R1 as follows:

φ1(x) = x, x ∈ [0, 1], φ1(x) = 1, x ∈ (1, 2], (9.101)

φ1(x) = x− 1, x ∈ (2, 8], φ1(x) = 15− x, x ∈ (8, 14],

φ1(x) = 1, x ∈ (14, 15], φ1(x) = 16− x, x ∈ (15, 16], φ1(x) = 0, x ∈ (16,∞),

φ2(x) = −x, x ∈ [0, 2], φ2(x) = x− 4, x ∈ (2, 8], (9.102)

φ2(x) = 12− x, x ∈ (8, 14], φ2(x) = −16 + x, x ∈ (14, 16],

φ2(x) = 0, x ∈ (16,∞).

Evidently, φ1, φ2 are continuous functions and

sup{|φi(x)| : x ∈ R1 and i = 1, 2} ≤ 8. (9.103)

Define a function G = (g1, . . . , gn) : X → Rn as follows:

g1(x) = f
(2)
1 (x) + λ0φ1(16ρ(x, x∗)δ−1

0 ), x ∈ X; (9.104)

for i ∈ {2, . . . , n}
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gi(x) = f
(2)
i (x) + λ0φ2(16ρ(x, x∗)δ−1

0 ), x ∈ X. (9.105)

It is easy to see that G ∈ A. It follows from (9.105), (9.104), (9.103) and
(9.100) that d̃(G,F (2)) ≤ ε/2. Combined with (9.96) this implies that

d̃(G,F ) < ε. (9.106)

By (9.104), (9.105) and (9.102), for each x ∈ X satisfying ρ(x, x∗) ≥ δ0,

G(x) = F (2)(x). (9.107)

It follows from (9.107) and (9.94) that for each x ∈ X satisfying ρ(x, x∗) ∈
[δ0, δ/2] we have

G(x) = F (x∗). (9.108)

By (9.107) and (9.95) for each x ∈ X satisfying ρ(x, x∗) ∈ [δ/2, δ],

G(x) = F (x∗) + (ε/8)[ρ(x, x∗)− δ/2](1, 1, . . . , 1). (9.109)

Relations (9.104), (9.105), (9.94), (9.101) and (9.102) imply that for each
x ∈ X satisfying ρ(x, x∗) ≤ δ0/16 we have

g1(x) = f
(2)
1 (x) + λ0ρ(x, x∗)δ−1

0 16 = f1(x∗) + λ0ρ(x, x∗)δ−0 16;

for i = 2, . . . , n

gi(x) = f
(2)
i (x∗)− λ0ρ(x, x∗)δ−1

0 16 = fi(x∗)− λ0ρ(x, x∗)δ−1
0 16

and
G(x) = F (x∗) + λ0ρ(x, x∗)δ−1

0 16(1,−1, . . . ,−1). (9.110)

In view of (9.101), (9.104), (9.105), (9.94) and (9.102), for each x ∈ X satis-
fying ρ(x, x∗) = δ0/8 we have

g1(x) = f
(2)
1 (x) + λ0φ1(2) = f1(x∗) + λ0;

for i = 2, . . . , n

gi(x) = f
(2)
i (x) + λ0φ2(2) = fi(x∗)− 2λ0

and
G(x) = F (x∗) + λ0(1,−2,−2, . . . ,−2). (9.111)

We will show that for each x ∈ X satisfying ρ(x, x∗) ≤ δ0 the following
property holds:

(P2) There exists z ∈ X such that ρ(z, x∗) ∈ [0, δ0/16] ∪ {δ0/8} and
G(z) ≤ G(x).

Let x ∈ X satisfy
ρ(x, x∗) ≤ δ0. (9.112)



9.5 Proof of Theorem 9.3 365

It is easy to see that if ρ(x, x∗) ≤ δ0/16, then (P2) holds with z = x. We
consider the following cases:

ρ(x, x∗) ∈ [δ0/16, δ0/8]; (9.113)

ρ(x, x∗) ∈ (δ0/8, δ0/2]; (9.114)

ρ(x, x∗) ∈ (δ0/2, (7/8)δ0]; (9.115)

ρ(x, x∗) ∈ ((7/8)δ0, (15/16)δ0]; (9.116)

ρ(x, x∗) ∈ ((15/16)δ0, δ0]. (9.117)

Let (9.113) hold. Then (9.113), (9.104), (9.105), (9.101), (9.102) and (9.94)
imply that

g1(x) = f
(2)
1 (x) + λ0φ1(ρ(x, x∗)δ−1

0 16) = f1(x∗) + λ0;

for i = 2, . . . , n

gi(x) = f
(2)
i (x) + λ0φ2(ρ(x, x∗)δ−1

0 16)

= fi(x∗)− λ0(ρ(x, x∗)δ−1
0 16) ≥ fi(x∗)− 2λ0.

Combined with (9.111) these relations imply that

G(x) ≥ G(z) if z ∈ X satisfies ρ(z, x∗) = δ0/8.

Thus property (P2) holds if (9.113) is valid.
Assume that (9.114) holds. It follows from (9.114), (9.104), (9.105),

(9.101), (9.102) and (9.94) that

g1(x) = f1(x∗) + λ0(ρ(x, x∗)δ−1
0 16− 1) ≥ f1(x∗) + λ0;

for i = 2, . . . , n

gi(x) = fi(x∗) + λ0(ρ(x, x∗)δ−1
0 16− 4) ≥ fi(x∗) + λ0(−2).

Combined with (9.111) these relations imply that for each z ∈ X satisfying
ρ(z, x∗) = δ0/8 we have G(z) ≤ G(x). Thus property (P2) holds if (9.114) is
valid.

Assume that (9.115) holds. It follows from (9.115), (9.104), (9.105),
(9.101), (9.102) and (9.94) that

g1(x) = f1(x∗) + λ0(15− ρ(x, x∗)δ−1
0 16) ≥ f1(x∗) + λ0;

for i = 2, . . . , n

gi(x) = fi(x∗) + λ0(12− ρ(x, x∗)δ−1
0 16) ≥ fi(x∗)− 2λ0.

Combined with (9.111) these relations imply that for each z ∈ X satisfying
ρ(z, x∗) = δ0/8 we have G(z) ≤ G(x). Thus property (P2) holds if (9.115) is
valid.
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Assume that (9.116) holds. In view of (9.116), (9.104), (9.105), (9.101),
(9.102) and (9.94) we have

g1(x) = f1(x∗) + λ0;

for i = 2, . . . , n

gi(x) = fi(x) + λ0(−16 + ρ(x, x∗)δ−1
0 16) ≥ fi(x∗)− 2λ0.

Combined with (9.111) these relations imply that for each z ∈ X satisfying
ρ(z, x∗) = δ0/8 we have G(z) ≤ G(x). Thus property (P2) holds if (9.116) is
valid.

Assume that (9.117) holds. In view of (9.117), (9.104), (9.105), (9.101),
(9.102) and (9.94) we have

g1(x) = f1(x∗) + λ0(16− ρ(x, x∗)δ−1
0 16); (9.118)

for i = 2, . . . , n

gi(x) = fi(x∗) + λ0(ρ(x, x∗)δ−1
0 16− 16). (9.119)

Since the space X is connected relations (9.84) and (9.117) imply that there
is z ∈ X for which

ρ(z, x∗) = δ0 − ρ(x, x∗) ∈ [0, δ0/16]. (9.120)

It follows from (9.120), (9.110), (9.118) and (9.119) that

G(z) = F (x∗) + λ0ρ(z, x∗)δ−1
0 16(1,−1, . . . ,−1) =

F (x∗) + λ0(δ0 − ρ(x, x∗))δ−1
0 16(1,−1,−1, . . . ,−1) = G(x).

Thus property (P2) holds if (9.117) is valid.
We have shown that (P2) holds in all the cases. We have also shown that

the following property holds:
(P3) For each x ∈ X satisfying ρ(x, x∗) ≤ δ0 there exists z ∈ X such that

ρ(z, x∗) ∈ [0, δ0/16] ∪ {δ0/8}, G(z) ≤ G(x).

We will show that the following property holds:
(P4) If x ∈ X satisfies ρ(x, x∗) ≥ δ/2 and z ∈ X satisfies ρ(z, x∗) ∈

{δ0/8} ∪ [0, δ0/16], then the inequality G(x) ≤ G(z) does not hold.
Assume that

x ∈ X, z ∈ X, ρ(x, x∗) > δ/2, ρ(z, x∗) ∈ {δ0/8}[0, δ0/16]. (9.121)

It follows from property (P1) and (9.121) that there exists j ∈ {1, . . . , n} for
which

f
(2)
j (x) ≥ fj(x∗) + (ε/8)min{1, ρ(x, x∗)− δ/2}.
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Relations (9.92) and (9.121) imply that

f
(2)
i (x) > fi(x∗), i = 1, . . . , n.

Combined with (9.107) and (9.100) this implies that

gi(x) > fi(x∗), i = 1, . . . , n. (9.122)

In view of (9.121),

G(z) ∈ {F (x∗) + λ0(1,−1,−1, . . . ,−1)t : t ∈ [0, 1]}

∪{F (x∗) + λ0(1,−2,−2, . . . ,−2)}.
By this inclusion and (9.122), the inequality G(x) ≤ G(z) does not hold.
Therefore property (P4) holds.

Let t ∈ [0, 1). We show that F (x∗) + λ0t(1,−1,−1, . . . ,−1) ∈ v(G). Since
the space X is connected it follows from (9.84) that there is z ∈ X such that

ρ(z, x∗) = (δ0/16)t. (9.123)

Relations (9.123) and (9.110) imply that

G(z) = F (x∗) + λ0ρ(z, x∗)δ−1
0 16(1,−1− 1, . . . ,−1) (9.124)

= F (x∗) + tλ0(1,−1,−1, . . . ,−1) ∈ G(X).

Assume that
x ∈ X and G(x) ≤ G(z). (9.125)

We will show that G(x) = G(z). If ρ(x, x∗) > δ/2, then it follows from (9.92),
(9.107) and (9.100) that the relation (9.122) is true and combined with (9.125)
this implies that G(z) >> F (x∗). This contradicts (9.124). Therefore

ρ(x, x∗) ≤ δ/2. (9.126)

If ρ(x, x∗) ∈ [δ0, δ/2], then (9.108), (9.125), (9.124) and (9.123) imply that

G(x) = F (x∗), t = 0, z = x∗, G(z) = G(x). (9.127)

Assume that
ρ(x, x∗) ≤ δ0. (9.128)

In view of (9.128) and property (P3) there exists y ∈ X such that

G(y) ≤ G(x), ρ(y, x∗) ∈ [0, δ0/16] ∪ {δ0/8}.

It follows from the relations above, (9.125) and (9.124) that

G(y) ≤ G(x) ≤ G(z) = F (x∗) + λ0t(1,−1,−1, . . . ,−1). (9.129)
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If ρ(y, x∗) ∈ {δ0/8}, then in view of (9.111)

G(y) = F (x∗) + λ0(1,−2,−2, . . . ,−2)

and since t ∈ [0, 1) the equality above contradicts (9.129). Therefore in view
of the choice of y,

ρ(y, x∗) ∈ [0, δ0/16].

It follows from the inclusion above and (9.110) that

G(y) = F (x∗) + λ0ρ(x, x∗)δ−1
0 (16)(1,−1,−1, . . . ,−1).

Combined with (9.129) this equality implies that t = ρ(x, x∗)δ−1
0 16 and

G(y) = G(x) = G(z). Thus we have shown that (9.125) implies that
G(x) = G(z). Therefore

F (x∗) + λ0t(1,−1,−1, . . . ,−1) ∈ v(G) for all t ∈ [0, 1). (9.130)

Let x ∈ X satisfy ρ(x, x∗) = δ0/8. (Note that by (9.84) such x exists.) It
follows from (9.111) that

G(x) = F (x∗) + λ0(1,−2,−2, . . . ,−2) < F (x∗) + λ0(1,−1,−1, . . . ,−1).

Thus
F (x∗) + λ0(1,−1,−1, . . . ,−1) 6∈ v(G).

Combined with (9.130) this implies that v(G) is not closed. This completes
the proof of Theorem 9.3.

9.6 Vector optimization with continuous objective
functions

We study a class of vector minimization problems on a complete metric space
X without compactness assumptions. This class of problems is associated with
a complete metric space of continuous bounded from below vector functions
A which is defined below. Let F ∈ A. An element z ∈ X is a called a solution
of the vector minimization problem F (x) → min, x ∈ X if F (z) is a minimal
element of the image F (X) = {F (x) : x ∈ X}. The set of all solutions of
the minimization problem above is denoted by KF . We show that for most
(in the sense of Baire category) functions F ∈ A the set KF is nonempty and
compact.

Let (X, ρ) be a complete metric space and n be a natural number. For
each vector x = (x1, . . . , xn) of the n-dimensional Euclidean space Rn set
||x|| = max{|xi| : i = 1, . . . , n}. Let x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Rn .
We say that x ≤ y if xi ≤ yi for all i = 1, . . . , n. We say that x < y if x ≤ y
and x 6= y, and say that x << y if xi < yi for all i = 1, . . . , n.
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Let D ⊂ Rn be a nonempty set. Recall that an element x ∈ D is called
a minimal element of D if there is no y ∈ D such that y < x. A function
F : X → Rn is called bounded from below if there is a ∈ Rn such that
F (x) ≥ a for all x ∈ X. Denote by A the set of all continuous functions
F = (f1, . . . , fn) : X → Rn which are bounded from below. For each F =
(f1, . . . , fn), G = (g1, . . . , gn) ∈ A define

d̃(F,G) = sup{||F (x)−G(x)|| : x ∈ X},
d(F, G) = d̃(F, G)(1 + d̃(F, G))−1. (9.131)

(Here we use the convention that ∞/∞ = 1.) It is not difficult to see that the
metric space (A, d) is complete. For each x ∈ X and each r > 0 set

BX(x, r) = {y ∈ X : ρ(x, y) ≤ r},
Bo

X(x, r) = {y ∈ X : ρ(x, y) < r}.
For each x ∈ Rn and each r > 0 set

BRn(x, r) = {y ∈ Rn : ||x− y|| ≤ r},
Bo

Rn(x, r) = {y ∈ Rn : ||x− y|| < r}.
Set Rn

+ = {x = (x1, . . . , xn) ∈ Rn : x ≥ 0} and let e = (1, 1, . . . , 1) be an
element of Rn all of whose coordinates are unity. Denote by cl(E) the closure
of a set E ⊂ Rn.

In this chapter we prove the following result obtained in [137].

Theorem 9.9. There exists a set F ⊂ (A, d) which is a countable intersection
of open everywhere dense subsets of (A, d) such that for each G ∈ F the
following assertions hold:

1. There is a nonempty compact set KG ⊂ X such that G(KG) is the set
of all minimal elements of cl(G(X)).

2. For each ε > 0 there is δ > 0 such that for each H ∈ A satisfying
d̃(H,G) ≤ δ, each minimal element a of cl(H(X)) and each z ∈ X satisfying
H(z) ≤ a + δe there exists x ∈ KG such that ρ(x, z) ≤ ε, ||H(z)−G(x)|| ≤ ε,
||a−G(x)|| ≤ ε.

3. For each ε > 0 there is δ > 0 such that for each x ∈ KG and each z ∈ X
satisfying G(z) ≤ G(x)+δe the inequalities ρ(z, x) ≤ ε and ||G(z)−G(x)|| ≤ ε
hold.

The proof of Theorem 9.9 consists of three parts. First we show (see Lemma
9.12) that for each F ∈ A and each ε > 0 there exists G ∈ A such that
d̃(F,G) ≤ ε and the set of minimal elements of cl(G(X)) is finite. Then we
show (see Lemma 9.13) that for each F ∈ A with a finite set of minimal
elements of cl(F (X)) and each γ > 0 there exists Fγ ∈ A such that d̃(F, Fγ) ≤
ε, the set KFγ is finite and if G is close enough to Fγ in (A, d) and z is an
approximate solution of the problem G(x) → min, x ∈ X, then z belongs to a
small neighborhood of KFγ

. Finally using Lemmas 9.12 and 9.13 we construct
the set F and complete the proof of Theorem 9.9.
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9.7 Preliminaries

Zorn’s lemma implies the following result.

Proposition 9.10. Let E ⊂ Rn be a nonempty closed subset of Rn. Assume
that there is z0 ∈ Rn such that z0 ≤ y for all y ∈ E. Then for each z ∈ E
there is a minimal element x of E such that x ≤ z.

Proposition 9.11. Let Ω be a nonempty closed subset of Rn, let z∗ ∈ Rn

satisfy z∗ ≤ z for all z ∈ Ω and let ε be a positive number. Then there exists
M > 0 such that for each x ∈ Ω there is y ∈ Ω satisfying ||y|| ≤ M and
y ≤ x + εe.

Proof: Let us assume the contrary. Then for each natural number q there exists
x(q) = (x(q)

1 , . . . , x
(q)
n ) ∈ Ω such that

Ω ∩ ((x(q) + εe)−Rn
+) ∩BRn(0, q) = ∅. (9.132)

Clearly we may assume without loss of generality that n > 1. It is easy to see
that for all natural numbers q

x(q) ≥ z∗, ||x(q)|| ≥ q. (9.133)

Extracting a subsequence and reindexing we may assume without loss of gen-
erality that there exist subsets I1, I2 ⊂ {1, . . . , n} such that

I1 ∪ I2 = {1, . . . , n}, I1 ∩ I2 = ∅,

{x(q)
i }∞q=1 is a bounded sequence for all i ∈ I1, lim

q→∞
x

(q)
i = ∞ for all i ∈ I2.

(9.134)
In view of (9.133), I2 6= ∅. If I1 = ∅, then limq→∞ x

(q)
i = ∞ for all i ∈

{1, . . . , n} and x(q) ≥ z0 for all sufficiently large natural numbers q where
z0 ∈ Ω. This contradicts (9.132). Therefore I1 6= ∅. Clearly the set {x(q)

i : i ∈
I1, q is a natural number} is bounded. There exists a natural number q0 such
that the following property holds:

(P1) For each integer q ≥ 1 there is j ∈ {1, . . . , q0} such that

|x(q)
i − x

(j)
i | ≤ ε/4 for all i ∈ I1. (9.135)

By (9.134) there exists a natural number q1 > q0 such that

x
(q)
i > x

(j)
i for each i ∈ I2, each integer

q ≥ q1 and each positive integer j ≤ q0. (9.136)

We show that the following property holds:
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(P2) For each integer q ≥ 1 there is j ∈ {1, . . . , q1} such that x(j) ≤
x(q) + εe.

Let an integer q ≥ 1. Clearly we may show that (P2) holds only in the
case q > q1. By property (P1) there is j ∈ {1, . . . , q0} such that (9.135) holds.
Since q > q1 and j ≤ q0 it follows from the choice of q1 (see (9.136)) that
x

(q)
i > x

(j)
i for all i ∈ I2. Combined with (9.135) this inequality implies that

x(j) ≤ x(q) + εe. Thus we have shown that property (P2) holds. Now it is not
difficult to see that property (P2) contradicts (9.132). The contradiction we
have reached proves Proposition 9.11.

9.8 Auxiliary results

Lemma 9.12. Let F = (f1, . . . , fn) ∈ A and ε > 0. Then there exist G =
(g1, . . . , gn) ∈ A, xi ∈ X, i = 1, . . . , p where p is a natural number such that
d̃(F,G) ≤ ε and the following property holds:

For each x ∈ X there is i ∈ {1, . . . , p} for which G(x) ≥ G(xi).

Proof: Since F ∈ A there is a ∈ Rn such that

a ≤ y for all y ∈ F (X). (9.137)

Denote by M0 the set of all minimal elements of the set cl(F (X)). By (9.137)
and Proposition 9.10 the set M0 is nonempty. Choose positive constants

γ < min{1, ε/8}, δ0 < γ. (9.138)

By Proposition 9.11 and (9.137) there is c0 > 0 such that the following prop-
erty holds:

For each x ∈ cl(F (X)) there exists y ∈ cl(F (X)) such that ||y|| ≤ c0, y ≤
x + (δ0/64)e.

This property implies that there are a natural number p and y1, . . . , yp ∈
cl(F (X)) such that the following property holds:

For each x ∈ cl(F (X)) there exists i ∈ {1, . . . , p} such that yi ≤ x +
(δ0/32)e.

Clearly, for each i ∈ {1, . . . , p} there is xi ∈ X such that ||F (xi) − yi|| ≤
δ0/32. Now it is not difficult to see that the following property holds:

(P3) For each x ∈ cl(F (X)) there is i ∈ {1, . . . , p} such that F (xi) ≤
x + (δ0/16)e.

We may assume without loss of generality that

Fxi 6= Fxj for each i, j ∈ {1, . . . , p} satisfying i 6= j. (9.139)

Relation (9.139) implies that there exists a number ε0 such that

ε0 ∈ (0, ε/4), (9.140)
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||F (xi)− F (xj)|| ≥ 16ε0 for each i, j ∈ {1, . . . , p} satisfying i 6= j. (9.141)

By (9.139) and the continuity of F there exists a number δ1 such that

δ1 ∈ (0, δ0/4), (9.142)

ρ(xi, xj) ≥ 16δ1 for each i, j ∈ {1, . . . , p} satisfying i 6= j, (9.143)

||F (xi)− F (z)|| ≤ γ/8 for all z ∈ BX(xi, δ1) (9.144)

and all i = 1, . . . , p. Choose
δ2 ∈ (0, δ1) (9.145)

and define a continuous function φ : [0,∞) → [0, 1] as follows:

φ(t) = 0, t ∈ [δ1,∞), φ(t) = 1, t ∈ [0, δ2],

φ(t) = (δ1 − t)(δ1 − δ2)−1, t ∈ (δ2, δ1). (9.146)

Define a function G : X → Rn as follows:

G(z) = F (z), z ∈ X \ ∪p
i=1BX(xi, 2δ1), (9.147)

G(z) = (1− φ(ρ(z, xi)))F (z) + φ(ρ(z, xi))[F (xi) + (ρ(z, xi)− γ)e],

z ∈ BX(xi, 2δ1), i = 1, . . . , p. (9.148)

In view of (9.143) G is well defined. It follows from (9.143), (9.146)–(9.148)
that G ∈ A. By (9.138), (9.142), (9.144) and (9.146)–(9.148),

d̃(F, G) = sup{||F (z)−G(z)|| : z ∈ ∪p
i=1BX(xi, δ1)}

≤ sup
i=1,...,p

sup{||F (xi) + (ρ(z, xi)− γ)e− F (z)|| : z ∈ BX(xi, δ1)}

≤ sup
i=1,...,p

sup{γ + δ1 + ||F (xi)− F (z)|| : z ∈ BX(xi, δ1)} ≤ γ + δ1 + γ/8 < ε.

(9.149)
Assume that x ∈ X. We show that there is j ∈ {1, . . . , p} such that G(xj) ≤
G(x). There are two cases:

x ∈ X \ ∪p
i=1BX(xi, δ1), (9.150)

x ∈ ∪p
i=1BX(xi, δ1). (9.151)

Assume that (9.150) is valid. By (9.150) and (9.146)–(9.148)

G(x) = F (x). (9.152)

In view of (9.152), (P3), (9.148) and (9.138) there exists j ∈ {1, . . . , p}
such that

G(x) ≥ Fxj − (δ0/16)e = G(xj) + (γ − δ0/16)e > G(xj).
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Therefore if (9.150) is valid, then there is j ∈ {1, . . . , p} such that G(x) > Gxj .
Now assume that (9.151) is true. Then there is j ∈ {1, . . . , p} such that

ρ(x, xj) ≤ δ1. (9.153)

It follows from (9.146), (9.148), (9.153) and the choice of δ1 (see (9.144)) that

G(x)−G(xj) = (1− φ(ρ(x, xj)))F (x) + φ(ρ(x, xj))[F (xj) + (ρ(x, xj)− γ)e]

−[F (xj)− γe] = φ(ρ(x, xj))ρ(x, xj)e + (1− φ(ρ(x, xj)))[F (x)− F (xj) + γe]

≥ (1− φ(ρ(x, xj)))[F (x)−F (xj) + γe] ≥ (1− φ(ρ(x, xj)))[(−γ/8)e + γe] ≥ 0.

Thus we have shown that if (9.151) is true, then there is j ∈ {1, . . . , p} such
that G(x) ≥ G(xj). This completes the proof of the lemma.

Lemma 9.13. Assume that F = (f1, . . . , fn) ∈ A, p is a natural number and
that x1, . . . , xp ∈ X satisfy the following conditions:

(C1) For each x ∈ X there is i ∈ {1, . . . , p} such that F (x) ≥ F (xi).
(C2) If i, j ∈ {1, . . . , p} and F (xi) ≤ F (xj), then i = j.
Let γ ∈ (0, 1) and let

Fγ(x) := F (x) + γ min{1, ρ(x, xi) : i = 1, . . . , p}e, x ∈ X. (9.154)

Then Fγ ∈ A, d̃(Fγ , F ) ≤ γ and for each ε > 0 there exists δ > 0 such that
the following assertion holds:

If G ∈ A satisfies d̃(Fγ , G) ≤ δ, a is a minimal element of cl(G(X))
and x ∈ X satisfies G(x) ≤ a + δe, then there is j ∈ {1, . . . , p} such that
ρ(x, xj) ≤ ε, ||G(x)− F (xj)|| ≤ ε, ||a− F (xj)|| ≤ ε.

Proof: Clearly Fγ ∈ A and d̃(F, Fγ) ≤ γ. Let ε > 0. In view of (C2) we may
assume without loss of generality that ε < 1 and that the following condition
holds:

(C3) For each i, j ∈ {1, . . . , p} satisfying i 6= j the relations

BX(xi, 4ε) ∩BX(xj , 4ε) = ∅, ||F (xi)− F (xj)|| ≥ 8ε

hold and there is s(i, j) ∈ {1, . . . , n} such that fs(i,j)(xi) < fs(i,j)(xj)− 8ε.
There exists

δ1 ∈ (0, ε/8) (9.155)

such that for each i ∈ {1, . . . , p}

||F (x)− F (xi)|| ≤ ε/2 for each x ∈ BX(xi, 2δ1). (9.156)

Choose a positive number
ε1 < γδ1/2. (9.157)

There exists a positive number
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δ0 < min{δ1, ε1}/4 (9.158)

such that for each i ∈ {1, . . . , p}

||F (x)− F (xi)|| ≤ ε1 for each x ∈ BX(xi, 2δ0). (9.159)

Choose a positive number
δ < (γδ0)/8. (9.160)

Let G ∈ A satisfy
d̃(Fγ , G) ≤ δ, (9.161)

a be a minimal element of cl(G(X)) and let x ∈ X satisfy

G(x) ≤ a + δe. (9.162)

There exists a sequence {yi}∞i=1 ⊂ X such that

a = lim
i→∞

G(yi). (9.163)

We show that for all large enough natural numbers i

yi ∈ ∪p
j=1BX(xj , δ0). (9.164)

Let us assume the contrary. Then extracting a subsequence and reindexing
we may assume without loss of generality that

yi ∈ X \ (∪p
j=1BX(xj , δ0)) for all natural numbers i. (9.165)

(C1) implies that for each natural number i there is q(i) ∈ {1, . . . , p} such
that

F (yi) ≥ F (xq(i)). (9.166)

Extracting a subsequence and reindexing we may assume that

q(i) = q(1) for all natural numbers i. (9.167)

It follows from (9.154), (9.155), (9.158), (9.160), (9.161) and (9.165)–(9.167)
that for each natural number i

G(yi) ≥ Fγ(yi)− δe = F (yi) + γ min{1, ρ(xj , yi) : j = 1, . . . , p}e− δe

≥ F (yi) + γδ0e− δe ≥ F (xq(1)) + (γδ0 − δ)e ≥ Fγ(xq(1)) + (γδ0 − δ)e

≥ G(xq(1))− δe + (γδ0 − δ)e = G(xq(1)) + (γδ0 − 2δ)e ≥ G(xq(1)) + (γδ0/2)e.

Combined with (9.163) this relation implies that

a = lim
i→∞

G(yi) ≥ G(xq(1)) + (γδ0/2)e.
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Since a is a minimal element of cl(G(X)) we obtained a contradiction. The
contradiction we have reached proves that (9.164) is true for all sufficiently
large natural numbers i. Extracting a subsequence and reindexing we may
assume without loss of generality that there is q ∈ {1, . . . , p} such that

ρ(yi, xq) ≤ δ0 for all integers i ≥ 1. (9.168)

Relations (9.168) and (9.159) imply that

||F (yi)− F (xq)|| ≤ ε1 for all integers i ≥ 1. (9.169)

By (9.154), (9.161) and (9.169) for each natural number i

G(yi) ≤ Fγ(yi) + d̃(G,Fγ)e ≤ Fγ(yi) + δe

= F (yi) + γ min{1, ρ(yi, xj) : j = 1, . . . , p}e + δe

≤ F (xq) + (ε1 + δ)e + γ min{1, ρ(yi, xj) : j = 1, . . . , p}e. (9.170)

In view of (9.168), (C3), (9.158) and (9.155) for each natural number i

ρ(yi, xq) = min{1, ρ(yi, xj) : j = 1, . . . , p}. (9.171)

It follows from (9.161), (9.170) and (9.171) that for each natural number i

Fγ(yi)− δe ≤ G(yi) ≤ F (xq) + (ε1 + δ + γρ(yi, xq))e. (9.172)

Relations (9.171), (9.154) and (9.172) imply that for each natural number i

F (yi) + γρ(yi, xq)e = F (yi) + γ min{1, ρ(xj , yi) : j = 1, . . . , p}e

= Fγ(yi) ≤ F (xq) + (ε1 + 2δ + γρ(yi, xq))e

and
F (yi) ≤ F (xq) + (ε1 + 2δ)e. (9.173)

Let i ≥ 1 be an integer. By (C1) there exists j ∈ {1, . . . , p} such that F (xj) ≤
F (yi). Combined with (C3), (9.173), (9.160), (9.158), (9.157) and (9.155) this
inequality implies that j = q and

F (xq) ≤ F (yi) for all natural numbers i. (9.174)

Relations (9.163), (9.170) and (9.168) imply that

a = lim
i→∞

G(yi) ≤ F (xq) + (ε1 + δ)e + γδ0e. (9.175)

It follows from (9.154), (9.161), (9.162) and (9.165) that

F (x) + γ min{1, ρ(x, xi) : i = 1, . . . , p}e = Fγ(x) ≤ G(x) + δe

≤ a + 2δe ≤ F (xq) + (ε1 + 3δ + γδ0)e. (9.176)
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By (C1) there is m ∈ {1, . . . , p} such that

F (xm) ≤ F (x). (9.177)

In view of this inequality and (9.176), (9.160), (9.158) and (9.155)

F (xm) ≤ F (xm) + γ min{1, ρ(x, xi) : i = 1, . . . , p}e

≤ F (xq) + (ε1 + 3δ + γδ0)e ≤ F (xq) + ε. (9.178)

Combined with (C3) and (9.177) this inequality implies that m = q and

F (x) ≥ F (xq). (9.179)

It follows from (9.178), the equality m = q, (9.160) and (9.158) that

F (xq) + γ min{1, ρ(x, xi) : i = 1, . . . , p}e

≤ F (xq) + (ε1 + 3δ + γδ0)e ≤ F (xq) + 2ε1e,

min{1, ρ(x, xi) : i = 1, . . . , p} ≤ 2ε1γ
−1.

Together with (9.157) and (9.155) this inequality implies that there is l ∈
{1, . . . , p} such that

ρ(x, xl) ≤ 2ε1γ
−1 ≤ δ1. (9.180)

By (9.180) and the choice of δ1 (see (9.156))

||F (x)− F (xl)|| ≤ ε/2. (9.181)

In view of (9.179) and (9.181) F (xq) ≤ F (x) ≤ F (xl)+2−1εe. Combined with
(C3) this inequality implies that l = q. Together with (9.180) and (9.155) this
equality implies that

ρ(x, xq) ≤ δ1 < ε. (9.182)

In view of (9.154), (9.161), (9.181), equality l = q, (9.182), (9.160), (9.158)
and (9.155)

||G(x)− F (xq)|| = ||G(x)− Fγ(xq)|| ≤ ||G(x)− Fγ(x)||+ ||Fγ(x)− Fγ(xq)||

≤ δ+||Fγ(x)−F (x)||+||F (x)−F (xq)|| ≤ δ+γρ(x, xq)+ε/2 ≤ δ+γδ1+ε/2 < ε.
(9.183)

It follows from (9.179), (9.161), (9.162) and (9.175) that

F (xq)− 2δe ≤ F (x)− 2δe ≤ G(x)− δe ≤ a ≤ F (xq) + (ε1 + δ + γδ0)e.

Together with (9.160), (9.158), (9.157) and (9.155) this inequality implies that
||a− F (xq)|| ≤ ε. This completes the proof of the lemma.
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9.9 Proof of Theorem 9.9

Denote by E0 the set of all F = (f1, . . . , fn) ∈ A for which the following
property holds:

(P4) There exist a natural number pF and xF,i ∈ X, i = 1, . . . , pF such
that: if i, j ∈ {1, . . . , pF } and F (xF,i) ≤ F (xF,j), then i = j; for each x ∈ X
there is j ∈ {1, . . . , pF } such that F (xF,j) ≤ F (x).

By Lemma 9.12 E0 is an everywhere dense subset of (A, d). Let F =
(f1, . . . , fn) ∈ E0, γ ∈ (0, 1) and let

Fγ(x) := F (x) + γ min{1, ρ(x, xF,i) : i = 1, . . . , pF }e, x ∈ X. (9.184)

Lemma 9.13 implies that Fγ ∈ A and

d̃(F, Fγ) ≤ γ. (9.185)

In view of property (P4) there exists δF ∈ (0, 1) such that the following
condition holds:

(C4) For each i, j ∈ {1, . . . , pF } satisfying i 6= j we have ρ(xF,i, xF,j) ≥ 8δF

and there is s(i, j) ∈ {1, . . . , n} for which

fs(i,j)(xF,i) < fs(i,j)(xF,j)− 8δF .

Let q ≥ 1 be an integer. By Lemma 9.13 there exists

δ(F, γ, q) ∈ (0, (4q)−1δF ) (9.186)

such that the following property holds:
(P5) If G ∈ A satisfies d̃(Fγ , G) < δ(F, γ, q), a is a minimal element

of cl(G(X)) and x ∈ X satisfies G(x) ≤ a + δ(F, γ, q)e, then there is j ∈
{1, . . . , pF } such that

max{ρ(x, xF,j), ||G(x)− Fγ(xF,j)||, ||a− Fγ(xF,j)||} ≤ δF (4q)−1.

Define

F = ∩∞q=1 ∪ {{G ∈ A : d̃(Fγ , G) < δ(F, γ, q)} : F ∈ E0, γ ∈ (0, 1)}. (9.187)

In view of (9.187) and (9.185) F is a countable intersection of open every-
where dense subsets of (A, d). Let

G ∈ F . (9.188)

Relations (9.188) and (9.187) imply that for each natural number q there exist

γq ∈ (0, 1), F (q) = (f (q)
1 , . . . , f (q)

n ) ∈ E0 (9.189)

such that
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d̃((F (q))γq , G) < δ(F (q), γq, q). (9.190)

For each natural number q set

Uq = {H ∈ A : d̃(H, (F (q))γq
) < δ(F (q), γq, q)}. (9.191)

By (P5), (9.189) and (9.191) the following property holds:
(P6) If q is a natural number, H ∈ Uq, a is a minimal element of cl(H(X))

and x ∈ X satisfies H(x) ≤ a + δ(F (q), γq, q)e, then there is j ∈ {1, . . . , pF (q)}
such that

max{ρ(x, xF (q),j), ||H(x)− (F (q))γq (xF (q),j)||, ||a− (F (q))γq (xF (q),j)||}

≤ δF (q)(4q)−1.

Proposition 9.10 implies that the set of minimal elements of cl(G(X)) is
nonempty.

Assume that

a is a minimal element of cl(G(X)), {yi}∞i=1 ⊂ X, lim
i→∞

G(yi) = a. (9.192)

Let q ≥ 1 be an integer. It follows from (9.192) that there is a natural number
i0 such that for each integer i ≥ i0

G(yi) ≤ a + δ(F (q), γq, q)e. (9.193)

Combined with property (P6) and (9.190)–(9.192) the inequality (9.193) im-
plies that for each integer i ≥ i0 there is k(i) ∈ {1, . . . , pF (q)} such that

ρ(yi, xF (q),k(i)) ≤ δF (q)(4q)−1, ||G(yi)− (F (q))γq
(xF (q),k(i))|| ≤ δF (q)(4q)−1,

||a− (F (q))γq (xF (q),k(i))|| ≤ δF (q)(4q)−1. (9.194)

In view of (9.194), (9.184) and condition (C4)

k(i) = k(i0) for all integers i ≥ i0. (9.195)

Set
k = k(i0). (9.196)

Relations (9.194)–(9.196) imply that for all integers i ≥ i0

ρ(yi, xF (q),k) ≤ δF (q)(4q)−1, ||G(yi)− (F (q))γq
(xF (q),k)|| ≤ δF (q)(4q)−1,

||a− (F (q))γq (xF (q),k)|| ≤ δF (q)(4q)−1. (9.197)

Since q is any natural number it follows from (9.197) that {yi}∞i=1 is a Cauchy
sequence. Therefore there exists

y = lim
i→∞

yi. (9.198)
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By (9.198), (9.197), (9.192) and (9.186)

ρ(y, xF (q),k) ≤ δF (q)(4q)−1, ||G(y)− (F (q))γq (xF (q),k)|| ≤ δF (q)(4q)−1,

G(y) = lim
i→∞

G(yi) ≤ a. (9.199)

Since a is a minimal element of cl(G(X)) we conclude that G(y) = a. Thus
we have shown that for any minimal element a of cl(G(X)) there is y ∈ X
such that G(y) = a.

Denote by KG the set of all y ∈ X for which G(y) is a minimal element of
cl(G(X)). We have shown that

G(KG) is the set of all minimal elements of cl(G(X)). (9.200)

It follows from property (P6), (9.190), (9.191) and (9.200) that the following
property holds:

(P7) For each x ∈ KG and each integer q ≥ 1 there exists kq ∈
{1, . . . , pF (q)} such that

ρ(x, xF (q),kq
) ≤ δF (q)(4q)−1, ||G(x)− (F (q))γq

xF (q),kq
|| ≤ δF (q)(4q)−1.

Property (P7) implies that any sequence of elements of KG has a conver-
gent subsequence. Thus the closure of KG is compact. Now we show that the
following property holds:

(P8) For each integer q ≥ 1 and each j ∈ {1, . . . , pF (q)} there is x ∈ KG

such that

ρ(x, xF (q),j) ≤ δF (q)(4q)−1, ||G(x)− F (q)(xF (q),j)|| ≤ δF (q)(4q)−1.

Assume that q is a natural number and j ∈ {1, . . . , pF (q)}. In view of Propo-
sition 9.10, (9.190) and (9.184) there is a minimal element a of cl(G(X)) such
that

a ≤ G(xF (q),j) ≤ F (q)(xF (q),j) + δ(F (q), γq, q)e. (9.201)

By (9.190) there is x ∈ KG such that G(x) = a. Together with (9.201) and
(9.186) this equality implies that

G(x) ≤ F (q)(xF (q),j) + δF (q)(4q)−1e. (9.202)

Since x ∈ KG it follows from property (P7) that there exists k ∈ {1, . . . , pF (q)}
such that

ρ(x, xF (q),k) ≤ δF (q)(4q)−1, ||G(x)− (F (q))γq
(xF (q),k)|| ≤ δF (q)(4q)−1.

Combined with (9.202), (9.184) and property (C4) these inequalities imply
that k = j. Therefore we have shown that property (P8) holds.

Let us show that the set KG is compact. Since we have already shown that
the closure of KG is compact it is sufficient to verify that KG is closed.
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Assume that
{yi}∞i=1 ⊂ KG, y = lim

i→∞
yi. (9.203)

We show that y ∈ KG. Let us assume the contrary. Then by Proposition 9.10
there is y∗ ∈ KG such that

Gy∗ < Gy. (9.204)

Let ε > 0. Choose a natural number q such that

q−1 < ε. (9.205)

By property (P7), (9.200) and (9.203) extracting a subsequence and reindexing
we may assume without loss of generality that there is j ∈ {1, . . . , pF (q)} such
that for each natural number i

ρ(yi, xF (q),j) ≤ δF (q)(4q)−1, ||G(yi)− F (q)(xF (q),j)|| ≤ δF (q)(4q)−1. (9.206)

In view of (P7) and the inclusion y∗ ∈ KG there is l ∈ {1, . . . , pF (q)} such that

ρ(y∗, xF (q),l) ≤ δF (q)(4q)−1, ||G(y∗)− F (q)(xF (q),l)|| ≤ δF (q)(4q)−1. (9.207)

It follows from (9.203) and (9.206) that

ρ(y, xF q),j) = lim
i→∞

ρ(yi, xF (q),j) ≤ δF (q)(4q)−1, (9.208)

G(y) = lim
i→∞

G(yi) ≤ F (q)(xF (q),j) + δF (q)(4q)−1e. (9.209)

Relations (9.204), (9.207) and (9.209) imply that

F (q)(xF (q),l) ≤ G(y∗) + δF (q)(4q)−1e < G(y) + δF (q)(4q)−1e

≤ F (q)(xF (q),j) + δF (q)(2q)−1e.

Combined with (C4) this inequality implies that l = j. By this equality,
(9.205), (9207) and (9.208)

ρ(y, y∗) ≤ ρ(y, xF (q),l) + ρ(xF (q),l, y∗) ≤ δF (q)(2q)−1 < q−1 < ε.

Since ε is an arbitrary positive number we conclude that y = y∗. This contra-
dicts (9.204). The contradiction we have reached proves that y ∈ KG, the set
KG is closed and therefore compact. Thus the first assertion of Theorem 9.9
is proved.

Let ε > 0. Choose a natural number q > 1/ε. Assume that H ∈ Uq, a is
a minimal element of cl(H(X)) and z ∈ X satisfies Hz ≤ a + δ(F (q), γq, q)e.
Combined with property (P6) this implies that there is j ∈ {1, . . . , pF (q)} such
that

ρ(z, xF (q),j) ≤ δF (q)(4q)−1, ||Hz − F (q)(xF (q),j)||
≤ δF (q)(4q)−1, ||a− F (q)(xF (q),j)|| ≤ δF (q)(4q)−1. (9.210)
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By property (P8) there is x ∈ KG such that

ρ(x, xF (q),j) ≤ δF (q)(4q)−1, ||G(x)− F (q)(xF (q),j)|| ≤ δF (q)(4q)−1.

In view of these inequalities and (9.210)

ρ(z, x) ≤ q−1 < ε, ||H(z)−G(x)|| ≤ q−1 < ε,

||a−G(x)|| ≤ q−1 < ε.

Thus Assertion 2 holds.
We prove Assertion 3. Let ε > 0. Choose a natural number q > 1/ε. Let

x ∈ KG, z ∈ X, G(z) ≤ G(x) + δ(F (q), γq, q)e. (9.211)

By (9.211), (9.190), (9.191), (9.200) and (P6) there exist k, j ∈ {1, . . . , pF (q)}
such that

ρ(z, xF (q),j) ≤ δF (q)(4q)−1, ||G(z)− F (q)(xF (q),j)|| ≤ δF (q)(4q)−1, (9.212)

ρ(x, xF (q),k) ≤ δF (q)(4q)−1, ||G(x)− F (q)(xF (q),k)|| ≤ δF (q)(4q)−1. (9.213)

Relations (9.186), (9.211)–(9.213) imply that

F (q)(xF (q),j) ≤ G(z) + δF (q)(4q)−1e ≤ G(x) + δF (q)e ≤ Fq(xF (q),k) + 2δF (q)e.

Combined with property (C4) this inequality implies that k = j. In view of
this equality, (9.212) and (9.213)

ρ(z, x) ≤ q−1 < ε, ||G(z)−G(x)|| ≤ 1/q < ε.

Thus Assertion 3 is proved. This completes the proof of the theorem.

9.10 Vector optimization with semicontinuous objective
functions

We study a class of vector minimization problems on a complete metric space
X which is identified with the corresponding complete metric space of lower
semicontinuous bounded from below objective functions A. We establish the
existence of a Gδ everywhere dense subset F of A such that for any objective
function belonging to F the corresponding minimization problem possesses a
solution.

Let (X, ρ) be a complete metric space. A function f : X → R1 ∪ {∞} is
called lower semicontinuous if for each convergent sequence {xk}∞k=1 in (X, ρ)
the inequality

f( lim
k→∞

xk) ≤ lim inf
k→∞

f(xk)
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holds. For each function f : X → R1 ∪ {∞} set

dom(f) = {x ∈ X : f(x) < ∞}.

We use the convention that ∞+∞ = ∞, ∞−∞ = 0, ∞/∞ = 1, x+∞ = ∞
and x−∞ = −∞ for all x ∈ R1, λ ·∞ = ∞ for all λ > 0 and that λ ·∞ = −∞
for all λ < 0. We also assume that −∞ < x < ∞ for all x ∈ R1.

Set R̄ = R1 ∪ {∞, −∞} and let n be a natural number. For each x =
(x1, . . . , xn) ∈ R̄n set

||x|| = max{|xi| : i = 1, . . . , n}.

Let x = (x1, . . . , xn), (y1, . . . , yn) ∈ R̄n. We say that x ≤ y if xi ≤ yi for all
i = 1, . . . , n. We say that x < y if x ≤ y and x 6= y and say that x << y if
xi < yi for all i = 1, . . . , n. Set

Rn
+ = {x = (x1, . . . , xn) ∈ Rn : x ≥ 0}

and let e = (1, 1, . . . , 1) be an element of Rn all of whose coordinates are
unity.

Let D ⊂ Rn be a nonempty set. Recall that an element x ∈ D is called
a minimal element of D if there is no y ∈ D such that y < x. A function
F : X → (R1 ∪ {∞})n is called bounded from below if there is a ∈ Rn such
that F (x) ≥ a for all x ∈ X.

Denote by A the set of all functions F = (f1, . . . , fn) : X → (R1 ∪ {∞})n

which are bounded from below and such that the function fi is lower semi-
continuous for all i = 1, . . . , n and such that the following condition holds:

(C1) For each z ∈ F (X) and each ε > 0 there exists y ∈ F (X) ∩ Rn such
that y − εe ≤ z.

For each F = (f1, . . . , fn), G = (g1, . . . , gn) ∈ A define

d̃(F,G) = sup{||F (x)−G(x)|| : x ∈ X},

d(F, G) = d̃(F, G)(1 + d̃(F, G))−1. (9.214)

It is not difficult to see that the metric space (A, d) is complete. The topology
induced by d in A is called the strong topology. For each x ∈ X and each
r > 0 set

BX(x, r) = {y ∈ X : ρ(x, y) ≤ r},
Bo

X(x, r) = {y ∈ X : ρ(x, y) < r}
and for each x ∈ Rn and each r > 0 put

BRn(x, r) = {y ∈ Rn : ||x− y|| ≤ r},

Bo
Rn(x, r) = {y ∈ Rn : ||x− y|| < r}.

Denote by cl(E) the closure of a set E ⊂ Rn.
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Let F = (f1, . . . , fn) ∈ A. Set

epi(F ) = {(y, a) ∈ X ×Rn : a ≥ F (y)}.

Clearly, epi(F ) is a closed subset of X×Rn. Define a function ∆F : X×Rn →
R1 by

∆F (x, a) = inf{ρ(x, y)+ ||a− b|| : (y, b) ∈ epi(F )}, (x, a) ∈ X×Rn. (9.215)

For each integer q ≥ 1 put

E(q) = {(F, G) ∈ A×A :

|∆F (x, u)−∆G(x, u)| ≤ 1/q, (x, a) ∈ X ×Rn}. (9.216)

We equip the space A with the uniformity determined by the base E(q), q =
1, 2, . . . . The topology in A induced by this uniformity is called the weak
topology. It is clear that this topology is weaker than the strong topology.

Let G = (g1, . . . , gn) ∈ A. A sequence {zi}∞i=1 ⊂ X is called (G)-
minimizing if there exist a sequence {ai}∞i=1 ⊂ Rn of minimal elements of
cl(G(X) ∩Rn) and a sequence {∆i}∞i=1 ⊂ (0,∞) such that

lim
i→∞

∆i = 0, (9.217)

G(zi) ≤ ai + ∆ie for all integers i ≥ 1.

For each F ∈ A denote by Ω(F ) the set of all x ∈ X such that F (x) is a
minimal element of cl(F (X) ∩Rn).

We prove the following theorem which was obtained in [144].

Theorem 9.14. There exists a set F ⊂ A which is a countable intersection of
open (in the weak topology) everywhere dense (in the strong topology) subsets
of A such that for each F = (f1, . . . , fn) ∈ F the following assertions hold.

1. Any (F )-minimizing sequence of elements of X possesses a convergent
subsequence.

2. For each minimal element a of cl(F (x) ∩Rn) there is x ∈ X such that
Fx = a.

3. F (Ω(F )) is the set of all minimal elements of cl(F (X) ∩Rn).
4. Any sequence of elements of Ω(F ) has a convergent subsequence.
5. Let ε > 0. Then there are δ > 0 and an open neighborhood U of F in A

with the weak topology such that the following properties hold:
(a) for each G ∈ U , each minimal element a of cl(G(X) ∩ Rn) and each

x ∈ X satisfying G(x) ≤ a + δe the inequality inf{ρ(x, z) : z ∈ Ω(F )} < ε
holds;

(b) for each G ∈ U and each z ∈ Ω(F ) there exists a sequence {zi}∞i=1 ⊂ X
such that ρ(zi, z) < ε for all natural numbers i and that there is limi→∞G(zi)
which is a minimal element of cl(G(X) ∩Rn).

6. For each x ∈ X there is y ∈ Ω(F ) such that F (y) ≤ F (x).
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Remark 9.15. Assume that F = (f1, . . . , fn) : X → (R1 ∪ {∞})n is bounded
from below and that fi is lower semicontinuous for all i = 1, . . . , n. Then (C1)
holds if the following condition holds:

(C2) For each z ∈ F (X) there is y ∈ F (X) ∩Rn such that y ≤ z.
Note that if the space X is compact, then the conditions (C1) and (C2)

are equivalent and if they hold, then the sets F (X), F (X) ∩ Rn, the closure
of F (X) and its intersection with Rn have the same minimal points. We are
interested in solutions x ∈ X of the vector minimization problem with the
objective function F such that F (x) is finite-valued. By this reason we con-
sider functions F satisfying condition (C1) and solutions of the minimization
problems which are minimal points of the closure of F (X)∩Rn. By assertion
6 of Theorem 9.14, a generic function F ∈ A satisfies condition (C2).

Now we present an example of a function F ∈ A with a noncompact space
X which does not satisfy (C2) and such that the set F (X) possesses a minimal
point which does not belong to Rn.

Assume that X is the set of nonnegative integers, ρ(x, y) = |x− y|, x, y ∈
X, n = 2, F = (f1, f2) where

f1(0) = 0, f1(i) = −1/i, i = 1, 2, . . . ,

f2(0) = ∞, f2(i) = i, i = 1, 2, . . . .

Clearly, F ∈ A, F does not satisfy (C2), F (0) is a minimal point of F (X)
which does not belong to R2 and the set F (X) ∩R2 is closed.

9.11 Auxiliary results for Theorem 9.14

Lemma 9.16. Let F = (f1, . . . , fn) ∈ A and let ε > 0. Then there exist
G = (g1, . . . , gn) ∈ A, xi ∈ X, i = 1, . . . , p, where p is a natural number,
and δ1 > 0 such that d̃(F,G) ≤ ε, G(xi) ∈ Rn, i = 1, . . . , p and that for each
x ∈ X \{x1, . . . , xp} there is i ∈ {1, . . . , p} which satisfies G(x) ≥ G(xi)+δ1e.

Proof: Since F ∈ A there is a ∈ Rn such that

a ≤ y for all y ∈ F (X). (9.218)

Denote by M0 the set of all minimal elements of the set cl(F (X) ∩ Rn). By
(9.218), (C1) and Proposition 9.10 the set M0 is nonempty. Choose positive
constants

δ0 < ε, δ1 ≤ δ0/16. (9.219)

By (9.218), (C1) and Proposition 9.11 there is c0 > 0 such that the following
property holds:

For each x ∈ cl(F (X)∩Rn) there is y ∈ cl(F (X)∩Rn) such that ||y|| ≤ c0

and y ≤ x + (δ0/64)e.
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This property implies that there are a natural number p and y1, . . . , yp ∈
cl(F (x) ∩Rn) such that the following property holds:

For each x ∈ cl(F (X) ∩ Rn) there exists i ∈ {1, . . . , p} such that yi ≤
x + (δ0/32)e.

Clearly, for each i ∈ {1, . . . , p} there is xi ∈ X such that ||F (xi) − yi|| ≤
δ0/64. Now it is not difficult to see that the following property holds:

(P1) For each x ∈ cl(F (X)∩Rn) there is i ∈ {1, . . . , p} such that F (xi) ≤
x + [δ0/32 + δ0/64]e.

(P1) and (C1) imply that the following property holds:
(P2) For each x ∈ F (X) there is i ∈ {1, . . . , p} such that F (xi) ≤ x +

(δ0/16)e.
Clearly,

F (xi) ∈ Rn, i = 1, . . . , p. (9.220)

Define G = (g1, . . . , gn) : X → (R1 ∪ {∞})n as follows:

G(x) = F (x) for all x ∈ X \ {x1, . . . , xp}, (9.221)

G(xi) = F (xi)− (δ0/8)e, i = 1, . . . , p.

Clearly, G ∈ A. In view of (9.211) and (9.219) d̃(F, G) ≤ ε. By (9.221) and
(9.220), G(xi) ∈ Rn, i = 1, . . . , p. It follows from (P2) and (9.221) and (9.219)
that for each x ∈ X \ {x1, . . . , xp} there is i ∈ {1, . . . , p} such that G(x) =
F (x) ≥ F (xi)− (δ0/16)e ≥ G(xi) + δ1e. Lemma 9.16 is proved.

Lemma 9.17. Let F = (f1, . . . , fn) ∈ A, γ > 0, p be a natural number and
x1, . . . , xp ∈ X satisfy F (xi) ∈ Rn, i = 1, . . . , p and the following conditions:

(P3) For each x ∈ X \{x1, . . . , xp} there is i ∈ {1, . . . , p} such that F (x) ≥
F (xi) + γe.

(P4) If i, j ∈ {1, . . . , p} and F (xi) ≤ F (xj), then i = j.
Then for each ε > 0 there exists an integer q ≥ 1 such that the following

assertions hold.
1. If G ∈ A satisfies (G,F ) ∈ E(q), a is a minimal element of cl(G(X) ∩

Rn) and x ∈ X satisfies G(x) ≤ a + q−1e, then there is j ∈ {1, . . . , p} such
that ρ(x, xj) ≤ ε.

2. If G ∈ A, (G,F ) ∈ E(q) and j ∈ {1, . . . , p}, then there is {zk}∞k=1 ⊂ X
such that ρ(zk, xj) < ε for all integers k ≥ 1 and there exists limk→∞G(zk)
which is a minimal element of cl(G(X) ∩Rn).

Proof: Let ε > 0. By (P4) there is ε0 ∈ (0, ε) such that

ρ(xi, xj) > 4ε0 for each pair i, j ∈ {1, . . . , p} such that i 6= j; (9.222)

ε0 < max{fs(xi)− fs(xj) : s = 1, . . . , n}
for all pairs i, j ∈ {1, . . . , p} such that i 6= j. (9.223)

Choose an integer q ≥ 1 such that
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8q−1 < min{γ/2, ε0}. (9.224)

Assume that
G ∈ A, (G,F ) ∈ E(q). (9.225)

Let j ∈ {1, . . . , p}. Then (xj , F (xj)) ∈ epi(F ) and in view of (9.225), (9.216)
and (9.215), ∆G(xj , F (xj)) ≤ 1/q. Together with (9.215) this implies that
there exists

(yj , bj) ∈ epi(G) (9.226)

such that
ρ(xj , yj) + ||bj − F (xj)|| < 2/q. (9.227)

By (9.226) and (9.227),

G(yj) ≤ bj ≤ F (xj) + (2q−1)e.

Therefore for all j = 1, . . . , p we have defined yj ∈ X such that

ρ(xj , yj) < 2/q, G(yj) ≤ F (xj) + (2/q)e. (9.228)

Assume that
x ∈ X and Gx ∈ Rn. (9.229)

By (9.229), (9.225), (9.215) and (9.216), ∆F (x,G(x)) ≤ 1/q. In view of this
inequality, (9.229) and (9.215) there exist Tx ∈ X, b ∈ Rn such that

(Tx, b) ∈ epi(F ), ρ(Tx, x) + ||b−Gx|| ≤ (3/2)/q. (9.230)

Relations (9.230) imply that

F (Tx) ≤ b ≤ G(x) + (3/2)q−1e, ρ(Tx, x) ≤ (3/2)/q. (9.231)

Thus we have shown that the following property holds:
(P5) For each x ∈ X satisfying (9.229) we defined Tx ∈ X satisfying

(9.231).
Let j ∈ {1, . . . , p}. Then (9.228) holds. By (9.231)

F (Tyj) ≤ G(yj) + (3/2)q−1e, ρ(yj , T yj) < (3/2)/q. (9.232)

By (9.228) and (9.232),

ρ(xj , T yj) < (7/2)/q, F (Tyj) ≤ F (xj) + (7/(2q))e. (9.233)

We will show that Tyj ∈ {x1, . . . , xp}. Assume the contrary. Then by (P3)
there is i ∈ {1, . . . , p} such that F (Tyj) ≥ F (xi)+γe. Combined with (9.224)
and (9.233) this implies that

F (xi) ≤ F (xj) + ((7/2)q−1 − γ)e ≤ F (xj)− (γ/2)e << Fxj .
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Together with (P4) this implies that i = j, a contradiction. The contradic-
tion we have reached proves that Tyj ∈ {x1, . . . , xp}. Together with (9.233),
(9.224) and (9.223) this implies that F (Tyj) << F (xj) + ε0e and Tyj = xj .
Thus

Tyj = xj for all j ∈ {1, . . . , p}. (9.234)

Relations (9.228), (9.232) and (9.234) imply that

||F (xj)−G(yj)|| ≤ 2q−1e for all j ∈ {1, . . . , p}. (9.235)

Assume that

a is a minimal element of cl(G(X) ∩Rn), x ∈ X, G(x) ≤ a + q−1e. (9.236)

We will show that there is j ∈ {1, . . . , p} such that Tx = xj . Assume that

Tx 6∈ {x1, . . . , xp}. (9.237)

By (P3) there is j ∈ {1, . . . , p} for which F (Tx) ≥ F (xj)+γe. Combined with
(9.236), (P5), (9.231), (9.235) and (9.224) this implies that

a ≥ G(x)− q−1e ≥ F (Tx)− (3/2)q−1e− q−1e ≥ F (xj) + γe− 3q−1e

≥ G(yj)− (2q)−1e + γe− 3q−1e = G(yj) + [γ − 5q−1]e ≥ G(yj) + 2−1γe.

This contradicts (9.236). The contradiction we have reached proves that Tx ∈
{x1, . . . , xp} and that there is j ∈ {1, . . . , p} such that Tx = xj . Combined
with (P5), (9.236) and (9.231) this implies that ρ(x, xj) ≤ (3/2)q−1 < ε.
Now it is clear that assertion 1 holds. Moreover, we showed that the following
property holds:

(P6) If a ∈ Rn and x ∈ X satisfy (9.236), then Tx ∈ {x1, . . . , xp}.
Let j ∈ {1, . . . , p}. By (C1) and Proposition 9.10 there is a minimal element

a of cl(G(X) ∩ Rn) such that a ≤ G(yj). Clearly there exists a sequence
{zk}∞k=1 ⊂ X such that a = limk→∞G(zk). Then we may assume that

G(zk) ≤ a + (2q)−1e for all natural numbers k. (9.238)

In view of (9.238), (P6) and the choice of a, {Tzk}∞k=1 ⊂ {x1, . . . , xp}.
Extracting a subsequence and reindexing we may assume without loss of

generality that there is s ∈ {1, . . . , p} such that

Tzk = xs for all natural numbers k. (9239)

We will show that s = j. By (9.235), (9.239), (P5), (9.231), (9.238) and the
inequality a ≤ G(yj) we have that for all natural numbers k,

F (xs) ≤ F (Tzk) ≤ G(zk)+ (3/2)q−1e ≤ a+2q−1e ≤ G(yj)+2q−1e. (9.240)

By (9.240), (9.224) and (9.235), F (xs) ≤ G(yj) + 2q−1e ≤ F (xj) + (4q−1)e ≤
F (xj)+ ε0e. Combined with (9.223) this implies that s = j. In view of (9.239)
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Tzk = xj for all natural numbers k.

Together with (P5), (9.224) and (9.231) this implies that

ρ(zk, xj) ≤ (3/2)q−1 < ε for all natural numbers k.

We have shown that for each j ∈ {1, . . . , p} there exists a minimal element a
of cl(G(X) ∩Rn) and a sequence {zk}∞k=1 ⊂ X such that ρ(zk, xj) < ε for all
natural numbers k and a = limk→∞G(zk). Therefore assertion 2 holds. This
completes the proof of Lemma 9.17.

9.12 Proof of Theorem 9.14

Denote by L the set of all F = (f1, . . . , fn) ∈ A for which there exist γ > 0,
a natural number p and x1, . . . , xp ∈ X such that F (xi) ∈ Rn, i = 1, . . . , p
and conditions (P3) and (P4) hold. By Lemma 9.16 L is an everywhere dense
subset of A with the strong topology.

Let F = (f1, . . . , fn) ∈ L. By (P3), (P4) and the definition of L, there
exist γ(F ) > 0, a natural number p(F ) and x

(F )
1 , . . . , x

(F )

p(F ) ∈ X such that

F (x(F )
i ) ∈ Rn, i = 1, . . . , p(F ); (9.241)

for each x ∈ X \ {x(F )
1 , . . . , x

(F )

p(F )} there is i ∈ {1, . . . , p(F )}

such that F (x(F )
i ) ≤ F (x)− γ(F )e; (9.242)

if i, j ∈ {1, . . . , p(F )} and F (x(F )
i ) ≤ F (x(F )

j ), then i = j. (9.243)

Let k be a natural number. By (9.241)–(9.243) and Lemma 9.17 there exist
δ(F, k) > 0 and an open neighborhood U(F, k) of F in A with the weak
topology such that:

(P7) If G ∈ U(F, k), a is a minimal element of cl(G(X)∩Rn) and if x ∈ X
satisfies G(x) ≤ a + δ(F, k)e, then

min{ρ(x, x
(F )
i ) : i = 1, . . . , p(F )}

≤ k−14−1 min{1, ρ(x(F )
i , x

(F )
j ) : i, j ∈ {1, . . . , p(F )}, i 6= j};

(P8) If G ∈ U(F, k) and j ∈ {1, . . . , p(F )}, then there is a sequence
{zi}∞i=1 ⊂ X such that

ρ(zs, x
(F )
j ) < (4k)−1 min{1, ρ(x(F )

i , x
(F )
j ) : i, j ∈ {1, . . . , p(F )}, i 6= j}

for all integers s ≥ 1 and there is limi→∞G(zi) which is a minimal element
of cl(G(X) ∩Rn).



9.12 Proof of Theorem 9.14 389

Put
F = ∩∞k=1 ∪ {U(F, k) : F ∈ L}. (9.244)

It is easy to see that F is a countable intersection of open (in the weak
topology) everywhere dense (in the strong topology) subsets of A.

Let H = (h1, . . . , hn) ∈ F , ε > 0. Choose a natural number k such that
16/k < ε. Assume that {zi}∞i=1 ⊂ X is an (H)-minimizing sequence. Then
there exist a sequence {ai}∞i=1 ⊂ Rn of minimal elements of cl(H(X) ∩ Rn)
and a sequence {∆i}∞i=1 ⊂ (0,∞) such that

lim
i→∞

∆i = 0, H(zi) ≤ ai + ∆ie for all integers i ≥ 1. (9.245)

By (9.244) there exists F ∈ L such that

H ∈ U(F, k). (9.246)

It follows from (P7), (9.245) and (9.246) that there exists a subsequence
{zij}∞j=1 of {zi}∞i=1 such that ρ(zij , zis) ≤ 2/k < ε for all natural numbers
s, j. Since ε is an arbitrary positive number and {zi}∞i=1 ⊂ X is an arbitrary
(H)-minimizing sequence we obtain using induction and diagonalization pro-
cess that there exists a convergent subsequence of {zi}∞i=1 in (X, ρ). Thus any
(H)-minimizing sequence possesses a convergent subsequence and assertion 1
holds.

Assume that a is a minimal element of cl(H(X) ∩ Rn). There is an (H)-
minimizing sequence {zi}∞i=1 ⊂ X such that limi→∞H(zi) = a. By assertion
1 the sequence {zi}∞i=1 possesses a convergent subsequence which converges
to z ∈ X. Since the functions hi, i = 1, . . . , n are lower semicontinuous we
have H(z) ≤ a. Since a is a minimal element of cl(H(X)∩Rn) we obtain that
H(z) = a. Therefore for each minimal element a of cl(H(X) ∩ Rn) there is
z ∈ X such that H(z) = a and assertion 2 holds. It is clear that assertion 2
implies assertion 3 and that assertion 4 follows from assertion 1.

By (P7) and (9.246) for each z ∈ Ω(H),

min{ρ(z, x
(F )
i ) : i = 1, . . . , p(F )} ≤ (4k)−1. (9.247)

Let j ∈ {1, . . . , p(F )}. By (9.246) and (P8) there is a sequence {zi}∞i=1 ⊂ X
such that

ρ(zi, x
(F )
j ) ≤ (4k)−1 for all integers i ≥ 1 (9.248)

and that there exists limi→∞H(zi) which is a minimal element of cl(H(X)∩
Rn). By assertion 1 the sequence {zi}∞i=1 possesses a convergent subsequence.
Extracting a subsequence if necessary we may assume without loss of gener-
ality that there exists z = limi→∞ zi. Since the functions hi, i = 1, . . . , n are
lower semicontinuous and limi→∞H(zi) is a minimal element of cl(H(X)∩Rn)
we conclude that H(z) ≤ limi→∞H(zi), H(z) is a minimal element of
cl(H(X) ∩ Rn) and z ∈ Ω(H). In view of (9.248) ρ(z, x

(F )
j ) ≤ (4k)−1. Thus

for each j ∈ {1, . . . , p(F )},
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min{ρ(x(F )
j , z) : z ∈ Ω(H)} ≤ (4k)−1. (9.249)

Assume that G ∈ U(F, k), a is minimal element of cl(G(x) ∩ Rn) and x ∈ X
satisfies G(x) ≤ a + δ(F, k)e. By (P7),

min{ρ(x, x
(F )
i ) : i = 1, . . . , p(F )} ≤ (4k)−1.

Together with (9.249) this implies that

inf{ρ(x, z) : z ∈ Ω(H)} ≤ (2k)−1 < ε

and the property (a) of assertion 5 holds.
Let z ∈ Ω(H). In view of (9.247) there is j ∈ {1, . . . , p(F )} such that

ρ(z, x
(F )
j ) < (3k)−1. (9.250)

By (P8) there exists a sequence {zi}∞i=1 ⊂ X such that ρ(zi, x
(F )
j ) < (4k)−1 for

all integers i ≥ 1 and that there is limi→∞G(zi) which is a minimal element
of cl(G(X)∩Rn). Combined with (9.250) this implies that ρ(zi, z) < 1/k < ε
for all integers i ≥ 1 and the property (b) of assertion 5 holds.

Now we prove assertion 6. Let x ∈ X. By (C1) for any natural number i
there is xi ∈ X such that

F (xi) ∈ Rn, F (xi)− i−1e ≤ F (x).

By Proposition 9.10 for any natural number i there is a minimal element ai

of cl(F (X)∩Rn) such that ai ≤ F (xi). In view of assertion 3 for each natural
number i there is yi ∈ Ω(F ) such that F (yi) = ai. By assertion 4 we may
assume without loss of generality that there is y∗ = limi→∞ yi. Now it is not
difficult to see that F (y∗) ∈ Rn and F (y∗) ≤ F (x). By Proposition 9.10 and
assertion 3 there exists y ∈ Ω(F ) such that F (y) ≤ F (y∗) ≤ F (x). Assertion
6 is proved. This completes the proof of Theorem 9.14.

9.13 Density results

We use the notation and definitions introduced in Section 9.10. Suppose that
the complete metric space (X, ρ) does not contain isolated points, that n ≥ 2
and that e1 = (1, 0, 0, . . . , 0), e2 = (0, 1, . . . , 0), . . . , en = (0, 0, . . . , 1) is the
standard basis in Rn. We prove the following result obtained in [144].

Theorem 9.18. There exists an everywhere dense (in the weak topology) set
F ⊂ A such that for each F ∈ F the set of all x ∈ X such that Fx is a
minimal element of cl(F (X) ∩Rn) is nonempty and not closed.
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Proof: Let

F = (f1, . . . , fn) ∈ A, an integer q ≥ 1, γ ∈ (0, (8q)−1). (9.251)

By Lemma 9.16 there exist F (1) = (f (1)
1 , . . . , f

(1)
n ) ∈ A, xi ∈ X, i = 1, . . . , p,

where p is a natural number, such that

F (1)(xi) ∈ Rn, i = 1, . . . , p, (9.252)

d̃(F, F (1)) ≤ γ/8 (9.253)

and the following property holds:
(D1) For each x ∈ X there is i ∈ {1, . . . , p} for which F (1)(x) ≥ F (1)(xi).
We may assume without loss of generality that the following property

holds:
(D2) If i, j ∈ {1, . . . , p} satisfy F (1)(xi) ≤ F (1)(xj), then i = j.
Clearly,

(F, F (1)) ∈ E(8q). (9.254)

It is easy to see that there exists a sequence {yi}∞i=1 ⊂ X such that

yi 6= yj for all pairs of integers i, j ∈ {1, 2, . . . } such that i 6= j, (9.255)

x1 6= yi for all integers i ≥ 1 and lim
i→∞

ρ(x1, yi) = 0. (9.256)

We may assume without loss of generality that for all integers i ≥ 1,

F (1)(yi) ≥ F (1)(x1)− (γ/16)e, ρ(yi, x1) ≤ γ/16. (9.257)

Set

F (2)(x) = F (1)(x) for all x ∈ X \ ({x1} ∪ {yi : i = 1, 2, . . . }), (9.258)

F (2)(x1) = F (1)(x1)− (γ/8)e,

F (2)(yi) = F (1)(x1)− (γ/8)e + (16i)−1γ(e1 − e2), i = 2, 3, 4, ...,

F (2)(y1) = F (1)(x1)− (γ/8)e− (γ/16)e1.

Clearly, F (2) ∈ A and (F (1), F (2)) ∈ E(2q). Together with (9.254) this implies
that (F, F (2)) ∈ E(q). It is not difficult to see that for all integers i ≥ 1,
F (2)(yi) is a minimal element of cl(F (2)(X) ∩ Rn), F (2)(y1) < F (2)(x1) and
F (2)(x1) is not a minimal element of cl(F (2)(X)∩Rn). Theorem 9.18 is proved.

Proposition 9.19. Assume that F = (f1, . . . , fn) ∈ A, F (x) ∈ Rn for all
x ∈ X, the mapping F : X → Rn is continuous and γ ∈ (0, 1). Then there
exists G = (g1, . . . , gn) ∈ A such that d̃(F,G) ≤ γ and that the set

{x ∈ X : G(x) is a minimal element of cl(G(X)}
is nonempty and not closed.
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Proof: By Lemma 9.16 there exists F (1) = (f (1)
1 , . . . , f

(1)
n ) ∈ A such that

F (1)(X) ⊂ Rn and that
d̃(F, F (1)) ≤ γ/8 (9.259)

and there exist xi ∈ X, i = 1, . . . , p, where p is a natural number, such that
the property (D1) holds. We may assume without loss of generality that the
property (D2) holds. Clearly, there exists a sequence {yi}∞i=1 ⊂ X such that
(9.255) and (9.256) hold. We may assume without loss of generality that for
all integers i ≥ 1,

F (1)(yi) ≥ F (1)(x1)− 64−1γe, ρ(yi, x1) ≤ 64−1γ.

Define F (2) : X → Rn by (9.258) and put G = F (2). It is not difficult to see
that G ∈ A, d̃(G,F (1)) ≤ γ/4, G(yi) is a minimal element of cl(G(X)) for all
integers i ≥ 1 and that G(x1) < G(y1). Proposition 9.19 is proved.

Proposition 9.20. Assume that F = (f1, . . . , fn) ∈ A, γ ∈ (0, 1) and
that a natural number q satisfies γ < (4q)−1. Then there exists F (0) =
(f (0)

1 , . . . , f
(0)
n ) ∈ A such that (F, F (0)) ∈ E(q), the set of all minimal ele-

ments of cl(F (0)(X) ∩ Rn) is a nonempty finite subset of F (0)(X) ∩ Rn and
that the following property holds:

For any natural number k satisfying 1/k < γ/64 there exist G ∈ A and
x̄ ∈ X such that (G, F (0)) ∈ E(k), G(x̄) is a minimal element of cl(G(X)∩Rn)
and

||G(x̄)− z|| ≥ γ/64 for all minimal elements z of cl(F (0(X) ∩Rn).

Proof: By Lemma 9.16 there exist F (1) = (f (1)
1 , . . . , f

(1)
n ) ∈ A, xi ∈ X, i =

1, . . . , p, where p is a natural number, such that F (1)(xi) ∈ Rn, i = 1, . . . , p,
d̃(F, F (1)) ≤ γ/8 and (D1) holds. We may assume without loss of generality
that the property (D2) holds. Clearly, xi 6= xj for all pairs i.j ∈ {1. . . . , p}
such that i 6= j. There is r > 0 such that

F (1)(z) ≥ F (1)(x1)− 64−1γe for all z ∈ X satisfying ρ(z, x1) ≤ r. (9.260)

Choose x0 ∈ X such that

0 < ρ(x0, x1) < 16−1 min{γ, r, min{ρ(xi, xj) : i, j ∈ {1, . . . , p}, i 6= j}},
(9.261)

x0 6= xi, i = 1, . . . , p. (9.262)

Define F (0) = (f (0)
1 , . . . , f

(0)
n ) ∈ A by

F (0)(z) = F (1)(z), z ∈ X \ {x0, . . . , xp}, (9.263)

F (0)(xi) = F (1)(xi)− (γ/16)e, i ∈ {1, . . . , p} \ {1},
F (0)(x1) = F (1)(x1)− (γ/8)e− (γ/8)e2,
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F (0)(x0) = F (1)(x1)− (γ/8)e− (γ/8)e1.

It is not difficult to see that (F (0), F (1)) ∈ E(4q), (F (0), F ) ∈ E(q), the
set {F (0)(xi) : i = 0, . . . , p} contains the set of all minimal elements of
cl(F (0)(X)∩Rn) and {F (0)(xi) : i = 0, 1} is a subset of the set of all minimal
elements of cl(F (0)(X) ∩Rn).

Let a natural number k satisfy

k−1 < 64−1γ. (9.264)

Choose x̄ ∈ X such that

ρ(x̄, x0) < 64−1 min{r, γ, k−1, min{ρ(xi, xj) : i, j ∈ {0, . . . , p}, i 6= j}}.
(9.265)

Define a mapping G : X → (R1 ∪ {∞})n by

G(z) = F (0)(z), z ∈ X \ {x̄}, (9.266)

G(x̄) = F (1)(x1)− (γ/8)e− (γ/8)e1 + 64−1γe1 − (4k)−1e2.

It is not difficult to see that G ∈ A and G(x̄), G(xi), i = 0, 1 are minimal
elements of cl(G(X) ∩Rn). By (9.260), (9.261), (9.265) and (9.266)

F (0)(x̄) = F (1)(x̄) ≥ G(x̄). (9.267)

In view of (9.266) and (9.267)

epi(F (0)) ⊂ epi(G), epi(G) \ epi(F (0)) ⊂ {(x̄, α) : α ∈ [G(x̄), F (1)(x̄)]}.
(9.268)

By (9.268), (9.266), (9.265) and (9.263) for each (z, α) ∈ epi(G) \ epi(F (0))
we have ∆F (0)(z, α) ≤ (2k)−1. Together with (9.263)–(9.266) and (9.268) this
implies that (G,F (0)) ∈ E(k). By (9.263) and (9.266),

inf{||G(x̄)− z|| : z is a minimal element of cl(F (0)(X) ∩Rn)}
≥ min{||G(x̄)− F (0)(xi)|| : i = 0, . . . , p}

≥ min{γ/8, 64−1γ, min{||G(x̄)− F (0)(xi)|| : i = 2, . . . , p}}. (9.269)

By (9.266), G(x̄) ≤ F (1)(x1) − (γ/8)e. It follows from (D2) that for each
i ∈ {2, . . . , p} there is s(i) ∈ {1, . . . , n} such that f

(1)
s(i)(x1) < f

(1)
s(i)(xi) and in

view of (9.263)

f
(0)
s(i)(xi) = f

(1)
s(i)(xi)− (γ/16) > f

(1)
s(i)(x1)− γ/16 ≥ gs(i)(x̄) + γ/16.

Thus for all i ∈ {2, . . . , p} we have ||F (0)(xi)−G(x̄)|| ≥ γ/16. Together with
(9.269) this implies that

inf{||G(x̄)− z|| : z is a minimal element of cl(F (0)(X) ∩Rn)} ≥ γ/64.

This completes the proof of the proposition.
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9.14 Comments

In this chapter we use the generic approach in order to study vector minimiza-
tion problems on a complete metric space. We show that solutions of vector
minimization problems exist generically for certain classes of problems. Any
of these classes of problems is identified with a space of functions equipped
with a natural complete metric and it is shown that there exists a Gδ ev-
erywhere dense subset of the space of functions such that for any element
of this subset the corresponding vector minimization problem possesses so-
lutions. We also study the stability and the structure of a set of solutions
of a vector minimization problem. It should be mentioned that recently the
existence of minimizers for general multiobjective problems with values in
partially ordered spaces was established in [9] using advanced tools of vari-
ational analysis and generalized differentiation and a refined version of the
subdifferential Palais–Smale condition for set-valued mappings.



10

Infinite Horizon Problems

10.1 Minimal solutions for discrete-time control systems
in metric spaces

Let (X, d) be a complete metric space. We equip the set X × X with the
metric d1 defined by

d1((x1, x2), (y1, y2)) = d(x1, y1) + d(x2, y2), xi, yi ∈ X, i = 1, 2.

Clearly the metric space (X ×X, d1) is complete. For x ∈ X and A ⊂ X set

d(x,A) = inf{d(x, y) : y ∈ A}.

For (x1, x2) ∈ X ×X, A ⊂ X ×X set

d1((x1, x2), A) = inf{d1((x1, x2), (y1, y2)) : (y1, y2) ∈ A}.

Denote by A the set of all continuous functions v : X×X → R1 which satisfy
the following assumptions:

(i) (uniform boundedness)

sup{|v(x, y)| : x, y ∈ X} < ∞; (10.1)

(ii) (uniform continuity) for each ε > 0 there exists δ > 0 such that

|v(x1, x2)− v(y1, y2)| ≤ ε (10.2)

for each xi, yi ∈ X, i = 1, 2 which satisfy d(xi, yi) ≤ δ, i = 1, 2.
Define a metric ρ : A×A → R1 by

ρ(v, w) = sup{|v(x, y)− w(x, y)| : x, y ∈ X}. (10.3)

Clearly the metric space (A, ρ) is complete.
We consider the optimization problem
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minimize
k2−1∑

i=k1

v(xi, xi+1) subject to {xi}k2
i=k1

⊂ X, xk1 = y, xk2 = z (P)

where v ∈ A, y, z ∈ X and k2 > k1 are integers.
The interest in these discrete-time optimal problems stems from the study

of various optimization problems which can be reduced to this framework, e.g.,
continuous-time control systems which are represented by ordinary differential
equations whose cost integrand contains a discounting factor [62], the infinite-
horizon control problem of minimizing

∫ T

0
L(z, z′)dt as T → ∞ [63] and the

analysis of a long slender bar of a polymeric material under tension in [64].
Similar optimization problems are also considered in mathematical economics
[67, 130].

If the space of states X is compact, then the problem (P) has a solution for
each v ∈ A, y, z ∈ X and each pair of integers k2 > k1. For the noncompact
space X the existence of solutions of the problem (P) is not guaranteed.

For each v ∈ A, each natural number m and each y1, y2 ∈ X we set

||v|| = sup{|v(x, y)| : x, y ∈ X}, (10.4)

µ(v) = inf{lim inf
N→∞

N−1
N−1∑

i=0

v(xi, xi+1) : {xi}∞i=0 ⊂ X}, (10.5)

σ(v,m) = inf{
m−1∑

i=0

v(xi, xi+1) : {xi}m
i=0 ⊂ X}, (10.6)

σper(v, m) = inf{
m−1∑

i=0

v(xi, xi+1) : {xi}m
i=0 ⊂ X, x0 = xm} (10.7)

and

σ(v, m, y1, y2) = inf{
m−1∑

i=0

v(xi, xi+1) : {xi}m
i=0 ⊂ X, x0 = y1, xm = y2}.

(10.8)
The following optimality criterion for infinite horizon problems was intro-

duced by Aubry and Le Daeron [4] in their study of the discrete Frenkel–
Kontorova model related to dislocations in one-dimensional crystals.

Let v ∈ A. A sequence {xi}∞i=−∞ ⊂ X is called (v)-minimal if for each
pair of integers m2 > m1

m2−1∑

i=m1

v(xi, xi+1) = σ(v,m2 −m1, xm1 , xm2).

If the space of states X is compact, then a (v)-minimal sequence can be
constructed as a limit of a sequence of optimal solutions on finite intervals. For
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the noncompact space X the problem is more difficult and less understood.
The difficulty is that for any problem of type (P) the existence of its solution
is not guaranteed and that a (v)-minimal sequence is an exact solution of a
countable number of optimization problems of type (P). We show that for a
generic function v taken from the space A there exists a (v)-minimal sequence.

A sequence {xi}∞i=0 ⊂ X is called (v)-good if there exists a number M > 0
such that for each natural number m

m−1∑

i=0

v(xi, xi+1) ≤ σ(v, m, x0, xm) + M.

It is not difficult to see that the following proposition holds.

Proposition 10.1. Let v ∈ A and {zi}∞i=0 ⊂ X be a (v)-good sequence. Then
for each x ∈ X there is a (v)-good sequence {xi}∞i=0 ⊂ X such that x0 = x.

For each {xi}∞i=0 ⊂ X denote by ω({xi}∞i=0) the set of all y ∈ X for which
there exists a subsequence {xik

}∞k=1 such that limk→∞ xik
= y.

We prove the following result obtained in [116].

Theorem 10.2. There exists a set F ⊂ A which is a countable intersection
of open everywhere dense subsets of A such that for each v ∈ F there exists a
nonempty compact set Ω(v) ⊂ X which satisfies the following conditions:

(i) There is a (v)-minimal sequence {x(v)
i }∞i=−∞ ⊂ Ω(v).

(ii) For each (v)-good sequence {yi}∞i=0 ⊂ X there exists a (v)-minimal
sequence {xi}∞i=−∞ ⊂ Ω(v) ∩ ω({yi}∞i=0).

10.2 Auxiliary results

Proposition 10.3. Assume that v ∈ A and ε is a positive number. Then
there exists a positive number δ such that for each integer m ≥ 1 and each
y1, y2, z1, z2 ∈ X which satisfy d(yi, zi) ≤ δ, i = 1, 2 the following inequality
holds:

|σ(v, m, y1, y2)− σ(v, m, z1, z2)| ≤ ε. (10.9)

Proof: Since the function v is uniformly continuous (see (10.2)) there is a
positive number δ such that for each y1, y2, z1, z2 ∈ X satisfying d(yi, zi) ≤ δ,
i = 1, 2, the inequality

|v(y1, y2)− v(z1, z2)| ≤ ε/8 (10.10)

holds.
Let m ≥ 1 be an integer and let yi, zi ∈ X, i = 1, 2 satisfy d(yi, zi) ≤ δ,

i = 1, 2. We show that (10.9) holds. It is easy to see that we need only to
consider the case with m > 1. There exists {xi}m

i=0 ⊂ X such that
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x0 = y1, xm = y2

and
m−1∑

i=0

v(xi, xi+1) ≤ σ(v, m, y1, y2) + ε/8.

Put
x̃0 = z1, x̃m = z2, x̃i = xi, i = 1, . . . ,m− 1. (10.11)

It follows from the definition of {x̃i}m
i=0, the choice of δ, the inequalities

d(yi, zi) ≤ δ, i = 1, 2 and the choice of {xi}m
i=0 that

σ(v, m, z1, z2) ≤
m−1∑

i=0

v(x̃i, x̃i+1) ≤
m−1∑

i=0

v(xi, xi+1)

+|v(x0, x1)− v(x̃0, x̃1)|+ |v(xm−1, xm)− v(x̃m−1, x̃m)|

≤
m−1∑

i=0

v(xi, xi+1) + ε/8 + ε/8

≤ σ(v, m, y1, y2) + ε/8 + ε/4.

Proposition 10.3 is proved.

Let v ∈ A. Clearly, for each integer m ≥ 1,

σ(v, m) ≤ µ(v)m ≤ σper(v, m) ≤ σ(v, m) + 2||v|| (10.12)

and
σ(v,m, y1, y2) ≤ σ(v, m) + 4||v|| (10.13)

for each integer m ≥ 1 and each y1, y2 ∈ X.
For each v ∈ A and each positive number ε put

ηv(ε) = sup{δ > 0 : |v(x1, x2)− v(y1, y2)| ≤ ε

for each x1, x2, y1, y2 ∈ X such that d(xi, yi) ≤ δ, i = 1, 2}. (10.14)

For each set A denote by Card(A) its cardinality.
Let v ∈ A and let q be a natural number. Fix

ε(v, q) ∈ (0, 2−20q−2 min{1, ηv(2−8q−2)}) (10.15)

and an integer

n(v, q) > 642(8||v||+ 48)42q+1qε(v, q)−1. (10.16)

There exists a sequence {zi(v, q)}n(v,q)
i=−n(v,q) ⊂ X such that
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n(v,q)−1∑

i=−n(v,q)

v(zi(v, q), zi+1(v, q)) ≤ σ(v, 2n(v, q)) + 2−10q−2. (10.17)

We define a function u(v,q) : X ×X → R1 by

u(v,q)(x, y) = v(x, y)

+(4q)−1 min{d1((x, y), {(zi(v, q), zi+1(v, q)) :

i = −n(v, q), . . . , n(v, q)− 1}), 1}, (10.18)

where (x, y) ∈ X ×X.
Evidently, u(v,q) ∈ A. Fix

γ(v, q) ∈ (0, ε(v, q)(64n(v, q))−1) (10.19)

and define
U(v, q) = {w ∈ A : ρ(w, u(v,q)) < γ(v, q)}. (10.20)

Set
F = ∩∞m=1 ∪ {U(v, q) : v ∈ A, an integer q ≥ m}. (10.21)

It is easy to see that F is a countable intersection of open everywhere dense
subsets of A.

Lemma 10.4. Assume that v ∈ A, q ≥ 1 is an integer, {zi}n(v,q)
i=−n(v,q) ⊂ X

and

n(v,q)−1∑

i=−n(v,q)

u(v,q)(zi, zi+1) ≤ σ(u(v,q), 2n(v, q)) + 8(||v||+ 2). (10.22)

Then
Card{i ∈ {−n(v, q), . . . , n(v, q)− 1} :

d1((zi, zi+1), {(zj(v, q), zj+1(v, q)) : j = −n(v, q), . . . , n(v, q)− 1}) ≥ ε(v, q)}
≤ 8(||v||+ 3)4qε(v, q)−1. (10.23)

Proof: It follows from (10.18), (10.22) and (10.17) that

n(v,q)−1∑

i=−n(v,q)

v(zi, zi+1)

+(4q)−1

n(v,q)−1∑

i=−n(v,q)

min{1, d1((zi, zi+1), {(zj(v, q), zj+1(v, q)) :

j = −n(v, q), . . . , n(v, q)− 1})}
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=
n(v,q)−1∑

i=−n(v,q)

u(v,q)(zi, zi+1) ≤ σ(u(v,q), 2n(v, q)) + 8(||v||+ 2)

≤
n(v,q)−1∑

i=−n(v,q)

u(v,q)(zi(v, q), zi+1(v, q)) + 8(||v||+ 2)

=
n(v,q)−1∑

i=−n(v,q)

v(zi(v, q), zi+1(v, q)) + 8(||v||+ 2)

≤ σ(v, 2n(v, q)) + 2−10q−2 + 8(||v||+ 2)

≤
n(v,q)−1∑

i=−n(v,q)

v(zi, zi+1) + 2−10q−2 + 8(||v||+ 2),

n(v,q)−1∑

i=−n(v,q)

min{1, d1((zi, zi+1), {(zj(v, q), zj+1(v, q)) :

j = −n(v, q), . . . , n(v, q)− 1})} ≤ 32q(||v||+ 3)

and
Card{i ∈ {−n(v, q), . . . , n(v, q)− 1} :

d1((zi, zi+1), {(zj(v, q), zj+1(v, q)) : j = −n(v, q), . . . , n(v, q)− 1}) ≥ ε(v, q)}
≤ 8(||v||+ 3)4qε(v, q)−1.

This completes the proof of the lemma.

Lemma 10.4, (10.19) and (10.20) imply the following lemma.

Lemma 10.5. Assume that v ∈ A, q ≥ 1 is an integer, w ∈ U(v, q),

{zi}n(v,q)
i=−n(v,q) ⊂ X

and
n(v,q)−1∑

i=−n(v,q)

w(zi, zi+1) ≤ σ(w, 2n(v, q)) + 8||w||+ 1.

Then the inequality (10.23) holds.

Lemma 10.5, (10.23) and (10.16) imply the following result.

Lemma 10.6. Assume that v ∈ A, q ≥ 1 is an integer, w ∈ U(v, q) and a
sequence

{zi}n(v,q)
i=−n(v,q) ⊂ X

satisfies
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n(v,q)−1∑

i=−n(v,q)

w(zi, zi+1) ≤ σ(w, 2n(v, q)) + 8||w||+ 1.

Then there exists an integer i0 such that

|i0| ≤ 8(||v||+ 3)4qε(v, q)−1,

d(zp, {zi(v, q) : i = −n(v, q), . . . , n(v, q)}) ≤ ε(v, q),

p = 4qi0, . . . , 4qi0 + 4q.

For v ∈ A and an integer q ≥ 1 put

E(v, q) = {zi(v, q) : i = −n(v, q), . . . , n(v, q)}. (10.24)

10.3 Proof of Theorem 10.2

Let w ∈ F . In view of (10.21) there exist a natural number s1 and v1 ∈ A
such that

w ∈ U(v1, s1). (10.25)

Using (10.21) we construct by induction a strictly increasing sequence of nat-
ural numbers {sk}∞k=1 and a sequence {vk}∞k=1 ⊂ A such that for each natural
number k

sk+1 > [16(1 + sk + n(sk, vk))]2 and w ∈ U(vk, sk). (10.26)

Lemma 10.7. Let k be a natural number integer and let a sequence

{yi}n(vk,sk)
i=−n(vk,sk) ⊂ X

satisfy

n(vk,sk)−1∑

i=−n(vk,sk)

w(yi, yi+1) ≤ σ(w, 2n(vk, sk), y−n(vk,sk), yn(vk,sk)) + k−1. (10.27)

Then there exists an integer ik such that

|ik| ≤ 8(||w||+ 4)4skε(vk, sk)−1

and

d(yp, E(vk, sk)) ≤ ε(vk, sk), p = 4sk ik, . . . , 4sk ik + 4sk . (10.28)
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Proof: By (10.13) and (10.27),

n(vk,sk)−1∑

i=−n(vk,sk)

w(yi, yi+1) ≤ σ(w, 2n(vk, sk), y−n(vk,sk), yn(vk,sk)) + k−1

≤ σ(w, 2n(vk, sk)) + 4||w||+ k−1.

It follows from the relation above, (10.26) and Lemma 10.6 that there exists
an integer ik for which

|ik| ≤ 8(||vk||+ 3)4skε(vk, sk)−1

and (10.28) holds. By the inequality above, (10.26) and (10.20),

|ik| ≤ 8(||w||+ 4)4skε(vk, sk)−1.

This completes the proof of Lemma 10.7.

Lemma 10.8. Let q ≥ 1 be an integer, {yi}n(vq,sq)

i=−n(vq,sq) ⊂ X and let

n(vq,sq)−1∑

i=−n(vq,sq)

w(yi, yi+1) ≤ σ(w, 2n(vq, sq), y−n(vq,sq), yn(vq,sq)) + q−1. (10.29)

Then there exists an integer p such that for each natural number k = 1, . . . , q,

[p− 4sk−1, p + 4sk−1] ⊂ [−n(vq, sq), n(vq, sq)] (10.30)

and
d(yp+i, E(vk, sk)) ≤ ε(vk, sk), i = −4sk−1, . . . , 4sk−1. (10.31)

Proof: By induction we define a sequence pq, . . . , p1 such that

[pq − 2 · 4sq−1, pq + 2 · 4sq−1] ⊂ [−n(vq, sq), n(vq, sq)], (10.32)

d(ypq+i, E(vq, sq)) ≤ ε(vq, sq), (10.33)

i = −2 · 4sq−1, . . . , 2 · 4sq−1;

for each integer j satisfying q ≥ j > 1,

|pj − pj−1| < 2sj 64−1 (10.34)

and

[pj−1− 2 · 4sj−1−1, pj−1 + 2 · 4sj−1−1] ⊂ [pj − 2 · 4sj−1, pj + 2 · 4sj−1]; (10.35)

for j = 1, . . . , q,
d(ypj+i, E(vj , sj)) ≤ ε(vj , sj), (10.36)
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i = −2 · 4sj−1, . . . , 2 · 4sj−1.

Let j = q. It follows from Lemma 10.7 and (10.29) that there exists an integer
iq which satisfies

|iq| ≤ 8(||w||+ 4)4sqε(vq, sq)−1, (10.37)

d(yi, E(vq, sq)) ≤ ε(vq, sq), i = 4sq iq, . . . , 4sq iq + 4sq . (10.38)

Put
pq = 4sq iq + 2 · 4sq−1. (10.39)

By (10.39), (10.37), (10.26), (10.20) and (10.16),

|pq| ≤ 2 · 4sq−1 + 4sq · 8(||w||+ 4)4sqε(vq, sq)−1, (10.40)

|pq|+ 2 · 4sq−1 ≤ 4sq [8(||w||+ 4)4sqε(vq, sq)−1 + 1] < n(vq, sq)/64. (10.41)

Inequality (10.41) implies (10.32). It follows from (10.38) and (10.39) that
(10.33) holds.

Assume that a natural number k satisfies q ≥ k > 1 and we have defined
integers pi, i = q, . . . , k such that (10.32) and (10.33) hold, (10.34) and (10.35)
are true for all integers j satisfying q ≥ j > k and (10.36) holds for j =
1, . . . , k.

In order to define pk−1 we use Lemma 10.7 with the sequence

{ypk+i}n(vk−1,sk−1)

i=−n(vk−1,sk−1)
.

By (10.26),
4sk > sk > [16(1 + sk−1 + n(sk−1, vk−1))]2. (10.42)

By (10.42), (10.29), (10.35) and (10.32),

n(vk−1,sk−1)−1∑

i=−n(vk−1,sk−1)

w(ypk+i, ypk+i+1)

≤ σ(w, 2n(vk−1, sk−1), ypk−n(vk−1,sk−1), ypk+n(vk−1,sk−1)) + q−1. (10.43)

Lemma 10.7 and (10.43) imply that there exists an integer ik−1 for which

|ik−1| ≤ 8(||w||+ 4)4sk−1ε(vk−1, sk−1)−1, (10.44)

d(ypk+i, E(vk−1, sk−1)) ≤ ε(vk−1, sk−1), (10.45)

i = 4sk−1ik−1, . . . , 4sk−1ik−1 + 4sk−1 . (10.46)

Put
pk−1 = pk + 4sk−1ik−1 + 2 · 4sk−1−1. (10.47)

By (10.47), (10.44), (10.26), (10.16) and (10.20),

|pk−1 − pk| ≤ 4sk−1−1(2 + 4|ik−1|) ≤ 4sk−1(1 + |ik−1|)
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≤ 4sk−1(1 + 8(||w||+ 4)4sk−1ε(vk−1, sk−1)−1)

≤ 4sk−1(1 + 8(||vk−1||+ 5)4sk−1ε(vk−1, sk−1)−1)

≤ n(vk−1, sk−1)4−sk−164−1 < sk/64

and
|pk−1 − pk| < sk/64 < 2sk/64. (10.48)

Therefore (10.34) holds with j = k and this implies that (10.35) holds with
j = k. It follows from (10.45) and (10.47) that (10.36) is valid with j = k− 1.

Therefore by induction we have defined integers pq, . . . , p1 such that
(10.32) and (10.33) are true, (10.34) and (10.35) hold for each natural number
j satisfying q ≥ j > 1 and (10.36) holds for j = 1, . . . , q.

Assume that an integer k satisfies 1 < k ≤ q. It follows from (10.34),
(10.35) and (10.32) that

|pk − p1| ≤
k∑

j=2

|pj − pj−1| <
k∑

j=2

2sj 64−1 < 64−12sk+1 ≤ 2sk/32,

pk − 2 · 4sk−1 ≤ p1 + 32−12sk − 2 · 4sk−1 < p1 − 2 · 4sk−1

+32−14sk ≤ p1 − 4−1 · 4sk = p1 − 4sk−1,

pk + 2 · 4sk−1 ≥ p1 − 32−12sk + 2 · 4sk−1 ≥ p1 + 4sk−1

and
[p1 − 4sk−1, p1 + 4sk−1] ⊂ [pk − 2 · 4sk−1, pk + 2 · 4sk−1]

⊂ [−n(vq, sq), n(vq, sq)]. (10.49)

It follows from (10.49) and (10.36) that for each integer i ∈ [p1 − 4sk−1, p1 +
4sk−1],

d(yi, E(vk, sk)) ≤ ε(vk, sk). (10.50)

We conclude that for each natural number k = 1, . . . , q,

[p1 − 4sk−1, p1 + 4sk−1] ⊂ [−n(vq, sq), n(vq, sq)]

and that for each k = 1, . . . , q the inequality (10.50) is valid for all integers
i ∈ [p1 − 4sk−1, p1 + 4sk−1]. This completes the proof of the lemma.

For each integer k ≥ 1 define

Ωk = {z ∈ X : d(z, E(vk, sk)) ≤ ε(vk, sk)}, (10.51)

Ω∗ = ∩∞k=1Ωk. (10.52)

It is easy to see that Ω∗ is a compact subset of X.
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Lemma 10.9. Assume that for each integer q ≥ 1 a sequence

{y(q)
i }n(vq,sq)

i=−n(vq,sq) ⊂ X

satisfies

n(vq,sq)−1∑

i=−n(vq,sq)

w(y(q)
i , y

(q)
i+1) ≤ σ(w, 2n(vq, sq), y−n(vq,sq), yn(vq,sq)) + q−1. (10.53)

Then for each integer q ≥ 1 there exists an integer pq such that

[pq − 4sq−1, pq + 4sq−1] ⊂ [−n(vq, sq), n(vq, sq)] (10.54)

and there exist a strictly increasing sequence of natural numbers {qk}∞k=1 and
a (w)-minimal sequence {x∗i }∞i=−∞ ⊂ Ω∗ such that for each integer i,

x∗i = lim
k→∞

y
(qk)
pqk

+i. (10.55)

Proof: Let q ≥ 1 be an integer. In view of Lemma 10.9 and (10.53) there exists
an integer pq such that for each integer j = 1, . . . , q,

[pq − 4sj−1, pq + 4sj−1] ⊂ [−n(vq, sq), n(vq, sq)],

d(y(q)
pq+i, E(vj , sj)) ≤ ε(vj , sj), i = −4sj−1, . . . , 4sj−1. (10.56)

Let l be an integer. Fix an integer k0 ≥ 1 such that

|l| < 4sk−1 for all k ≥ k0. (10.57)

It follows from (10.56) and (10.57) that for each integer k ≥ k0 and each
integer q ≥ k,

d(y(q)
pq+l, E(vk, sk)) ≤ ε(vk, sk). (10.58)

Let {qi}∞i=1 be a strictly increasing sequence of natural numbers. Using (10.58)
we construct by induction for each integer k ≥ k0 a subsequence {q(k)

i }∞i=1 of
the sequence {qi}∞i=1 such that the following properties hold:

(a) for each integer k ≥ k0 the sequence {q(k+1)
i }∞i=1 is a subsequence of

{q(k)
i }∞i=1;
(b) for each integer k ≥ k0 and each pair of natural numbers i, j

d(y(q
(k)
i )

p
q
(k)
i

+l, y
(q

(k)
j )

p
q
(k)
j

+l) ≤ 2ε(vk, sk).

These properties imply that there exists a subsequence {q̃i}∞i=1 of the
sequence {qi}∞i=1 such that the sequence {y(q̃i)

pq̃i
+l}∞i=1 is a Cauchy sequence.

Therefore there exists
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lim
i→∞

y
(q̃i)
pq̃i

+l.

By (10.58) for each natural number k ≥ k0 and each q̃i ≥ k,

d(y(q̃i)
pq̃i

+l, E(vk, sk)) ≤ ε(vk, sk)

and
lim

i→∞
y
(q̃i)
pq̃i

+l ∈ Ω∗.

Thus we have shown that for each strictly increasing sequence of natural
numbers {qi}∞i=1 there exists a subsequence {q̃i}∞i=1 such that there is

lim
i→∞

y
(q̃i)
pq̃i

+l ∈ Ω∗.

Since l is an arbitrary integer this fact implies that there exists a strictly
increasing sequence of natural numbers {qi}∞i=1 such that for each integer l
there is

lim
i→∞

y
(qi)
pqi

+l ∈ Ω∗. (10.59)

For each integer l set
x∗l = lim

i→∞
y
(qi)
pqi

+l. (10.60)

It follows from (10.59) and (10.60) that x∗l ∈ Ω∗ for all integers l.
Let j1 < j2 be integers. By (10.60), (10.53) and Proposition 10.3,

j2−1∑

j=j1

w(x∗j , x
∗
j+1) = lim

i→∞

j2−1∑

j=j1

w(y(qi)
pqi

+j , y
(qi)
pqi

+j+1)

≤ lim sup
i→∞

[σ(w, j2 − j1, y
(qi)
pqi

+j1
, y

(qi)
pqi

+j2
) + q−1

i ]

= σ(w, j2 − j1, x
∗
j1 , x

∗
j2)

and
j2−1∑

j=j1

w(x∗j , x
∗
j+1) = σ(w, j2 − j1, x

∗
j1 , x

∗
j2).

This completes the proof of the lemma.

Completion of the proof of Theorem 10.2. Put Ω(v) = Ω∗. Lemma 10.9 implies
that Ω(v) is nonempty. Part (i) of Theorem 10.2 follows from Lemma 10.9.

Now we prove part (ii). Let {yi}∞i=0 ⊂ X be a (w)-good sequence. Since
{yi}∞i=0 is (w)-good for each positive number ε there exists an integer nε ≥ 1
such that for each pair of integers m1,m2 satisfying m2 > m1 > nε,

m2−1∑

i=m1

w(yi, yi+1) ≤ σ(w,m2 −m1, ym1 , ym2) + ε.
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This property implies that there exists a strictly increasing sequence of natural
numbers {mq}∞q=1 such that for each integer q ≥ 1,

mq+1 > mq + 4n(vq, sq) (10.61)

and

mq+2n(vq,sq)−1∑

i=mq

w(yi, yi+1) ≤ σ(w, 2n(vq, sq), ymq
, ymq+2n(vq,sq)) + q−1.

(10.62)
By (10.62) and Lemma 10.9, for each integer q ≥ 1 there exists an integer pq

such that
[pq − 4sq−1, pq + 4sq−1] ⊂ [−n(vq, sq), n(vq, sq)]

and there exist a strictly increasing sequence of natural numbers {qk}∞k=1 and
a (w)-minimal sequence {ỹi}∞i=−∞ ⊂ Ω∗ such that for each integer i,

ỹi = lim
k→∞

yi+pqk
+n(vq,sq)+mq

.

It is easy to see that {ỹi}∞i=−∞ ⊂ ω({yi}∞i=0). Theorem 10.2 is proved.

10.4 Properties of good sequences

Let v ∈ A. It follows from (10.12) that for each integer m ≥ 1

σ(v, m) ≤ µ(v)m ≤ σ(v, m) + 2||v||. (10.63)

(10.63) implies the following result.

Proposition 10.10. For each v ∈ A, each {xi}∞i=0 ⊂ X and each natural
number n

n−1∑

i=0

[v(xi, xi+1)− µ(v)] ≥ σ(v, n)− nµ(v) ≥ −2||v||.

Proposition 10.10 implies the following proposition.

Proposition 10.11. For each v ∈ A and each sequence {xi}∞i=0 ⊂ X either
the sequence {∑n−1

i=0 [v(xi, xi+1)− µ(v)]}∞n=1 is bounded or diverges to ∞.

Proposition 10.12. A sequence {xi}∞i=0 ⊂ X is (v)-good if and only if the
sequence {∑n−1

i=0 [v(xi, xi+1)− µ(v)]}∞n=1 is bounded.
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Proof: Assume that {xi}∞i=0 is (v)-good. There exists a positive number M
such that for each integer m ≥ 1,

m−1∑

i=0

v(xi, xi+1) ≤ σ(v, m, x0, xm) + M.

By this inequality, (10.13) and (10.12), for each integer m ≥ 1,

m−1∑

i=0

v(xi, xi+1) ≤ σ(v, m, x0, xm) + M ≤ σ(v, m) + M + 4||v||

≤ mµ(v) + 4 + 4||v||+ M

and by Proposition 10.11 the sequence {∑n−1
i=0 [v(xi, xi+1) − µ(v)]}∞n=1 is

bounded.
Assume that the sequence {∑n−1

i=0 [v(xi, xi+1) − µ(v)]}∞n=1 is bounded.
There exists a positive number M such that for each natural number n

n−1∑

i=0

[v(xi, xi+1)− µ(v)] ≤ M,
n−1∑

i=0

v(xi, xi+1) ≤ M + nµ(v)

and then in view of (10.12) for each natural number n,

n−1∑

i=0

v(xi, xi+1) ≤ M + nµ(v) ≤ M + σ(v, n) + 2||v|| ≤

M + ||v||+ σ(v, n, x0, xn).

Thus {xi}∞i=0 is (v)-good. The proposition is proved.

10.5 Convex discrete-time control systems in a Banach
space

Let (X, || · ||) be a Banach space and let K ⊂ X be a nonempty closed
convex bounded set. Denote by A the set of all bounded convex functions
v : K×K → R1 which are continuous at a point (x, x) for any x ∈ K. Denote
by Al the set of all lower semicontinuous functions v ∈ A, by Ac the set of all
continuous functions v ∈ A and by Au the set of all functions v ∈ A which
satisfy the following assumption:

(uniform continuity) for each positive number ε there exists a positive
number δ such that for each x1, x2, y1, y2 ∈ K satisfying ||xi − yi|| ≤ δ,
i = 1, 2, the inequality |v(x1, x2)− v(y1, y2)| ≤ ε is true.

We equip the space A with the metric

ρ(u, v) = sup{|v(x, y)− u(x, y)| : x, y ∈ K}, u, v ∈ A. (10.64)
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Evidently the metric space (A, ρ) is complete and Al, Ac and Au are closed
subsets of (A, ρ). We equip the sets Al, Ac and Au with the metric ρ.

We investigate the structure of “approximate” solutions of optimization
problems

minimize
n−1∑

i=0

v(xi, xi+1) (P)

subject to {xi}n
i=0 ⊂ K, x0 = y, xn = z

where v ∈ A, y, z ∈ K and n is a natural number.
For each v ∈ A, each pair of integers m1,m2 > m1 and each y1, y2 ∈ K

we define

σ(v, m1,m2) = inf{
m2−1∑

i=m1

v(zi, zi+1) : {zi}m2
i=m1

⊂ K}, (10.65)

σ(v, m1,m2, y1, y2) = inf{
m2−1∑

i=m1

v(zi, zi+1) : {zi}m2
i=m1

⊂ K,

zm1 = y1, zm2 = y2}, (10.66)

and the minimal growth rate

µ(v) = inf{lim inf
N→∞

N−1
N−1∑

i=0

v(zi, zi+1) : {zi}∞i=0 ⊂ K}. (10.67)

We show (see Proposition 10.15) that for any v ∈ A,

µ(v) = inf{v(z, z) : z ∈ K}. (10.68)

We construct a set F (Fl,Fc,Fu, respectively) which is a countable inter-
section of open everywhere dense subsets of A (Al,Ac,Au, respectively) and
such that

Fl ⊂ Al ∩ F , Fc ⊂ Ac ∩ F , Fu ⊂ Au ∩ F . (10.69)

We prove the following two theorems obtained in [117].

Theorem 10.13. Let v ∈ F . Then there exists a unique yv ∈ K such that
v(yv, yv) = µ(v) and the following assertion holds:

For each positive number ε there exist a neighborhood U of v in A and
a positive number δ such that for each u ∈ U and each y ∈ K satisfying
u(y, y) ≤ µ(u) + δ the inequality ||y − yv|| ≤ ε holds.

Theorem 10.14. Let w ∈ F and ε be a positive number. Then there exist
δ ∈ (0, ε), a neighborhood U of w in A and a natural number N such that for
each u ∈ U , each natural number n ≥ 2N and each sequence {xi}n

i=0 ⊂ K
satisfying
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n−1∑

i=0

u(xi, xi+1) ≤ σ(u, 0, n, x0, xn) + δ (10.70)

there exist τ1 ∈ {0, . . . , N} and τ2 ∈ {n−N, . . . , n} such that

||xt − yw|| ≤ ε, t = τ1, . . . , τ2.

Moreover, if ||x0 − yw|| ≤ δ, then τ1 = 0, and if ||yw − xn|| ≤ δ, then τ2 = n.

10.6 Preliminary results

Put
D0 = sup{||x|| : x ∈ K}. (10.71)

For each bounded function v : K ×K → R1 we set

||v|| = sup{|v(x, y)| : x, y ∈ K}. (10.72)

Proposition 10.15. Let v ∈ A. Then

µ(v) = inf{v(z, z) : z ∈ K}.

Proof: It is easy to see that

inf{v(x, x) : x ∈ K} ≥ µ(v) (10.73)

and that for each natural number m and each y1, y2 ∈ K,

σ(v, 0,m, y1, y2)− 4||v|| ≤ σ(v, 0, m) ≤ mµ(v). (10.74)

Let ε be a positive number. Fix an integer m ≥ 4 such that

(4||v||+ 1)m−1 < ε. (10.75)

There exists a sequence {yi}m
i=0 ⊂ K such that

y0 = ym and σ(v, 0, m, y0, y0) + 1 ≥
m−1∑

i=0

v(yi, yi+1). (10.76)

It follows from (10.76) and (10.74) that

m−1∑

i=0

v(yi, yi+1) ≤ mµ(v) + 4||v||+ 1. (10.77)

Put

z0 = m−1
m−1∑

i=0

yi. (10.78)
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It follows from (10.75)–(10.78) and the convexity of v that

v(z0, z0) = v(m−1
m−1∑

i=0

(yi, yi+1)) ≤ m−1
m−1∑

i=0

v(yi, yi+1) ≤

m−1(mµ(v) + 4||v||+ 1) = µ(v) + (4||v||+ 1)m−1 < µ(v) + ε

and
v(z0, z0) < µ(v) + ε.

Therefore
inf{v(z, z) : z ∈ K} < µ(v) + ε.

Since ε is an arbitrary positive number we conclude that

inf{v(z, z) : z ∈ K} ≤ µ(v).

Combined with (10.73) this completes the proof of Proposition 10.15.

In [104] Proposition 10.15 was proved for v ∈ Au. In the proof we used
uniform continuity of v.

Proposition 10.16. Let v ∈ A, ε ∈ (0, 1). Then there exist δ ∈ (0, ε), u ∈ A
and z0 ∈ K such that

0 ≤ u(x, y)− v(x, y) ≤ ε, x, y ∈ K, µ(v) + δ ≥ v(z0, z0) (10.79)

and for each y ∈ K satisfying u(y, y) ≤ µ(u) + δ the inequality ||y − z0|| ≤ ε
holds.

Moreover, if v ∈ Al (Ac, Au, respectively), then u ∈ Al (Ac, Au, respec-
tively).

Proof: Fix a pair of positive numbers δ, γ such that

γ(8D0 + 4) ≤ ε, δ < 8−1γε. (10.80)

In view of Proposition 10.15 there exists z0 ∈ K such that v(z0, z0) < µ(v)+δ.
Define u : K ×K → R1 as

u(x, y) = v(x, y) + γ(||x− z0||+ ||y − z0||), x, y ∈ K. (10.81)

Clearly, (10.79) is valid.
Assume that y ∈ K and

u(y, y) ≤ µ(u) + δ. (10.82)

By Proposition 10.15, (10.81), (10.82), (10.80) and the choice of z0,

µ(v) ≤ µ(u) ≤ u(z0, z0) = v(z0, z0) ≤ µ(v) + δ,

2γ||y − z0||+ v(y, y) = u(y, y) ≤ µ(u) + δ

≤ µ(v) + 2δ ≤ v(y, y) + 2δ, ||y − z0|| ≤ δγ−1 < ε.

The proposition is proved.
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Proposition 10.17. There exist sets F (0) ⊂ A, F (0)
l ⊂ Al∩F (0), F (0)

c ⊂ Ac∩
F (0) and F (0)

u ⊂ Au ∩ F (0) such that F (0) (F (0)
l ,F (0)

c and F (0)
u , respectively)

is a countable intersection of open everywhere dense subsets of A (Al, Ac and
Au, respectively) and such that for each v ∈ F (0) the following assertions hold:

(i) there exists a unique yv ∈ K such that v(yv, yv) = µ(v);
(ii) for each positive number ε there exist a neighborhood U of v in A and

a positive number δ such that for each u ∈ U and each y ∈ K satisfying
u(y, y) ≤ µ(u) + δ the inequality ||y − yv|| ≤ ε holds.

Proof: Let w ∈ A and i be a natural number. In view of Proposition 10.16
there exist δ(w, i) ∈ (0, 4−i), u(w,i) ∈ A and z(w, i) ∈ K such that

0 ≤ u(w,i)(x, y)− w(x, y) ≤ 4−i, x, y ∈ K, (10.83)

w(z(w, i), z(w, i)) ≤ µ(w) + δ(w, i),

if w ∈ Al (Ac, Au, respectively), then u(w,i) ∈ Al (Ac, Au, respectively), and
for each z ∈ K satisfying

u(w,i)(z, z) ≤ µ(u(w,i)) + δ(w, i)

the inequality ||z − z(w, i)|| ≤ 4−i is true.
Define

U(w, i) = {u ∈ A : ρ(u, u(w,i)) < 8−1δ(w, i)}. (10.84)

It is not difficult to see that the following property holds:
(a) For each u ∈ U(w, i) and for each z ∈ K satisfying

u(z, z) ≤ µ(u) + 8−1δ(w, i)

the inequality ||z − z(w, i)|| ≤ 4−i holds.
Define

F0 = ∩∞q=1 ∪ {U(w, i) : w ∈ A, i = q, q + 1, . . . }. (10.85)

It is clear that F0 is a countable intersection of open everywhere dense subsets
of A. Set

F (0)
l = Al ∩ F (0) F (0)

c = Ac ∩ F (0), F (0)
u = Au ∩ F (0). (10.86)

Assume that v ∈ F0. We show that assertions (i) and (ii) are valid. There
exists a sequence {xj}∞j=1 ⊂ K such that

lim
j→∞

v(xj , xj) = µ(v). (10.87)

By the definition of F0 and property (a), {xj}∞j=1 is a Cauchy sequence. There-
fore there exists limj→∞ xj and

v( lim
j→∞

xj , lim
j→∞

xj) = µ(v). (10.88)
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Since any sequence {xj}∞j=1 ⊂ K satisfying (10.87), converges in K, we
conclude that there exists a unique yv ∈ K such that v(yv, yv) = µ(v).

Let ε be a positive number. Fix a natural number q such that

4−q < 8−1ε. (10.89)

In view of the definition of F0 there exists w ∈ A and a natural number i ≥ q
such that v ∈ U(w, i). It follows from property (a) that

||yv − z(w, i)|| ≤ 4−i. (10.90)

By (10.90), property (a) and (10.89), for each u ∈ U(w, i) and each y ∈ K
satisfying

u(y, y) ≤ µ(u) + 8−1δ(w, i)

the inequality ||y−yv|| ≤ ε is true. This completes the proof of the proposition.

10.7 Proofs of Theorems 10.13 and 10.14

Let the sets F (0), F (0)
l , F (0)

c and F (0)
u be as guaranteed in Proposition 10.17.

For each w ∈ F (0) there exists a unique yw ∈ K such that

w(yw, yw)=µ(w). (10.91)

Let v ∈ F (0) and γ ∈ (0, 1). Define

vγ(x, y) = v(x, y) + γ(||x− yv||+ ||y − yv||), x, y ∈ K. (10.92)

It is easy to see that vγ ∈ A, if v ∈ Al (Ac, Au, respectively), then vγ ∈ Al

(Ac, Au, respectively).

Lemma 10.18. Let ε ∈ (0, 1). Then there exists a natural number n such that
for each sequence {xi}n

i=0 ⊂ K which satisfies

n−1∑

i=0

vγ(xi, xi+1) ≤ σ(vγ , 0, n, x0, xn) + 4

there exists j ∈ {0, . . . , n− 1} such that

||xj − yv||, ||xj+1 − yv|| ≤ ε.

Proof: Fix a natural number

n > (εγ)−1(5 + 4(||vγ ||+ ||v||)).

Clearly,
nµ(v) ≤ σ(v, 0, n) + 2||v||.
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Assume that {xi}n
i=0 ⊂ K satisfies

n−1∑

i=0

vγ(xi, xi+1) ≤ σ(vγ , 0, n, x0, xn) + 4.

Define {yi}n
i=0 ⊂ K by

yi = xi, i = 0, n, yi = yv, i = 1, . . . n− 1.

By the relations above,

σ(v, 0, n) + γ

n−1∑

i=0

(||xi − yv||+ ||xi+1 − yv||) ≤
n−1∑

i=0

vγ(xi, xi+1)

≤
n−1∑

i=0

vγ(yi, yi+1) + 4 ≤ 4||vγ ||+ 4 + nv(yv, yv)

= 4 + 4||vγ ||+ nµ(v) ≤ 4 + 4||vγ ||+ σ(v, 0, n) + 2||v||,
inf{||xi − yv||+ ||xi+1 − yv|| : i = 0, . . . , n− 1}

≤ (nγ)−1(4 + 4||vγ ||+ 2||v||) < ε.

This completes the proof of the lemma.

Lemma 10.18 implies the following auxiliary result.

Lemma 10.19. Let ε ∈ (0, 1). Then there exist a neighborhood U of vγ in A
and an integer n ≥ 1 such that for each u ∈ U and each sequence {xi}n

i=0 ⊂ K
which satisfies

n−1∑

i=0

u(xi, xi+1) ≤ σ(u, 0, n, x0, xn) + 3

there is j ∈ {0, . . . , n− 1} such that ||xj − yv||, ||xj+1 − yv|| ≤ ε.

It is not difficult to see that

σ(v, 0,m, yv, yv) = mµ(v) for all integers m ≥ 1, (10.93)

µ(vγ) = µ(v) = v(yv, yv) = vγ(yv, yv) (10.94)

and
σ(vγ , 0,m, yv, yv) = mµ(vγ) for all integers m ≥ 1. (10.95)

Lemma 10.20. Let ε ∈ (0, 1). Then there exists δ ∈ (0, ε) such that for each
natural number n and each sequence {xi}n

i=0 ⊂ K which satisfies

x0 = xn = yv,
n−1∑

i=0

vγ(xi, xi+1) ≤ σ(vγ , 0, n, yv, yv) + δ, (10.96)

the following inequality is true:

||xi − yv|| ≤ ε, i = 0, . . . , n. (10.97)
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Proof: Fix
δ ∈ (0, εγ). (10.98)

Assume that n ≥ 1 is an integer and a sequence {xi}n
i=0 ⊂ K satisfies (10.96).

Then it follows from (10.94)–(10.96), the definition of vγ (see (10.92)) and
(10.93) that

nµ(v) = nµ(vγ) = σ(vγ , 0, n, yv, yv) ≥
n−1∑

i=0

vγ(xi, xi+1)− δ = −δ +
n−1∑

i=0

v(xi, xi+1) +

γ
n−1∑

i=0

(||xi − yv||+ ||xi+1 − yv||) ≥

−δ + σ(v, 0, n, yv, yv) + γ
n∑

i=0

||xi − yv|| = −δ + γ
n∑

i=0

||xi − vv||+ nµ(v)

and

δ ≥ γ

n∑

i=0

||xi − yv||.

Together with (10.98) this implies that

||xi − yv|| ≤ δγ−1 < ε, i = 0, . . . , n.

This completes the proof of Lemma 10.20.

Lemma 10.21. Let ε ∈ (0, 1). Then there exists δ ∈ (0, ε) such that for each
natural number n and each sequence {xi}n

i=0 ⊂ K which satisfies

||xi − yv|| ≤ δ, i = 0, n,
n−1∑

i=0

vγ(xi, xi+1) ≤ σ(vγ , 0, n, x0, xn) + δ, (10.99)

the following inequality is true:

||xi − yv|| ≤ ε, i = 0, . . . , n. (10.100)

Proof: In view of Lemma 10.20 there exists δ1 ∈ (0, 2−1ε) such that for each
integer q ≥ 1 and each sequence {xi}q

i=0 ⊂ K which satisfies

x0 = xq = yv,

q−1∑

i=0

vγ(xi, xi+1) ≤ σ(vγ , 0, q, yv, yv) + 2δ1 (10.101)

the following inequality holds:

||xi − yv|| ≤ ε, i = 0, . . . , q. (10.102)
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Since vγ is continuous at the point (yv, yv) there exists a positive number

δ < δ1/4 (10.103)

such that
|vγ(z1, z2)− vγ(yv, yv)| ≤ δ1/4 (10.104)

for any (z1, z2) ∈ K ×K satisfying

||zi − yv|| ≤ δ, i = 1, 2. (10.105)

Assume that n ≥ 1 is an integer and a sequence {xi}n
i=0 ⊂ K satisfies

(10.99). We will show that (10.100) is valid. Define

y0 = x0, yn = xn, yi = yv for all i ∈ {0, . . . , n} \ {0, n}, (10.106)

zi = yv, i = 0, . . . , n. (10.107)

It follows from (10.107), (10.91), (10.94), (10.95) and (10.93) that

n−1∑

i=0

vγ(zi, zi+1) = nµ(vγ) = nµ(v) = (10.108)

σ(vγ , 0, n, yv, yv) = σ(v, 0, n, yv, yv).

By (10.106), (10.107), (10.99) and the definition of δ (see (10.103), (10.105)),

|
n−1∑

i=0

vγ(zi, zi+1)−
n−1∑

i=0

vγ(yi, yi+1)| ≤ 2−1δ1.

Combined with (10.108) this implies that

n−1∑

i=0

vγ(yi, yi+1) ≤ 2−1δ1 + nµ(v). (10.109)

It follows from (10.99), (10.106) and (10.109) that

n−1∑

i=0

vγ(xi, xi+1) ≤ σ(vγ , 0, n, x0, xn) + δ ≤

δ +
n−1∑

i=0

vγ(yi, yi+1) ≤ 2−1δ1 + δ + nµ(v),

n−1∑

i=0

vγ(xi, xi+1) ≤ 2−1δ1 + δ + nµ(v). (10.110)

Define
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ȳ0 = yv, ȳi = xi−1, i = 1, . . . , n + 1, ȳn+2 = yv. (10.111)

By (10.111), (10.99) and the definition of δ (see (10.103), (10.105)),

|vγ(ȳ0, ȳ1)− vγ(yv, yv)|, |vγ(ȳn+1, ȳn+2)− vγ(yv, yv)| ≤ δ1/4. (10.112)

In view of (10.111), (10.112), (10.94), (10.110) and (10.103),

n+1∑

i=0

vγ(ȳi, ȳi+1) = vγ(ȳ0, ȳ1) + vγ(ȳn+1, ȳn+2) +

n−1∑

i=0

vγ(xi, xi+1) ≤ 2(δ1/4 + µ(v)) +
n−1∑

i=0

vγ(xi, xi+1)

≤ nµ(v) + δ1/2 + δ + δ1/2 + 2µ(v) =

(n + 2)µ(v) + δ + δ1 < 2δ1 + (n + 2)µ(v)

and
n+1∑

i=0

vγ(ȳi, ȳi+1) ≤ (n + 2)µ(v) + 2δ1. (10.113)

Relations (10.113), (10.111), (10.94) and (10.95) imply that

ȳi = yv, i = 0, n + 2,

n+1∑

i=0

vγ(ȳi, ȳi+1) ≤ 2δ1 + σ(vγ , 0, n + 2, yv, yv).

By these relations and the definition of δ1 (see (10.101), (10.102)),

||ȳi − yv|| ≤ ε, i = 0, . . . , n + 2.

Combined with (10.111) this implies that

||xi − yv|| ≤ ε, i = 0, . . . , n.

This completes the proof Lemma 10.21.

Lemma 10.22. Let ε ∈ (0, 1). Then there exist δ ∈ (0, ε), a neighborhood U
of vγ in A and a natural number N such that for each u ∈ U , each integer
n ≥ 2N and each sequence {xi}n

i=0 ⊂ K satisfying

n−1∑

i=0

u(xi, xi+1) ≤ σ(u, 0, n, x0, xn) + δ (10.114)

there exist τ1 ∈ {0, . . . , N}, τ2 ∈ {−N + n, n} such that

||xi − yv|| ≤ ε, t = τ1, . . . τ2,

and moreover, if ||x0 − yv|| ≤ δ, then τ1 = 0, and if ||xn − yv|| ≤ δ, then
τ2 = n.
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Proof: In view of Lemma 10.21 there exists δ ∈ (0, 4−1ε) such that for each
natural number n and each sequence {xi}n

i=0 ⊂ K which satisfies

||xi − yv|| ≤ 4δ, i = 0, n,
n−1∑

i=0

vγ(xi, xi+1) ≤ σ(vγ , 0, n, x0, xn) + 4δ (10.115)

the following inequality holds:

||xi − yv|| ≤ ε, i = 0, . . . , n.

It follows from Lemma 10.19 that there exist a natural number N and a
neighborhood U1 of vγ in A such that for each u ∈ U1 and each sequence
{xi}N

i=0 ⊂ K satisfying

N−1∑

i=0

u(xi, xi+1) ≤ σ(u, 0, N, x0, xN ) + 3 (10.116)

there exists j ∈ {0, . . . , N − 1} for which

||xj − yv||, ||xj+1 − yv|| ≤ δ. (10.117)

Define
U = {u ∈ U1 : ρ(u, vγ) ≤ (16N)−1δ}. (10.118)

Assume that u ∈ U , an integer n ≥ 2N and a sequence {xi}n
i=0 ⊂ K satis-

fies (10.114). By (10.114) and the definition of U1, N (see (10.116), (10.117))
there exist integers τ1, τ2 such that

τ1 ∈ {0, . . . , N}, τ2 ∈ {n−N, . . . , n}, ||xτi − yv|| ≤ δ, i = 1, 2; (10.119)

if ||x0 − yv|| ≤ δ, then τ1 = 0; if ||xn − yv|| ≤ δ, then τ2 = n.
We show that

||xi − yv|| ≤ ε, t = τ1, . . . , τ2.

Assume the contrary. Then there exists an integer s ∈ (τ1, τ2) such that

||xs − yv|| > ε. (10.120)

In view of (10.114), (10.119) and the definition of U1, N (see (10.116),
(10.117)) there exist integers t1, t2 such that

sup{τ1, s−N} ≤ t1 < s, s < t2 ≤ inf{τ2, s + N}, ||xti
− yv|| ≤ δ, i = 1, 2.

(10.121)
It follows from (10.118), (10.121) and (10.114) that

t2−1∑

i=t1

vγ(xi, xi+1) ≤ σ(vγ , t1, t2, xt1 , xt2) + 2δ. (10.122)
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By (10.121), (10.122) and the definition of δ (see (10.115)),

||xt − yt|| ≤ ε, t = t1, . . . , t2.

This is contradictory to (10.120). The contradiction we have reached proves
the lemma.

Let v ∈ F (0), γ ∈ (0, 1) and let j be a natural number. There exist a
natural number N(v, γ, j), an open neighborhood U0(v, γ, j) of vγ in A and
δ(v, γ, j) ∈ (0, 2−j) such that Lemma 10.22 holds with v, γ and ε = 2−j ,
δ = δ(v, γ, j), U = U0(v, γ, j), N = N(v, γ, j).

There are an open neighborhood U(v, γ, j) of vγ in A and a natural number
N1(v, γ, j) such that U(v, γ, j) ⊂ U0(v, γ, j) and Lemma 10.19 holds with v, γ
and U = U(v, γ, j), n = N1(v, γ, j), ε = 4−jδ(v, γ, j).

Define

F = [∩∞q=1∪{U(v, γ, j) : v ∈ F (0), γ ∈ (0, 1), j = q, q+1, . . . }]∩F (0), (10.123)

Fl = [∩∞q=1 ∪ {U(v, γ, j) : v ∈ F (0)
l , γ ∈ (0, 1), j = q, q + 1, . . . }] ∩ F (0)

l ,

Fc = [∩∞q=1 ∪ {U(v, γ, j) : v ∈ F (0)
c , γ ∈ (0, 1), j = q, q + 1, . . . }] ∩ F (0)

c

and

Fu = [∩∞q=1 ∪ {U(v, γ, j) : v ∈ F (0)
u , γ ∈ (0, 1), j = q, q + 1, . . . }] ∩ F (0)

u .

It is easy to see that F (Fl, Fc, Fu, respectively) is a countable intersection
of open everywhere dense subsets of A (Al, Ac, Au, respectively).

Theorem 10.13 follows from Proposition 10.17 and the definition of F .
Proof of Theorem 10.14: Let w ∈ F and ε be a positive number. We may
assume that ε < 1. Fix a natural number q such that

64 · 2−q < ε. (10.124)

There exist v ∈ F (0), γ ∈ (0, 1) and an integer j ≥ q such that

w ∈ U(v, γ, j). (10.125)

It follows from (10.125), Lemma 10.19 which holds with U = U(v, γ, j), n =
N1(v, γ, j), ε = 4−jδ(v, γ, j), v, γ, and the equality

σ(w, 0, N1(v, γ, j), yw, yw) = N1(v, γ, j)µ(w)

that
||yw − yv|| ≤ 4−jδ(v, γ, j). (10.126)

Put
U = U(v, γ, j), N = N(v, γ, j), δ = 4−jδ(v, γ, j). (10.127)
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Assume that u ∈ U , an integer n ≥ 2N and a sequence {xi}n
i=0 ⊂ K

satisfies
n−1∑

i=0

u(xi, xi+1) ≤ σ(u, 0, n, x0, xn) + δ. (10.128)

By (10.128), (10.127), the definition of U0(v, γ, j), N(v, γ, j), δ(v, γ, j) and
Lemma 10.22, there exist τ1 ∈ {0, . . . , N}, τ2 ∈ {n−N, . . . , n} such that

||xi − yv|| ≤ 2−j , t = τ1, . . . , τ2.

Moreover if ||x0 − yv|| ≤ δ(v, γ, j), then τ1 = 0, and if ||xn − yv|| ≤ δ(v, γ, j),
then τ2 = n. Combined with (10.126), (10.124) and (10.127) this implies that

||xi − yw|| ≤ 21−j < ε, i = τ1, . . . , τ2;

if ||x0 − yw|| ≤ δ, then ||x0 − yv|| ≤ δ(v, γ, j) and τ1 = 0; if ||xn − yw|| ≤ δ,
then ||xn − yv|| ≤ δ(v, γ, j) and τ2 = n. This completes the proof of Theorem
10.14.

10.8 Control systems on metric spaces

Let (X, ρ) be a metric space. Denote by A the set of all bounded functions
v : X ×X → R1. Set ∆ = X ×X.

We equip the set A with the metric

d(u, v) = sup{|v(x, y)− u(x, y)| : x, y ∈ K}, u, v ∈ A. (10.129)

Evidently (A, d) is a complete metric space. Denote by Al the set of all lower
semicontinuous functions v ∈ A, by Ac the set of all continuous functions
v ∈ A and by Au the set of all uniformly continuous functions v ∈ A. Clearly
Al,Ac and Au are closed subsets of the complete metric space (A, d).

Let v ∈ A. Define a minimal growth rate

µ(v) = inf{lim inf
N→∞

N−1
N−1∑

i=0

v(zi, zi+1) : {zi}∞i=0 ⊂ X}. (10.130)

Clearly
µ(v) ≤ inf{v(x, x) : x ∈ X}. (10.131)

Denote by A∗ the set of all v ∈ A such that

µ(v) = inf{v(x, x) : x ∈ X}. (10.132)

Clearly A∗ is a closed subset of (A, d). Set

A∗l = A ∩Al, A∗c = A∗ ∩ Ac, A∗u = A∗ ∩ Au. (10.133)

Clearly A∗ 6= ∅. For example, if v(x, y) = c for all (x, y) ∈ X ×X where c
is a constant, then v ∈ A∗c.

The following proposition was obtained in [131].
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Proposition 10.23. Let v ∈ A∗. Then for each x ∈ X there is a sequence
{xi}∞i=0 ⊂ X such that x0 = x and

lim sup
N→∞

N−1
N−1∑
t=0

v(xi, xi+1) = µ(v).

For each v ∈ A set

||v|| = sup{|v(x, y)| : x, y ∈ X}.
For each x ∈ X and each subset B ⊂ X set

ρ(x, B) = inf{ρ(x, y) : y ∈ B}.
Denote by Card(A) the cardinality of a set A.

Denote by F the set of all v ∈ A∗ which have the following property:
(P) For each ε > 0 there exists δ > 0 and a neighborhood V of v in A such

that for each u ∈ V and each sequence {xi}∞i=0 ⊂ X which satisfies

lim sup
N→∞

N−1
N−1∑

i=0

u(xi, xi+1) ≤ µ(u) + δ

the following relation holds:

lim sup
N→∞

N−1Card{i ∈ {0, . . . , N − 1} : ρ(xi, xi+1) ≥ ε} ≤ ε.

If v ∈ A∗ has property (P), then all good programs spend most of the time
in a small neighborhood of the diagonal ∆.

We show that most elements of A∗ (in the sense of Baire’s categories)
have property (P). Moreover, we show that the complement of the set of all
functions which have property (P) is not only of the first category, but also
σ-porous.

We prove the following result obtained in [131].

Theorem 10.24. The set A∗ ⊂ F (A∗l \F , Ac \F , A∗u \F , respectively) is
a σ-porous subset of A∗ ( A∗l, A∗c,A∗u, respectively).

10.9 Proof of Proposition 10.23

Let x ∈ X. For each natural number n there is zn ∈ X such that

v(zn, zn) ≤ µ(v) + 2−n. (10.134)

Define a sequence {xn}∞n=0 ⊂ X as follows:

x0, x1 = x, xn = zk, n = 2k, . . . , 2k+1 − 1, k = 1, 2, . . . . (10.135)



422 10 Infinite Horizon Problems

We show that

lim sup
N→∞

N−1
N−1∑

i=0

v(xi, xi+1) = µ(v). (10.136)

Clearly

lim sup
N→∞

N−1
N−1∑

i=0

v(xi, xi+1) ≥ µ(v). (10.137)

Let N ≥ 9 be a natural number. There is a natural number k = k(N) such
that

2k ≤ N < 2k+1. (10.138)

Set
p = N − 2k. (10.139)

Then by (10.135), (10.138), (10.139) and (10.134)

N−1∑

i=0

v(xi, xi+1) = v(x, x) + v(x, z1) + v(z1, z1)

+
k−1∑

j=2

[v(zj−1, zj) + (2j − 1)v(zj , zj)] + (v(zk−1, zk) + pv(zk, zk))

≤ 3||v||+
k−1∑

j=2

[2jv(zj , zj) + 2||v||] + [(p + 1)v(zk, zk) + 2||v||]

≤
k−1∑

j=2

2jv(zj , zj) + (p + 1)v(zk, zk) + 2||v||(k + 1)

≤
k−1∑

j=2

2j(µ(v) + 2−j) + (p + 1)[µ(v) + 2−k] + 2||v||(k + 1)

= µ(v)[
k−1∑

j=2

2j + (p + 1)] + k + 2||v||(k + 1)

≤ µ(v)[2k − 1− 3 + (p + 1)] + (k + 1)(2||v||+ 1)

≤ µ(v)(N − 3) + (log2 N + 1)(2||v||+ 1). (10.140)

This relation implies that

lim sup
N→∞

N−1
N−1∑

i=0

v(xi, xi+1) ≤

lim sup
N→∞

[N−1µ(v)(N − 3) + (2||v||+ 1)(log2 N + 1)N−1] = µ(v).

Proposition 10.23 is proved.
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10.10 An auxiliary result for Theorem 10.24

Let
v ∈ A∗, γ ∈ (0, 1]. (10.141)

Define

vγ(x, y) = v(x, y) + γ min{1, ρ(x, y)}, x, y ∈ X. (10.142)

Clearly
vγ ∈ A∗, µ(vγ) = µ(v), (10.143)

if v ∈ A∗l (A∗c, A∗u, respectively), then vγ ∈ A∗l (A∗c, A∗u, respectively).

Lemma 10.25. Let δ > 0, u ∈ A∗ satisfy

d(u, vγ) ≤ δ (10.144)

and let {xi}∞i=0 ⊂ X satisfy

lim sup
N→∞

N−1
N−1∑

i=0

u(xi, xi+1) ≤ µ(u) + δ. (10.145)

Then for each ε ∈ (0, 1],

lim sup
N→∞

N−1Card{i ∈ {0, . . . , N − 1} : ρ(xi, xi+1) ≥ ε} ≤ (3δ)(γε)−1.

(10.146)

Proof: Let ε ∈ (0, 1]. By (10.144)

| lim sup
N→∞

N−1
N−1∑

i=0

u(xi, xi+1)− lim sup
N→∞

N−1
N−1∑

i=0

vγ(xi, xi+1)| ≤ δ (10.147)

and
|µ(u)− µ(vγ)| ≤ δ. (10.148)

In view of (10.145), (10.147), (10.148) and (10.143)

lim sup
N→∞

N−1
N−1∑

i=0

vγ(xi, xi+1) ≤ µ(vγ) + 3δ = µ(v) + 3δ. (10.149)

It follows from (10.149), (10.142) and the definition of µ(v) that

µ(v) + 3δ ≥ lim sup
N→∞

N−1
N−1∑

i=0

[v(xi, xi+1) + γ min{1, ρ(xi, xi+1)}]
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≥ lim sup
N→∞

N−1[
N−1∑

i=0

v(xi, xi+1)+γεCard{i ∈ {0, . . . , N −1} : ρ(xi, xi+1) ≥ ε}]

≥ lim sup
N→∞

N−1γεCard{i ∈ {0, . . . , N − 1} : ρ(xi, xi+1) ≥ ε}

+ lim inf
N→∞

N−1
N−1∑

i=0

v(xi, xi+1)

≥ lim sup
N→∞

γεN−1Card{i ∈ {0, . . . , N − 1} : ρ(xi, xi+1) ≥ ε}+ µ(v). (10.150)

This inequality implies that

lim sup
N→∞

N−1Card{i ∈ {0, . . . , N − 1} : ρ(xi, xi+1) ≥ ε} ≤ (3δ)(γε)−1.

Lemma 10.25 is proved.

10.11 Proof of Theorem 10.24

For each natural number n denote by Fn the set of all v ∈ A∗ which have the
following property:

(P1) There exist δ > 0 and a neighborhood V of v in A∗ such that for each
u ∈ V and each sequence {xi}∞i=0 ⊂ X which satisfies

lim sup
N→∞

N−1
N−1∑

i=0

u(xi, xi+1) ≤ µ(u) + δ (10.151)

the following relation holds:

lim sup
N→∞

N−1Card{i ∈ {0, . . . , N − 1} : ρ(xi, xi+1) ≥ n−1} ≤ 1/n. (10.152)

It is not difficult to see that F = ∩∞n=1Fn. In order to prove Theorem 10.24 it
is sufficient to show that for each integer n ≥ 1, A∗ \Fn ( A∗l \Fn, A∗c \Fn,
A∗u \Fn, respectively) is a porous subset of A∗ (A∗l, A∗c, A∗u, respectively).

Let n be a natural number. Set

α = (32n2)−1. (10.153)

Assume that
v ∈ A∗, r ∈ (0, 1]. (10.154)

Put
γ = 6αrn2 < r/4 (10.155)

and define
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vγ(x, y) = v(x, y) + γ min{1, ρ(x, y)}, x, y ∈ X. (10.156)

Clearly vγ ∈ A∗,
µ(vγ) = µ(v) (10.157)

and if v ∈ A∗l (A∗c,A∗u, respectively), then vγ ∈ A∗l (A∗c,A∗u, respectively).
By (10.156) and (10.155)

d(v, vγ) ≤ γ ≤ r/4. (10.158)

Assume that
u ∈ A∗ , d(u, vγ) ≤ 2αr, (10.159)

{xi}∞i=0 ⊂ X, lim sup
N→∞

N−1
N−1∑

i=0

u(xi, xi+1) ≤ µ(u) + 2αr. (10.160)

In view of (10.158), (10.159) and (10.153)

d(u, v) ≤ r. (10.161)

It follows from (10.159), (10.160), Lemma 10.25 (with δ = 2αr, ε = 1/n) and
(10.155) that

lim sup
N→∞

N−1Card{i ∈ {0, . . . , N − 1} : ρ(xi, xi+1) ≥ 1/n}

≤ (6αr)(γ/n)−1 = 6αrγ−1n ≤ 1/n. (10.162)

We have shown that each u ∈ A∗ satisfying d(u, vγ) ≤ αr belongs to Fn and
satisfies (10.161). This completes the proof of Theorem 10.24.

10.12 Comments

In this chapter we consider infinite horizon minimization problems. It should
be mentioned that the study of properties of solutions of these problems de-
fined on infinite intervals has recently been a rapidly growing area of research.
See, for example, [4, 11, 12, 62, 63, 64, 67, 69, 78, 89, 101, 102, 107, 130] and
the references mentioned therein. These problems arise in engineering [130],
in models of economic growth [67, 69, 89, 130], in infinite discrete models of
solid-state physics related to dislocations in one-dimensional crystals [4, 101]
and in the theory of thermodynamical equilibrium for materials [64].
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