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Preface

The monograph is devoted to the study of optimization problems on com-
plete metric spaces and Banach spaces. It contains a number of recent results
obtained by the author in the last ten years. It is a well-known fact that so-
lutions exist for minimization problems on compact metric spaces with lower
semicontinuous objective functions. Solutions also exist for minimization prob-
lems on metric spaces such that all their bounded closed subsets are compact
if objective functions are lower semicontinuous and satisfy a coercivity growth
condition. Since in the book we do not use compactness assumptions on spaces
where optimization problems are considered the situation becomes more diffi-
cult. We overcome this difficulty in the following way: in Chapters 2 and 3 we
deal with approximate solutions of optimization problems which always exist
and in Chapters 4-10 we use the so-called generic approach which is applied
fruitfully in many areas of Analysis (see, for example, [3, 74, 130] and the
references mentioned there).

According to the generic approach we say that a property holds for a
generic (typical) element of a complete metric space (or the property holds
generically) if the set of all elements of the metric space possessing this prop-
erty contains a (G5 everywhere dense subset of the metric space which is a
countable intersection of open everywhere dense sets. In Chapters 4-10 we
use this approach in order to establish a generic existence of solutions for
various classes of minimization problems.

We begin the study of minimization problems on normed spaces and met-
ric spaces with a discussion of penalty methods in constrained optimization
(Chapters 2 and 3). Penalty methods were one of the first methods employed
for solving constrained minimization problems about 60 years ago. According
to these methods instead of solving a constrained minimization problem we
solve a penalized unconstrained minimization problem. It is well-known that
when penalty coefficients tend to infinity the solutions of the perturbed uncon-
strained problems converge to a solution of the original constrained problem.
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In Chapters 2 and 3 we study an exact penalty property in constrained op-
timization — the existence of a penalty coefficient for which any solution of
a penalized unconstrained problem is a solution of the original unconstrained
problem. Exact penalty properties are of great interest (see, for example,
[14, 16, 33] and the references mentioned there) and the results known in the
literature show that the existence of exact penalty is related to calmness of the
perturbed constraint mapping. In our recent research we established simple
sufficient conditions of a different nature for the existence of exact penalty.
This research was begun with the work [122] where a sufficient condition for
the exact penalty property was established for an equality-constraint prob-
lem and for an inequality-constrained problem with one constraint in Banach
spaces with locally Lipschitz constraint and objective functions. In our series
of subsequent papers the main result of [122] was generalized for different
classes of constrained minimization problems and Chapters 2 and 3 are based
on these papers. Since in these chapters we consider optimization problems in
general Banach spaces and metric spaces, not necessarily finite-dimensional,
the existence of solutions of original constrained problems and correspond-
ing penalized unconstrained problems is not guaranteed. By this reason we
deal with approximate solutions and establish an approximate exact penalty
property which contains the classical exact penalty property as a particular
case.

In Chapters 4-10 we use the generic approach in order to show that solu-
tions of minimization problems exist generically for different classes of prob-
lems which are identified with corresponding spaces of functions with natural
complete metrics. It should be mentioned that the author obtained his first
generic existence result in [103] for general Bolza and Lagrange optimal con-
trol problems without usual convexity assumptions. This result was published
in [108].

The Tonelli classical existence theorem in the calculus of variations [93]
is based on two fundamental hypotheses concerning the behavior of the inte-
grand as a function of the last argument (derivative): one that the integrand
should grow superlinearly at infinity and the other that it should be convex
(or exhibit a more special convexity property in case of a multiple integral
with vector-valued functions) with respect to the last variable. In [103, 108]
it was shown that the convexity condition is not needed generically, and not
only for the existence but also for the uniqueness of a solution and even
for well-posedness of the problem (with respect to some natural topology in
the space of integrands). More precisely, in [103, 108] we considered a class
of optimal control problems (with the same system of differential equations,
the same functional constraints and the same boundary conditions) which
is identified with the corresponding complete metric space of cost functions
(integrands), say F. We did not impose any convexity assumptions. These
integrands are only assumed to satisfy the Cesari growth condition. The main
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result in [103, 108] establishes the existence of an everywhere dense Gs-set
F’ C F such that for each integrand in F’ the corresponding optimal control
problem has a unique solution. The next step was done in a joint paper by
Alexander Ioffe and the author [52]. There we introduced a general variational
principle having its prototype in the variational principle of Deville, Godefroy
and Zizler [31]. A generic existence result in the calculus of variations without
convexity assumptions was then obtained as a realization of this variational
principle. It was also shown in [52] that some other generic well-posedness
results in optimization theory known in the literature and their modifications
are obtained as a realization of this variational principle.

The paper [52] became a starting point of the author’s research on op-
timization problems which has been continued in the last ten years. Many
results obtained during this period of time are presented in Chapters 4-10
of the book. Among them generic existence results for classes of constrained
minimization problems with different type of constraints, for classes of para-
metric minimization problems, for classes of problems with increasing objec-
tive functions, classes of vector minimization problems and infinite horizon
optimization problems. Any of these classes of problems is identified with a
space of functions equipped with a natural complete metric and it is shown
that there exists a G5 everywhere dense subset of the space of functions such
that for any element of this subset the corresponding minimization problem
possesses a unique solution and that any minimizing sequence converges to
this unique solution. These results are obtained as realizations of variational
principles which are extensions or concretization of the variational principle
established in [52]. Instead of considering the existence of a solution for a
single minimization problem, we investigate it for a class (space) of problems
and show that a unique solution exists for most of the problems in the class.
A reader can ask how these results can help if one needs to solve a single
(individual) problem. It turns out that our results provide a proper explana-
tion of what happens with individual problems in practice. The thing is that
because of computational errors and errors in data which are always present,
instead of solving an individual problem with certain objective (constraint)
function we actually solve a similar problem with an approximation of the ob-
jective (constraint) function. Probably this new problem possesses desirable
properties which hold for most of the problems. This explains, for example,
the fact that sometimes in practice we can get results which are better than
their theoretical expectations. This happens when an algorithm works under
some conditions which hold for “almost all” problems.

Haifa, December 31, 2009 Alexander J. Zaslavski
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1

Introduction

1.1 Penalty methods

Penalty methods are an important and useful tool in constrained optimization.
See, for example, [5, 6, 14, 15, 16, 20, 21, 28, 29, 30, 33, 34, 38, 39, 42, 44, 47,
48, 49, 66, 68, 72, 73, 75, 86, 87, 99] and the references mentioned there. In this
book we use the penalty approach in order to study constrained minimization
problems in infinite-dimensional spaces.

Assume that X is a Banach space with the norm || - || and consider an
inequality-constrained problem

minimize f(z) subject to g(z) < ¢,

where f,g: X — R! are continuous functions and the set {z € X : g(z) < ¢}
is nonempty, and an equality-constrained problem

minimize f(z) subject to g(z) = ¢,

where f,g: X — R! are continuous functions and the set {x € X : g(z) = ¢}
is nonempty. Here c is a real number.

We associate with these two constrained minimization problems the cor-
responding penalized unconstrained problems

minimize f(z)+ Amax{g(x) — ¢, 0} subject to x € X

and
minimize f(z) 4+ A|lg(z) — ¢| subject to z € X

where A > 0.

It is well known that if the space X is finite-dimensional and the objective
function f satisfies a coercivity growth condition, then all these problems
possess solutions and solutions of penalized unconstrained problems converge
to a solution of the corresponding constrained problem. Indeed, assume that

A.J. Zaslavski, Optimization on Metric and Normed Spaces, Springer Optimization 1
and Its Applications 44, DOI 10.1007/978-0-387-88621-3_1,
© Springer Science+Business Media, LLC 2010



2 1 Introduction

X is finite-dimensional, lim||g||—o f(2) = 0o and consider the inequality-
constrained minimization problem. By the growth condition on f the original
inequality-constrained problem possesses a solution z, and for each A > 0
the corresponding penalized unconstrained problem with penalty A possesses
a solution x. It is clear that for each A > 0,

J(za) + Amax{g(zx) —¢,0} < f(w).

Assume that a sequence of positive numbers {A;}2, tends to infinity. Then
by the inequality above and the growth condition on f,

klim max{g(zy,) —¢,0} =0

and the sequence {z,}?2, is bounded. Extracting a subsequence and re-
indexing if necessary we may assume that there exists Z = limg_.oc 5,. Now
it is not difficult to see that g(Z) < ¢ and f(Z) < f(x.). Hence Z is a solution
of the original inequality-constrained problem. Analogous arguments work for
the equality-constrained problem and for constrained minimization problems
with several mixed constraints.

In Chapters 2 and 3 we study the existence of an exact penalty for con-
strained minimization problems. A penalty function is said to have the exact
penalty property [14, 16, 33, 44] if there is a penalty coefficient for which
a solution of an unconstrained penalized problem is a solution of the corre-
sponding constrained problem.

The notion of exact penalization was introduced by Eremin [38] and Zang-
will [99] for use in the development of algorithms for nonlinear constrained
optimization. Since that time, exact penalty functions have continued to play
a key role in the theory of mathematical programming [5, 6, 15, 20, 21, 28,
29, 34, 39, 42, 47, 48, 49, 66, 68, 72, 73, 86, 87]. For historical reviews of the
literature on exact penalization see [14, 16, 33].

Chapters 2 and 3 are based on our recent research where we obtained a
number of existence results on the exact penalty with a different nature than
previous results known in the literature which usually relate the existence of
exact penalty to calmness of the perturbed constraint mapping.

The starting point of this research was the paper [122] where we consid-
ered problems with one constraint (an equality-constrained problem and an
inequality-constrained problem) in Banach spaces with locally Lipschitz ob-
jective and constraint functions stated above. The results established in [122]
are discussed in Sections 2.1-2.3.

Here in order to demonstrate the idea of the proof of the main result of
[122] we consider a simplified version of the problem

minimize f(z) subject to g(z) < ¢,

where the Banach space X is finite-dimensional, the functions f,g: X — R!
are continuously differentiable, lim||,||—o f(2) = oo and the set {z € X :
g(x) < ¢} is nonempty.
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Assume that the exact penalty does not exist and that a sequence of posi-
tive numbers {A,}72 ; tends to infinity as k — co. Then for any natural num-
ber k there exists a solution xj, of the penalized unconstrained problem with
the penalty coefficient A\; which is not a solution of the original constrained
problem. We have already shown that the sequence {zx}7°, is bounded. We
may assume without loss of generality that there exists £ = limg_.oo . We
have shown above that T is a solution of the original inequality-constrained
minimization problem.

Let k be a natural number. If g(z;) < ¢, then

f(zr) = f(wg) + M max{g(zg) — ¢,0} < f(Z) + A\p max{g(Z) — ¢, 0} = f(7)

and xj, is a solution of the inequality-constrained problem. The contradiction
we have reached proves that g(zj) > c¢. Then there exists an open neighbor-
hood Vj, of zj, in X such that g(z) > ¢ for all z € V. Now it is clear that for
all z € Vg

f(2) + Ak(9(2) = ¢) = f(2) + A max{g(z) — ¢, 0}

> f(og) + A max{g(zg) — ¢,0} = f(ar) + \(g9(zk) — ©).
This implies that

0= Vf(zr) + AeVg(zx) and V() = —A; 'V f(ax).
Evidently,
Vg(z) = klim Vylag) = — klim MV f(a) = 0.

Since g(zx) > c for all natural numbers k we obtain that ¢g(Z) > ¢ and since
is an admissible point of the original constrained problem we have g(Z) = c.
Therefore assuming that the exact penalty does not exist we obtain that the
set {x € X : g(x) = c and Vg(x) = 0} is nonempty, or in other words c is a
critical value of the function g. Thus if ¢ is not a critical value of the function
g, then the exact penalty exists. The main results of [122] stated in Section 2.1
and proved in Section 2.2 are actually a generalization of the result obtained
above for an equality-constrained problem and an inequality-constrained prob-
lem in infinite-dimensional Banach spaces with locally Lipschitz objective and
constraint functions. In [122] we used the notion of a critical point with respect
to the Clarke’s generalized gradient [21] and a version of Palais-Smale con-
dition [8, 76, 100] because the Banach space X is infinite-dimensional. Since
the existence of solutions of optimization problems in the infinite-dimensional
Banach space X is not guaranteed we deal in Sections 2.1 and 2.2 with approx-
imate solutions and employ Ekeland’s variational principle [37]. In Sections
2.1 and 2.2 we establish the existence of a penalty coefficient for which ap-
proximate solutions of the unconstrained penalized problem are close enough
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to approximate solutions of the corresponding constrained problem. This is a
novel approach in the penalty-type methods.

Consider a problem minimize h(z) subject to z € X where h : X — R!
is a continuous bounded from below function. We say that x € X is a 6-
approximate solution of the problem minimize h(z) subject to z € X, where
0> 0,if h(z) <inf{h(z): z€ X} +9.

The main result of Section 2.1 which is established for the equality-
constrained problem and for the inequality-constrained problem stated at the
beginning of this section implies that if ¢ is not a critical value of g, then
for each € > 0 there exists d(e) > 0 which depends only on € such that the
following property holds:

If A > X\ and z is a d(e)-approximate solution of the penalized uncon-
strained problem, then there exists a (\e)-approximate solution of the original
penalized problem such that ||y — z|| <.

Here ) is a positive constant which does not depend on e.

This property implies that any exact solution of the unconstrained penal-
ized problem whose penalty coefficient is larger than ), is an exact solution
of the corresponding constrained problem. Indeed, let = be a solution of the
unconstrained penalized problem whose penalty coefficient is larger than .
Then for any € > 0 the point z is also a §(¢)-approximate solution of the same
unconstrained penalized problem and in view of the property above there is a
(\e)-approximate solution . of the corresponding constrained problem such
that ||z — y.|| < e. Since € is an arbitrary positive number we can easily de-
duce that = is an exact solution of the corresponding constrained problem.
Therefore the result also includes the classical penalty result as a particular
case.

In Chapters 2 and 3 we establish several extensions and generalizations of
the main result of Section 2.1 for various classes of constrained minimization
problems. In Sections 2.4-2.6 we establish the exact penalty property for a
large class of inequality-constrained minimization problems

minimize f(z) subject to z € A

where

A={zeX: gi(x)<c¢fori=1,...,n}.
Here X is a Banach space, ¢;, i = 1,...,n are real numbers, the constraint
functions g; : X — R' U {oo}, i =1,...,n are convex and lower semicontinu-

ous and the objective function f : X — R'{oo} belongs to a certain space of
functions. This space of functions includes the set of all convex bounded from
below semicontinuous functions f : X — R' which satisfy the growth condi-
tion lim||;| - f(2) = 0o and the set of all functions f on X which satisfy the
growth condition above and which are Lipschitzian on all bounded subsets of
X. We associate with the inequality-constrained minimization problem above
the corresponding family of unconstrained minimization problems
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n
minimize f(z) + ’yZmax{gi(z) —¢;,0} subject to z € X
i=1

where v > 0 is a penalty. Under the assumption that there is £ € X such that
9j(Z) <c¢jforallj=1,...,nand f(Z) < o0

we establish the existence of a penalty coefficient for which approximate solu-
tions of the unconstrained penalized problem are close enough to approximate
solutions of the corresponding constrained problem.

The existence of exact penalty is established in Sections 2.7 and 2.8 for
constrained minimization problems with mixed nonconvex nonsmooth con-
straints in a Banach space. In Sections 2.9 and 2.10 we study an equality-
constrained problem and an inequality-constrained problem with one con-
straint in a Hilbert space assuming that an objective function and a constraint
function are Frechet differentiable. We establish the following sufficient con-
dition for the existence of exact penalty which involves the second Frechet
derivative:

In the case of the inequality-constrained problem (the equality-constrained
problem, respectively) the set {z € X : g(r) = ¢} does not contain a critical
point of g whose second derivative generates a positively semidefinite (posi-
tively semidefinite or negatively semidefinite, respectively) quadratic form.

The existence of exact penalty is obtained in Sections 2.11-2.13 for con-
strained minimization problems with locally Lipschitzian mixed constraints in
complete metric spaces and in Sections 2.14 and 2.15 we establish an extension
of the main result of Section 2.1 using Mordukhovich’s basic subdifferential
[71, 73].

In Chapter 3 we study the stability of the exact penalty. It is shown that if
a sufficient condition for the existence of exact penalty holds for a constrained
minimization problem, then the same exact penalty exists for a family of con-
strained minimization problems which are obtained from the original problem
by perturbations. These results show that exact penalty is stable under influ-
ence of computational errors and this stability is important for practice from
the computational point of view.

The stability results are established for equality-constrained problems and
inequality-constrained problems with one constraint and with locally Lips-
chitz objective and constrained functions in Sections 3.1-3.3, for inequality-
constrained problems with a lower semicontinuous objective function and
convex lower semicontinuous constraint functions in Sections 3.4-3.7, and
for inequality-constrained problems with locally Lipschitz objective and con-
straint functions in Sections 3.8 and 3.9.
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1.2 Generic existence of solutions of minimization
problems

In the second part of the monograph (Chapters 4-10) we use the generic
approach in order to study the existence of solutions of various optimization
problems in Banach spaces and complete metric spaces and show that for most
problems (in the sense of Baire category) all minimizing sequences converge
to a unique solution. Here we demonstrate simple applications of this generic
approach in optimization.

Let (X, p) be a bounded complete metric space. Put

diam (X) = sup{p(x,y) : =,y € X}

and denote by M the space of all bounded continuous functions f : X — R!
equipped with a metric

d(fl,fg) = sup{|f1(x) — fg(x)‘ L xre X}, fl,fg e M.

Clearly, (M, d) is a complete metric space. It is well-known that if the space X
is compact, then for every € M, the problem minimize f(z) subject to xz € X
possesses a solution. Since in our book we do not assume the compactness
of X the situation becomes more difficult and less understood. Nevertheless,
there exists a subset F C M which is a countable intersection of open every-
where dense subsets of M such that for each element of F the corresponding
minimization problem has a unique solution.

Denote by £ the set of all f € M for which the problem minimize f(x)
subject to x € X possesses a solution. It turns out that £ is an everywhere
dense subset of M.

Indeed, let f € M and € be a positive number. There exists z. € X such
that

flze) < f(x) +eforall v € X.

Put
fe(@) = max{f(z), f(ze)}, v € X.

Clearly, f. € M, x, is a point of minimum of the function f. and therefore
fe € L. 1t is not difficult to see that for all x € X,

f(@) < fe(z) < fz) + €

and that d(f, f¢) <e. Thus £ is an everywhere dense subset of M.
For any f € £ let xy € X be a point of minimum of the function f such
that
flzg) < f(x) for all z € X.

Let f € £ and n be a natural number. Define f,, € M by

Jal@) = f(2) + (4n) " (diam(X) + 1) pla, ), @ € X.



1.2 Generic existence of solutions of minimization problems 7

It is easy to see that
d(f, fn) < (4n)~".

Choose a number
5(f,n) € (0,(12n*) " (diam(X) 4+ 1)71)

and set
V(f,n)={g€ M: d(fn,g9) <(f,n)}.

Assume that
g€ V(f,n), x € X and g(z) <inf{g(z): z € X} +(f,n).

It follows from the relations above, the definitions of f,, V(f,n), x5 and
0(f,m) that
f(@) + (4n) ™} (diam(X) + 1)~ p(x, z)

= fn(x) < g(x) + 6(f7 TL) < g(xf) + 25(f7 n)
< fulzy) +30(f,n) = f(xp) +36(f,n) < f(x) +36(f,n)

and that
p(z,z¢) <30(f,n)4dn(diam(X) +1) < 1/n.

Thus for each g € V(f,n) the following property holds:
if x € X satisfies g(x) < inf{g(z) : z € X} +6(f,n), then p(z,zs) < 1/n.
Set
F =, U{V(f,k): f €L and an integer k > n}.

Clearly, F is a countable intersection of open everywhere dense subsets of M.

Assume that ¢ € F and that n is a natural number. By definition of
F, there exist a natural number k£ > n and f € £ such that g € V(f, k).
Combined with the property above this implies that the following property
holds:

for each € X satisfying g(x) < inf{g(z) : z € X}+4(f, k) the inequality
p(z,zs) < 1/n holds.

Since n is an arbitrary natural number we conclude that any minimizing
sequence for the problem minimize g(z) subject to z € X converges to its
unique solution, where g is an arbitrary element of F.

There is also another way to prove the result obtained above.

Let f € M and n be a natural number. Choose a positive number

5(f,n) < (32n%) " (diam(X) +1)~!
and choose x¢ € X such that
Flop) Smt{f(z): 2 € X}+0(F.n).

Put
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Jul2) = F(z) + (4n) " (diam(X) + 1) p(z,2)), = € X.

Clearly f, € M and
d(f, fn) < (4n)~".

Set
V(f,n)={g€ M: d(fn,g9) <(f,n)}.

Assume that
g€eV(f,n), z€ X and g(z) < inf{g(z): 2z € X} +(f,n).
By the relations above, the definitions of f,, V/(f,n), z; and 6(f, n),
£(@) + () (diam(X) + 1)~ plw,27) = fula)

< g(x) +0(f,n) < g(xyg) +26(f,n)
< fulay) +30(f,n) = f(xy) +30(f,n) < f(x) +40(f,n)

and
plz,zy) < 46(f,n)dn(diam(X) +1) < 1/n.

Thus for each g € V(f,n) the following property holds:
if z € X satisfies g(z) < inf{g(z) : z € X} +46(f,n), then p(z,z¢) < 1/n.
Set
F=n2,U{V(f,n): f € M and an integer n > k}.

Clearly, F is a countable intersection of open everywhere dense subsets of M.

Assume that g € F and that k£ is a natural number. By definition of
F, there exist a natural number n > k and f € M such that g € V(f,n).
Combined with the property above this implies that the following property
holds:

for each © € X satistying g(z) < inf{g(z) : z € X}+0(f,n) the inequality
p(z,zy) < 1/k holds.

Since k is an arbitrary natural number we conclude that any minimizing
sequence for the problem minimize g(z) subject to z € X converges to its
unique solution, where g is an arbitrary element of F.

We presented above two proofs of the same generic well-posedness result.
In both proofs for a given f € M and a positive number ¢ we defined a
function f € M, Z € X and a positive constant ¢ such that if € X is a
d-approximate solution of the problem g(z) — min, z € X, where g belongs
to a d-neighborhood of f, then x belong to an e-neighborhood of Z.

Many results of this type for various classes of minimization problems are
collected in Chapters 4-10. Here we briefly describe some of them.

In Chapter 4 we consider problems minimize f(x) subject to € X where
X is a complete metric space and f belongs to a space of lower semicontinuous
functions on X satisfying a certain growth condition. The class of minimiza-
tion problems is identified with this space of functions. We endow the space
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of functions with an appropriate metric and show that for most functions f
in this metric space the corresponding minimization problem has a unique
solution and is well-posed.

In Chapter 4 we also consider the following class of minimization problems

minimize f(z) subject to x € A

studied in [52, 110, 111], where A is a nonempty closed subset of a complete
metric space X and f belongs to a space of lower semicontinuous functions
on X. This class of problems is identified with a space of pairs (f, A) which is
equipped with appropriate complete uniformities. It is shown that for a typical
pair (f, A) the corresponding minimization problem has a unique solution and
is well-posed.

Chapter 4 also contains several other interesting generic results in opti-
mization.

In Chapter 5 we continue to consider various classes of minimization prob-
lems showing that most problems in these classes are well-posed. In that
chapter in order to meet this goal we use a porosity notion. As in Chapter 4
we identified a class of minimization problems with a certain complete metric
space of functions, study the set of all functions for which the corresponding
minimization problem is well-posed and show that the complement of this set
is not only of the first category but also a o-porous set.

We now recall the concept of porosity [10, 26, 27, 84, 97, 98, 112].

Let (Y,d) be a complete metric space. We denote by By(y,r) the closed
ball of center y € Y and radius » > 0. A subset £ C Y is called porous in
(Y, d) if there exist o € (0,1] and 79 > 0 such that for each r € (0,7¢] and
each y € Y there exists z € Y for which

Bi(z,ar) C Ba(y,r) \ E.

A subset of the space Y is called o-porous in (Y,d) if it is a countable
union of porous subsets in (Y, d).

Since porous sets are nowhere dense, all o-porous sets are of the first
category. If Y is a finite-dimensional Euclidean space, then o-porous sets are
of Lebesgue measure 0. In fact, the class of o-porous sets in such a space
is smaller than the class of sets which have measure 0 and are of the first
category.

To point out the difference between porous and nowhere dense sets note
that if £ C Y is nowhere dense, y € Y and r > 0, then there is a point z € Y
and a number s > 0 such that By(z,s) C By(y,r) \ E. If, however, E is also
porous, then for small enough r we can choose s = ar, where a € (0,1) is a
constant which depends only on E.

In Chapter 5 we employ the notion of porosity in order to study well-
posedness of convex minimization problems, well-posedness of a certain class
of problems arising in crystallography and well-posedness for a class of equi-
librium problems.
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In Chapter 6 we study a parametric family of the problems minimize f(b, z)
subject to x € X on a complete metric space X with a parameter b which
belongs to a Hausdorff compact space B. Here f(-,-) belongs to a space of
functions on B x X endowed with an appropriate uniform structure. Using
the generic approach and the notion of porosity we show that for a typical
function f(-,-) the minimization problem has a solution for all parameters
bekB.

Chapter 7 is devoted to the study of problems minimize f(z) subject toz €
K where K is a closed subset of an ordered Banach space X and f belongs to
a space of increasing lower semicontinuous functions on K. Using the generic
approach and the notion of porosity we show that for most functions f in this
space the corresponding minimization problem has a unique solution.

In Chapter 8 we study minimization problems with mixed constraints

minimize f(z) subject to G(x) =y, H(x) < z,

where f is a continuous (differentiable) finite-valued function defined on a Ba-
nach space X, y is an element of a finite-dimensional Banach space Y, z is an
element of a Banach space Z ordered by a convex closed cone and G : X — Y
and H : X — Z are continuous (differentiable) mappings. We consider two
classes of these problems and show that most of the problems (in the Baire
category sense) are well-posed. Our first class of problems is identified with the
corresponding complete metric space of quintets (f, G, H,y, z). We show that
for a generic quintet (f, G, H,y,z) the corresponding minimization problem
has a unique solution and is well-posed. Our second class of problems is identi-
fied with the corresponding complete metric space of triples (f, G, H) while y
and z are fixed. We show that for a generic triple (f, G, H) the corresponding
minimization problem has a unique solution and is well-posed.

In Chapter 9 we study classes of vector minimization problems on a com-
plete metric space which are identified with the corresponding complete metric
spaces of objective functions. We show that for most (in the sense of Baire
category) functions the corresponding vector optimization problem has a so-
lution. Using generic approach we also study other interesting properties of
such classes of problems.

Chapter 10 is devoted to the study of infinite horizon minimization prob-
lems.

1.3 Comments

The book contains two parts. In the first part (Chapters 2 and 3) we study
the exact penalty property for constrained minimization problems in Banach
spaces and in complete metric spaces and in the second part (Chapters 4-10)
using the generic approach we study the existence of solutions of various opti-
mization problems in Banach spaces and complete metric spaces. In Chapter
1 we describe with more details the subject and the structure of the book.
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Exact Penalty in Constrained Optimization

2.1 Problems with a locally Lipschitzian constraint
function

Let (X,]|-]|) be a Banach space and (X*, ||-||.) its dual space. For each z € X,
each z* € X* and each r > 0 set

Bz,r)={ye X : |ly—z|| <r}, Bila*,r)={le X" ||l —z"|]. <r}.
Let f: X — R! be a locally Lipschitzian function. For each 2 € X let

fz,h) = limsup [f(y+th) — f(y)]/t, he X

t—0t,y—x
be the Clarke generalized directional derivative of f at the point = [21], let
Of(x) ={l€ X*: f%x,h) > 1(h) for all h € X}
be Clarke’s generalized gradient of f at z [21] and set
Z¢(x) = inf{f°(z,h) : h € X and ||h|| = 1}

[100].

A point z € X is called a critical point of f if 0 € df(x). It is not difficult
to see that € X is a critical point of f if and only if Z¢(z) > 0.

A real number ¢ € R! is called a critical value of f if there is a critical
point x of f such that f(z) = c.

It is known that O(—f)(xz) = —9f(x) for any = € X (see Section 2.3 of
[21]). This equality implies that = € X is a critical point of f if and only if x
is a critical point of —f and ¢ € R! is a critical value of f if and only if —c is
a critical value of —f.

For each function f : X — R! set inf(f) = inf{f(z) : 2 € X}. For each
r € X and each B C X put

A.J. Zaslavski, Optimization on Metric and Normed Spaces, Springer Optimization 11
and Its Applications 44, DOI 10.1007/978-0-387-88621-3_2,
© Springer Science+Business Media, LLC 2010
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d(z,B) = inf{||lz —y[| : y € B}.

Let f : X — R! be a function which is Lipschitzian on all bounded subsets
of X and which satisfies the following growth condition:
| 1|1|m f(z) = o0. (2.1)
It is easy to see that inf{f(z): z € X} > —oo0.
Let ¢ : X — R! be a locally Lipschitzian function which satisfies the
following Palais-Smale (P-S) condition [8, 76, 100]:
If {x;}52, C X, the sequence {g(x;)}2, is bounded and if

liminf =, (z;) > 0,
11— 00
then there is a norm convergent subsequence of {x;}52;.

Let ¢ € R! be such that g~!(c) is nonempty.
We consider the constrained problems

minimize f(z) subject to x € g7 (c) (Pe)

and
minimize f(z) subject to x € g~ ((—o0, c]). (P)

We associate with these two problems the corresponding families of uncon-
strained minimization problems

minimize f(z) 4+ A|g(z) — ¢| subject to z € X (Pxe)
and
minimize f(z)+ Amax{g(z) — ¢, 0} subject to z € X (Pxi)
where A > 0.
Set
inf(f;c) =inf{f(z): z € g ()}, (2.2)
inf(f; (—oo,c]) =inf{f(z): z€ X and g(z) < c}. (2.3)

The next theorem is the main result of this section.

Theorem 2.1. Assume that the number c¢ is not a critical value of the func-
tion g. Then there exist numbers A\g > 0 and Ay > 0 such that for each positive
number e there exists § € (0,€) such that the following assertions hold:

1. For each A > X\g and each x € X which satisfies

F(&) + Ng(w) — o] < mf{f(2) + Ng(z) —c| : 2 € X}+6
there exists y € g~1(c) such that

lly — z|| < e and f(y) <inf(f;c)+ Ae.
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2. For each A > Ay and each x € X which satisfies
f(z) + Amax{g(z) — ¢, 0} < inf{f(z) + Amax{g(z) —¢, 0}: z€ X} + ¢
there exists y € g~ ((—o0,c]) such that
lly — || < e and f(y) < inf(f; (—o0,c]) + Are.

Theorem 2.1 will be proved in Section 2.2. In this section we present several
important results which follow from Theorem 2.1. We will prove these results
in Section 2.2.

Theorem 2.1 implies the following result.

Theorem 2.2. Assume that the number c is not a critical value of the func-
tion g. Then there exists a positive number Ag such that the following asser-
tions hold:

1. If A > Ao and if a sequence {x;}32, C X satisfies

i [f(2:) + Mg(w:) — ef] = inf{f(2) + Alg(z) —¢| : z € X},

71— 00

then there exists a sequence {y;}5°, C g~ *(c) such that
lim f(yi) = inf(f;¢) and lim |ly; —z;|| = 0.
2. If A > Ao and if a sequence {x;}52, C X satisfies

lim [f(2;) + Amax{g(x;) — ¢,0}] = inf{f(2) + Amax{g(z) —¢,0} : z € X},

11— 00

then there exists a sequence {y;}2; C g~ ((—o0,c]) such that
lim f(y;) = inf(f; (=00, ¢]) and lim ||y; — z;|| = 0.
Assertion 1 of Theorem 2.2 implies the following result.

Theorem 2.3. Assume that the number ¢ is not a critical value of the func-
tion g and that there exists T € g~ 1(c) for which the following conditions
hold:

F(@) = inf(f:c);

any sequence {x,}5°; C g~ 1(c) which satisfies lim, . f(z,) = inf(f;c)
converges to T in the norm topology.

Then there exists a positive number Ao such that for each A > Xy the point
T s a unique solution of the minimization problem

minimize f(z) + A|g(z) — ¢| subject to z € X.

Assertion 2 of Theorem 2.2 implies the following result.
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Theorem 2.4. Assume that the number ¢ is not a critical value of the func-
tion g and that there exists ¥ € g~ 1((—o0,c]) for which the following condi-
tions hold:

f(@) = inf(f; (—o0,cl);

any sequence {x,}2°, C g~ 1((—oo,c]) which satisfies lim,_ o f(z,) =
inf(f; (—o0,c]) converges to T in the norm topology.

Then there exists a positive number \g such that for each A > \g the point
T s a unique solution of the minimization problem

minimize f(z) + Amax{g(z) — ¢, 0} subject to z € X.
The next result follows from Theorem 2.2.

Theorem 2.5. Assume that X = R™ and the number c is not a critical value
of the function g. Then there exists a positive number Ao such that the follow-
ing assertions hold:

1. For each X\ > X\g and for each solution x of the minimization problem

minimize f(z) + Mg(z) — ¢| subject to z € X
the following relations hold:
x € g t(c) and f(x) = inf(f;c).
2. For each A > Ay and each solution x of the minimization problem
minimize f(z) + Amax{g(z) — ¢, 0} subject to z € X
the following relations hold:
9(@) < ¢ and f(z) = inf(f;(—00,d]).

Example 2.6. Assume that X = R", g € C'(R"™) and that the gradient of g is
not zero at any point x € R"™. Then Theorems 2.1, 2.2 and 2.5 hold.

Ezxample 2.7. Assume that X = R", g is convex and bounded from below and
¢ > inf(g). Then Theorems 2.1, 2.2 and 2.5 hold.

Theorems 2.1-2.5 have been established in [122].
Now we give an example which shows that exactness fails when c is a
critical value of g.

Example 2.8. Let X = R' and consider the minimization problem
minimize f(z) subject to z € R, g(z) =0
where f(z) = (z —10)?, z € R' and

g(x) = (:E - 1)2a T < []-700)7
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g(x) = (x+1)% 2z € (—o0,—1], g(x) =0, z € (—1,1).

This problem is equivalent to the problem
minimize f(z) subject to z € R', g(z) < 0.

Clearly zero is a critical value of ¢ and Z = 1 is a unique solution of the
problem.

We show that for each A > 0, inf(f + Ag) < f(1) = 81. Fix A > 0. For
each z € [1,min{2,1 +4/A}]

(f+Xg) () =2(z—10)+2X(x—1) < —16+2\(z—1) < —16+2X(4/)\) = —8.

This relation implies that inf(f + Ag) < f(1).

2.2 Proofs of Theorems 2.1-2.4

Proof of Theorem 2.1: We prove Assertions 1 and 2 simultaneously.
Set
A = g7 1(c) in the case of Assertion 1

and
A = g *((—o0,(]) in the case of Assertion 2.

For each positive number A define a function v, : X — R! by
a(2) = f(2) + Alg(2) =], z€ X (2.4)
in the case of Assertion 1 and by
¥x(z) = f(2) + Amax{g(z) —¢,0}, z€ X (2.5)

in the case of Assertion 2.

Note that the function ¢y is locally Lipschitzian for all positive numbers
A

We show that there exists a positive number Ag such that the following
property holds:

(P1) For each € € (0,1) there exists 6 € (0,¢) such that for each A > Xg
and each z € X which satisfies

Pa(z) <inf(ip) + 6

the set AN B(z,€) is nonempty.
Assume the contrary. Then for each integer £ > 1 there exist

€L € (O, 1), A >kand zp, € X (2.6)

such that
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Un () <inf(iy,) + 27 ek ™2, (2.7)
d(xzg, A) > k. (2.8)

Let k > 1 be an integer. By (2.7) and Ekeland’s variational principle [37],
there exists y; € X for which

U, (k) < P, (xn), (2.9)
e — 2xl] <271 ey, (2.10)
U (Ur) < U, (2) + k7|2 — ygl| for all z € X. (2.11)

It follows from (2.8) and (2.10) that
yr € A for all integers k > 1. (2.12)
In the case of Assertion 2 we obtain that
g(yr) > c for all integers k > 1. (2.13)
In the case of Assertion 1 we obtain that for each integer k > 1
either g(yx) > c or g(yx) < c.

In the case of Assertion 1 extracting a subsequence and reindexing we may
assume that either g(yx) > c for all integers k > 1 or g(yx) < c for all integers
k > 1. Replacing g by —g and ¢ by —c, if necessary, we may assume without
loss of generality that (2.13) is valid in the case of Assertion 1 too. Now (2.13)
is valid in both cases.

Let £ > 1 be an integer. In view of (2.11),

0 € 0¥y, (yx) + B.(0,1/k). (2.14)
It follows from (2.4), (2.5) and (2.13) that
O, (yr) = O(f + Akg)(yr) C f(yk) + XeOg(y)- (2.15)
By (2.14) and (2.15),
0 € Ag(yk) + Ay "0f (yr) + Bo(0, (kAp) ™). (2.16)
By (2.4)(2.7), (2.9) and (2.13), for each integer k > 1
Flue) < flue) + Ma(yr) — ¢) =¥, (ye) < inf(¥y,) + 1

<inf{yYn (2): z€ A} +1=inf{f(z): z€ A} + 1.

It follows from this inequality and growth condition (2.1) that the sequence
{yr}72, is bounded. Since f is Lipschitzian on bounded subsets of X it follows
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from the boundedness of the sequence {y;}7°, that there exists a positive
number L such that
9f(yr) € B«(0,L) (2.17)

for each integer k£ > 1.
By (2.13), (2.4)—(2.7) and (2.9), for each integer k > 1,

Fur) + Xe(g(yr) — €) = ¥a, (Yr) < ha, (2r) < inf(ehy,) + 1 (2.18)
<inf{y, (2): z€ A} +1=inf{f(2): z€ A} + 1.
It follows from (2.13), (2.18) and (2.6) that for each natural number k
0<g(yr) —c <M\ '[inf{f(z): z€ A} —inf(f) + 1] — 0 as k — oo.

Hence
klim g(yx) = c. (2.19)
In view of (2.16), (2.17) and (2.6), for each natural number k,
0 € dg(yr) + Ay *B«(0,L) + B.(0,k™)

C dg(y) + B(0,k71 (1 + L)).

This inclusion implies that

likm inf =, (yx) > 0. (2.20)

By (2.20), (2.19) and (P-S) condition, there exists a strictly increasing se-
quence of natural numbers {k;}22, such that {y;,}32; converges in the norm
topology to y. € X. Equality (2.19) implies that g(y.) = c. It follows from
(2.20) and upper semicontinuity of the Clarke generalized directional deriva-
tive g%(&,n) with respect to £ that =, (y.) > 0 and 0 € dg(y.). Since g(y«) = ¢
we obtain that c is a critical value of g, a contradiction. The contradiction we
have reached proves that there exists a positive number \g such that property
(P1) holds.
By growth condition (2.1), there exists a number K; > 0 such that

[|z]| < K for each x € X satisfying f(z) <inf{f(z): z€ A} +1. (2.21)
Since f is Lipschitzian on bounded subsets of X there is A\; > 2 such that
[1f(21) = f(@2)|| < 27 MaJz1 — o] (2.22)

for each 1,29 € B(0, K7 4+ 1).
Assume that € € (0,1). Let § € (0,¢) be as guaranteed by property (P1).
Now assume that

A> Ao, 2 € X and ¥y (z) < inf(i)y) + 0. (2.23)
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Property (P1) implies that there exists y € X such that
y € AN B(x,e€). (2.24)
By (2.4), (2.5) and (2.23),
F(z) < ¥a() < inf(g) + 6 < inf(x) + 1
<inf{r(z): z€ A} +1=inf{f(z): z€ A} + 1. (2.25)
In view of (2.21) and (2.25),
x € B(0, K1). (2.26)
Relations (2.24) and (2.26) imply that
yll < flall +lly — 2|l < Ky + 1. (2.27)
It follows from (2.26), (2.27), the choice of A1 (see (2.22)) and (2.24) that
[f(y) = f@)] <27 Mly — 2f] <27 Ae (2.28)
By (2.28), (2.4), (2.5), (2.23) and the inequalities § < € and A\; > 2,
fly) <27\ e+ f(z) <27 N e+Pa(x) <27 Ne+inf(y) +6

< Ae+inf{f(z): z € A}
This completes the proof of Theorem 2.1.

Proof of Theorem 2.2: We prove Assertions 1 and 2 simultaneously. Let num-
bers A\g > 0 and A\; > 0 be as guaranteed by Theorem 2.1. For each positive
number A define a function ¢, : X — R! by (2.4) in the case of Assertion 1
and by (2.5) in the case of Assertion 2. Set A = g~!(c) in the case of Assertion
1 and A = g~ !((—o0,c]) in the case of Assertion 2.

Assume that A > Ao and that a sequence {x;}5°, C X satisfies

Jim 9y (27) = inf (). (2:29)
By the choice of Ao, for each natural number j there is a positive number d;
such that the following property holds:
(P2) If z € X satisfies ¥\ (x) < inf(1)y) + ¢;, then the set AN B(z,1/j) is
nonempty.
Equality (2.29) implies that there exists a strictly increasing sequence of
natural numbers {¢;}72; such that for each natural number j

¥a(x;) < inf(ypy) + 9, for all natural numbers 7 > t;. (2.30)

By property (P2) and (2.30), for each natural number j > 1,



2.2 Proofs of Theorems 2.1-2.4 19
d(z;, A) < 1/j for all natural numbers i > t;.
This implies that there exists a sequence {y;}52; C A such that
tim s — ]| = 0. (2.31)

It follows from (2.1) and (2.29) that the sequence {z;}2, is bounded. Since
f is Lipschitzian on bounded subsets of X it follows from (2.4), (2.5), (2.29)
and (2.31) that

inf{f(z): z € A} > inf(¢y) = Zlirrolo Ya(xi) > limsup f(x;) = limsup f(y;).

1—00 1—00

Combined with the inclusion {y;}$°; C A this relation implies that
lim f(y;) =inf{f(z) : z € A}.

This completes the proof of Theorem 2.2.

Proofs of Theorems 2.3 and 2.4: We prove Theorems 2.3 and 2.4 simulta-
neously. Let a number Ay > 0 be as guaranteed by Theorem 2.2. For each
positive number A\ define a function ¥, : X — R! by (2.4) in the case of
Theorem 2.3 and by (2.5) in the case of Theorem 2.4. Set A = g~!(c) in the
case of Theorem 2.3 and A = g~ *((—o0, c]) in the case of Theorem 2.4.

Let A > Ag. Assume that a sequence {z;}32; C X satisfies

_lim a(z;) = inf(y). (2.32)

Theorem 2.2 implies that there exists a sequence

{vitiZic A (2.33)
such that
lim |Jy; — ;]| =0 (2.34)
and
lim f(y;) =inf{f(z): z € A}. (2.35)

By (2.33) and (2.35), lim; .« ||y; —Z|| = 0. Combined with (2.34) this equality
implies that
lim ||z; — z|| = 0. (2.36)

Thus we have shown that if {x;}3°, C X satisfies (2.32), then (2.36) is
true. This implies that Z is a unique solution of the minimization problem
minimize ) (z) subject to z € X. Theorems 2.3 and 2.4 are proved.
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2.3 An optimization problem in a finite-dimensional
space

Let p > 0 be an integer, m,n be natural numbers such that p < m < n, let
X = R™ with the Euclidean norm and let
I, = {i: iis an integer such that 1 < i < p}, (2.37)
I, = {i: iis an integer such that p < i < m}. (2.38)

(Note that one of the sets I7, I may be empty.)
For each h: R" — R! set

inf(h) = inf{h(z): z € R"}. (2.39)
For each h € C1(R™) put
Vh(z) = (0h/0z1(2),...,0h/0z,(2)), z € R". (2.40)

Assume that fy : R* — R! is a locally Lipschitzian function which satisfies
the following growth condition:

lim  fo(z) = oo. (2.41)

l|z]||—o00

Let F' = (f1,...,fm): R* — R™ and let f; € CY(R"),i=1,...,m. The
points of R™ where the rank of F' is less than m are called critical points of F.
A point ¢ € R™ such that F~!(c) contains at least one critical point is called
a critical value of F.

Let ¢ = (¢1,...,¢m) € R™. In this section we consider the following opti-
mization problem:

minimize fo(x) (P)
subject to x € R", fi(x) =¢; for alli € I, f;j(z) <c¢; for all j € L.
Set

A={zeR": fi(z) =c¢;, i € I and f;(z) <¢j, j € I} (2.42)
We assume that A # (). Since [y satisfies growth condition (2.41) problem (P)
has a solution. Set
inf(fo; A) = inf{fo(2) : z € A}.
For each vector v = (71,...,%m) € (0,00)™ define
¥y (2) = folz) + Z Vil fi(z) —cil + Z vi max{fi(z) —c;, 0}, z € R". (2.43)
i€l i€l

Clearly for each v € (0,00)™ the function ¢, is locally Lipschitzian and the
problem
minimize 1, (z) subject to z € R"

has a solution.
In this section we prove the following result.
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Theorem 2.9. Assume that the following condition holds:
For each finite strictly increasing sequence of natural numbers {j;}i_,
which satisfies

Il C {j1’-~-7jq} C {1,...,m}
the point (cj,,...,c;,) is not a critical value of the mapping (fj,,..., fj,) :
R™ — RA.
Let v = (715 -+ ,7¥m) € (0,00)™. Then there exists a positive number Ao
such that for each A > Ao if x € R™ satisfies

Py (@) = inf(1hry),

then fi(x) =¢; for alli € I, fj(x) <c¢; for all j € Iy and fo(x) = inf(f; A).

Proof: Assume the contrary. Then there exist a sequence {A;}72; C (0,00)
and a sequence {z(F)}2° | C R"™ such that

Mg > k for all integers k > 1, (2.44)
1/),\,”(30(]6)) = inf(¢)y,~) for all integers k > 1, (2.45)
#®) & A for all integers k > 1. (2.46)

For each integer k > 1 set
Ly ={iel: fiz®™) >}, - ={ieh: filz™) <},  (247)
Lpy ={iel: f;(z®)>¢}, I ={iel: fi(z®™) <)
It follows from (2.47), (2.46) and (2.42) that
Ly Ul U sy # 0 for all natural numbers k. (2.48)

Extracting a subsequence and reindexing we may assume without loss of gen-
erality that for all integers k > 1
Ligy = Iy, hig- = Iy Iy = Iony, Togp— = Io1—.

Put
Ly =1\ (Ingy Uln), Iy = I\ (Jo14 U1 ). (2.49)

In view of (2.43) and (2.45), for each integer k > 1
inf{fo(z): z € A} =inf{)5,4(2) : z € A} > inf(Yr,~)
= Py (@) = fo(@®N)+ Y~ Nyl fi(a™) =il + Y Ays maxc{ fi(«*)) —es, 0}
= i€la (250)
By (2.50),

fo(@®) <inf{fo(z) : z € A} for all integers k > 1. (2.51)
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Since fo satisfies growth condition (2.41) it follows from (2.51) that the se-
quence {z*)}2°  is bounded. Extracting a subsequence and reindexing we
may assume without loss of generality that there exists

z = lim z®. (2.52)

k—oo

Since fy is locally Lipschitzian there exists a positive number L such that
dfo(z™) c B(0, L) for all integers k > 1. (2.53)
Let i € I;. Relations (2.52) and (2.50) imply that
fi(@) = &l = Jim[fi(@) = ] < limsup Ay finf (fos 4) = inf(fo)] =
Hence
fi(@) =¢; for all i € 1. (2.54)
Let i € I,. By (2.52) and (2.50),

max{ f;(Z) — ¢;,0} = klim max{fi(x(k')) —¢;, 0}

< limsup A, 'y, Hinf(fo; A) — inf(fo)] = 0

k—o0

Thus
fi(@) < ¢ for all i € Is. (2.55)

In view of (2.45), (2.43), (2.47) and (2.49) for each natural number k

0 € Iny (&™) COfo(z™) + > MV fi(a™)
1€lhi4
= Y MuVEE®) + > Mvi{aV fiz®) s a e [-1,1))
i€l i€l
+ > MVAEE®) + Y evi{aVhiE®) s ae o, 1]} (2.56)
i€l214 i€l

It follows from (2.56) and (2.53) that for each natural number &k

[Z AR AT A S A EE A AC

€114 i€l11— i€la1y

+ Y {aVfi@®): ae[—vylb + ) {aVfie®): a e 0,7}

i€l i€l21
AB(0, L/A) # 0.

Therefore for each integer k£ > 1 and each i € I;; U I5; there exists
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Qi € [—’yi7’7i] (2.57)

such that

Yo uVEE®) = YT wVEE®) + D wVaE®)

i€l14+ i€l i€la1y

+ Y aMVfi(x““))HgL/Ak. (2.58)

1€111Ul21

Extracting a subsequence and reindexing we may assume without loss of gen-
erality that for each i € I1; U I3 there exists

o; = lim ogy. (2.59)

k—oo

By (2.58), (2.59), (2.52) and (2.44),

Y Vi@ - Y wVh@+ Y wVi@)

i€l114+ i€l i€lary
+ > V@) =o. (2.60)
i€l11Ul2y

It follows from (2.47), (2.49) and (2.55) that
fi(@) = ¢y i € Iy U Ioy.
Combined with (2.54) this implies that
fi(@) =¢i, i€ 1 Ul U Loy (2.61)
If Iny U sy =0 set
F= (fi,.ooyfp) : R" = RP, €= (c1,...,Cp).
If Io1 1 U Iy # 0 put
F=(fi, s for firs- -1 fiy) : R" — RPTY,

C=(Cly s Cp,Cjysevny Gl ),

where {j;}{_, is a strictly increasing sequence of integers such that
{jl, . ajq} = 121+ U 121.

By (2.60) and (2.48), Z is a critical point of F. Combined with (2.61) this
implies that ¢ is a critical value of F', a contradiction. The contradiction we
have reached proves Theorem 2.9.

Theorem 2.9 has been established in [122].
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2.4 Inequality-constrained problems with convex
constraint functions

In this section we begin to study the existence of the exact penalty for a large
class of inequality-constrained minimization problems

minimize f(z) subject to x € A,

where

A={zeX: gi(zx) <c¢ fori=1,...,n}.
Here X is a Banach space, ¢;, i = 1,...,n are real numbers, the constraint
functions ¢;, i = 1,...,n are convex and lower semicontinuous and the objec-

tive function f belongs to a space of functions M described below. This space
of objective functions M is a convex cone in the vector space of all functions
on X. It includes the set of all convex bounded from below semicontinuous
functions f : X — R' which satisfy the growth condition limj|,|—o f(2) = 00
and the set of all functions f on X which satisfy the growth condition above
and which are Lipschitzian on all bounded subsets of X. It should be men-
tioned that if f belongs to this class of functions and ¢ : R! — R! is an
increasing Lipschitzian function, then g o f also belongs to M. Moreover, if
f € M and if a function g : X — R! is Lipschitzian on all bounded subsets
of X and the infimum of g is positive, then f - g € M.

We associate with the inequality-constrained minimization problem above
the corresponding family of unconstrained minimization problems

n
minimize f(z)+ 'yz max{g;(z) — ¢;, 0} subject to z € X
i=1
where v > 0 is a penalty. We establish the existence of a penalty coefficient for
which approximate solutions of the unconstrained penalized problem are close
enough to approximate solutions of the corresponding constrained problem.
We use the convention that A-oco = oo for all A € (0,00), A+ 0o = 0o and
max{\, 0o} = oo for any real number A and that supremum over empty set is
—00. We use the following notation and definitions.
Let (X, || - ||) be a Banach space. For each z € X and each r > 0 set

B(x,r)={ye X: [z -yl <r}.
For each function f : X — R! U {oo} and each nonempty set A C X put
dom(f)={z e X: f(z) < oo},

inf(f) =inf{f(z): z € X}

and

inf(f; A) =inf{f(z): z € A}.
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For each x € X and each B C X set
d(z,B) = inf{||lz —y[| : y € B}.

Let n > 1 be an integer. For each x € (0,1) denote by (2, the set of all
¥ = (71---,7n) € R" such that

k<min{vy;: i=1,...,n} and max{vy;: i=1,...,n} =1 (2.62)

Let g; : X — R'U{oo}, i = 1,...,n be convex lower semicontinuous
functions and ¢ = (¢1,...,¢,) € R™. Set

A={zeX: gi(x)<c¢ fori=1,...,n}. (2.63)

Let f : X — R'U{oo} be a bounded from below lower semicontinuous function
which satisfies the following growth condition:

lim f(z) = . (2.64)

l|z||—o00
We suppose that there is £ € X such that
9;(&) <c¢jfor j=1,...,nand f(Z) < oo. (2.65)
We consider the following constrained minimization problem:
minimize f(z) subject to z € A. (P)

By (2.65) A # () and inf(f; A) < oco.
For each vector v = (71,...,7n) € (0,00)™ define

n
Py (2) = f(z) + Z’yi max{g;(z) — ¢;,0}, z € X. (2.66)

i=1
It is easy to see that for each v € (0,00)" the function ¢, : X — R' U {oc}
is lower semicontinuous and satisfies —oo < inf(¢),) < co. We associate with
problem (P) the corresponding family of unconstrained minimization problems

minimize ¢ (z) subject to z € X (P)

where 7 € (0, 00)".

In this section we assume that there exists a function h : X x dom(f) —
R' U {oo} such that the following assumptions hold:

(A1) h(z,y) is finite for each y,z € dom(f) and h(y,y) = 0 for each
y € dom(f).

(A2) For each y € dom(f) the function h(,y) — R' U {co} is convex.

(A3) For each z € dom(f) and each positive number r,

sup{h(z,y) : y € dom(f)N B(0,r)} < cc.

(A4) For each positive number M there exists a positive number M; such
that for each y € X satisfying f(y) < M there exists a neighborhood V of y
in X such that f(z) — f(y) < Mih(z,y) for each z € V.
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Remark 2.10. Note that if f is convex, then assumptions (A1)—(A4) hold with
h(z,y) = f(2) — f(y), z € X, y € dom(f). In this case M; =1 for all M > 0.
If the function f is finite-valued and Lipschitzian on all bounded subsets of
X, then assumptions (Al)—(A4) hold with h(z,y) = ||z — y|| for all z,y € X.

The next theorem is the main result of the section.

Theorem 2.11. Let x € (0,1). Then there exists a number Ay > 0 such that
for each € > 0 there exists 6 € (0,¢€) such that the following assertion holds:
If v € 02, A > Ay and if x € X satisfies

Vay () <inf(hay) +6,
then there exists y € A such that

lly — z|| < e and f(y) <inf(f;A) +e.

Theorem 2.11 will be proved in Section 2.6. In this section we present
several important results which easily follow from Theorem 2.11.
Theorem 2.11 implies the following result.

Corollary 2.12. Let k € (0,1). Then there exists a positive number Ay such
that for each v € (2, each A > Ay and each sequence {z;}2, C X which
satisfies

zli>r£o wA'y(xi) = inf(w>w>7

there exists a sequence {y;}2, C A such that

lim f(y;) = inf(f; A) and lm |y, — ;]| = 0.
11— 00 11— 00

The next result follows from Corollary 2.12.

Corollary 2.13. Let x € (0,1). Assume that there exists T € A for which the
following conditions hold:

f(@) = inf(f; A);

any sequence {x,}22, C A which satisfies lim, . f(z,) = inf(f;A) con-
verges to & in the morm topology.

Then there exists a positive number Ay such that for each v € 2. and each
A > Ay the point T is a unique solution of the minimization problem

manimize Py (z) subject to z € X.

Corollary 2.12 implies the following result.
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Corollary 2.14. Let k € (0,1). Then there exists Ao > 0 such that if v € £2,
A > Ay and if x is a solution of the minimization problem

minimize ¥y (2) subject to z € X,
then x € A and f(x) = inf(f; A).

It is clear that Corollary 2.14 is the classical exact penalty result.

Denote by M the set of all bounded from below lower semicontinuous
functions f : X — R!'U{oo} satisfying (2.64) which are not identically infinity
and for which there exists a function hy : X x dom(f) — R'U{oo} such that
assumptions (A1)-(A4) hold with h = hy.

We have already mentioned (see Remark 2.10) that f € M if at least one
of the following conditions holds:

f:X — R'U{oc} is a convex bounded from below lower semicontinuous
function satisfying (2.64) which is not identically infinity;

f: X — R!is a function which satisfies (2.64) and which is Lipschitzian
on all bounded subsets of X.

Obviously, if f € M and A > 0, then A\f € M. It is not difficult to see
that the following properties hold:

if fi € Mand f, : X — R'is a convex lower semicontinuous bounded
from below function, then f; + fo € M;

if f{ € M and f, : X — R'is a bounded from below function which is
Lipschitzian on all bounded subsets of X, then f; + fo € M.

Note that we establish our result (Theorem 2.11) for any f € M such that
(2.65) holds with some Z € X.

In Section 2.5 we will prove the following three results which show that the
class M is essentially larger than the union of the set of all convex bounded
from below lower semicontinuous functions satisfying the growth condition
(2.64) and the set of all functions satisfying (2.64) which are Lipschitzian on
all bounded subsets of X.

Proposition 2.15. Let f1, fo € M, dom(f1) C dom(f2), h; : X x dom(f;) —
R'U{cc}, i = 1,2 and let fori = 1,2 assumptions (A1)—(A4) hold with f = f;,
h =h;. Then f1 + fo € M and (A1)-(A4) hold with f = f1 + fo and with a
function h : X x dom(f1) — R U{co} defined by

h(z,y) = max{hi(z,y),0} + max{ha(z,y),0}, x € X, y € dom(f1). (2.67)

Corollary 2.16. Let fi € M be a convez function and fo € M be a finite-
valued function which is Lipschitzian on all bounded subsets of X. Then f; +
fo € M and (A1)-(A4) hold with f = f1 + fo and with a function h : X X
dom(f1) — R' U {oo} defined by

h(z,y) = max{fi(z) = f1(y),0} + ]z —yl|, z € X, y € dom(f1).

Proposition 2.17. Let f € M and g : R* — R' be an increasing Lipschitzian
function such that lim;_, o, g(t) = 0o. Then go f € M.
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(Here we assume that g(co) = 00.)

Proposition 2.18. Let f € M and let a function g : X — R! be Lipschitzian
on all bounded subsets of X and satisfy

inf{g(z): z € X} >0.
Then f-g € M.

The results of this section have been obtained in [133].

2.5 Proofs of Propositions 2.15, 2.17 and 2.18

Proof of Proposition 2.15: Clearly, the function f; + f2 is bounded from below,
lower semicontinuous and satisfies

lim (f1 + f2)(z) = 0o and dom(f; + f2) = dom(f7).

l|z|]—o0
There exists a number ¢y such that
filx) > —co for all z € X and i =1,2. (2.68)

Put f = f1 + fo. Evidently, (A1)—(A3) hold for the function h defined by
(2.67). In order to complete the proof of the proposition it is sufficient to
show that (A4) holds for h.

Let M be a positive number. Since for j = 1,2 the assumption (A4) holds
with f = f;, h = h; there exist positive numbers M, M such that the
following property holds:

(i) For j = 1,2 and each y € X satisfying f;(y) < M + co there exists
a neighborhood V' of y in X such that f;(z) — f;(y) < M;h;(z,y) for each
zeV.

Assume that y € X satisfies (f1 + f2)(y) < M. Combined with (2.68) this
inequality implies that f;(y) < M +co, j =1,2.

It follows from this inequality and property (i) that there exists a neigh-
borhood V of y in X such that

fi(2) = fi(y) < Mjh;(2,y) (2.69)
for each z € V and j = 1,2. By (2.69) and (2.67), for each z € V,
(fi + f2)(2) = (f1 + f2)(y) < Miha(z,y) + Maha(2,y)

< (My + My)[max{hi(z,y),0} + max{ha(z,y),0}] = (M1 + M2)h(z,y).
Proposition 2.15 is proved.

Proof of Proposition 2.17: Clearly, the function g o f is bounded from below,
lower semicontinuous and satisfies
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lim g(f(z)) = oo and dom(g o f) = dom(f) # 0.

[lz||—o0

Since f € M there exists a function h : X x dom(f) — R' U {oo} such that
assumptions (A1l)—(A4) hold.

Since the function g : R' — R! is Lipschitzian there exists a positive
number L such that

lg(t2) — g(t1)| < Lty — ty] for each to,t; € R (2.70)
Set
&(z,y) = Lmax{h(z,y),0} for all z € X and all y € dom(f). (2.71)

Evidently, assumptions (A1)-(A3) hold with h = £.

In order to complete the proof of the proposition it is sufficient to show
that the following property holds:

(ii) For each positive number M there exists a positive number M, such
that for each y € X satisfying g(f(y)) < M there exists a neighborhood V' of
y in X such that

9(f(2)) = 9(f(y)) < Mo&(z,y)

for each z € V.
Let M be a positive number. There exists M; > 0 such that

t < M, for each t € R* satisfying g(t) < M. (2.72)

It follows from (A4) that there exists a positive number My such that the
following property holds:

(iii) For each y € X satisfying f(y) < M; there exists a neighborhood V'
of y in X such that

f(z) = f(y) < Moh(z,y)

for each z € V.
Assume that y € X satisfies

9(f(y)) < M. (2.73)
By the choice of M (see (2.72))
fly) < M. (2.74)
By (2.74) and property (iii), there is a neighborhood V of y in X such that
f(z) = f(y) < Moh(z,y) (2.75)

for each z € V.
Let z € V. We estimate g(f(z)) — g(f(y)). Since g is increasing we have

9(f(2)) =g(f(y)) <0if f(z) < f(y). (2.76)
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Assume that
f(z) > f(y). (2.77)

Since the function g is increasing we have g(f(z)) > g(f(y)). Combined with
(2.70), (2.77) and (2.75) this inequality implies that

0<9(f(2) —9(f(¥) = l9(f(2)) —9(f(¥))
< LIf(z) = Fy) = L(f(2) = f(y)) < MoLh(z,y).
Combined with (2.76) and (2.71) this inequality implies that in both cases
9(f(2)) = 9(f(y)) < MoLmax{h(z,y),0} = Mo&(z,y).

Thus we have shown that for each y € X satisfying (2.73) there exists a
neighborhood V of y in X such that

9(f(2)) = 9(f(y)) < Mo&(z,y)

for each z € V. Thus property (ii) holds. This completes the proof of Propo-
sition 2.17.

Proof of Proposition 2.18: There exists a positive number ¢y such that
g(x) > ¢ for all x € X. (2.78)
Clearly, the function f - g is lower semicontinuous and satisfies

lim f(x)g(z) = oo and dom(fg) = dom(f). (2.79)

||| =00

Let us show that the function f - g is bounded from below. In view of (2.79)
there exists a positive number M such that

f(z)g(x) > 1 for all z € X satisfying ||z|| > M. (2.80)

Since g is Lipschitzian on bounded subsets of X there exists a positive number
c1 such that
g(z) < ¢ for all x € B(0, My). (2.81)

Since f is bounded from below there exists a real number c¢o such that
f(z) > cg for all z € X. (2.82)
It follows from (2.78), (2,82) and (2.81) that for each = € B(0, M),
F@)g(@) 2 g(@)es > —lg(@)eal = —cleal.
Together with (2.80) this inequality implies that

f(z)g(x) > —c1ce| for each z € X.
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Thus we have shown that the function f - g is lower semicontinuous, bounded
from below and satisfies (2.79).

Since f € M there exists a function h : X x dom(f) — R! U {cc} such
that assumptions (A1)—(A4) hold. We may assume without loss of generality
that h(z,y) > 0 for all z € X and all y € dom(f). Set

&(z,y) = h(z,y) + ||z —y|| for all z € X and all y € dom(f). (2.83)

It is not difficult to see that assumptions (A1)—(A3) hold with h = &.

In order to complete the proof of the proposition it is sufficient to show
that the following property holds:

(iv) For each positive number M there exists a positive number My such
that for each y € X satisfying g(y)f(y) < M there exists a neighborhood V'
of y in X such that

9(2)f(2) = 9(y) f(y) < Mo&(2,y)

for each z € V.

Let M be a positive number. By (A4) there exists M; > 0 such that the
following property holds:

(v) For each y € X satisfying f(y) < M/co there exists a neighborhood V
of y in X such that

f(2) = f(y) < Mih(z,y) (2.84)

for each z € V.
It follows from (2.64) that there exists a positive number My such that

if x € X satisfies f(r) < Mcy*, then ||z|| < M. (2.85)

Since the function ¢ is Lipschitzian on bounded subsets of X there exists a
positive number Mjz such that

g(x) < Mj for each x € B(0, My + 1), (2.86)

l9(y1) — 9(y2)| < Ms||yy — ya|| for each y1,y2 € B(0, Mz +1).  (2.87)
Assume that y € X satisfies

9()f(y) < M. (2.88)
By (2.88) and (2.78),
fly) < Mg(y)~' < Mcg'h (2.89)

Let a neighborhood V of y in X be as guaranteed by the property (v). Hence
(2.84) is valid for each z € V. We may assume without loss of generality that

V C B(y,1). (2.90)
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Let z € V. Relations (2.89), (2.85) and (2.90) imply that
yll < My and ||2]] < Ms + 1.

By these inequalities, (2.84), (2.78), nonnegativity of h, (2.86), (2.89), (2.82),
(2.83) and (2.87),

9(2)f(2) = f(W)g(y) = 9(2)(f(2) — () + f(y)(9(2) — 9(v))
< g(2)Mih(z,9)+1f(W)lg(z) —g(y)| < MsMih(z,y)+(lco|+Mecy ') Mal|z—y||
< [h(z,9) + |12 — gl (Ms My + Ms(|ea| + Mcjt))
= &(2,y)(Ms My + Ms(|co| + Mcih)).

Thus we have shown that for each y € X satisfying (2.88) there exists a
neighborhood V of y in X such that

9(2)f(2) = F()g(y) < &(z,y)(MsMy + Ms(|e2| + Mcgh))

for each z € V. Thus property (iv) holds. This completes the proof of Propo-
sition 2.18.

2.6 Proof of Theorem 2.11

We show that there exists a positive number Ay such that the following prop-
erty holds:

(P1) For each € € (0,1) there exists § € (0,€) such that for each A > Ao,
each v € £2; and each x € X which satisfies

Uy (@) < inf(¥ry) +6 (2.91)

there is y € A for which

y € B(z,€) and ¥ (y) < ¥y (2). (2.92)

Assume the contrary. Then for each integer £ > 1 there exist

e €(0,1), v® =™ 4By e A\, >kand z, € X (2.93)
such that
Yy (@) < Anf(ehy, ) + 27 epk ™ (2.94)
and
{y € Bak, &) N At Yy, 40 (Y) < ¥nqm (@)} = 0. (2.95)

Let k£ > 1 be an integer. By (2.94) and Ekeland’s variational principle [37],
there exists y; € X such that
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Vry® (U) < Uy (1), (2.96)
Yk € Bz, 27k ey), (2.97)

and
Wy (Yk) < U0 (2) + k7|2 — yil| for all z € X. (2.98)

It follows from (2.95)—(2.97) that
yr & A for all integers k > 1. (2.99)

For each integer k > 1 we put
L ={ie{l,...,n}: gi(ye) > e}, (2.100)

Ly ={ie{l,....n}: gi(yr) = i},
I, ={ie{l,....,n}: gi(yx) < &}

By (2.99),
I # 0 for all natural numbers k. (2.101)

Extracting a subsequence and reindexing we may assume without loss of gen-
erality that

Ilk = [11, ng = 121, ng = 131 for all integers k 2 1. (2102)

By (2.63), (2.66), (2.94), (2.93), (2.96), (2.100) and (2.102) for cach integer
k>1,

inf{f(z): z € A} = inf{hy, ;i (2) : 2z € A} > inf(Yy, ) (2.103)

> 0 (1) = 12 Uy 0 () — 1= Fl) + Y et (gilun) — ) — 1.

1€l

Relations (2.100), (2.102) and (2.103) imply that
flyr) <inf{f(z): z € A} +1 for all integers k > 1. (2.104)

In view of (2.104) and (2.64) the sequence {y;}72, is bounded. Fix a number
M > 2 such that

yr € B(0, M — 2) for all integers k > 1. (2.105)
Assumption (A4) implies that there exists a positive number M; such that
the following property holds:

(P2) for each y € X satistying f(y) < 1+ |inf(f; A)| there exists a neigh-
borhood V of y in X such that

f(2) = fly) < Mih(z,y)
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for each z € V.
By (P2) and (2.104) for each integer k > 1 there exists a neighborhood Vj,
of y, in X such that

f(2) = f(yx) < Mih(z, yx) (2.106)

for each z € Vj. It follows from (2.103), (2.102), (2.100) and (2.93) that for
each ¢ € I;; and each natural number k

0 < gi(ye) — ¢; < [1+inf(f; A) — inf ()] (7)) Tk (2.107)

Let k be a natural number. Since the functions g;, i = 1,...,n are lower
semicontinuous it follows from (2.100) and (2.102) that there exists r, € (0,1)
such that for each y € B(yk, k)

gi(y) > ¢; for each i € I;. (2.108)

By (2.108), (2.98), (2.100), (2.102), (2.96), (2.94) and (2.66) for each z €
B(yk, ) Ndom(f)

Z )\k%(k) (9i(2) —ci) Z Am ) max{g;(z) — ¢, 0}

i€l i€131Ul3
- Z M (gi () Z N max{gi (i) — ¢, 0}
€111 €121 U131

= Uy (2) = Uny0 (k) — f(2) + flue) > =k Mlyk — 2l] — £(2) + fyn).
It follows from this inequality that for each z € B(yx, %)

k k
ST vPa+ >0 AP max{gi(z) — i, 0}
€111 i€l31Ul3q
k k
=3 g - Y A max{gi(y) — e:,0}
i€l 1€121Ul31

AL (E) = ) = AR e — 2],
By the inequality above and (2.106) for each z € B(yg, rx) N Vi

> e+ Y 4 max{gi(z) - e, 0)

i€l i€121Ul31

A MRz, ) + Ay TR 2 — ]

>3 g+ Y 4 max{gi(y) — e, 0} (2.109)
€111 1€121Ul31
(A2) implies that the function
Z 7 g( Z ¥ max{g;(z) — c;,0}

i€l i€l21Ul31
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—i—)\,;lMlh(x,yk) + )x,jlk‘_1||x —yll, zeX

is convex. Combined with the equality h(yk,yx) = 0 (see (A1)) this implies
that (2.109) holds for all z € X.

Extracting a subsequence and reindexing we may assume without loss of
generality that for each ¢ € {1,...,n} there exists

7= lim ~+* e o, 1]. (2.110)
Evidently v = (y1,...,7n) € §2,. Assume that
z € dom(f) N[N, dom(g;)]. (2.111)
Relations (2.105) and (2.93) imply that
klln;oA,zlk71||zfyk|| =0. (2.112)
It follows from (2.93), (2.105), (2.104) and (A3) that
klirr;@ AP Mih(z, ) = 0.

By this equality, (2.111), (2.110), (2.112), (2.109), (2.100), (2.102), (2.107),
(2.93) and the definition of (2, (see (2.62)),

Yovgi)+ Y ymax{gi(z) — ¢, 0}

€111 1€l21Ul3;
— (k) (k)
= klingo[z v gi(2) + Z v;" max{g;(z) — ¢;,0}
i€y i€l21Ul3;

ARz = el |+ Ap Mz, )]

> limsup > v Fgiw) + > 4 max{gi(ye) — i, 0})

k—oo

i€l 1€121Ul31
. k . k .
=timsup Y~ 7Y gi(mn) = D (lim ") lim gimn) = D vie.
7 el i€l i€l

Thus we have shown that for each z € X satisfying (2.111) the following
inequality holds:

Z 7igi(2) + Z v max{g;(z) — ¢;,0} = Z Vi
i€l i€l21Ul31 i€l
Combined with (2.65), (2.111) and the inclusion v € {2, this inequality implies

that
Y oviei <Y wigi@) + Y vimax{gi(F) — ¢;,0}

€111 i€l 1€121Ul31
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= Z Yigi(E) < Z ViCi-

i€l i€l

The contradiction we have reached proves that there is a positive number Ag
such that property (P1) holds.

Let € € (0,1) and let 6 € (0, €) be as guaranteed by property (P1). Assume
that A > Ag, v € 2, and that x € X satisfies

() < inf(ihry) + 6. (2.113)
Then by (P1) and the choice of § there exists y € A such that
y € B(z,€) and vy (y) < o (@), (2.114)
By (2.66), (2.114) and (2.113),
Fy) < daq(y) < ¥oy (@) < inf(Pry) +9

<inf(yry; A) + € = inf(f; A) + e
This completes the proof of Theorem 2.11.

2.7 Optimization problems with mixed nonsmooth
nonconvex constraints

Let (X,]|| -]|) be a Banach space and (X*,|| - ||«) be its dual space. For each
x € X, each z* € X* and each r > 0 set

B(z,r)={ye X: |ly—al[<r}, Bu(a®r) ={l e X" [l —a"||. <7}

Assume that f : U — R! is a Lipschitzian function which is defined on a
nonempty open set U C X. For each x € U let

fo(l‘,h) = limsup [f(y +th) - f(y)]/tv heX

t—0t y—a
be the Clarke generalized directional derivative of f at the point x [21], let
Of(x) ={l€ X*: f%x,h) > 1(h) for all h € X}
be Clarke’s generalized gradient of f at x [21] and put
Z¢(z) = inf{f%(x,h) : h € X and ||h]| < 1}[100].

Recall that a point = € U is called a critical point of f if 0 € 9f(x). A real
number ¢ € R! is called a critical value of f if there is a critical point z € U
of f such that f(z) =c.

In Section 2.1 we considered the constrained problems
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minimize f(z) subject to x € g7 *(c)

and
minimize f(z) subject to x € g~ ((—00,c])

where ¢ is a real number, f : X — R! is a function which is Lipschitzian on
all bounded subsets of X and which satisfies the following growth condition
el T (7) = 2
and g : X — R!is a locally Lipschitzian function which satisfies the Palais—
Smale (P-S) condition [8, 76, 100]:
If {x;}52, C X, the sequence {g(x;)}2, is bounded and if

liminf =¢(z;) > 0,

then there is a norm convergent subsequence of {x;}52;.

The Palais—Smale condition for differentiable functions was introduced in
[76]. Its version for Lipschitzian functions was given in [100]. This condition is
very useful when we consider problems in infinite-dimensional Banach spaces
whose bounded subsets are not compact.

We showed in Section 2.1 that the constrained problems given above have
the exact penalty property if c is not a critical value of ¢g. In order to gener-
alize this result for a constrained problem with mixed constraints we need to
introduce a notion of a critical point for a Lipschitzian mapping F': X — R"
and a version of (P-S) condition for F.

Assume that n is a natural number, U is a nonempty open subset of X
and F = (f1,..., fn) : U — R"™ is a locally Lipschitzian mapping.

Let x € (0,1). For each x € U set

Zrk(z) = inf{|| Z(ailﬂil — aianiz)l| (2.115)
i=1
Mty M2 € Ofi(x), an, 2 €[0,1], i=1,....n
and there is j € {1,...,n} such that aj1050 =0, |eyj1| + |ajo| > K}
It is known (see Chapter 2, Section 2.3 of [21]) that for each x € U and
1=1,...,n
O(=fi)(x) = =0fi(x). (2.116)
This equality implies that
E_pu(x) = Zp.(x) for each x € U. (2.117)
In the sequel we assume that U = X.
A point x € X is called a critical point of F with respect to x if Zp . (z) =
0.
A vector ¢ = (¢1, ..., ¢,) € R™ is called a critical value of F with respect to
k if there is a critical point © € X of F' with respect to « such that F'(z) = c.
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Remark 2.19. Let n = 1. Then x € X is a critical point of F' with respect to
k if and only if 0 € OF(x). Therefore x is a critical point of F' in our sense if
and only if z is a critical point of F' in the sense of [100, 122]. It is clear that
in this case the notion of a critical point does not depend on k.

Remark 2.20. Assume that f; € C, i = 1,...,n and Df;(x) is the Frechet
derivative of f; at x € X, i =1,...,n. If z € X is a critical point of F' with
respect to K, then Df;(z), i =1,...,n are linearly dependent.

In the sequel we use the following proposition.

Proposition 2.21. Assume that {zx}32, C X, © = limy_,oc ) in the norm
topology and
liminf Zp . (2x) = 0.

k—o0
Then =g . (z) = 0.
Proof: We may assume without loss of generality that
kh_)rrgo Erpk(zr) = 0.
For each natural number k and each i € {1,...,n} there exist
aft) aiy € (0.1 0 0y € Ofifan)

and jx € {1,...,n} such that

k k k k k
i talih =0, [l [+]af)] > s, IIZ (@®Pn® _a® 0| < Zp (@) +1/k.

(2.118)
Extracting a subsequence and reindexing if necessary we may assume that for

each i € {1,...,n} there exist
;1 = lim ayf), o = lim agg) (2.119)
k—oo k—oo

and ji = j; for all natural numbers k.
Since the unit ball in the space X* with the weak-star topology is compact
there exists

{mi,ma, - M, iz, - -2 Mty iz} € (X*)Qn

which is a cluster point of

k) (k k) (k k n
{77§1),77§2)» -~,77z(1)a771(2)a~ 7721)777712)}1@ € (X)?

in the weak-star topology. It follows from the upper semicontinuity of the
Clarke generalized directional derivative f?(£,n) with respect to £ that

i1, Ni2 € afl(x), 1=1,...,n. (2120)
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We will show that Y . (a;1mi1 — cuiamiz) = 0. Let € be a positive number
and let [ € B,(0,1). There exists an integer k& > 1 such that

1/k < ¢/8, Spn(zi) < ¢/8, (2.121)

k —
|a2('j) — 5] mi] < (8n) Le and

|1(ni; — 77” )\ <@8n)tefori=1,...,nand j =1,2.
Combined with (2.118) these relations imply that

n

- k k k
1O (@iami — asm)| < 13" (@0 — al ni)))

=1 =1
k k k k
IO (@ani — i+ 1O (i — a0’
=1 =1

<ZF (l”k)+1//€+z ol — i) +ZI%1—% [[1ax
i=1

n
k k
+Z 2 12 = 1)) + Y lais — a3 llmizl] < e.
i=1
Since [ is an arbitrary element of B, (0, 1) and € is an arbitrary positive number
we conclude that Y7 (a;1mi1 — ayomi2) = 0. This completes the proof of
Proposition 2.21.

Let M be a nonempty subset of X. We say that the mapping F :
X — R" satisfies (P-S) condition on M with respect to x if for each
norm-bounded sequence {z;}3°, C M such that {F(z;)}$°, is bounded and
liminf, o Ep(x;) =0 there exists a convergent subsequence of {z;}°, in
X in the norm topology.

For each function h : X — R' and each nonempty set A C X set

inf(h) = inf{h(z): z € X}, inf(h; A) = inf{h(z): z € A}. (2.122)
For each x € X and each B C X set
d(xz,B) = inf{||z —y|| : y € B}. (2.123)

We assume that the sum over an empty set is zero.
Let ¢ : [0,00) — [0,00) be an increasing function such that

lim ¢(t) = (2.124)

t—o0

and a be a positive number.
Denote by M the set of all continuous functions h : X — R! such that
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h(z) > ¢(||z]|) — a for all z € X. (2.125)
We equip the set M with the uniformity determined by the following base:
E(M,q,€) = {(f,9) € M x M

|f(z) —g(x)| < eforall z € B(O,M)}
N(f,9) e Mx M |(f —g)(@) — (f —9) ()]
< q|z — y|| for each z,y € B(0, M)}, (2.126)

where M, q, € are positive numbers. This uniform space is metrizable and com-
plete.

Let n > 1 be an integer, G = (g1,...,9,) : X — R! be a locally Lips-
chitzian mapping and let ¢ = (¢1,...,¢,) € R™.

Assume that an integer p satisfies 0 < p < n and set

I, = {i is an integer: 1 <14 < p}, I, = {i is an integer : p <i <n}. (2.127)

(Note that one of the sets I7, I may be empty.)
Set

A={reX: gi(x) =c; foralli e I; gj(x) < ¢ forall j € [}, (2.128)

We assume that A # ().
We consider the following constrained minimization problem:

minimize f(z) subject to z € A (P)

where f € M.
For each f € M we associate with problem (P) the corresponding family
of unconstrained minimization problems

minimize f(z)+ Z Xilgi(z) —ci| + Z i max{g;(x)—c;,0} subject to z € X
i€ly i€l

(Px)
where A = (Aq,...,\,) € (0,00)".
For each x € (0,1) set
Ro.={z=(x1,...,2,) ER": 2; > Kk, i=1,...,n, Inax x; =1}
o (2.129)

Assume that fy € M is Lipschitzian on all bounded subsets of X.
Fix 0 € A. Tt follows from (2.124) that there exists a number M such that

My > 2+1|0]], ¢(Mo —2) > fo(6) +a + 4. (2.130)

Fix k € (0,1). We use the following assumptions.
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(A)Ifz € A, I C {i1,...,iq} C {i € {l,...,n}: fi(x) = ¢;} where
the sequence {i1,...,4,} is strictly increasing and if x is a critical point of the
mapping (fi,, ..., fi,) : X — R with respect to r, then fo(z) > inf(fo; A).

(A2) There exists a positive number v, such that for each finite strictly
increasing sequence of natural numbers {31, ...,i,} which satisfies

11C{i1,...,iq}C{1,...,n}

the mapping (gs,,...,9i,) : X — R? satisfies (P-S) condition on the set

Njen (g5 ([ej = 1er €5 + 7)) Niein,ignas (95 (65, ¢5 + 7))

with respect to k.

We show that if assumptions (A1) and (A2) hold, then the problem (P)
has exact penalty property for all objective functions f which belong to a
certain neighborhood U of fy in M with an exact penalty which depends only

on fy.
The next theorem is the main result of this section.

Theorem 2.22. Let (A1), (A2) hold and let q be a positive number. Then
there exist real numbers Ag >0, A1 > 0 and r > 0 such that for each positive
number € there exists § € (0,€) such that the following assertion holds:
If f € M satisfies
(f> fO) € E(M()a q, T),

7:(717'”77n)60m )\ZAQ
and if v € X satisfies

F@)+ D Milgi(e) — el + ) My max{gi(w) — ¢;, 0} <

i€l i€l

inf{f(z) + Z Nilgi(2) — ail + Z Ayi max{g;(z) —¢;, 0} 1 2 € X} 46,
ich i€ly

then there is y € A such that
llz —yll <€ fy) <inf(f; A) + Ase.
Theorem 2.22 implies the following result.

Theorem 2.23. Let (A1), (A2) hold and let g be a positive number. Then
there exist real numbers Ag > 0 and r > 0 such that for each f € M satisfying

(f7 fO) € g(MO7Q7T)>

7:(717"'77%)69%7 )‘ZAO

and each sequence {x}72, C X which satisfies
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klijgo[f(xk) + 3 Milgi(ar) — el + Y Ay max{g;(wx) — ¢, 0}]
i€l i€ly

= inf{f(z) + Y Milgi(2) — cil + Y Myimax{gi(2) — c;,0} : 2 € X}

i€l i€ly

there exists a sequence {yx}p2, C A such that
lim f(yx) = inf(f; A), lim [|ye — k|| = 0.
k—oo k—o0

Corollary 2.24. Let (A1), (A2) hold and let q be a positive number. Then
there exists a number Ag > 0 such that if f € M satisfies

(f, fo) € E(My, q,7),

7:(717~~'7'7n)69m A> Ay
and if x € X satisfies

F@)+ Y Milgi@) — el + Y Aimax{gi(e) — ¢;, 0}

i€l i€l
= inf{f(z) + Y Milgi(2) — cil + Y Myimax{gi(2) — c;,0} : z € X},
i€l i€ls

then © € A and f(z) = inf(f; A).

Corollary 2.24 follows from Theorem 2.23. Theorem 2.23 also implies the
following result.

Theorem 2.25. Let (A1), (A2) hold, T € A and let the following conditions
hold:

Jo(z) = inf(fo; A);
if {zi}2, C A satisfies lim; o fo(z;) = inf(fo; A), then lim; o ||z; —
z||=0.
Then there exists a number Ag > 0 such that for each

’Y:(’Yla--~77n)€~0m )\ZAO

T € X is a unique solution of the minimization problem

minimize fo(z) + Z Milgi(2) — el + Z Avi max{g;(z) — ¢;,0}
il i€l

subject to z € X.

The results of this section have been established in [126].
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2.8 Proof of Theorem 2.22
For each f € M and each A = (\1,...,\,) € (0,00)" define a function
V() = f(ff)+z >\i|9i($)—0i|+z Ai max{g;(z)—c;, 0}, z € X. (2.131)
i€l i€ly

It is easy to see that the function ¢ € M for each f € M and each
A=(A,...,A\n) € (0,00)™.
We show that there exist numbers Ay > 0 and r > 0 such that the following
property holds:
(P1) For each positive number € there exists § € (0,¢€) such that for each
f € M satisfying
(f, fo) € E(Mo, q,7),

each v = (y1,...,7n) € §24, each A > Ay and each z € X satisfying

VYiay(x) <inf(ya,) +0

the set AN B(z,€) is nonempty.
Assume the contrary. Then for each integer £ > 1 there exist

e €(0,1), fre M, v® =P k) en,, (2.132)

A > kand zp € X

such that
(fo, fr) € E(Mo, q, k1), (2.133)
Vi ey (@) <Inf(g, 5, 400) + (262) e, (2.134)
d(z, A) > €. (2.135)

Since fy is Lipschitz on bounded subsets of X there exists a number Ly > 1
such that

|fo(z1) — fo(22)| < Lo||z1 — #2|| for each z1, 22 € B(0, My). (2.136)

Let £ > 1 be an integer. By (2.134) and Ekeland’s variational principle
[37] there exists yy € X such that

U der® (Uk) < Vg xq (T0), (2.137)
lyr — || < 27k e, (2.138)
Uy ey ® (Uk) S Vg sy (2) K|z = yi]| for all z € X, (2.139)

Relations (2.135) and (2.138) imply that

yi &€ A for all integers k > 1. (2.140)
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For each integer £ > 1 put
Ilk—i— = {’L el: gz(yk) > Ci}, Ly = {’L el: gi(yk) < Ci}, (2.141)

ng+ = {Z (S IQ : gz(yk) > Ci}, ng_ = {’L (S IQ : gz(yk) < Ci}.
It follows from (2.140) and (2.128) that

Ly Ulig— U Iogy # 0 for all natural numbers k. (2.142)

Extracting a subsequence and reindexing we may assume without loss of gen-
erality that for all integers k& > 1

Ligy = Iy, hig- = I, Togy = o1y (2.143)
Put
Iy = L\(T114Ul112), Iog = I\ (I214 Uy ), I ={1,...,n}\Iok—. (2.144)

We show that yi, € B(0, My —2) for all integers k > 1. It follows from (2.132),
(2.125), (2.131), (2.137), (2.134), (2.128) and the inclusion 6 € A that for all
integers k > 1

o([lykll) —a < filyr) < g xy (Uk) < g sy (Th)

<inf(dy, xym0) + (26%) 7 < inf(y, 5,005 A) + (2637
= inf(fi; A) + (26) 71 < fi(0) + (2k%) 7

Together with (2.130), (2.133) and (2.126) this relation implies that for all
integers k > 1

O(|lyell) <@+ (2k*) 7" + fr(0) <a+ (2k*) 7" + fo(0) + K.
By this inequality and the choice of My (see (2.130))
yr € B(0, My — 2) for all integers k > 1. (2.145)
In view of (2.145), (2.133) and (2.126),
Ofr(yr) C dfo(yx) + B«(0, q) for all integers k > 1. (2.146)

We show that
klim (inf(fx; A)) = inf(fo; A). (2.147)

Let k be a natural number. It follows from (2.130), (2.126), (2.133) and the
inclusion 6 € A that

|f1(0) = fo(O)] < 1/k (2.148)

and
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inf(f; A) < fi(0) < fo(0) + 1/k < p(My —2) —a — 3. (2.149)
Inclusion 6 € A and (2.130) imply that
inf (fo; 4) < fol0) < 6(My —2) —a— 4. (2.150)
In view of (2.149), (2.150), (2.130) and (2.125)
inf(fo; A) = inf{fo(z) : z€ AN B0, Mp)}

and
inf(fg; A) = inf{fx(2): z€ AN B(0, My)}.

It follows from these equalities and (2.133) that
| inf(fo; A) — inf(fi; A)

= |inf{fo(z) : 2 € AN B(0,My)} —inf{fr(z): z€ ANB(0,My)}| <1/k.

Since this relation holds for all natural numbers k& we obtain that (2.147) is
valid.

By (2.131), (2.142), (2.132), (2.125), (2.137), (2.134), (2.148) and the in-
clusion 6 € A, for each ¢ € I, each j € I3 and each natural number k,

—a+ P lgilye) — ail, —a+ Ay max{g;(yi) — ¢;,0}

<Py (k) < fr(0) + (26371 < fo(0) + 1/k + (2K%) 71 < fo(6) + 2.

It follows from the relation above, (2.132) and (2.129) that for each ¢ € I,
each j € I\ Is;— and each natural number k that

19i(yx) — |, max{g;(yx) — ¢;,0} < k™67 (fo(0) + 2+ a).
Then for all sufficiently large natural numbers &
195 (yk) — il < e, i € I, (2.151)

0 S gz(yk) — C; S Vs 1€ IQ \121_. (2152)
In view of (2.136) and (2.145)

Ofo(yr) C B.«(0, Lg) for all natural numbers k. (2.153)

Let k be a natural number. By (2.141), (2.143) and (2.145) there exists an
open neighborhood V of y; in X such that for each y € V,

9i(y) > ci, i € Iy, gi(y) <ciy i € I, (2.154)

9i(y) > ¢i, i € In1y, gi(y) < ciy i € Ini_,
V c B(0, My —1). (2.155)
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By (2.131), (2.139), (2.133) and (2.155), for each z € V/,
Vo aey® (Uk) = Vg xy o (&) + folyr) — fr(yr)

<Py (2) + Kz = wrll + folue) — fr(ye)
= Y aiy® (2) = fo(2) + fr(2) + k72 = yill + folyw) — Frlyr)
= Vs ey (2) FE |z =yl + (fr = fo)(2) = (fe — fo) (k)
< Vg ner® (2) +E 2 = el + allz — will. (2.156)

It is easy to see that the function vy ) k) is locally Lipschitz. In view of
(2.156),
0 € Oy, xpyeo (Yk) + (g + k1) B.(0,1). (2.157)

It follows from (2.157), (2.131), (2.141), (2.143), (2.154), (2.144) and the prop-
erties of Clarke’s generalized gradient (see Chapter 2, Section 2.3 of [21]) that

0€dfolun) + > Mt 0gilun) — > MY 0gi(ue)

i€l114 i€l
+ 37 (™) U{adgi(ue) + (@ — 1)dgi(ue) : a € 10,11}
i€l
+ 3 P0gi () + > en) U {adgiyr) + a € (0,1}
1€121 4+ i€l
+(q+k~1)B.(0,1). (2.158)

Relation (2.158) implies that there exists [, € X* satisfying

l, € B*(O, 1), (2.159)
lo S 6f0(yk), li S 6gi(yk), 1€ Il1+ Ul U 121+ U 121, (2.160)
lit, liz € 0gi(yx), i € Iy,
o; € [0, 1], 1€ 11 Uy (2161)
such that
0=(g+k ML+ A0+ D APLE— Y AW
i€l Ul214 i€l1—
+272 alzl+ Z% az%
i€l i€la

It follows from this equality, (2.159), (2.132), (2.160) and (2.153) that

[l Z Z ”y(k)l + Z oA ozz lip + (s — Do) + Z ’y(k)oziliH

i€h1+U121+ i€l i€l i€l

(2.162)
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< O OBl 4+ A o[ + (BAR) " 10l S K rq+ k7 Lo + k72

Put _
I=1LUIy 4 Uly. (2.163)

It is easy to see that R
{17...,])}:[1 c I

There exists a finite strictly increasing sequence of natural numbers i; < --- <
ig where ¢ is a natural number such that

I={i1,... i} (2.164)

Consider a mapping G = (gi;,-..,9i,) : X — R?. It follows from (2.162),
(2.115), (2.132), (2.129), (2.161), (2.142) and (2.143) that

Zanlyr) <k g+ Lo) + k2 for each integer k > 1. (2.165)

By (2.165), (A2), (2.164), (P-S) condition, (2.145), (2.151) and (2.152) there
exists a subsequence {yx,}72; of the sequence {yx}z>; which converges to
ys« € X in the norm topology:

Tim [, — 9111 = 0. (2.160)
Relations (2.166) and (2.165) and Proposition 2.21 imply that
Eanly) =0. (2.167)
It follows from (2.151), (2.152), (2.166), (2.164), (2.163) and (2.141) that
Gi.(y) =i, s=1,...,q, y. € A. (2.168)

By (2.166), (2.145), (2.133), (2.131), (2.137) and (2.147),

folys) = lim_fo(yk,) < limsup(fi, (u,) + k; ']

p—00

< limsup zbfkw/\kﬂ(kp) (Yx,) < limsup inf(zbfkw/\kﬂ(kp))

p—00 p—00

< limsupinf(fy,; A) = inf(fo; A). (2.169)
p—o00
Relations (2.167)—(2.169) contradict (A1). The contradiction we have reached
proves that there exist positive numbers Ay, r for which property (P1) holds.
We may assume that » < 1. Since fj is Lipschitz on bounded subsets of X
there exists a positive number Lg such that

|f0(21) — fo(Zg)‘ S L0||Zl — ZQH for each 21,29 € B(O, Mo) (2170)

Let € € (0,1) and let 6 € (0, €) be as guaranteed by property (P1). Assume
that f € M satisfies
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(f7 fO) € g(MO7Q7T)7 (2171)
Y= (’717"'7771) S Qna )\ZAoa (2172)

x € X satisfies
Yray () <inf(ihyry) + 0. (2.173)

In view of the choice of Ay, r and property (P1) there exists y € A which
satisfies

y € B(z,¢€). (2.174)
It follows from (2.125), (2.131), (2.173), the inclusion § € A, the inequality
r < 1 and (2.130) that

P(llzl) —a < f(x) < Ppaq(z) <inf(yraq) +1

< inf(f; A) +1 < f(0) +1 < fo(0) + 2.
Combined with (2.130) and (2.174) this inequality implies that

z € B(0,My—2), y € B0, My —1). (2.175)
By (2.175), (2.170) and (2.171),

[f(y) = ()] < [folx) = o) + [(f = fo) (&) = (f = fo)(¥)]

< Lollz = yll + gll — yll.
It follows from this inequality, (2.131), (2.173) and (2.174) that

f(y) < f(x) + (Lo + @)l|lz — yl| <inf(ray) +e+ (Lo +q)e

<inf(f; A)+ (Lo +q+1) +e.
This completes the proof of Theorem 2.22.

2.9 Optimization problems with smooth constraint and
objective functions

In this section we study two constrained nonconvex minimization problems
with smooth cost functions. The first problem is an equality-constrained prob-
lem in a Hilbert space with a smooth constraint function and the second prob-
lem is an inequality-constrained problem in a Hilbert space with a smooth con-
straint function. For these problems we study the existence of exact penalty.
Note that the classes of minimization problems with a smooth objective func-
tion and a smooth constraint are considered in the book by Cesari on optimal
control [18].

Let (X, < -,- >) be a Hilbert space with the inner product < -,- > and the
norm ||z|| = < x,x >/2 2 € X. Denote by C'(X; R!) the set of all Frechet
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differentiable functions f : X — R! such that the mapping z — f'(z), v € X
is continuous. Here f’(z) € X is a Frechet derivative of f at x € X.

Denote by C?(X; R') the set of all Frechet differentiable functions f €
CY(X; R') such that the mapping * — f/(x), x € X is also Frechet differ-
entiable and that the mapping © — f”(z), € X is continuous. Here f”(z)
is a Frechet second-order derivative of f at € X. It is a linear continuous
self-mapping of X.

For each x € X and each positive number r put

B(z,r)={ye X: [z -yl <r}.
For each function f : X — R' and each A C X put

inf(f) =inf{f(z): z € X}

and

inf(f; A) = inf{f(z): = € A}.
For each x € X and each B C X set

d(x,B) = inf{||z —y|| : y € B}.

Let g € C?(X; RY). A point z € X is called a critical point of g if ¢’(x) = 0.
Denote by Cr(g) the set of all critical points of g. A real number c is a critical
value of ¢ if there exists € Cr(g) such that g(x) = c. Denote by Cr(g,+)
the set of all x € Cr(g) such that

< g"(x)u,u>>0forallu e X
and by Cr(g,—) the set of all x € Cr(g) such that
< ¢"(x)u,u ><0forall u € X.

Let ¢ € RY, v > 0 and let g=!(c) # 0. We assume that g satisfies the
following (P-S) condition [76] on the set g~ 1([c — v, ¢ +7]):

(P-S) If {x;}°; C g~ '([c—~, c+7]) is a bounded (with respect to the norm
of X) sequence and if lim; , ||¢'(z;)|| = 0, then there is a norm convergent
subsequence of {z;}2;.

Let a function f € C*(X; R!') be Lipschitzian on all bounded subsets of
X and satisfy the growth condition

lim f(z) =00 (2.176)

[lz||—o0

and let the mapping f’ : X — X be locally Lipschitzian. Clearly f is bounded
from below.
We consider the constrained problems

minimize f(z) subject to x € g7 *(c) (Pe)
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and
minimize f(z) subject to x € g7 ((—oc, c]). (Py)

We associate with these two problems the corresponding families of uncon-
strained minimization problems

minimize f(z) 4+ A|g(z) — ¢| subject to z € X (Pxe)

and
minimize f(z)+ Amax{g(x) — ¢, 0} subject to z € X (Pai)

where X is a positive number.

The main results of this section imply that exact penalty exists for the
problem (P.) if g71(¢) N (Cr(g,+) U Cr(g,—)) = 0 and that exact penalty
exists for the problem (P;) if g~ (c) N Cr(g,+) = 0.

The next two theorems are the main results of the section.

Theorem 2.26. Assume that
{reg(c): flz) =nf(f;97"(c)} N (Cr(g,+)UCr(g,—)) =0. (2.177)

Then there exists a number Ag > 0 such that for each positive number € there
exists § € (0,€) such that the following assertion holds:
If A\ > Ay and if x € X satisfies

f(@) + Alg(z) — ol <inf{f(2) + Alg(2) — | : z € X} +3,
then there exists y € g~'(c) such that
ly — 2|l < € and f(y) < inf(fig7'(c)) +e
Theorem 2.27. Assume that
{zeg™(c): f(x)=if(f;97 ((—o0,c])} N Cr(g,+) = 0. (2.178)

Then there exists a positive number Ay such that for each positive number €
there exists § € (0,€) such that the following assertion holds:
If A\ > Ay and if x € X satisfies

f(z) + Amax{g(x) — ¢,0} <inf{f(z) + Amax{g(z) —¢,0} : 2 € X} +,
then there exists y € g~'((—00, c]) such that
ly — || < € and f(y) < inf(f;97" ((—o0,d]))) +e.

Theorems 2.26 and 2.27 will be proved in Section 2.10. In this section we
present several important results which easily follow from Theorems 2.26 and
2.27.

Theorems 2.26 and 2.27 imply the following result.



2.9 Optimization problems with smooth constraint and objective functions 51
Theorem 2.28. 1. Assume that
{zeg™l(e): flz)=f(f;97"(c)} N (Cr(g,+)uUCr(g,—)) = 0.

Then there exists a positive number Ay such that for each A > Ay and each
sequence {x;}52, C X which satisfies

lim [f(z:) + Mg(z:) — ¢f] = inf{f(2) + Alg(z) — [ : z € X}

11— 00

there exists a sequence {y;}5°, C g~ *(c) such that
Jim f(y;) = inf(f; 97" (c) and lim [Jy; — ;]| = 0.
2. Assume that
{reg (o) flz)=f(f;97 ((~o0,c])} N Cr(g,+) = 0.

Then there exists a positive number Ay such that for each X > Ay and each
sequence {x;}5°, C X which satisfies

lim [f(x;) + Amax{g(x;) — ¢,0}] = inf{f(z) + Amax{g(z) — ¢,0} : z € X}

12— 00

there exists a sequence {y;}5°, C g~ 1((—o0,¢]) such that
Jlim f(y;) = inf(f:97" (=00, ) and lim |ly; — ]| = 0.
The next result easily follows from Theorem 2.28.

Theorem 2.29. 1. Assume that (2.177) holds. Then there exists a positive
number Ag such that if A > Ay and if x € X satisfies

f(@) + AMg(@) — o] = inf{f(2) + Alg(2) — ¢ : z € X},
then g(z) = ¢ and f(x) = inf(f;97(c)).

2. Assume that (2.178) holds. Then there exists a positive number Ay such
that if A > Ay and if © € X satisfies

f(x) + Amax{g(z) — ¢,0} = inf{f(2) + Amax{g(z) — ¢,0} : z € X},
then g(z) < ¢ and f(z) = inf(f: g~ ((—o0, c])).
Theorem 2.28 implies the following result.

Theorem 2.30. 1. Assume that (2.177) holds and that T € g~(c) satisfies
the following conditions:

f(@) = inf(f;97(c));

any sequence {x,}5°, C g~ 1(c) which satisfies
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lim f(x,) =inf(f;97(c))

n—oo

converges to T in the norm topology.
Then there exists a positive number Ay such that for each A > Ay the point
T s a unique solution of the minimization problem

minimize f(z) + Ag(z) — c| subject to z € X.

2. Assume that (2.178) holds and that T € g~ '((—o0,c]) satisfies the fol-
lowing conditions:

7(z) = mf(f: 97 (—00, ]));

any sequence {x, 52, C g ((—o0,c]) which satisfies lim, oo f(zy) =
inf(f; g7 1((—00,¢])) converges to T in the norm topology.

Then there exists a positive number Ay such that for each A > Ay the point
T s a unique solution of the minimization problem

minimize f(z) + Amax{g(z) — ¢, 0} subject to z € X.

The results of this section have been established in [136].

2.10 Proofs of Theorems 2.26 and 2.27

We prove Theorems 2.26 and 2.27 simultaneously. Put
A =g '(c) in the case of Theorem 2.26 (2.179)

and
A =g ' ((—o00,c]) in the case of Theorem 2.27. (2.180)

For each positive number A we define a function 1y : X — R! by
a(2) = f(2) + Alg(2) =], z€ X (2.181)
in the case of Theorem 2.26 and by
¥x(z) = f(2) + Amax{g(z) —¢,0}, z€ X (2.182)

in the case of Theorem 2.27.

It is easy to see that the function 1 is locally Lipschitzian for all positive
numbers \.

We show that there exists a positive number Ay such that the following
property holds:

(P1) For each e € (0,1) there exists § € (0,¢) such that for each A > Ay
and each z € X which satisfies

Ya(x) <inf(y) +0
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there is y € A for which
y € B(x,¢€) and ¥y (y) < inf(y) + €. (2.183)

Assume the contrary. Then for each integer £ > 1 there exist

€L € (0, 1), e >k, xp € X (2184)
such that
U, (k) < inf(ey,) + (8k2) " er (2.185)
and
{z € AN B(xg,ex) : PYa,(2) <inf(yy,) +ex} = 0. (2.186)

Let k£ > 1 be an integer. Consider the function
O (2) = Ua, (2) + (4E2) 7|z — 2|2, 2z € X (2.187)

It is not difficult to see that the function ¢,, is locally Lipschitzian and
bounded from below. It follows from the variational principle of Deville—
Godefroy—Zizler [31] that there exist hy € C?(X; R') and y € X such that

sup{[lhn.(2)I] + [[hk ()| + R (2)]] = 2 € X} < 327"k 2], (2.188)
(Dxap + i) (2) > (o, + hie)(yx) for all z € X\ {yx}- (2.189)
We show that ||z — yk|| < €. Assume the contrary. Then
|y — il > ek (2.190)
Relations (2.187) and (2.185) imply that
Ox (k) = U, (z) < inf(ihn,) + (8K%) 6. (2.191)
It follows from (2.187), (2.190) and (2.191) that
Ox (k) = Un (Ur) + (48%) 7 lye — 2al|* = O, () + (457%) 76

> inf(r, ) + (462)1€R > o, (wx) + (8K2) Led

and
Ox (yk) — b, (zk) = (8K*) e
Together with (2.188) this inequality implies that

(D +1) (Yi) = (Dag +hi) (@r) > Iy (Yr) =D, (1) —(165%) Led > (16k7) el

This inequality contradicts (2.189). The contradiction we have reached proves
that
Hyk — (Ek|| < €k. (2192)

By (2.181), (2.182), (2.187), (2.188), (2.189) and (2.185),
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Flur) < o, (we) < (k) < (D, + hie) (yi) + 327k %€}

< o, (zn) + hi(zr) + (326%) el
< @ (1) + (16K%) 71 = o, (r) + (16K%) " e < inf(pn,) + (45%) " 'ep.

(2.193)
It follows from (2.192), (2.193) and (2.186) that
yr & A. (2.194)
By (2.193), (2.181) and (2.182),
Flyr) < 1+inf(py,; A) = inf(f; A) + 1. (2.195)

By this inequality and the growth condition (2.176) the sequence {y}72; is
bounded. Since the function f is Lipschitzian on bounded subsets of X it
follows from the boundedness of the sequence {yy}72; that

sup{||f'(yx)|| : k is a natural number } < cc. (2.196)

It should be mentioned that (2.194) holds for all integers k& > 1.
In the case of Theorem 2.27 we obtain that

g(yr) > c for all integers k > 1. (2.197)

In the case of Theorem 2.26 we obtain that for each integer k > 1 either
g(yr) > cor g(yr) < c. In the case of Theorem 2.26 extracting a subsequence
and reindexing we may assume that either

g(yr) > c for all integers k > 1

or
9(yr) < c for all integers k > 1. (2.198)

Define a function g and a real number ¢ as follows. In the case of Theorem
2.27 put g = g, ¢ = c. In the case of Theorem 2.26, if (2.197) holds then set
g =gand ¢ = ¢, and if (2.198) is valid then put § = —g and ¢ = —c. Note
that in all these cases we have

g(yr) > ¢ for all integers k > 1. (2.199)

Let £ > 1 be an integer. There exists an open neighborhood W of y; in X
with the norm topology such that

§(z) > ¢ (2.200)

for each z € W.
It follows from (2.187), (2.181), (2.182), the definition of § and ¢ and the
choice of W that for each z € W
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(D + hi)(2) = ¥a, (2) + (462) M|z — 2] * + ha(2)

= f(2) + Me(3(2) — &) + (4K*) 7|2 — 2p]|® + ha(2). (2.201)

By (2.201), the definition of § and ¢ and the choice of hy, the function ¢y, +hy
is Frechet differentiable on the set . Relations (2.189) and (2.201) imply that

0= (dxe +hi) (yr) = f'(yr) + Mg (yn) + (45%) 7 2(yx — 1) + hig(yn)-
Combined with (2.184), (2.192) and (2.188) this equality implies that
19" (i)l = XL () + (45%) 120y — i) + Bl ()|

< M ()l Fen+ 1R (wo)l]) < B ()l 14ek) < &AL () l1+2)-
Together with (2.196) and the definition of § this relation implies that

Jim [lg/ () = Tim 1§ (ge)]] = 0. (2.202)

Let k > 1 be an integer. By (2.181), (2.182), the definition of § and ¢, (2.199),
(2.193) and (2.184),

F(ye) + A(G(yx) — €) = ¥, (ye) < inf(ey,) +1

<inf(¢y,; A) + 1 <inf(f; A) + 1.
Combined with (2.199) and (2.184) this relation implies that

0 < g(yr) — & < A\, Hinf(f; A) + 1 — inf(f))]

< kM inf(f; A) + 1 —inf(f)] — 0 as k — oo. (2.203)
Hence
Jim g(ye) = . (2.204)

It follows from (2.204) and the definition of § and ¢é that
¢ —7v < g(yr) < ¢+ for all sufficiently large natural numbers k.

By this inequality, (2.202), the boundedness of the sequence {y; }72 ; and (P-S)
condition there exists a norm convergent subsequence of {y;}7° . Extracting
a subsequence and reindexing we may assume without loss of generality that
the sequence {yx}52, converges to y, € X in the norm topology. Equality
(2.204), the definition of § and ¢ and the definition of A imply that

g(y«) = lim g(yx) =0 and y. € A. (2.205)

By (2.202),
g'(y.) = lim ¢'(yx) =0 (2.206)
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in the norm topology. By the equality limg ooy = v, (2.193), (2.184),
(2.181) and (2.182),

Fly-) = lim f(ye) < limsuplinf(spy, ) + (46%) €]

k—o0

= limsup inf (¢, ) < limsupinf(¢y,; A) = inf(f; A).

k—o0 k—oo

Combined with (2.205) this relation implies that

f(y.) = inf(f; A). (2.207)

Since the mapping f’ : X — X is locally Lipschitzian there exist positive
numbers 7, and L, such that

[ f/(z1) — f(22)]| < Li||z1 — 22|| for each 21,20 € B(ys,7s). (2.208)

The equality limg_ o ||yr — y«|| = 0 implies that there exists an integer ko > 1
such that
[lyr — y«|| < r«/4 for all integers k > k. (2.209)

Let k > ko be an integer. Since hx, g € C?(X; R!) it follows from (2.199) that
there exists a positive number

r < min{e/2,7./4} (2.210)
such that
g(z) > ¢ for each z € B(yg, k), (2.211)
Ay (yi) — i (yx + v)|| < k=2 for each v € B(0,7) (2.212)
and
lg" (yr +v) — g" (yr)|] < k72)\,;1 for each v € B(0, 7). (2.213)

Tt follows from (2.187), (2.181), (2.182), (2.211) and the definition of § and ¢
that for each z € B(yg, %)

(dx. + ) (2) = f(2) + Au(G(2) = &) + (4k*) 7 ]z — anl* + ha(2).  (2.214)
By (2.210), (2.208) and (2.209) for each v € B(0, 1)
(g +0) = f ()] < La]J0]]- (2.215)

Since the sequence {y; }7° ; is bounded it follows from (2.192) and (2.184) that
the sequence {z;}7°, is also bounded. Thus there exists a positive number
M such that

Yk, 2 € B(0, M) for all natural numbers k. (2.216)

Let
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u € B(0,r3,) \ {0}. (2.217)

In view of the inclusion hy, € C?(X; R') and the Taylor theorem there exists
t1 € [0,1] such that

hi (yr + u) = hi(yr)+ < hy(yr), u) > + < bl (yr + tru)u,u > /2. (2.218)

Since g € C?(X;R') it follows from the Taylor theorem that there exists
ta € [0, 1] such that

glyr +u) = glyr)+ < ¢ (y),u >+ < ¢"(yr + tou)u,u > /2. (2.219)

It follows from the relation f € C*(X; R') and the Taylor theorem that there
exists t3 € [0,1] such that

flye +u) = flyr)+ < fyr + tou),u > . (2.220)
By (2.212), (2.217) and (2.218),
R (yn + ) = b (yx) = < hj(yn),w > =271 < hyl(y)u, u > |
=271 < (W (yx + trw) — Wl (yx)u, u > |
<27 Jul (1R (ye + trw) = By (yi)|| < k2l (2.221)
Relations (2.219), (2.213) and (2.217) imply that
lg(yr +u) — g(ye)+ < g (yr), u > — < g"(yw)u, u > /2|
=271 < (¢ (yx + tou) — g" (yu))u,u > |
<27 Jul P[lg" (yn + taw) — " (yi)|| < [Jul PR30 (2.222)
By (2.220), (2.215) and (2.217),

[y +u) = flyr)= < f'ye)yu> [ =1 < f(ye + tsu) = f(ye),u > |
< If' gk + taw) = ' (yw)lll|ull < Lats|lul|® < Ly |lul*. (2.223)
It follows from (2.189), (2.217), (2.214), (2.223), (2.222) and (2.221) that

(
0 < (r, + hie)(yr + 1) — (P, + hie) (k)
(

= flyr +u) — f(ye) + Me(G(yr +w) — G(yk))
(4R e+ w — 2P = [y — okl 1] + e (yn +u) — i (yr)
<< f'(yr),u > +Lo||ul P+ Me[< 7 (yr),u > + < " (yr)u,u > 271 4 ||u| 2R 2
HAR) T Il + 2 < g — ap,u >]
+ < B (yr),u > 4271 < WY (ye)u, u > +k2|ul]?. (2.224)
Put
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F(u) =< f'(yp),u > +La||u]|* + M[< 7 (yp), u > + < 3" (yp)u, u > 271
Hlul PR + (482) 7 [ul]? + 2 <y — ap, u >]
+ < B (yr),u > 4271 < B (yp)u,u >, u € X. (2.225)

It is easy to see that F' € C%(X; R!). Relations (2.225), (2.224) and (2.217)
imply that
F(u) > F(0) for all u € B(0,7) \ {0}. (2.226)

In view of (2.226),
F'(0) =0and < F"(0)v,v >>0 for all v € X. (2.227)

Denote by I the identity operator I : X — X such that Iz = x for all z € X.
It follows from (2.225) that

F"(0) = 2L.1 4+ M\.d" (yr) + (5/2)k ™21 + hil(yx.). (2.228)
By (2.227), (2.228), (2.184) and (2.1888) for each v € X
0 << AL F"(0)v,v >= 2L\ v [P+ < 37 (ye)v,v >
(52K AT ol 24+ A7 < B )vv >
<< g"(yr)v,v > +2L k7 [ol* + (5/2)k72[vl|* + k71| < R (yw)v, v > |
<< §"(ye)v,v > F2L7H 0l + (5/2)k7 2ol + B3 * =< 3" (v, v >

as k — oo. Hence

< §"(y«)v,v >> 0 for all v € X. (2.229)
In view of (2.205), (2.206) and (2.207),
9(y.) =c¢, ¢'(y.) =0, f(y.) = inf(f; A). (2.230)

In the case of Theorem 2.26 relations (2.229) and (2.230) contradict (2.177).
In the case of Theorem 2.27 § = g and (2.229) and (2.230) contradict (2.178).
The contradiction we have reached proves that there exists a positive number
Ag such that property (P1) holds.

Let € € (0,1) and let § € (0,¢) be as guaranteed by (P1). Assume that
A > A and = € X satisfies

Px(z) < inf(iy) + 4.
It follows from the choice of 6 and (P1) that there exists y € A such that
y € B(z,e), ¥a(y) < inf(Py) +e.
By the relations above, (2.181) and (2.182),
F() < 0a(y) < if(Py) + € < inf(x; A) + ¢ = inf(f : A) + .
This completes the proof of Theorems 2.26 and 2.27.
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2.11 Optimization problems in metric spaces

In this section we study constrained minimization problems in a complete
metric space with locally Lipschitzian mixed constraints and generalize the
results of Section 2.1. In order to obtain this generalization we need to define
a critical point for a Lipschitzian function defined on a complete metric space.

Let (X, p) be a metric space. Assume that U is a nonempty open subset
of X. A function f : U — R! is called Lipschitzian if there exists a positive
number c¢ such that

|f(z1) — f(z2)] < ep(ay,x2) for each xq1, 29 € U.

Let a function f: U — R! be Lipschitzian. For each x € U define

#(x) = limsup[ liminf (f(2) — f())(p(y,2))""]. (2.231)

y—x Y, 2EY

[

Evidently, Z¢(x) is well defined for all z € U.

A point z € U is called a critical point of f if Z¢(z) > 0. A real number
c € R! is called a critical value of f on U if there is a critical point € U of
f such that f(z) =c.

For each x € X and each positive number r set

B(z,r) :{yEXI p(z,y) ST}

A set D C X is called bounded if there exist x € X and a positive number
r such that D C B(z,r).
It is not difficult to see that the following proposition holds.

Proposition 2.31. A point x € U is a critical point of f if and only if there
exist a sequence {x,}72, C U and a sequence {ry}7>, C (0,1) such that
p(xp,x) — 0 as k — oo and that for each natural number k

B(.L“k,’l“k) C U,

f(2) > f(zr) — p(z,21)/k for all z € Bz, k).

It follows from the definition (2.231) that the following proposition holds.

Proposition 2.32. Let © € U, {2;}32, C U and let lim; .o p(z;,2) = 0.
Then
E¢(x) > limsup = (xz;).

1—00

Corollary 2.33. Let x € U, {x;}32, C U, limj_,o p(z5,2) = 0 and let
limsup;_, ., Z¢(z;) > 0. Then x is a critical point of f.
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Let M be a nonempty subset of U. We say that f satisfies (P-S) condition
on M [76, 100] if each bounded sequence {z;}5°, C M such that the sequence
{f(x;)}2, is bounded and liminf; .. =(x;) > 0, possesses a convergent
subsequence {x;, }7°, in (X, p).

The analogs of the notion of a critical point of f and (P-S) condition
introduced above were used in the previous sections in the case when X is a
Banach space.

Now we compare the notion of a critical point introduced above and the
notion of a critical point used in the previous sections when X is a Banach
space.

Assume that (X, ||-||) is a Banach space, (X*, || -||.) is its dual space and
that p(x,y) = ||$ - yH7 T,y € X.

Let f : U — R! be a Lipschitzian function defined on a nonempty open
subset U of X. For each z € U let

fO(x,h) = limsup [f(y +th) — f(y)|/t. he X

t—0t,y—a
be the Clarke generalized derivative of f at the point = [21], let
of(x) ={l€ X*: f%x,h) > 1(h) for all h € X}
be Clarke’s generalized gradient of f at x [21] and set
Z¢(z) = inf{f%x,h) : h€ X and ||| = 1}.
Proposition 2.34. For each x € U, 5¢(z) > Z¢(x).

Proof: Let x € U. In order to prove the proposition it is sufficient to show that
for each h € X satisfying ||h|| = 1 the inequality fO(z,h) > Zf(z) is valid.
Let

h e X and ||h]| = 1.

By (2.231) for each positive number r which satisfies B(z,2r) C U

Zy(z) < limsup[lim inf(f (y + th) — f(y))/1]

y—x t—0+

< sup sup [f(y+th) - f(y)]/t.
yeB(z,r) te(0,r]
Since this inequality holds for any positive number r satisfying B(x,2r) C U
we obtain that Z¢(z) < f°(z,h). This completes the proof of Proposition
2.34.

In Section 2.1 we say that x € U is a critical point of f if :;f(x) >0 and
that a real number c is a critical value of f if there is a critical point z € U of
f such that f(x) = c. Proposition 2.34 implies that if € U is a critical point
of f according to the definition given in this paper, then x is also a critical
point of f in the sense of the definition given in Section 2.1.
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Proposition 2.34 also implies that if ¢ € R! is a critical value of f according
to the definition given in this section, then c is also a critical value of f in the
sense of the definition given in Section 2.1.

Let M be a nonempty subset of U. In Section 2.1 we consider an analog
of the (P-S) condition above for which the inequality liminf; .o Z¢(z;) > 0
is replaced by the inequality lim inf;_, ., :;f (z;) > 0.

By Proposition 2.34 (P-S) type condition introduced in this section is
weaker than (P-S) type condition in Section 2.1.

Let (X,p) be a complete metric space. For each function f : X — R!
set inf(f) = inf{f(2) : 2 € X}. For each function f : X — R' and each
nonempty set A C X put

inf(f; A) =inf{f(2): 2z € A}.
For each x € X and each B C X put

p(z, B) = inf{p(z,y) : y € B}.

We assume that the sum over an empty set is zero. If A is a subset of (X, p),
then we consider a metric space A equipped with the metric p.
If g: Y — R' where Y is nonempty and if Z is a nonempty subset of Y,
then we denote by g|z the restriction of g to Z.
Fix 0 € X. Let ¢ : [0,00) — [0,00) be an increasing function such that
lim ¢(t) = oo (2.232)
t—o0
and let @ be a positive number.
Denote by M the set of all continuous functions h : X — R! such that

h(z) > ¢(p(x,8)) —a for all x € X. (2.233)
We equip the set M with the uniformity determined by the following base:
E(M,q,¢) ={(f,g) e M x M : |f(x)— g(z)| < € for each z € B(6, M)}

M{(f,9) e M x M :
I(f —9)(x) = (f —9)(W)| < gp(x,y) for each z,y € B(0, M)} (2.234)

where M, q, € are positive numbers. It is not difficult to see that this uniform
space is metrizable and complete.

Let n > 1 be an integer, let ¢; : X — R', i = 1,...,n be locally Lip-
schitzian functions and let ¢ = (c1,...,¢,) € R™.

We assume that g; is Lipschitzian on all bounded subsets of X for each
integer 7 satisfying 2 <14 < n.

Let I) and I5 be subsets of {1,...,n} such that

Il ﬁfzz(lland Ilulgz{].,...7n}. (2235)



62 2 Exact Penalty in Constrained Optimization

(Note that one of the sets I7, I may be empty.)
Set

A={z e X: gi(z) =c¢; forall i € I and g;(z) < ¢; for all j € Ir}.
(2.236)
We assume that A # (.

In this paper we consider the following constrained minimization problem:
minimize f(z) subject to z € A (P)

where f € M.
For each f € M we associate with problem (P) the corresponding family
of unconstrained minimization problems

minimize f(z)+ Z Ailgi(z) —ci|+z i max{g;(x)—¢;, 0} subject to z € X

icl i€l
(Px)
where
A=(A1,...,An) € (0,00)".
Assume that fy € M is Lipschitzian on all bounded subsets of X.
Fix 0; € A. By (2.232) there exists
My > 2+ ,0(97 91) (2237)
such that
d(Mo —2) > fo(01) +a+4. (2.238)
For each ¢ € {1,...,n} put
Ai={zeX: gx)=¢}ifiel,

Define
B =X, B;= ﬂf;llAi for each integer j satisfying 1 < j < n. (2.240)

We use the following assumptions.

(A1) If p € I and if € A satisfies fo(z) = inf(fo; A), then x is not a
critical point of the function g,|B, and it is not a critical point of the function
—9p|B,. If p € Iy and if x € A satisfies fo(x) = inf(fo; A), then z is not a
critical point of the function g,|p, .

(A2) There exists a positive number 7y such that for each j € I; the
functions g;|p;, and —g;|p, satisfy (P-S) condition on the set

BN g; ([e; =0, ¢ + Y0])
and for each j € I the function g;|p, satisfies (P-S) condition on the set

B; Ng; (lej, ¢+ o)
The following theorem is the main result of this section.
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Theorem 2.35. Assume that (A1) and (A2) hold and let q be a positive num-
ber. Then there exist numbers Ag > 0,47 > 0 and r > 0 such that for each
positive number € there exists § € (0,€) such that the following assertion holds:

If f € M satisfies
(fafO) € E(M()aqa’r.),

if a sequence of positive numbers {\;}I_, satisfies A\, > Ao and )\i)\;rll > Ay

for each integer i such that 1 <i <n and if x € X satisfies

F@)+ Y Ailgi(x) = eo + Y N max{gs(x) — e, 0}

i€l i€l
< inf{f(z) + Z Ailgi(z) —cil + Z Aimax{gi(z) — ¢;,0} : 2 € X} +3,
i€l i€l

then there exists y € A such that

pla,y) < e and f(y) < inf(f; 4) + Ae.

Theorem 2.35 implies the following results.

Theorem 2.36. Assume that (A1) and (A2) hold and let q be a positive num-
ber. Then there exist numbers Ag,r > 0 such that for each f € M satisfying

(fa fO) € S(Manar)

and each sequence of positive numbers {\;}I_, which satisfies A, > Ao and
)\i)\;rll > Ay for each integer i such that 1 < i < n the following assertion
holds:

If a sequence {x}72 | € X satisfies

Jim [f(2x) + Y Milgi(wn) — el + Y N max{gi(zx) — ¢, 0}]

i€l ic€la
= inf{f(2) + Z Ailgi(z) — el + Z Aimax{gi(z) —¢;, 0} : 2 € X},
ich il

then there exists a sequence {yi}p>, C A such that
i fye) = inf(f;A) and lim p(zy, yy) = 0.
Theorem 2.36 implies the following result.

Theorem 2.37. Assume that (A1) and (A2) hold and that there exists T € A
for which the following conditions hold:

fol@) = inf(f; A);

any sequence {xp}7>2, C A which satisfies limg_.o fo(xr) = inf(fo; A)
converges to T in (X, p).
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Then there exists a positive number Ay such that for each sequence of posi-
tive numbers {\; }1_, which satisfies A\, > Ao and )\i)\;ll > Ay for each integer
1 such that 1 < i < n the point T is a unique solution of the minimization
problem

minimize fo(z)+ Z Ailgi(z) — i+ Z Ai max{g;(z) —c;,0} subject to z € X.
i€l i€l

Theorem 2.36 implies the following result.

Theorem 2.38. Assume that any bounded subset of X is compact and that
(A1) hold. Let ¢ > 0. Then there exist numbers Ag > 0, r > 0 such that for
each f € M satisfying
(f) fO) € 5(M07q770)
and each sequence of positive numbers {\;}_, which satisfies A\, > Ay and
Ai /\;_1 > Ag for each integer i such that 1 < i < n the following assertion
holds:
If x is a solution of the minimization problem

minimize f(z) + Z lg:(2) — ¢i| + Z max{g;(z) — ¢;, 0} subject to z € X,
i€l i€ly

then x € A and f(x) = inf(f; A).

The results of this section have been obtained in [134].

2.12 Proof of Theorem 2.35
For each f € M and each A = (\q,...,\,) € (0,00)™ define

Yia( +Z Ailgi(@ —Ci|+z Aimax{g;(z) —c;, 0}, x € X. (2.241)
i€l i€l

It is easy to see that ¢y € M for each f € M and each A = (A1,...,\,) €
(0, 00)™.
We show that there exist numbers Ay > 0,7 > 0 such that the following
property holds:
(P1) For each positive number € there exists § € (0, €) such that for each
f € M satistying
(f, fo) € E(Mo, q,7),

each sequence of positive numbers {\; }7; satisfying A, > Ag and A, /\l 112> o
for all integers ¢ such that 1 <14 < n and for each x € X satisfying

Yea(w) <inf(yn) +6
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the set AN B(z,€) is nonempty.
Assume the contrary. Then for each integer £ > 1 there exist

e €(0,1), A® = AP AR € (0,00)", fr e Mand 2, € X (2.242)

n

such that
(f07fk) S S(M07Q’1/k)a (2243)
A > g and AP (A1 > & for all integers i satisfying 1 <i < n,
(2.244)
Ypoa (@) S Inf(Yp am) + 27 ek ™2, (2.245)
p({Ek, A) Z €k (2246)

Since the functions fy and g; for integers ¢ satisfying 2 < i < n are Lipschitzian
on all bounded subsets of X there exists a number Lg > 1 such that

|fo(z1) = fo(22)] < Lop(z1, 22) for each 21,29 € B(0, My) (2.247)
and that for each natural number ¢ satisfying 2 <i<n
|gi(21) — gi(22)| < Lop(z1, 22) for each z1, 22 € B(6, My). (2.248)

Let £ > 1 be an integer. By (2.245) and Ekeland’s variational principle
[37] there exists y € X such that

Y poam (Uk) < Vpoam (Tk), (2.249)
p(ye, xr) < (2k) 'ep, (2.250)
Vet (Yr) < Vgm0 (2) + k= p(z,yp) for all z € X. (2.251)
In view of (2.246)
yr & A for all integers k > 1. (2.252)

By (2.252), (2.236) and (2.239) there exists an integer p € {1,...,n} such
that the following conditions hold:

the set {k: k is a natural number for which y, & A,} is infinite;

if an integer j satisfies 1 < j < p, then the set

{k : k is a natural number for which y, & A;}

is finite.
Extracting a subsequence and reindexing we may assume without loss of
generality that the following conditions hold:

yr & Ap for all integers k > 1; (2.253)
if an integer j satisfies 1 < j < p, then

yr € A; for all integers k > 1. (2.254)
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Relations (2.240) and (2.254) imply that
yx € B, for each integer k£ > 1. (2.255)

We show that
yr € B(0, My — 2) for all integers k > 1. (2.256)

By (2.242), (2.233), (2.241), (2.249), (2.245) and the inclusion #; € A for all
integers k > 1

o(p(yx, 0)) — a < fr(yr) < Ypam (Yk) < g (Tr)
<inf(thyam) + 27672 <inf(yhy, a0 A) + (267) 71
= inf(fr; A) + (2637 < fau(61) + (2k%) 7L (2.257)
Together with (2.243), (2.237) and (2.234) this relation implies that for all
integers k > 1
¢(p(yx,0)) < (2k*)7" +a+ fr(61)
<27V a+ folb)+ kT <24a+ fo(6h). (2.258)
It follows from this inequality and the choice of My (see (2.237) and (2.238))

that
yr € B(0, My — 2) for all integers k > 1. (2.259)

If p € I, then in view of (2.253) and (2.239)
9p(yr) > ¢, for all integers k > 1. (2.260)

If p € I, then (2.253) implies that for each integer & > 1 either g,(yx) > ¢, or
9p(yr) < cp. Extracting a subsequence and reindexing we may assume without
loss of generality that either

9p(yr) > ¢, for all natural numbers k (2.261)
or
9p(yr) < ¢p for all natural numbers k > 1. (2.262)
Put
Jp =gp and ¢y = ¢, if p € Iy, (2.263)
gp = gp and ¢, = ¢, if p € I; and (2.261) is valid, (2.264)
Gp = —Gp, Cp = —¢p if p € I and (2.262) is valid. (2.265)

Clearly, in all these cases
Gp(yr) > € for all natural numbers k. (2.266)

Let k& > 1 be an integer. By (2.239), (2.240), (2.251), (2.241), (2.235) and
(2.255) for each z € By,
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—k7 (2, k) < poam (2) = Vpoae ()
= i(2) = folue) + D _{MPlgi(2) — il + i € I and i > p}
S P giwr) — il - i € I and i > p}
+Z{)\Ek) max{g;(z) —¢;,0}: i € I and i > p}
— Z{)\Ek) max{g;(yx) — ¢;,0} : i € I and ¢ > p}. (2.267)
It follows from (2.266) that there exists A € (0, 1) such that
gp(2) > ¢, for all z € B(yg, A). (2.268)
By (2.267), (2.268), (2.263)—(2.265) and (2.266) for each z € B, N B(yx, A)
A9 (G,(2) = Gp(yr)) > —k‘lp(zwyk)+Z{>\§k)|gi(yk)—ci\ ci€l and i > p}
—Z{)\Z(-k)\gi(z) —¢|: i€l and i > p}
+ Z{/\Ek) max{g;(yx) — ¢;,0} : i € Iy and i > p}
- Z{/\gk) max{g;(z) — ¢;,0}: i € Iy and i > p} + fr(yx) — fr(2)
> k7 p(z,u) — Y AP lgi(un) — 9i(2)] - i € {1,...,n} and i > p}

+fu(yr) — fr(2). (2.269)

By (2.247), (2.259), the relation A € (0,1), (2.256), (2.243) and (2.234) for
each z € B, N B(yx, 4),

[fi(yr) = fr(2)] < |folyr) = fo(2)| + [(fx = fo)(wk) = (fx = fo)(2)]

< Lop(z,yr) + ap(2; yk)- (2.270)

In view of (2.248), (2.256) and the relation A € (0,1) for each z € B, N
B(yk, A) and each natural number 4 satisfying 2 <i <n

|9i(y) — 9i(2)| < Lop(yr, 2)- (2.271)

Relations (2.269), (2.270) and (2.271) imply that for each z € B, N B(yg, 4A)
M (@p(2) = Gp(ur)) = =k p(z,01) = (Lo + @)p(2, yk)

—Z{)\Ek) cie{l,...,n}and i > p}Lop(yk, 2).
Combined with (2.244) this inequality implies that for each z € B, N B(yg, A)

3p(2) = Gp(y) = —p(z, ) [P L+ (Lo + ) (W)~



68 2 Exact Penalty in Constrained Optimization
+Lg Z{)\ )\(k) :i€{l,...,n} and i > p}]

> —p(z,y) k™" + (Lo + @)k~ + Lo2k™"].
Together with (2.231) this relation implies that

Eguls, Yk) 2 —k™ (1 + 3Ly + q) for all natural numbers k

and that
likn_l)'{)réf E§p|5p (yx) > 0. (2.272)

Tt follows from (2.241), (2.257), (2.243) and (2.237) that for each integer j; €
[p,n] N Iy, each jy € [p,n] N Iy and each natural number k

A g5 () — ]y ALY max{g, (i) — ¢, 0}

< hpoam (Wr) < fre(fr) + 1< fo(01) + 2.
Combined with (2.244) this inequality implies that

klim lg;(yx) — ;| =0 for all j € [p,n] NI, (2.273)
—00

klirgo max{g;(yx) — ¢;,0} = 0 for all j € [p,n] N L.
It follows from (2.273) and (2.260) that if p € I, then
lgp(yk) — ¢p| < 7o for all sufficiently large natural numbers k (2.274)
and if p € I, then
0 < gp(yr) — ¢p < 7o for all sufficiently large natural numbers k.  (2.275)

By (2.274), (2.275), (2.272), (2.255), (A2), (2.263)—(2.265) and (2.259) there
exists a strictly increasing sequence of natural numbers {k;}52; such that
{yk; }521 converges in (X, p) to y. € X:

Jim p(y;, y+) = 0. (2.276)

Relations (2.276), (2.255), (2.239) and (2.240) imply that
y. € B,,. (2.277)
In view of (2.273) and (2.276),
9j(y«) =¢; for all j € [p,n| N I; and g;(y.) < ¢; for all j € [p,n] N L.
Combined with (2.239), (2.240) and (2.277) this implies that

Y, € A. (2.278)
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It follows from (2.277), (2.276), (2.272), (2.255) and Proposition 2.31 that
Zgpla, (92) > 0. (2.279)
Relation (2.257) implies that for each natural number k
Srlyr) < inf(y, am) + (2%) 7" < inf(fi; A) + (26%) 71 (2.280)

In view of (2.259) and (2.243)

Jm | folyr) — fr(yr)| = 0. (2.281)
We show that
kllrgo(inf(fk; A)) = inf(fo; A). (2.282)

It follows from (2.243) and (2.237) that for each integer k > 0

fk:(gl) < f0(91) + 1.

By this inequality, (2.242), (2.233), (2.238) and the inclusion #; € A for each
integer k > 0 and each z € X satisfying p(6, z) > My — 2 we have

fr(z) > 0(p(0,2)) —a > fo(61) +4 > fr(61)+ 3 > inf(fr; A) + 3.
This relation implies that for each integer k > 0
inf(fr; A) = inf{fr(z): z € A and p(0,2) < My — 2}. (2.283)
Let k be a natural number. In view of (2.243) for each z € B(6, My)
Fe(2) = fol2)] < 1/,
Combined with (2.283) this implies that
|inf(fr; A) —inf(fo; A)| < 1/k for all integers k > 1.

This relation implies that (2.282) holds.
It follows from (2.276), (2.281), (2.280) and (2.282) that

fo(ys) = jhj& Jo(yr,;) = Jlggo Tr; (Uk;)
< jli{{.lo[inf(fkj;A) + (2k3) 71 = inf(fo; A).

In view of this relation, (2.279) and (2.278),

Y« € A, fo(y.) = inf(fo; A), 53,15, (y«) > 0.

These relations contradict (Al). The contradiction we have reached proves
that there exist numbers Ag, r > 0 such that property (P1) holds.
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We may assume without loss of generality that » < 1. Since fj is Lip-
schitzian on bounded subsets of X there exists

A > 4(g+1) (2.284)
such that
|fo(z) — fo(y)| < 27 Ayp(x,y) for each z,y € B(6, My). (2.285)

Assume that e € (0,1). Let § € (0,€) be as guaranteed by property (P1).
Now assume that f € M satisfies

(f, fo) € E(Mo, q,7), (2.286)
a sequence of positive numbers {A;}7_; satisfies
An > A and )\i)\i;ll > Ay for each integer i satisfying 1 <i<n (2.287)

and that x € X satisfies

1/Jf)\(JC) < inf(i/)f)\) + 0. (2.288)
It follows from (P1) and the choice of ¢ that there exists y € X such that
y € AN B(x,e). (2.289)

By (2.241), (2.288) and the inclusion 6; € A,
f(@) < Ypa(z) < inf(ra) +0 < inf(yga) + 1
<inf(¢ra; A) + 1 =inf(f; A) +1 < f(61) + 1. (2.290)
It follows from (2.233), (2.290), (2.286), (2.237) and the inequality r < 1 that
d(p(x,0)) —a < f(x) < f(61) +1 < fo(61) +1+7 < fo(6r) +2. (2.291)
In view of (2.291) and (2.238)
v € B(0, My — 2). (2.292)
Relations (2.292) and (2.289) imply that
p(0,y) < p(0,7) + p(x,y) < Mo — 1.

Combined with (2.292), (2.285), (2.286) and (2.289) this inequality implies
that

[f (@) = f(W)l < 1folx) = fo)| + |(f = fo) (@) = (f = fo)(v)]
<27 () + gp(z,y) < (27141 + g)e.
Together with (2.241), (2.288) and (2.284) this inequality implies that
fly) <@ M+ gle+ fx) < (27 AL+ g)e + Uy (a)
<27+ @)e +inf(Ypa) +6
< (2741 4+ g+ Ve + inf(1pp a; A) < Aje + inf(f; A).
This completes the proof of Theorem 2.35.
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2.13 An extension of Theorem 2.35

In this section we use the notation and the definitions introduced in Section
2.11.

Assume that n is a natural number, fy € M is Lipschitzian on all bounded
subsets of X, ¢; : X — R', i =1,...,n are locally Lipschitzian functions such
that g; is Lipschitzian on all bounded subsets of X for any integer ¢ satisfying
2 <i <mn and that ¢ = (¢1,...,¢,) € R™

Let I; and I3 be subsets of {1,...,n} satisfying (2.235). (Note that one of
the sets I;, I may be empty.) Define the set A by (2.236). We assume that
A # (. We consider the sets A;, i = 1,...,n defined by (2.239) and the sets
Bj, j =1,...,n defined by (2.240).

In the sequel we use the following assumption.

(A3) For each p € Iy, ¢, is not a critical value of g,|p, and —c, is not a
critical value of —g,|p,. For each p € I, ¢, is not a critical value of g,|p, .

We will establish the following result.

Theorem 2.39. Assume that (A2) and (A3) hold and let My be a positive
number. Then there exists a positive number M such that for each q > 0
there exist numbers Ag > 0, Ay > 0 such that the following assertion holds:
For each positive number € there exists § € (0,€) such that if f € M
satisfies
(f: fo) € E(M,q, M), (2.293)

if a sequence of positive numbers {\;}1, satisfies
A > Ao and >‘i>‘;+11 > Ao for each integer i such that 1 <i<n (2.294)

and if x € X satisfies

flz) + Z Ailgi(z) — il + Z Aimax{gi(z) — ¢;,0}

i€l i€l

<inf{f(2)+ Y Ailgi(z)—cil+ Y Aimax{gi(z)—c;, 0} : z € X}+6, (2.295)

i€l i€ls

then there exists y € A which satisfies

pla,y) < e and f(y) < inf(f; A) + Ae.

Proof: For each f € M and each A = (A1,...,A,) € (0,00)" define 95y : X —
R! by (2.241). Fix 6; € A. In view of (2.232) there exists

My > p(0,0,) + 8 (2.296)

such that
d(My —4) > fo(61) + Mo +a+ 8. (2.297)
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Let ¢ be a positive number. We show that there exists a number Ay > 0 such
that the following property holds:
(P2) For each positive number € there exists § € (0, €) such that for each
f € M satisfying (2.293) each sequence of positive numbers {\; }7_; satisfying
(2.294) and each x € X satisfying (2.295) the set AN B(z,€) is nonempty.
Assume the contrary. Then for each integer k > 1 there exist

er €(0,1), A® = AF AR €(0,00)", freM, zpe X (2.298)

such that (fo, fx) € £(M1,q, M) and the relations (2.244) and (2.246) hold.

Arguing as in the proof of Theorem 2.35 we can show that there exists a
sequence {y;}72; C X \ A such that for each integer k > 1 relations (2.249)-
(2.251) are valid. Arguing as in the proof of Theorem 2.35 we can show that
(without loss of generality) there exists p € {1,...,n} such that y; € B, for
all integers k > 1,if p € I, then (2.260) holds and if p € Iy, then either (2.261)
holds or (2.262) is valid. Define g, ¢, as in the proof of Theorem 2.35 (see
(2.263)—(2.265)). Then we have that (2.266) holds in all the cases. Since the
functions fy and g; for natural numbers 7 satisfying 2 < ¢ < n are Lipschitzian
on all bounded subsets of X there exists a positive number Ly > 1 such that

|fo(z1) — fo(2z2)| < Lop(z1, 22) for each 21,29 € B(0, M7)
and that for each natural number ¢ satisfying 2 <i<mn
lgi(21) — gi(22)| < Lop(z1, 22) for each z1, 2o € B(6, My).
Arguing as in the proof of Theorem 2.35 we can show that
yr € B(0, My — 4) for all integers k > 1 (2.299)
and that for any integer k£ > 1

=518, (k) > =k (1 + 3Ly + ¢) and liminf 55, |5, (ys) > 0. (2:300)

As in the proof of Theorem 2.35 we show that (2.274) and (2.275) hold. By
(A2), (2.274), (2.275), (2.300) and the inclusion y;, € B, for all integers k > 1
there exists a strictly increasing sequence of natural numbers {k;}52, such
that {yk, }52; converges in (X,p) to y. € X. Arguing as in the proof of
Theorem 2.35 we show that

Y« € Bpy. € Aand Zg |, (y«) > 0. (2.301)

Relations (2.301) contradict (A1). The contradiction we have reached proves

that there exists Ag > 0 such that (P2) holds. Arguing as in the proof of

Theorem 2.35 we show that Theorem 2.39 follows from property (P2).
Theorem 2.39 has been obtained in [134].
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2.14 Exact penalty property and Mordukhovich basic
subdifferential

In this section we study two constrained minimization problems in infinite-
dimensional Asplund spaces and establish a sufficient condition for exact
penalty property using the notion of the Mordukhovich basic subdifferential
[71, 73]. Note that a Banach space is an Asplund space if and only if every
separable subspace has a separable dual [73].

In Section 2.1 the existence of the exact penalty for the equality-constrained
problem is established under the assumption that the set of admissible points
does not contain critical points of the constraint function. The notion of crit-
ical points used in Section 2.1 is based on Clarke’s generalized gradients [21].
It should be mentioned that there exists also the construction of the Mor-
dukhovich basic subdifferential introduced in [71] which is intensively used in
the literature. See, for example, [73, 85] and the references mentioned there. In
this section we generalize the results of Section 2.1 for minimization problems
on Asplund spaces using the (less restrictive) notion of critical points via the
Mordukhovich basic subdifferential.

Let (X,||-]|) be an Asplund space and (X*,||-||«) its dual equipped with
the weak topology w*.

If F: X — 2% is a set-valued mapping between the Banach space X and
its dual X*, then the notation

limsup F(z) := {z* € X* : there exist sequences xj, — = and z} = z*

T—T

as k — oo with a}, € F(zy) for all integers k > 1} (2.302)

signifies the sequential Painleve—Kuratowski upper limit with respect to the
norm topology of X and the weak* topology of X*.
For each x € X, each z* € X* and each positive number r put

Bz,r) ={ye X : |ly -zl <r},

B.(z*,r)={le X" : ||l —z"|]« <r}. (2.303)

In this section in order to obtain a sufficient condition for the existence
of an exact penalty we use the notion of Mordukhovich basic subdifferential
introduced in [71] (see also [73]). In order to meet this goal we first present
the notion of an analytic e-subdifferential [73].

Let ¢ : X — R', € be a positive number and let € X. Then the set

Duct(@) = {o" € X"+ Iminf[(6(z) — 6(z)— < 2",z —7 >)|lo— ]| "] > —e}
(2.304)
is the analytic e-subdifferential of ¢ at Z. By Theorem 1.8.9 of [73], the set

06(2) = limsup Oged(z) (2.305)

wgi, e—0t
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is the Mordukhovich basic (limiting) subdifferential of the function ¢ at the
point Z.

Here we use the notation that = - 7 if and only if  — Z with ¢(z) — ¢(Z),
where ¢(z) — ¢(Z) is superfluous if ¢ is continuous at Z.

Note that in this section we do not provide a definition of the Mor-
dukhovich basic (limiting) subdifferential as it appears in the literature (see
page 82 of [73]). Instead of it we work with the formula (2.305) which is more
convenient for our goals.

Let f: X — R! be a locally Lipschitzian function. For each x € X denote
by 9f(z) the Mordukhovich basic subdifferential of f at z and set

E¢(z) =inf{||l||«: L€ df(x)}. (2.306)

(We suppose that the infimum of an empty set is co.)

A point z € X is a critical point of f if 0 € 9f(x).

A real number ¢ € R! is called a critical value of f if there exists a critical
point z of f such that f(z) =c.

For each function h : X — R' and each nonempty set A C X set

inf(h) = {h(z) : z € X}, (2.307)
inf(h; A) = inf{h(z) : = € A}. (2.308)

For each x € X and each B C X put
d(xz,B) = inf{||z —y|| : vy € B}. (2.309)

Let f : X — R! be a function which is Lipschitzian on all bounded subsets

of X and which satisfies the growth condition
! l|1|m f(z) = oo. (2.310)
Clearly, the function f is bounded from below.

Let g : X — R! be a locally Lipschitzian function.

We say that the function g satisfies the (P-S) condition on a set M C X
if for each normed-bounded sequence {z;}5°, C M such that the sequence
{9(zi)}52; is bounded and liminf; .. Z4(z;) = 0 there exists a norm-
convergent subsequence of {z;}32, [8, 76, 100].

Let ¢ € R! be such that g=*(c) # 0.

We consider the following constrained minimization problems:

minimize f(z) subject to x € g~ (c) (Pe)

and
minimize f(z) subject to x € g~ ((—o0, c]). (P;)

We associate with these two problems the corresponding families of uncon-
strained minimization problems
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minimize f(z) + Ag(x) — c| subject to z € X (Pae)

and
minimize f(z) + Amax{g(x) — ¢,0} subject to z € X (Pxs)

where A > 0.
The following two theorems are our main results in this section.

Theorem 2.40. Assume that there exists a positive number v, such that the
functions g and —g satisfy the (P-S) condition on the set g~ ([c — Vs, ¢ +74])
and the following property holds:

If v € g71(c) is a critical point of the function g or a critical point of the
function —g, then f(z) > inf(f; g7 (c)).

Then there exists a number X > 0 such that for each positive number e
there exists § € (0,€) such that the following assertion holds:

If A\ > X and if v € X satisfies

f(@) + Ag(x) — e <inf{f(2) + Alg(2) — ¢ : z€ X} +9,
then there is y € g~(c) such that

ly — || < € and f(y) < inf(f;97"(c)) + 0.

Theorem 2.41. Assume that there exists a positive number v, such that the
function g satisfies the (P-S) condition on the set g~*([c,c + 74]) and the
following property holds:

If v € g=*(c) is a critical point of the function g, then

f(z) > inf(f; 97 (—o0,d]).

Then there exists a number X\ > 0 such that for each positive number e
there exists § € (0,¢) such that the following assertion holds:
If A > X and if x € X satisfies

f(z) + Amax{g(z) — ¢,0} <inf{f(z) + Amax{g(z) —¢,0} : z € X} +,
then there is y € g~'(—o0,c]) such that
ly — 2|l < € and f(y) < inf(f; 97" (=00, d]) +4.

Theorems 2.40 and 2.41 have been established in [142].
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2.15 Proofs of Theorems 2.40 and 2.41

We prove Theorems 2.40 and 2.41 simultaneously. Set
A =g !(c) in the case of Theorem 2.40 (2.311)

and
A =g '((—o0,d]) in the case of Theorem 2.2. (2.312)

For each positive number )\ define a function v : X — R! by
Ya(z) = f(z) + ANg(z) —¢c|], z€ X (2.313)
in the case of Theorem 2.40 and by
¥a(z) = f(z) + Amax{g(z) — ¢,0}, z € X (2.314)

in the case of Theorem 2.41.
Evidently, the function v, is locally Lipschitzian for all positive numbers
A. We show that there exists A > 0 such that the following property holds:
(P) For each € € (0,1) there exists § € (0, ¢) such that for each A > X and
each x € X which satisfies

Ya(x) <inf(hy) +0

the set
{y € AN B(z,€): ¥aly) < alx)}

is nonempty.

It is easy to see that the existence of A > 0 for which the property (P)
holds implies the validity of Theorems 2.40 and 2.41.

Assume the contrary. Then for each integer £ > 1 there exist

ex €(0,1), \p, >k, ap € X (2.315)
such that
U, (xr) < inf(y,) + 27 epk ™2 (2.316)
and
{z€ A [z — 2|l < e and ¥, (yx) < a, (z0)} = 0. (2.317)

Let £ > 1 be an integer. By (2.316) and Ekeland’s variational principle [37]
there exists yi € X such that

U, (k) < P, (1), (2.318)
llyr — zill < (2k) e, (2.319)
Ve (k) < V) (2) + k7|2 — yi| for all z € X. (2.320)

It follows from (2.318), (2.319) and (2.317) that
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yr € A for all integers k > 1. (2.321)

In the case of Theorem 2.41 we obtain that
g(yx) > c for all integers k > 1. (2.322)

In the case of Theorem 2.40 we obtain that for each integer k > 1 either
9(yk) > cor g(yx) <c.

In the case of Theorem 2.40 by extracting a subsequence and reindexing
we may assume that either g(yg) > ¢ for all integers k > 1 or g(yx) < ¢ for
all integers & > 1. Replacing g with —g and ¢ with —c if necessary we may
assume without loss of generality that (2.322) holds in the case of Theorem
2.40 too. Now (2.322) is valid in both cases.

Let k > 1 be an integer. Then by (2.322) there is an open neighborhood
Vi of yi in X such that

g(z) > cfor all z € V.
Combined with (2.313), (2.314) and (2.320) this implies that for all z € V;,
Fly) +Ae(g(ye) =) = Unc(ye) < F(2) +Ak(g(2) =) 57 2 =] (2.323)

Set

ou(2) = f(2) + Meg(2) + E7Y |2 — wil], 2 € Vi (2.324)
Tt follows from (2.305), (2.304), (2.324) and (2.323) that
0 € 9(dk)(yk)- (2.325)

By (2.325), (2.324) and Theorem 3.36 of [73],

0 € Of () + Me0g(yr) +k~1A(| - —yll) (yr)- (2.326)
Relation (2.326) and Corollary 1.8.1 of [73] imply that
0 € g(ye) + A 0f (i) + A kO —wl ) (w) (2.327)
C Ag(yr) + A0S () + Ay tE B0, 1).
By (2.313)-(2.316) and (2.318) for all integers k > 1,
Fluk) < ¥ac(ye) < inf(¥y,) +1 <inf(yha,; A) +1 =inf(f; 4) +1. (2.328)

It follows from this inequality and the growth condition (2.310) that the se-
quence {yx}%2, is bounded. Since the function f is Lipschitzian on bounded
subsets of X it follows from the boundedness of the sequence {y;}32, and
Corollary 1.8.1 of [73] that there exists a positive number L such that

Of(yr) C Bi(0, L) for all integers k > 1. (2.329)
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In view of (2.315), (2.327) and (2.329) for all integers k > 1,
0 € dg(yr) + A, 'B«(0,L) + k' B.(0,1)

and by (2.306),
Jim = () = 0. (2.330)

It follows from (2.313)—(2.316), (2.318) and (2.322) that for all natural num-
bers k,

inf(f) + Me(g(ye) — ) < fyr) + A(g(yr) — ¢) = ¥x, (vr)
<inf(f; A) +1
and
0 < g(yx) — ¢ < A M[inf(f; A) + 1 —inf(f)] — 0 as k — oo. (2.331)

Thus there exists an integer kg > 1 such that for all integers k > kg

9(yk) € (c;c+ sl (2.332)

It follows from (2.332), the boundedness of the sequence {yx}2; in the norm
topology and the (P-S) condition that there exists a strictly increasing se-
quence of natural numbers {k;}22; such that {y,}32; converges in the norm
topology to y. € X. Relation (2.331) implies that

g(y«) = c. (2.333)

Tt follows from (2.313), (2.314), (2.318) and (2.326) that

Flys) = lim f(ye,) < limsup iy, (ys,)

J—00

< lim sup inf(zﬂAkj) < lim sup inf(wAkj;A) = inf(f; A).

j—oo j—o0
Combined with (2.333), (2.311) and (2.312) this implies that
f(y«) =inf(f; A). (2.334)

We have already mentioned that the sequence {yx}3>, is bounded. Fix a
number M > 4 for which

{yr}iz, € B(0O,M —2). (2.335)

Since the function f is Lipschitz on bounded subsets of X there exists Ly > 1
such that

|f(21) — f(22)] < Lo||z1 — 22|| for all 21, 29 € B(0, M). (2.336)
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Let k > 1 be an integer. We may assume that
Vi C By, 1) C B(0, M). (2.337)
Tt follows from (2.323), (2.337), (2.336) and (2.325) that for all z € V}, \ {yx},

(9(z) = g()llz =yl = llz = wul 7 [F(e) = FINT =R TIAT
> —Lodgt — k71 > k(1 + Lo).
In view of the relation above and the definition (2.304),

0 € Oy 9k (Yk)

with
Y =k~ (1 + Lo).

Combined with (2.305) and the equality y. = lim;_, o yx; in the norm topology
this implies that 0 € dg(y.). This contradicts the relation (2.333) and (2.334).
The contradiction we have reached proves the existence of A\ > 0 for which
the property (P) holds.

This completes the proofs of Theorems 2.40 and 2.41.

2.16 Comments

In this chapter we use the penalty approach in order to study various classes
of constrained minimization problems on Banach spaces and on metric spaces.
Our goal is to find simple sufficient conditions for the existence of an exact
penalty for which any solution of a penalized unconstrained problem is a solu-
tion of the original unconstrained problem. Since in this chapter we consider
minimization problems on a general Banach space and on a general metric
space the existence of their solutions is not guaranteed. Therefore we are
interested in approximate solutions of the unconstrained penalized problem
and in approximate solutions of the corresponding constrained problem. Un-
der mild assumptions we establish the existence of a penalty coefficient Ay > 0
such that the following property holds:

For each € > 0 there exists d(¢) > 0 which depends only on € such that
if z is a d(e)-approximate solution of the unconstrained penalized problem
whose penalty coefficient is larger than Ag, then there exists an e-approximate
solution y of the corresponding constrained problem such that ||y — z|| < e.

In our study we use tools and methods of variational analysis and, in
particular, the nonsmooth version of the (P—S) condition introduced in [100]
for Lipschitzian functions. Note that recently a subdifferential (P—S) condition
for set-valued mappings was introduced and applied in [9] for multiobjective
optimization problems.
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Stability of the Exact Penalty

3.1 Minimization problems with one constraint

In this section we study two constrained nonconvex minimization problems
with Lipschitzian (on bounded sets) objective functions. The first problem is
an equality-constrained problem in a Banach space with a locally Lipschitzian
constraint function and the second problem is an inequality-constrained prob-
lem in a Banach space with a locally Lipschitzian constraint function.

Let (X,]|-||) be a Banach space, (X*,|| - ||+) its dual space and let f :
X — R! be a locally Lipschitzian function.

For each z € X let

fO(z,h) = limsup [f(y+th)— f(y)]/t, h € X,

t—0+, y—a
be the Clarke generalized directional derivative of f at the point x [21], let
of(x) ={l€ X*: fo%x,h) >1(h) for all h € X}
be Clarke’s generalized gradient of f at z, [21] and set
Z¢(x) =inf{f°(z,h) : h € X and ||h]|| < 1} (3.1)

[100].

Recall that a point € X is called a critical point of f if 0 € 9f(z). It is
not difficult to see that z € X is a critical point of f if and only if Z¢(z) = 0.

A real number ¢ € R' is called a critical value of f if there is a critical
point z of f such that f(x) = c.

It is known that O(—f)(z) = —0f(z) for any z € X (see Chapter 2, Section
2.3 of [21]). This equality implies that = € X is a critical point of f if and
only if x is a critical point of —f and ¢ € R! is a critical value of f if and only
if —c is a critical value of —f.

For each function h : X — R! set inf(h) = inf{h(z): 2z € X}.

A.J. Zaslavski, Optimization on Metric and Normed Spaces, Springer Optimization 81
and Its Applications 44, DOI 10.1007/978-0-387-88621-3_3,
© Springer Science+Business Media, LLC 2010
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For each x € X and each nonempty set B C X put
d(z,B) = inf{||lz —y[| : y € B}.

We say that a locally Lipschitz function f : X — R! satisfies the Palais—
Smale (P-S) condition on a set A C X if for any sequence {z;}5°, C A for
which the sequence {f(z;)}72, is bounded and lim;_,~, =f(x;) = 0 there exists
a norm convergent subsequence in X [8, 76, 100].

Remark 3.1. In Section 2.1 instead of the function =y we introduced a function
Zf: X — R! defined by

Z¢(z) = inf{f%(z,h) : h€ X and ||h]| =1}, z € X.

Clearly for all z € X we have Zf(z) < Z¢(z) and S¢(z) > 0 if and only if
Z¢(z) = 0. It is not difficult to see that for each sequence {z;}2; C X

lim Z¢(x;) = 0 if and only if liminf :;f(xi) > 0.

For each x € X, each 2* € X* and each r > 0 set
Ba,r)={ye X : [ly—al| <r}, Bu(a",r) ={l€ X" : [l —a"[|. <r},

B(a,r)={y e X: |ly—al <r}, Bi(a",r)={l€ X" [[l - ™[] <r}.

We assume that the infimum over an empty set is infinity.
For each ¢ € R and each pair of functions f,g: X — R set

inf(f,c,g) = inf{f(z): z€ g *(c)}, (3.2)
inf(f, (—o00, ¢l g) = inf{f(2) : z € g7 ((~o0,c])}.

Let ¢ : [0,00) — R! be an increasing function such that

tlggo o(t) = o0. (3.3)
Let My, My, My be positive numbers and let A : X — R' be a continuous
function. Now we define a family of functions which are close to the function
h. This family is determined by the parameters My, M7, Ms.
Denote by U(h, Mg, My, Ms) the set of all continuous functions g : X — R!
such that
lg(x) — h(z)| < M; for all z € B(0, My), (3.4)

|h(x) — g(z) — (h(y) — g(y))| < Ma||z —y|| for all z,y € B(0,Mo)  (3.5)

and denote by Uy (h, My, My, M) the set of all g € U(h, My, My, Ms) such
that
g(z) > ¢(||z|]) for all z € X. (3.6)

Let fy: X — R! be a locally Lipschitzian function which satisfies
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fo(x) > ¢(||x||) for all z € X, (3.7)

go : X — R! be a locally Lipschitzian function and let

ag < cg < bo. (3.8)
We assume that
90 ' (co) # 0 (3.9)
and consider the following constrained minimization problems:
minimize fy(z) subject to = € gg *(co) (Pe)
and
minimize fo(z) subject to x € g5 ((—o0, co)). (Py)

We suppose that there exists § € X such that the following assumption
holds:
(A0) In the case of the problem (P,)

0 € gy (co) and 0 & gy (6);
in the case of the problem (P;)
0 € g5 ' ((—00,co]) and if 6 € gy ' (co), then 0 & Ago(6).

Assume that
f:X—=R' g:X—R' cecR.

If g~ 1(c) # (), then we consider the equality-constraint problem
minimize f(z) subject to z € g~ *(c) (Péfeg))
and if g71((—o0, c]) # 0, then we consider the inequality-constraint problem
minimize f(z) subject to x € g~ ((—o0, c]). (Pgi’g))

We associate with these two problems the corresponding families of un-
constrained minimization problems

minimize f(z) 4+ A|lg(z) — ¢| subject to z € X (Pg\fcgl)
minimize f(z)+ Amax{g(z) — ¢, 0} subject to z € X (Pg\fﬁz)

where A is a positive number. B
In view of (3.3) there exists a number M > 0 such that

M > ||6]] + 4 and ¢(I1 — 4) > fo(6) + 4. (3.10)

In this paper we use the following assumptions:
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(A1) fo is Lipschitz on B(0, M);

(A2) for each positive number e there exists x. € gy'(co) such that
fo(ze) < inf(f co,g0) + € and 0 & Ogo(ze);

(A3) for each positive number e there exists z. € gg ' ((—00, ¢o]) such that

fO(we) < inf(f07 (—OO,Co],go) +e

and if x. € gy '(co), then 0 & dgo(z.);
(A4) if y € gy ' (co) satisfies fo(y) = inf(fo,co, o), then 0 & go(y);
(A5) if y € gy ' (co) satisties fo(y) = inf(fo; (o0, col; 90), then 0 & dgo(y);
(A6) each sequence {yx}32, C {z € B°(0,M) : go(z) € [ao,bo]} which
satisfies lim infy_, o =g, (yx) = 0 possesses a norm-convergent subsequence;
(AT) each sequence

{ur}iz, € {z € B(0,M) : go(z) € [co, bo]}

which satisfies liminfy_. o =y, (yx) = 0 possesses a norm-convergent subse-
quence.

Remark 3.2. If (A1) holds, then it follows from (3.7) and (3.10) that fy is
bounded from below on X.

Remark 3.3. Assumption (A6) ((AT7) respectively) means that go satisfies the
(P-S) condition on the set gg*([ao, bo]) N B°(0, M) (g4 ([co,bo]) N B°(0, M)
respectively).

We will prove the following two results.

Theorem 3.4. Suppose that (A1), (A2), (A4) and (A6) hold. Let M be a
positive number. Then there exist positive numbers a, A\g such that for each
positive number e there exists § € (0,¢€) such that the following assertion holds:

For each A\ > Ao, each ¢ € R! satisfying |c—co| < a, each pair of functions
f: X — R and g : X — R" which satisfy

f € Uy(fo, M, o, M), g € U(go, M, x,x)
and each x € X satisfying
f(@) + Ag(@) — ol <inf{f(2) + Alg(z) —c|: z2€ X} +6
there exists y € g~'(c) such that ||y — z|| < € and

fly) < f@) + Ag(z) —of <inf{f(2) + Alg(z) —¢|: 2z € X} +0.
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Theorem 3.5. Suppose that (A1), (A3), (A5) and (A7) hold. Let M be a
positive number. Then there exist positive numbers a, Ao such that for each
positive number € there exists § € (0,€) such that the following assertion holds:

For each X > \g, each ¢ € R satisfying |c—co| < «, each pair of functions
f:X — R and g : X — R which satisfy

feUy(fo,M,a, M), g €U(go, M, )
and each x € X which satisfies
f(z) + Amax{g(z) — ¢,0} < inf{f(z) + Amax{g(z) —¢,0}: z€ X} +¢
there is y € g~ ((—o0,c]) such that ||y — z|| < € and
fy) < fl)+Amax{g(x) ¢, 0} < inf{f(2)+Amax{g(z) —¢,0} : z € X}+e
Theorems 3.4 and 3.5 will be proved in Section 3.3. They imply the fol-
lowing result.

Theorem 3.6. 1. Suppose that (A1), (A2), (A4) and (A6) hold. Let M be a
positive number. Then there exist positive numbers a, Ao such that for each
f € Uy(fo, M,a, M), each g € U(go, M, ), each ¢ € [co — a,co + a, each
A > Ao and for each sequence {x;}52, C X which satisfies

lim [f(z:) + Ag(z:) — ¢f] = inf{f(2) + Alg(z) — [ : z € X}

11— 00

there exists a sequence {y;}5°, C g~*(c) such that
lim f(y;) = inf(f,c,g), lim ||y; — 2;]| = 0.
11— 00 11— 00

2. Suppose that (A1), (A3), (A5) and (A7) hold. Let M be a posi-
tive number. Then there exist positive numbers «, Ao such that for each

f € Us(fo, M,a, M), each g € U(go, M,,x), each ¢ € [co — a,co + o,
each A > Ao and for each sequence {x;}52, C X which satisfies

lim [f(x;) + Amax{g(x;) — ¢,0}] = inf{f(2) + Amax{g(z) — ¢,0} : z € X}

11— 00

there exists a sequence {y;}3°, C g~ ((—o0,c]) such that

lim f(y;) = inf(f; (=00, ¢], ), lim [ly; —zi|| = 0.

Note that the results of this section have been obtained in [140].
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3.2 Auxiliary results

In this section we use the notation and definitions introduced in Section 3.1.
Let (Y,||-]]) and (Z,]| - ||) be Banach spaces, A CY, B C Z. We say that
h : A — B is an L-mapping if for each x € A there is a positive number r
such that the restriction h: AN B(x,r) — B is Lipschitzian.
Assume that g : X — R! is a locally Lipschitz function. We use the
following auxiliary result of [100].

Lemma 3.7. Let 6 > 0 and let A C X be a nonempty closed subset of X such
that Z4(x) < —§ for all x € A. Then there exists an L-mapping V : X — X
such that

V€ B(0,2) for allz € X, ¢°(x,Vx) <0 forall x € X,

¢°(z,Va) < =6 for all z € A.

Lemma 3.8. Let xp € X, § be a positive number and let =,(z¢) < —6. Then
there exist a positive number r and an L-mapping V : X — X such that

V€ B(0,2) forallz € X, ¢°(x,Vz) <0 forallz € X,
g%z, V) < =6 for all x € B(zo,7).

Proof: Tt follows from upper semicontinuity of the Clarke generalized direc-
tional derivative g% (¢,7) with respect to & that there exists a positive number
r such that Zg4(z) < —0 for all € B(zo,r). Now Lemma 3.8 follows from
Lemma 3.7.

Proposition 3.9. Let
zo € BY(0, M) N gy (co), (3.11)

0 ¢ 0go(wo) (3.12)

and let eg > 0. Then there exists 69 € (0,€9) such that for each function
g: X — R which satisfies

lg(z) — go(2)| < o, 2 € B°(0, M), (3.13)

(9 = 90)(21) = (9 = 90)(22)| < Gollz1 — 22| for all 21,20 € B°(0,M) (3.14)

and each ¢ € R satisfying
|C*CO| < 50 (315)

there exists x € BY(0, M) such that

x € B(xg,€0) and g(z) = c. (3.16)
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Proof: Tt follows from (3.1) and (3.12) that
Zgo () < 0.
Choose a positive number § such that

2,0 (z0) < —0. (3.17)

Lemma 3.8 implies that there exist a positive number r and an £-mapping
V : X — X such that

r < €0, B(xo,r) C B°(0, M), (3.18)
V€ B(0,2) for all z € X, g5(z,Vax) <0 for all z € X, (3.19)
gd(x, V) < =6 for all € B(zg,7). (3.20)

It is easy to see that there exist a positive number t; and a differentiable
function ¢ : [—to,t9] — X such that

¢/(t) = V¢(t), te [7t0at0]7 (321)
$(0) = o, (3.22)
o(t) € B®(zg,7), t € [—to, o). (3.23)

By the properties of the Clarke generalized directional derivative [21] for each
t1,t9 € [—to,to] Satisfying t1 < ta,

90(6(t2)) — go(d(tr)) = U(¢'(s))(t2 — 1),

where s € [t1,t2] and I € 9go(¢(s)), and by (3.20), (3.21), (3.23) and the
definition of Clarke’s generalized gradient

90(9(t2)) — go(@(t1)) = (t2 — t1))I(V(9(s)))
< (ta — t1)g0(0(s), V(9(s))) < —6(ta — t1).

Therefore

g(](d)(tg)) —g()(¢(t1)) < —(5(t2 —tl) for each t1,t9 € [—to,to] such that t; < to.
(3.24)
Fix a number dg > 0 such that

do < min{eo, (5t0/8} (325)

Assume that g : X — R! satisfies (3.14) and ¢ € R! satisfies (3.15). It
follows from (3.18) and (3.23) that for all ¢ € [—to, to],

#(t) € B®(xq,7) C B°(0, M) N B®(x0, €). (3.26)
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By (3.11), (3.22) and (3.24),
go(¢(t0/2)) S go(¢(0)) - 5t0/2 = go(.’Eo) — 5t0/2 = Cy — (5t0/2, (327)

9o(@(—t0/2)) = go(#(0)) + dto/2 = go(xo) + 6to/2 = co + 6to/2.  (3.28)
In view of (3.14), (3.18) and (3.23),

[(9 — g0)(@(to/2))], (9 — g0)(@(—t0/2))| < do. (3.29)
1t follows from (3.29), (3.27), (3.15), (3.25) and (3.28) that
9(6(t0/2)) < go(P(to/2)) + b0 < co — to/2 + 0o < ¢ — 6to/2 4+ 259 < ¢ — 20p,

(3.30)
9(d(—t0/2)) = go(Pp(—t0/2)) — do = co+ dto/2— o > c+d0/2 — 200 > ¢+ 250.

By (3.30) there exists s € (—t¢/2,t92) such that
9(6(s)) = c.
Relations (3.23) and (3.26) imply that
¢(s) € B°(0, M) N B°(xq, o).

Proposition 3.9 is proved.

3.3 Proof of Theorems 3.4 and 3.5

We prove Theorems 3.4 and 3.5 simultaneously. For each real number ¢ and
each function g : X — R! put

Age =g *(c) in the case of Theorem 3.4, (3.31)

Ay =g *((—00,c]) in the case of Theorem 3.5.

For each positive number A, each real number ¢ and each pair of functions
f,g: X — R! define a function wg\ff) : X — R' by

U9 (2) = f(2) + Nglz) —cl, z€ X (3.32)
in the case of Theorem 3.4 and by
Vi(2) = f(2) + Amax{g(z) — .0}, z€ X (3.33)
in the case of Theorem 3.5.

Let M be a positive number. We assume that Theorem 3.4 (Theorem 3.5
respectively) does not hold. Then for each integer k > 1 there exist
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€ € (071), A >k, ¢ € R

satisfying
lew — co| < k71, (3.34)

a pair of functions fx, gx : X — R! which satisfy
fr € Uy(fo, M, k™, M), gr € U(go, M, k™1 k1) (3.35)

and z € X satisfying

U (@) < imf(u) + @2 R, (3.36)
A N B oo (Fragk) < (fr:9k) =0 3.37
{y € Ay, cn (zryen) = O3 0 (y) Syl (we) } : (3.37)
Set (
I Al T I (3.38)

Let £ > 1 be an integer. It follows from Ekeland’s variational principle
[37], (3 32)7 (3.33), (3.35), (3.36) and (3.38) that there exists yx € X such
that

o) (yx) < o) (a,), (3.39)
lyr — zxll < (2k) e, (3.40)
P (yr) < P (2) + k7Y |z — yi| for all z € X. (3.41)
Relations (3.37), (3.38), (3.39) and (3.40) imply that
Yk & Agk,Ck~ (3.42)

In the case of Theorem 3.5 we obtain that

9k (Yr) > ck. (3.43)

In the case of Theorem 3.4 we obtain that either g (yr) > cx or gr(yr) < ck-
In the case of Theorem 3.4 extracting a subsequence, reindexing and replacing
go by —90, g by —gx, co by —cg and ¢ by —ci, we may assume without loss
of generality that in both cases

9k (yr) > ¢ for all integers k > 1. (3.44)
By (A1) there exists a positive number Ly such that
|f0(21) — fo(ZQ)l < LOHZI — 22|| for all 21,29 € B(O,M) (345)

Evidently, for all integers k& > 1, ¢(®) is locally Lipschitz on B(0, M).

We continue the proof with four steps.

Step 1. We show that y, € B(0, M — 4) for all sufficiently large natural
numbers k. By (3.10), (A0), Proposition 3.9, (3.31), (3.34) and (3.35), there
exists an integer kg > 1 such that for each natural number k& > kg there exists
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0 € BY(0, M) N Agyer (3.46)
such that
klim [10r — 6] = 0. (3.47)

By (3.10), (3.32), (3.33), (3.35), (3.36), (3.38), (3.39), (3.45) and (3.46) for
each natural number k& > kg

Fe(ur) < 0™ (yr) < 6™ (21) < inf(¢p®) + 2712

< oW (0r) +27 k7 = fr(0k) +27 k7 = fo(Ok) + [fr(0k) — fo(Or)] +27 k2
< fo(Br) + k7" + k72 = fo(0) + [fo(Or) — fo(0)] + k' + k2
< fo(0) + Lo||0x — 6| + 2k~ . (3.48)

Since limy o || — 0]| = 0 it follows from (4.48) that there exists an integer
k1 > ko such that for all natural numbers & > kq,

Frlyr) < fo(0) +27.
Combined with (3.6), (3.10) and (3.35) this implies that
yr € B(0, M — 4) for all natural numbers k > k. (3.49)

Step 2. We show that limy_.. Zg,(yx) = 0. Let k > k1 be an integer. It
follows from (3.35) and (3.49) that for each z € B(yx, 3/2),

lgr(2) — 90(2)] — [gr(yx) — go(yr)]| < k|2 — will, (3.50)

£k (2) = fo(2)] = [fi(yr) = folyr)ll < M|z — yill. (3.51)
In view of (3.44) there exists r € (0,3/2] such that

g (2) > ¢, for all z € B(yg, 1) (3.52)

It follows from (3.52), (3.41), (3.38), (3.32) and (3.33) that for all z €
B(yk: k),

Fr(uk) + Me(gr (ur) — k) < fr(2) + Me(gr(2) —cn) + k712 —wrll. (3.53)
Relations (3.50), (3.51), (3.52) and (3.53) imply that for all z € B(yk, x),
Fo(ye) +Mego(ur) < felyr) + Megr (yr) + [fo(yr) — fr(yr)] + Melgo (yr) — gk (ur)]

< fi(2) + Aegr(2) + Kz = il + [folye) = Fe(yi)] + Aklgo(yr) — gx(yr)]
< fo(2) + Aego(2) + (fr(2) — fo(2))
+Aklgk(2) = 90(2)] + k7|2 = wrll + [folyr) — fuyr)] + Arl(g0(yr) — gk (yr)]
= fo(2) + Mego(2) + k7 M|z — wkll
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+(fe — fo)(2) = (fxe — fo) ()] + Ael(gk — 90)(2) — (9% — 90) (y&)]
< fo(2) + Mego(2) + K72 — yrll + M|z — yi|| + Mk~ M|z — wrl|- (3.54)
By (3.54) for all z € B(y, zi)
90(yk) + Ay folye) < go(2) + A fo(2) + A1z — wel (B + M + k7).

By the inequality above and the properties of Clarke’s generalized gradient
(see Chapter 2, Sect. 2.3 of [21])

0 € Agolyr) + A, " 0folyr) + A (2/k + M)B.(0,1). (3.55)
Relations (3.45) and (3.49) imply that for each integer k& > k1,
dfo(yr) C Bi(0, Lo).
Combined with (3.55) this implies that for each integer k > ky
0 € 9go(yx) + Ay (Lo + 2/k + M)B,(0,1)

and
kliﬁrgo Zgo(yr) = 0. (3.56)

Step 3. Let us show that limy_.o go(yx) = co and that {y; };’il possesses
a convergent subsequence. It follows from (3.49), (3.35), (3.44), (3.38), (3.32),
(3.33), (3.39), (3.36) and (3.46) that for all integers k > k1,

— M+ (gx (yr) — )+ Folyr) < Filyr) F k(g () —cr) = 6™ (yr) < o™ (24)
<inf(¢™) +1 < o™ (0) + 1 < fir(0r) + 1 = fo(0x) + 1+ fr(01) — fo(Or)
< fo(Or) +2

and
0 < gr(yr) — cx < A [sup{fo(2) : 2 € B(0, M)} —inf(fo) +2+ M].

Hence limg_, o0 (g (yx) — cx) = 0. Combined with (3.34), (3.35) and (3.49) this
implies that
Tim_ g () = co. (3.57)

Tt follows from (3.56), (3.57), (3.49), (A6), (A7), (3.8) and (3.43) that there
exists a strictly increasing sequence of natural numbers {k;}52; such that
{yk; }521 converges in the norm topology of X to y. € X. By (3.57)

90(y+) = co. (3.58)

Step 4. Let us show that fo(y.) = inf(fo; Ago,co)-
By (3.56) and and upper semicontinuity of the Clarke generalized direc-
tional derivative ¢g°(&,n) with respect to & [21], =, (y«) = 0 and
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0 € dgo(y«)-
It follows from (3.45) and (3.49) that
Joly.) = lim fo(yx,).
Let A € (0,1). (A2) and (A3) imply that there exists
z(A) € Agy.co

such that

Jo(z(A)) < inf(fo; A(go,co)) + 4,

0 & dgo(x(A)) if g(x(4)) = co.
Tt follows from (3.61) and (A0) that

Jo(z(AQ)) < fo(0) + 1.
By (3.64), (3.7) and (3.10),

z(A) € B°(0, M — 4).

(3.59)

(3.60)

(3.65)

In view of (3.65), (3.61), (3.63), (3.34), (3.35) and Proposition 3.9 there exists

an integer ko > k1 such that for each integer k > ko there exists

z(A) € BY(0, M) N Agy e

such that
T [la(4) — 2(4)]| =0.

(3.66)

(3.67)

It follows from (3.49), (3.35), (3.38), (3.32), (3.33), (3.39), (3.36), (3.66), (3.49)

and (3.45) that for all natural numbers k > ko,

folyr) = k71 < frlyr) < 6™ (yx) < 6™ () < inf(¢p™) + 27152

< o™ (@ (2)) +27k72

= fr(zr(A)) + 27677 = fo(wr(D)) + [fr(2x(A)) = folzu(A)] +27K72

< folan(A) + k71 42712
folw

and together with (3.62) this implies that

folyr) < 3k™' + Lo||zx(A) — 2(A)|| + inf(fo; Agy.co) + A.

Combined with (3.67) this implies that

(4)) + [folzx(A)) = folx(A))] +1/k + (2k*) 7
< fo(x(4)) + Lollaw(4) — 2(A)[| + 2k~
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limsup fo(yr) < inf(fo; Agy,co) + A.

k—o0

Since A is an arbitrary number from the interval (0,1) we conclude that

limsup fo(yx) < inf(fo; Agg,eo)-

k—o0

Together with (3.60) this implies that
Folye) = lim fo(ye,) < inf(fo; Ag, c,)

and by (3.58),
fO(y*) = inf(fO; Ago,co)'

The relation above, (3.58) and (3.59) contradict (A4) in the case of Theorem
3.4 and (Ab) in the case of Theorem 3.5. The contradiction we have reached
proves Theorems 3.4 and 3.5.

3.4 Problems with convex constraint functions

In this section we study a large class of inequality-constrained minimization
problems

minimize f(x) subject to x € A (P)
where
A={zeX: gi(z) <c¢fori=1,...,n}.
Here X is a Banach space, ¢;, i = 1, ..., n are real numbers, and the constraint
functions g;, ¢ = 1,...,n and the objective function f are lower semicontinu-

ous and satisfy certain assumptions.
We associate with the inequality-constrained minimization problem above
the corresponding family of unconstrained minimization problems

n
minimize f(z) + WZmaX{gi(z) — ¢;,0} subject to z € X
i=1

where v > 0 is a penalty. This problem is studied in Sections 2.4-2.6 where we
establish the existence of a penalty coefficient for which approximate solutions
of the unconstrained penalized problem are close enough to approximate solu-
tions of the corresponding constrained problem. In this chapter we show that
the exact penalty property is stable under perturbations of cost functions,
constraint functions and the right-hand side of constraints. More precisely, we
consider a family of constrained minimization problems of type (P) with an
objective function close to f and with constraint functions close to g1, ..., gn
in a certain natural sense. We show that all the constrained minimization
problems belonging to this family possess the exact penalty property with
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the same penalty coefficient which depends only on f, g1,...,9n, €1,...,Cn.
It should be mentioned that for a general natural number n we suppose that
constraint functions of any problem from our family are convex while for n = 1
constraint functions are not assumed to be necessarily convex.

In this section we use the convention that A - oo = oo for all A € (0, 00),
A+ 00 = 0o and max{\, 0o} = oo for any real number A and that supremum
over empty set is —oo.

Let (X,]|| - ||) be a Banach space. For each z € X and each r > 0 set

Bx,r)={ye X: |t —yl[<r}, B(z,r) ={y € X : [[z —y[| <7}
For each function f: X — R! U {oo} and each nonempty set A C X put
dom(f)={r e X : f(z) < oo}, inf(f) =inf{f(z): z € X},
inf(f; A) =inf{f(z): z € A}.
For each x € X and each B C X set
d(z,B) = inf{||z — y|| : y € B}. (3.68)

Let n > 1 be an integer. For each x € (0,1) denote by 2, the set of all
v = (7,--+,Yn) € R" such that

k<min{vy;: i=1,...,n} and max{y;: i =1,...,n} =1 (3.69)
Assume that ¢ : X — R! satisfies

| llllm ¢(z) = oo and inf(¢) > —oo. (3.70)
We consider problems of type (P) with objective functions f which satisfy
f(x) > ¢(x) for all x € X.
Let o € R',é=(¢1,...,¢,) € R*and let f; : X — R1U{co},i=1,...,n
be convex lower semicontinuous functions and put

A={zeX: filr)<gforalli=1,...,n}. (3.71)

We consider a family of problems of type (P) with constraint functions close
to fi,..., fn in a certain natural sense. We assume that 6 € X satisfies

fl(ﬂ) <G,it=1,...,n. (372)

Let us now describe the collection of objective functions (denoted by A)
which corresponds to our family of constrained minimization problems.
It follows from (3.70) there exists a positive number My such that

10]] + 4 < Mo,

¢(z) > o + 4 for all z € X satisfying ||z|| > My — 4. (3.73)
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Let X be a nonempty convex subset of B°(0, Mp) such that 6 € X,.

Assume that a function h : B°(0,My) x Xo — R! U {co} satisfies the
following assumptions:

(A1) h(z,y) is finite for all y, z € X and h(y,y) = 0 for each y € Xo;

(A2) for each y € Xg the function h(-,y) : B°(0,My) — R' U {oo} is
convex;

(A3) for each z € X

sup{h(z,y): y € Xo} < o0.

Let M; be a positive number. We denote by A a set of all lower semicon-
tinuous functions f : X — R' U {oo} such that

f(z) > ¢(z) for all z € X, (3.74)
f(0) < o,
B°(0, Mp) Ndom(f) C Xy

and that the following assumption holds:
(A4) for each y € dom(f) N B°(0, Mp) there exists a neighborhood V of y
in X such that V C B°(0, My) and that

f(z) = fy) < Myh(z,y) for all z € V.

Below we consider two examples of the function h and the set A.

Example 3.10. Assume that a function fy : X — R' is Lipschitz on bounded
subsets of X, fo(f) < ¢ and that fo(z) > ¢(x) for all z € X. Then there
exists a positive number Ly such that

|f0(21) — f0(22)| < LOHZI — ZQH for all 21,%9 € B(O,Mo)
Let L be a positive number and put
Ml = LO +L17 h(zvy) = HZ _yH’ ZY € Xv

Xo = B°(0, M).

Clearly, the set A contains all lower semicontinuous functions f : X — R' U
{00} such that f(z) > ¢(x) for all z € X, f(0) < &, f(z) is finite for all
z € B°(0, My) and that

|(f = fo)(z1) = (f = fo)(22)| < Lil|z1 — 22| for all 21, 22 € B°(Mp).

Ezample 5.11. Assume that fo : X — R!' U {oo} is a lower semicontinuous
convex function such that fo(x) > ¢(z) for all z € X and fy(0) < &y. Let Ly
be a positive number and put

X() = dom(fo) n BO(O, M()).
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It is easy to see that 0 € X;. Set M7 = 1.
For each z € B°(0, Mp) and each y € X define

h(z,y) = sup{&(2) — &(y) + € € B} + Lallz -y, (3.75)
where B is the set of all convex functions & : B°(0, My) — R'U{oo} such that
|€(v) — fo(v)| < Ly for all v € dom(fy) N B?(0, My).

It is not difficult to see that the function h(:,-) is well defined and that
the assumptions (A1), (A2) and (A3) hold.
Assume that f: X — R! U {oo} is a lower semicontinuous function such
that
f(0) <&, f(z) > ¢(x) for all z € X, (3.76)

dom(f) N B°(0, My) = dom(fo) N B°(0, M)
and that there exists a convex function g : B°(0, M) — R U {oo} such that
dom(f) N B°(0, My) = dom(g) N B°(0, M), (3.77)

|fo(2) — g(2)| < Ly for all z € dom(fy) N B?(0, M), (3.78)
|(f = 9)(z1) = (F = 9)(22)| < L|z1 — 22| for all 21, 25 € dom(fo) N B*(0, Mo).

We show that f € A. In order to meet this goal it is sufficient to show
that (A4) holds.
Let y € B°(0,Mp) N dom(f) and z € B°(0, My). It is easy to see that if
f(2) = oo, then fy(z) = 0o and
h(z,y) = fo(z) = foly) = 00 = f(2) — f(y).

If f(2) < oo, then by (3.76) and (3.77) fo(z) < o0, g(2) < o0, fo(y) < oo
and ¢g(y) < oo. Combined with (3.75)—(3.78) this implies that

f(2) = fly)=g(2) —g9(y) +[(f —9)(2) = (f — 9)(v)]

< 9(2) = g(y) + Lallz = yl| < h(z,y).
Therefore f(z) — f(y) < h(z,y) in both cases, (A4) holds and f € A.

Let us now describe the collections of constraint functions which corre-
spond to our family of constrained minimization problems.

For each ¢ € {1,...,n} and each positive number € denote by V(i,¢€) the
set of all convex lower semicontinuous functions g : X — R! U {oco} such that

dom(g) N B°(0, My) = dom(f;) N B°(0, My), (3.79)

|fi(x) — g(z)| < e for all z € dom(f;) N B?(0, My). (3.80)

We prove the following result.
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Theorem 3.12. Let x € (0,1). Then there exist a positive number Ay and
Ao > 1 such that for each positive number € there exists § € (0,€) for which
the following assertion holds:
Ifgo€ A g €V(i, Ay, i=1,....,n, 7€ 2, \> Ao, c = (c1,...,¢n) €
R™ satisfies
|éi_ci| SAal, i:17...,n

and if x € X satisfies

go(x) + Y My max{gi(x) — c;, 0}
i=1

< inf{go(2) + Y Myimax{gi(z) — ¢;,0}: 2 € X} +3,
i=1
then there is y € X such that
ly =zl <€ gily) <ciyi=1,....m,
go(y) <inf{go(z): z€ X and g;(2) <c¢;, i=1,...,n} +e
Theorem 3.12 implies the following result.

Corollary 3.13. Let k € (0,1) and let Ag > 0 and Ag > 1 be as guaranteed by
Theorem 8.12. Then for each gy € A, each g; € V(i, Ay'), i =1,...,n, each
v € 2, each X > Ay, each ¢ = (c1,....,¢n) € R™ which satisfies |¢; — ¢;| <
Ay, i=1,...,n and each sequence {x;}2, C X which satisfies

Jim [go(5) + 3 Ays max{gi(z;) — i, 0}]
i=1

= inf{go(2) + Z Ay, max{g;(z) — ¢;,0} : z € X}

i=1
there is a sequence {y;}32, C{z € X : ¢;(2) <¢, i =1,...,n} such that
lim go(y;) = inf{go(2) : z € X and gi(2) < ¢, i =1,...,n},
j*}OO
tim [f2 — il = 0.
11— 00

The results of this section have been obtained in [143].
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3.5 Proof of Theorem 3.12

We show that there is Ay > 1 such that the following property holds:
(P1) For each € € (0,1) there is § € (0,¢€) such that for each gy € A, each
gi €V(i,AyY),i=1,...,n,each c= (c1,...,c,) € R" satisfying

|Ei_ci|§Aal7 Z'Zl,...7TL,

each v € {2, each \ > Ay, each x € X which satisfies

go(x) + Y My max{gi(x) — c;, 0}

i=1

< inf{go(z) + Z/\'yi max{g;(z) —¢;,0}: z€ X} +0

i=1

there exists y € B(z, €) such that

gi(yi) <ciforalli=1,...,n,

go(y) + D Msmax{gi(y) — ¢i,0} < go(x) + Y _ Ny max{gi(w) — c;, 0}.

i=1 i=1

Evidently, Theorem 3.12 easily follows from the property (P1).
Assume that there is no Ag > 1 such that (P1) holds. Then for each integer
k > 1 there exist

e €(0,1), g e A g™ eV k), i=1,....n, (3.81)
k) = (cgk)7 . ,c;“) € R™ satisfying
eF) — | <1/k, i=1,...,n, (3.82)
k) = (7£k), oY e 20 M >k (3.83)
and z € X which satisfies

98" (@) + 3 X max{gl™ (ar) — i, 0} (3.84)

i=1

< inf{g(()k)(z) + Ak ngk) max{gfk)(z) — cl(-k),()} cz€ X+ 27 ek

i=1

and

(k)(

{y € B(zp,ex): g; (y) <c¢iforalli=1,...,nand
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gék)(y) + Z )\kvgk) max{ggk) (y) — cz(-k)7 0} (3.85)
i1

< 8 (@) + 3 ™ max{gi(ar) — ¥, 04} = 0.

i=1

For any natural number £ put

Uk(2) = 067 (2) + D A max{gM (2) — e 0}, 2 e X0 (3.86)
=1

It is easy to see that for any integer £ > 1 the function 1, is lower semicon-

tinuous and
Yi(2) > ¢(z) for all z € X. (3.87)

Let k£ > 1 be an integer. By (3.84), (3.86) and Ekeland’s variational prin-
ciple [37], there exists y, € X such that

Vi(yr) < r(ar), (3.88)
lyr — z]| < (2k) e, (3.89)
Ur(yk) < r(z) + k7|2 — yi]| for all z € X. (3.90)

It follows from (3.85), (3.86), (3.88) and (3.89) that for all integers k > 1
yr €{z € X: g(k)( ) < 5 foralli=1,...,n}. (3.91)

For each integer k > 1 put
Lp={ie{l,....n}: ¢ () > M}, (3.92)

Ly ={e{l,...,n}: ¢ () =M},

Ip={ic{l,...,n}: g% () <P}
By (3.91) and (3.92),

I1;, # 0 for all natural numbers k. (3.93)

Extracting a subsequence and reindexing we may assume without loss of gen-
erality that

Ilk = 111, ng = 121, I3k = 131 for all integers k Z 1. (394)
Relation (3.72) implies that there exists an integer kg > 1 such that
8ky ' < min{e; — fi(0) : i=1,...,n}. (3.95)

Assume that a natural number k > kq. It follows from (3.81), (3.82), (3.72),
(3.73) and (3.95) that foralli =1,...,n
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P g® Gy > ke — £i(0) — k> 8kt =3k >0, (3.96)

It follows from (3.81), the definition of A, (3.96), (3.86), (3.84), (3.81), (3.88)
and (3.92)-(3.94) that

¢o > 9" (0) = inf{gf" (=) :
z € X and g(k)( ) < cl(.k) foralli=1,...,n}
= inf{¢p(2) : z € X and gfk)(z) < cz(»k) foralli=1,...,n}
2 inf(l/)k) > W(Ik) -1z W(yk) -1

= a7 () + D ue) — ) — 1. (3.97)
i€l

In view of (3.92)—(3.94) and (3.97),

gék)(yk) < ¢y + 1 for all integers k& > k. (3.98)
Combined with (3.81) and (3.74) this implies that
d(yr) < ¢ + 1 for all integers k > k. (3.99)
By (3.99) and (3.73),
yr € B(0, My — 4) for all integers k > ko. (3.100)

Let k > ko be a natural number. (A4), (3.81), (3.98) and (3.100) imply
that there exists a neighborhood Vj, of y, in X such that

Vk C BO(O, Mo),

gék)(z) — gék)(yk) < Mih(z,yi) for all z € V. (3.101)

It follows from (3.97), (3.92)—(3.94), (3.83), (3.81), (3.74), (3.70) and (3.69)
that for each i € I;; and each natural number k > ko,

0< g (yi) — ¥ < [1+ & — inf(g{))(v) "k

< [14¢& —inf(o)Jk st (3.102)
(k)

Assume that & > k¢ is a natural number. Since the functions g;"’, i =
1,...,n are lower semicontinuous it follows from (3.92)—(3.94) that there exists

Ty € (0, 1) such that for each y € B(yg, %)
gz(k)(y) > cgk) for each i € I;. (3.103)

By (3.86), (3.92)—(3.94), (3.103), (3.88), (3.84), (3.97), (3.98) and (3.90) for
each z € B(yx, 1) N dom(gék)%
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S AP — e+ YT M max{g™ () - ¢, 0}

i€l i€l31Uls1

k k k k k k
=2 @ ) ) = 3T M max{e ) — ), 0)
i€l i€l21Ul3;

= r(2) — Vi) — 957 (2) + 95 () = =k~ Ylz — will + 98" (e) — 987 (2).

Therefore for each z € B(yg, ri)

S e @+ > A max{elP () - oV, 0}

€111 1€121 U131
k k k
-2l > A maxfg™ () — ), 0}
i€l 1€121Ul31
— k k N
A5 (2) = 0 () = Ak gk — 1. (3.104)

(3.104) and (3.101) imply that for each z € B(yg, %) N Vi
> @+ 3 Y max{e(z) - ¢V, 0)

1€l i€l21Ul3
+/\*1M1h(z k) + Ak [y — 2]
>3 e+ Y W max{eP ) - P05 (3.105)

i€l 1€l21Ul31

In view of (3.81) the functions gl(k), i=1,...,n are convex. By (A2), (3.98),
(3.81), (3.100) and (3.74) the function

k) (k k k
Yo e @+ Y 4 max{e? () - 0}

€111 1€121U131

+A, Mz, yn) + A TR 2 — k|, 2 € B0, M)

is convex. Together with (A1) this implies that (3.105) holds for all z €
B°(0, My).

Extracting a subsequence and reindexing we may assume without loss of
generality that for each i € {1,...,n} there exists

v = lim 4" € [0,1]. (3.106)
k—o0
It is easy to see that

Y=y 7)) € .

Assume that
z € B0, My) N[N, dom(f;)] N Xo. (3.107)

In view of (3.83) and (3.100),
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Jim Mk Tz — ]| = 0. (3.108)

It follows from (3.83), (A3), (3.107), (3.100), (3.98), (3.81) and (3.74) that

Jim A P Mih(z,y) = 0. (3.109)

It follows from (3.107), (3.81), (3.92), (3.80), (3.82), (3.108), (3.109), (3.105)
which holds for z, (3.92), (3.94), (3.106) and (3.102) that

Z vifi(2) + Z v max{ f;(z) — ¢;,0}

i€l i€121Ul31
— 1 (k) (k) (k) (k) (k)
Jim > Mg + > 7Y max{g"(z) - ¢, 0}
€111 1€121U131

Jr)\71/f_1||z =yl + >\71M1h(27yk)]
k (k _
> limsup Z 'y ( ) Z hm 'yl )(yk)) = Z Vi
ko0 1€l 16111 i€l
Hence we have shown that for each z € X satisfying (3.107)

Z vi fi(2) + Z vi max{ fi(z) — ¢, 0} > Z VG- (3.110)

€111 1€121 U131 i€l

It follows from (3.110), (3.72), (3.73) the inclusions 6 € X, and v € §2,; and
(3.92)-(3.94) that

Z Yi€i < Z Vi fi(0) + Z i max{f;(¢) — ¢, 0}

i€l i€l i€l21Ul31
= E Y fi(0) < E ViCi-
i€l i€l

The contradiction we have reached proves that there exists Ay > 1 such that
the property (P1) holds. Theorem 3.12 is proved.

3.6 An extension of Theorem 3.12 for problems with one
constraint function

In this section we assume that n = 1 and use the notation and definitions
from Section 3.4. In this case
ce R (3.111)

Put
f=h. (3.112)

In this case we also have that
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A={zxeX: f(x)<e} f(O) <e (3.113)

For each positive number e denote by U(e) the set of all lower semicontin-
uous functions g : X — R! U {oo} for which there exists a convex function
h:X — R'U{oc} such that

dom(g) N B°(0, My) = dom(f) N B?(0, My) = dom(h) N B°(0, Myp), (3.114)

|f(x) — h(x)] < € for all z € dom(f) N B°(0, M), (3.115)
[(h—g)(z1) — (h— g)(22)| < €]|z1 — 22| for all 21, z5 € dom(f) N B°(0, My),
(3.116)

|h(z) — g(2)| < e for all z € dom(f) N B°(0, My). (3.117)

We will prove the following result.

Theorem 3.14. There exist a positive number Ay and Ay > 1 such that for
each positive number € there exists § € (0,€) for which the following assertion
holds:

Ifgo € A, g € UAGY), A > Ay, ¢ € R satisfies |¢ — c| < Ayt and if
x € X satisfies

go(z) + Amax{g(x) — ¢,0} <inf{go(z) + Amax{g(z) —¢,0} : z € X} +,
then there exists y € X such that
ly—z|| <€ gly) <,
goly) < inf{go(2): 2 € X and g(2) < e} +e.

Since the set U(e) is larger than the set V(1,¢) Theorem 3.14 is a general-
ization of Theorem 3.12 in the case n = 1.
Theorem 3.14 implies the following result.

Corollary 3.15. Let Ag be a positive number and Ag > 1 be as guaranteed
by Theorem 3.14. Then for each gy € A, each g € U(Ay'), each X > Ay, each
¢ € RY which satisfies |¢ — c| < Ay, and each sequence {x;}2, C X which
satisfies

ler&[go(xj) + Amax{g(z;) — ¢,0}] = inf{go(z) + Amax{g(z) —¢,0} : z € X}

there exists a sequence {y;}2, C {z € X : g(z) < ¢} such that

lim go(y;) = inf{go(2): 2 € X and g(z) <c} and lim ||z; —y;|| = 0.
Jj—00 1— 00

The results of this section have been obtained in [143].
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3.7 Proof of Theorem 3.14

We show that there is Ag > 1 such that the following property holds:

(P2) For each € € (0,1) there is § € (0,€) such that for each gg € A, each
g €U(AG'), each ¢ € R satistying [¢—c| < Ag!, each A > Ag and each z € X
which satisfies

go(z) + Amax{g(z) — ¢,0} < inf{go(z) + Amax{g(z) —¢,0} : z€ X} +4

(3.118)

there exists y € X such that
lly —z[| <e g(y) <c (3.119)
go(y) + Amax{g(y) — ¢,0} < go(x) + Amax{g(z) — ¢, 0}. (3.120)

Clearly, Theorem 3.14 easily follows from the property (P2).
Assume that there is no Ag > 1 such that (P2) holds. Then for each integer
k > 1 there exist

er €(0,1), g € A, g™ cu(k™), (3.121)

c®) € R! satisfying
e — | < 1/k, (3.122)
Ae >k (3.123)

and z € X which satisfies
96" (k) + M max{g™ () — cx., 0}

< inf{gék)(z) + Aemax{g® (2) — ¢, 0} : z€ X} + 27 k2 (3.124)

and
{y € B(xp,€) : g(k)(y) < ¢, and

96" () + A max{g® (y) — e, 0} < g5 () + Ae max{g™® (1) e, 0}) = 0.
(3.125)
For any natural number k put

Yr(z) = g(()k)(z) + X\ max{g®(z) — ¢, 0}, z € X. (3.126)

It is easy to see that for any integer k > 1 the function ¢ is lower semicon-

tinuous and
Yr(z) > ¢(z) for all z € X. (3.127)

Assume that k > 1 is an integer. By (3.124), (3.126), (3.127) and Ekeland’s
variational principle [37] there exists y, € X such that

Yr(yr) < i), (3.128)
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lyr — zill < (2k) e, (3.129)
Yr(yr) < Pn(2) + k|2 — yi| for all 2z € X. (3.130)
It follows from (3.125), (3.126), (3.128) and (3.129) that for all integers k > 1

9%® () > ex. (3.131)
In view of (3.123) there exists an integer ko > 1 such that
8kyt < ¢ — f(0). (3.132)

Assume that a natural number k > ko. It follows from (3.122), (3.121), (3.125),
(3.123), (3.126) and (3.132) that

e —g® () > k- f() -kt > 8k — 2671 > 0. (3.133)

In view of (3.121), the definition of A, (3.126), (3.124), (3.121), (3.128) and
(3.131),
co > g(()k)(H) > inf{g(()k)(z) : ze X and g®(2) < e}

= inf{yp(2): z€ X and g™ (2) < ¢4}

> inf(yr) > r(r)—1 > ¥rye)—1 = 68" () + (g™ () —ex) 1. (3.134)
It follows from (3.131) and (3.134) that

gék)(yk) < ¢y + 1 for all integers k > ko. (3.135)
Combined with (3.121) and (3.74) this implies that
d(yr) < ¢o + 1 for all integers k > k.
Together with (3.73) this implies that
yi € B(0, My — 4) for all integers k > ko. (3.136)

Assume that k > ko is a natural number. In view of (A4), (3.121), (3.136),
(3.135) and (3.74) there exists a neighborhood Vj, of yj in X such that

Vi € B°(0, My),

gék)(z) - gék)(yk) < Mih(z,yi) for all z € V. (3.137)

It follows from (3.131), (3.134), (3.121) and (3.74) that for each natural num-
ber k > ko,

0< g™ (ye) = ex < [1 420 —inf(gy A" < [L+ a0 —inf(o)k". (3.138)

Assume that k > ko is a natural number. Since the function ¢(*) is lower
semicontinuous it follows from (3.131) that there exists 1, € (0,1) such that
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B(yk, k) C Vi,
¥ (y) > ¢, for each y € B(yk, 1) (3.139)
By (3.139), (3.126) and (3.135) for each z € B(yg,rr) N dom(g(()k))
Me(9®(2) = er) = Melg™ (ur) — cx) = i) — loe) = g5° (=) + 95 ()

> kY2 — il + 98 () — 987 (2)
and
9P (2) = g® (yi) = A 0 () — 987 (2) = Atk lye — 2], (3.140)

It follows from (3.121) and the definition of U(k~!) that there exists a
convex function hy : X — R' U {oo} such that

dom(g*¥)NB°(0, My) = dom(f)NB°(0, My) = dom(hy)NB°(0, My), (3.141)

|f(z) — hi(x)| < 1/k for all z € dom(f) N B°(0, My), (3.142)
(i = g™ (21) = (e = g™) (22)] < |lz1 — 22ll/k

for all 21, z9 € dom(f) N B°(0, My), (3.143)

\hi(2) — g™ (2)| < 1/k for all z € dom(f) N B°(0, My). (3.144)

By (3.139), (3.137), (3.141), (3.138), (3.143) and (3.136) for each
z € B(yg,rE) N dom(gék)) N dom(f),
hi(2) = ha(yi) = 9% (2) — g (yr) + (i — g¥)(2) — (hi — g®)) (wr))
> g®(2) — W (y) — ||z — yell /K
> [z = yell/k + A 987 () — 957 (2)) = Atk lye — =I-

Together with (3.137) and (3.139) this implies that for each z € B(yg,ri) N
dom(f),

0 < Ri(2) = hae(yn) + 12 = wal (/K + k) ™) + 21987 (2) = 987 (r))

< hie(2) = hi(ye) + 12 = gl (1/k + (k) ™) + A Mah(z, ).

It follows from the relation above, (3.141), (3.137) and (3.139) that for all
z € B(yg, k),

his(yn) < hie(2) + ||z = ywll(1/k + (k) ™1 + A Muh(z,yx). (3.145)
By (A2), (3.136), (3.135), (3.121) and (3.74) the function

z — hi(z) + )\,ZlMlh(z,yk) + (A;lk_l + k_l)Hz —ykll, z € B°(0, My)
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is convex. Together with (A1), (3.74), (3.135), (3.136), (3.121) and (3.138)
this implies that (3.145) holds for all z € B°(0, My).
In view of (3.136) and (3.123) for all z € B°(0, M)

Jim (7 4+ XYz — wil| = 0. (3.146)
By (3.123), (3.136), (A3), (3.135), (3.121) and (3.74) for all z € X,
Jim AP Mih(z,y) = 0. (3.147)

It follows from (3.146), (3.147), (3.142), (3.145) which holds for all z € Xy N
dom(f), (3.136), (3.138), (3.141), (3.144), (3.131) and (3.122) that

f(z) = kllrrgo[hk(z) + )\,ZlMlh(z,yk) + ()\Izlk_l + k:_l)||z — yill]

> limsup hy,(yx) = limsup g (yy,) > lim ¢, = .

k—o0 k—o0

Since § € Xy N dom(f) (see (3.113)) we conclude that f(8) > & This con-
tradicts (3.113). The contradiction we have reached proves that there exists
Ag > 1 such that the property (P2) holds. Theorem 3.14 is proved.

3.8 Nonconvex inequality-constrained minimization
problems

In this section we study a large class of inequality-constrained minimization
problems

minimize f(x) subject to x € A (Py)
where
A={reX: gi(x) <c¢foralli=1,...,n}.
Here X is a Banach space, ¢;, i = 1, ..., n are real numbers, and the constraint
functions g;, ¢ = 1,...,n and the objective function f are locally Lipschitz.

We associate with the inequality-constrained minimization problem above
the corresponding family of unconstrained minimization problems

minimize f(z) + vzmax{gi(z) —¢;,0} subject to z € X
i=1

where v > 0 is a penalty. We establish the existence of a penalty coeffi-
cient for which approximate solutions of the unconstrained penalized problem
are close enough to approximate solutions of the corresponding constrained
problem and study the stability of this exact penalty property under pertur-
bations of the functions f and g¢i,...,9, and of the parameters cy,...,c,.
More precisely, we consider a family of constrained minimization problems of
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type (P;) with an objective function close to a given function f, with con-

straint functions close to given functions g1, ..., g, and with the right-hand
side of constraints close to given constants c1, ..., ¢, in a certain natural sense.
Under certain conditions on f,g1,...,gn,C1,...,C, we show that all the con-

strained minimization problems belonging to this family possess the exact
penalty property with the same penalty coefficient which depends only on f,

gi15---39n5 C1s---,Cn.
Let (X, ]|-]|]) be a Banach space and let (X*, || -||) be its dual space. For
each z € X, each * € X* and each r > 0 set

Bz,r)={ye X : |ly—z|| <r}, Bula®,r)={le X" ||l —z"|]. <r}.

Assume that f : U — R! be a Lipschitz function which is defined on a
nonempty open set U C X. For each x € U let

fO(x,h) = limsup [f(y+th) — f(y)]/t, h€ X

t—0+,y—z
be the Clarke generalized directional derivative of f at the point x [21], let
Of(x) ={l€ X*: f%x,h) >1(h) for all h € X}
be Clarke’s generalized gradient of f at z [21] and set
Z¢(x) =inf{f°(z,h) : h € X and ||h| = 1}.

As usual a point x € X is called a critical point of f if 0 € df(z). A real
number ¢ € R! is called a critical value of f if there is a critical point € U
of f such that f(z) =c.

In order to consider a constrained minimization problem with several con-
straints we use the notion of a critical point and the version of Palais—Smale
condition for a Lipschitz mapping F': X — R” introduced in Section 2.7.

Assume that n > 1 is an integer, U is a nonempty open subset of X and
that F' = (f1,..., fn) : U — R™ is a locally Lipschitz mapping.

Let x € (0,1). For each x € U set

Zrw(z) = inf{|| Z(ailnil — aianiz)l| - (3.148)

i=1
i1, Mi2 € 8f1(x), 1, Q2 € [0, 1}, 1=1,...,n
and there is j € {1,...,n} such that ajiajo = 0 and |a;1| + |ajo| > K}

It is known (see Chapter 2, Sect. 2.3 of [21]) that for each x € U and all
1=1,...,n,

I(—fi)(x) = =0fi(x). (3.149)
This equality implies that
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E_rx(r) = Epk(z) for each z € U. (3.150)

In the sequel we assume that U = X.

A point z € X is called a critical point of F' with respect to x if =g ,.(z) =
0.

A vector ¢ = (cq,...,¢,) € R is called a critical value of F' with respect to
k if there is a critical point z € X of F' with respect to x such that F(z) = c.

Let M be a nonempty subset of X. We say that the mapping F' : X — R"
satisfies the (P-S) condition on M with respect to & if for each bounded with
respect to the norm topology sequence {z;}2; C M such that {F(z;)}2, is
bounded and liminf; ,o EF,.(x;) = 0 there exists a convergent subsequence
of {x;}5°, in X with the norm topology.

For each function h : X — R' and each nonempty set A C X put

inf(h) = inf{h(z) : z € X}, inf(h; A) =inf{h(z): z € A}.
For each x € X and each B C X put
d(w, B) = inf{llz — || : y € B}.

We assume that the sum over empty set is zero.
Denote by M the set of all continuous functions h : X — R'. We equip
the set M with the uniformity determined by the following base:

EM,q,e) ={(f,9) e M x M: |f(x)—g(z)| <eforalxze BO,M)):}
M(f,9) e Mx M |(f = g)() = (f — 9)(y)]
< q||z — y|| for each z,y € B(0, M)}, (3.151)

where M, q, € are positive numbers. It is not difficult to see that this uniform
space is metrizable and complete.

Let n > 1 be an integer, f € M, G = (¢1,...,9n) with g; € M for all
i=1,...,nand let ¢ = (cy,...,c,) € R™

Put

AG,c)={x e X: gi(x)<c¢ foralli=1,...,n} (3.152)
and consider the following constrained minimization problem:
minimize f(z) subject to z € A(G, ¢). (P)

We associate with the problem (P) the corresponding family of unconstrained
minimization problems

minimize f(z)+ Z i max{g;(x) — ¢;, 0} subject to z € X, (Py)
i=1

where A = (Aq,..., \y) € (0,00)".
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For each x € (0,1) put

R.={z=(x1,...,20) ER": 2, > K

foralli=1,...,n and X ;= 1}. (3.153)
Let ¢ : [0,00) — [0,00) be an increasing function such that

lim ¢(t) = oo (3.154)

t—oo

and a be a positive number. Denote by M, the set of all functions h € M
such that
h(z) > ¢(||z||) — a for all € X. (3.155)

Assume that

feM, (3.156)
is Lipschitz on all bounded subsets of X, G = (g1,...,9n) : X — R is a

locally Lipschitz mapping and that ¢ = (¢i,...,¢,) € R™.
We assume that A(G,¢) # 0 and fix

0 € A(G,¢). (3.157)
Tt follows from (3.154) that there exists a positive number My such that
My > 2+ ||0|| and (Mo — 2) > f(0) + a + 4. (3.158)
For each x € A(G, ¢) put
I(z)={ie{l,...,n}: & =gi(z)}. (3.159)

Fix k € (0,1). In this paper we use the following assumptions.
(Al) If x € A(G,©), ¢ > 1 is the cardinality of a subset {41,...,4,} of I(x)
with 43 < g < --- <4 and if z is a critical point of the mapping

(gil,""giq) : X — RY

with respect to x, then f(x) > inf(f; A(G,¢)).

(A2) There exists a positive number -, such that for each finite strictly in-
creasing sequence of natural numbers {i1,. .., i, } which satisfies {i1,...,i,} C
{1,...,n} the mapping (gi,,...,Gi,) : X — R? satisfies the (P-S) condition
on the set

mje{il,...,iq}(gj_l([éj =Y €5 + %))
with respect to .

(A3) For each positive number ¢ there is 2. € A(G, ¢) such that f(z.) <
inf(f; A(G,¢)) + € and if I(x.) # 0, then zero does not belong to the convex
hull of the set

Uicr(z)9Gi(xc)-

The following theorem is the main result of this section.
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Theorem 3.16. Let (A1), (A2) and (A3) hold and let q be a positive number.
Then there exist numbers Ag,r > 0 such that for each positive number € there
exists § € (0,€) such that the following assertion holds:

If f € Mgy satisfies

(fvf) Gg(MO,qu)a
if G=(g1,...,9n): X — R" satisfies

gi € M and (g;,g;) € E(Mo,r,7) for alli=1,...,n,
ify =1, ) € 2y A> Ao, ¢ = (c1,...,¢,) € R satisfies
|ci —ci| <r foralli=1,....;n
and if x € X satisfies

f(@) + ) Myimax{gi(x) — ¢;,0} < inf{f(2)

i=1

+Z)\*y,- max{g;(z) —¢;,0}: z€ X} + 4,

i=1
then there exists y € A(G,c) such that

lz —yl| < € and f(y) < inf(f; A(G,c)) +e.
Theorem 3.16 easily implies the following result.

Theorem 3.17. Let (A1), (A2) and (A3) hold and let q be a positive number.
Then there exist numbers Ag,r > 0 such that for each f € My satisfying
(f, f) € E(Mo,q,r), each mapping G = (g1,...,gn) : X — R™ which satisfies

gi € M and (gi,g;) € E(Mo,r,7) for alli=1,...,n, (3.160)
each ¢ = (cy,...,cn) € R™ satisfying
i — il <7 foralli=1,...,n,
each v = (71,...,7) € 24, each X > Ay and each sequence {xy}72, C X

which satisfies

Jlim [f(xx) + ; Ay max{g;(xx) — ¢;,0}]

= inf{f(z) + Z)\*yi max{g;(z) — ¢;,0}: z € X}

i=1

there exists a sequence {yr}7>, C A(G,c) such that

klim llyr — zk|| =0 and klim f(yr) = inf(f; A(G, ).
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Corollary 3.18. Let (A1), (A2) and (A3) hold and let q be a positive number.
Then there exist Ao, > 0 such that if f € My, satisfies (f, f) € E(Mo, q,7), if
a mapping G = (g1,...,9n) : X — R™ satisfies (3.160), if ¢ = (c1,...,¢p) €
R™ satisfies

|ci—ci| <r foralli=1,...,n,

ifvy=(7, -y7n) € 2, A > Ag and if x € X satisfies

)+ 3 i max{gi(x) — 5,0}

=1

= inf{f(z —|—Z)\%max{gz( )—c¢;,0}: z€ X},
=1

then © € A(G,c) and f(x) = inf(f; A(G,c)).

Note that Theorem 3.16 was obtained in [140].

3.9 Proof of Theorem 3.16

For each f € My, each G = (g1,...,9n) : X — R", eachc = (c1,...,¢,) € R"
and each A = (Aq,...,\,) € (0,00)" define for all z € X

W9 (2) +Z/\ max{g;(z) — ¢;,0}. (3.161)

=1

We show that there exist Ay, > 0 such that the following property holds:

(P1) For each € € (0,1) there exists 6 € (0,€) such that for each f € M,
satisfying -

(f7 f) € 8(M07qar)7
each G = (g1,...,9n) : X — R™ satisfying
gi € M and (g;,g;) € E(My,r,7) foralli =1,...,n
each vy = (y1,...,7n) € 2, each A > Ay, each ¢ = (cq,...,c,) € R" satisfying
lei—c|<r,i=1,....n

and each z € X satisfying

WL (@) < inf@ D)+

the set
{y € Blz,e) N AG,¢) : w509 (y) <ol P ()}

is nonempty.
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Clearly, (P1) implies the validity of Theorem 3.16.

Assume that there are no positive numbers Ag,r such that the property
(P1) holds. Then for each integer k > 1 there exist ¢, € (0,1), f*) € My
satisfying

(fkaf) GE(M()vqa kil)’ (3162)

Q) — (g§’“>, 08 X — R" satisfying

) € M and ( ; ,gz) cEMo,k kY forall i=1,...,n, (3.163)

70 = (1Y, a) € 2 A 2k, (3.164)
k) = (cgk), .. (k)) € R"™ satisfying
P <kl i=1,...,n, (3.165)

and zj € X such that

(®) k) ) (k) _ _
w§£7(k)70(k3(xk) < mf(z/’,\fy(m (k?) +27 ek 2, (3.166)
FR) G (k) (k)
{y € By, ) VAGH, e®) 1 T 00 ) <ol 0% (@)} = 0.

(3.167)

For each integer k > 1 set

f(k) G(k)
i, d})\k.y(k) C(k) (3'168)
Put

P = 1/},\,”(@ FOR (3.169)

Let k£ > 1 be an integer. By (3.166) and Ekeland’s variational principle [37]
there exists yr € X such that

Ui (yr) < Yr(an), (3.170)
lly — zl] < (2k) e, (3.171)
Yr(yr) < Pn(2) + k|2 — yx| for all z € X. (3.172)
Relations (3.167), (3.168), (3.170) and (3.171) imply that

ye & A(G®) ) for all integers k > 1. (3.173)
For each integer k > 1 put

Le={ie{l...n}: " () ="}, (3.174)

Ty = {ie {1on} = o) > V),

I ={ie{l,....,n}: gi (yk) < cz(-k)}.
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Relations (3.173), (3.174) and (3.152) imply that
Iy # 0 for all natural numbers k. (3.175)

Extracting a subsequence and reindexing we may assume without loss of gen-
erality that for all integers k > 1,

Lo=I, L =TIy, o =1,_. (3.176)

We continue the proof with two steps.
Step 1. We will show that for all sufficiently large natural numbers k

AGW MYy £ 0,y € B0, My — 2)
and that

limsup £ (y,) < limsupinf(f*; A(G®, ®)) < inf(f; A(G, E)).

k—oo k—o0

Let 6o € (0,271). (A3) implies that there exists

20 € A(G,¢) (3.177)
such that - o
f(z0) < inf(f; A(G, €)) + do; (3.178)
if I(z9) # 0, then 0 does not belong
to the convex hull of the set Ujer(z,) 09:(20). (3.179)

Tt follows from (3.177), (3.178) and (3.157) that
Fl0) < FO) +1. (3.150)
By (3.180), (3.156), (3.155) and (3.158),

20 € B(0, My — 2). (3.181)
Define z; € X as follows:
If I(z9) = 0, then set 21 = zp. (3.182)
Assume that
I(zo) # 0. (3.183)

Fix §; € (0,1) such that
¢ > gi(z0) + 461 for all natural numbers i € {1,...,n}\ I(z). (3.184)
Tt follows from (3.179) and (3.183) that there exists

n € X such that ||n|| =1 and d2 € (0, 1) (3.185)
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such that
I(n) < =20 for all | € Ujer(2,)09:(20)- (3.186)

Inequality (3.186) implies that
7Y (20,m) < —265 for all i € I(z). (3.187)

Since the function f is Lipschitz on bounded subsets of X and the functions
32(,m), i = 1,...,n are upper semicontinuous it follows from (3.184) and
(3.187) that there exists a positive number d3 < min{1,d;} such that

32(z,m) < —(3/2)d; for all i € I(z) and all z € B(z,d3), (3.188)

¢ > gi(z) + 361 for all i € {1,...,n}\ I(20) and all z € B(zg,d3), (3.189)
|f(2) — f(z0)] < 6 for all z € B(zg,d3). (3.190)

Set
21 = 2o + 037 (3.191)

It follows from (3.191), (3.189) and (3.185) that
c; > gi(zl) + 341 for all i € {1, R n} \ I(Zo) (3.192)

Assume that j € I(zp). It follows from the mean value theorem (see The-
orem 2.3.7 of [21]), (3.185) and (3.188) that there exist

s €10,03] and I € 9g;(z0 + s1)
such that
i (20+63m)—7;(20) = 1(83n) < g3 (z+sm, 63n) = 8375 (z0+sm, 1) < 83(—3/2)6a.
Together with (3.159) and (3.191) this implies that
gi(z1) <€ — (3/2)0203 for all j € I(z). (3.193)
In view of (3.192) and (3.193),
gj(21) < ¢ — (3/2)6203 for all j € {1,...,n}. (3.194)
It follows from (3.190), (3.191), (3.185) and (3.178) that
f(z1) < f(20) + b0 < inf(f; A(G,©)) + 20 (3.195)
By (3.191), (3.185) and (3.181),
llz1]] < [z0ll + 05 < Mo — 1. (3.196)

Now we conclude that in both cases which were considered separately (I(z9) =
0; I(z0) # 0) we have defined z; € X such that
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gi(z1) <¢, j=1,...,n, (3.197)
f(z1) < inf(f; A(G, ) + 240, (3.198)
2 € B(0, My — 1) (3.199)

(see (3.194)-(3.196), (3.182), (3.181), (3.177) and (3.178)). By (3.197), (3.199),
(3.163), (3.165), (3.152) and (3.151) there exists an integer kg > 1 such that

z1 € A(GW ™) for all natural numbers k > k. (3.200)

It follows from (3.155), (3.168), (3.161), (3.170), (3.166), (3.200), (3.199),
(3.162) and (3.198) that for any natural number k > ko

o(llyel]) —a < FP (yr) < vnlyr) < vu(zr) < inf(ey) + (26%) 7
< inf(vg; AGW, ™)) + (2k) 71 = inf(fP; AGW), ®))) 4271k

<P () 42772 < flz) + kT 2772 < inf(f; A(G, @) + 200 + 2k L.

(3.201)
In view of (3.201), the inequality dp < 1/2, (3.157) and (3.158) for all natural
numbers k > kg

Slyr) —a < f(0) +2, |lynll < Mo — 2. (3.202)
By (3.190) and (3.202) for all sufficiently large natural numbers k

AGH By £ 0 4 € B0, My — 2). (3.203)
Inequality (3.201) implies that

limsup f* (y) < limsupinf(f*, A(G®, ) < inf(f; A(G,E)) + 200.

k—oo k—o0

Since dp is an arbitrary element of the interval (0,1/2) we conclude that

limsup f® (yz) < limsupinf(f®, A(G® | ) <inf(f; A(G, ). (3.204)

k—oo k—o0

Step 2. In this step we will complete the proof of the theorem. By (3.201),
the inclusion &, € (0,1/2), (3.168), (3.161), the inclusion f*) € M, and
(3.155) for each natural number k > kg and each i € Iy

—a+ Myt max{g®™ () — 7,0} < inf(f; AG. @) + 2.

Combined with (3.164) and (3.153) this implies for each integer k > ko and
each i€ Iy

9" (ge) = ") = mac{g? (yi) — e, 0} < k71w (ink(F; A(GL ) + 2+ ).
(3.205)
Then for all sufficiently large natural numbers &
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0< g™ ) =™ <, /2forall i€ I,

Combined with (3.174), (3.176), (3.163), (3.165) and (3.203) this implies that
for all sufficiently large natural numbers k

—Ve < Gi(yr) — G < i forall i € I14 U I4. (3.206)
Since f is Lipschitz on bounded subsets of X there is Ly > 1 such that
|f(u1) — flua)| < Lol||luy — usal| for each uy,us € B(0, My). (3.207)

Assume that k > kg is an integer. By (3.202), (3.174) and (3.176) there exists
an open neighborhood V' of y; in X such that for each y € V

B ) > ™ forallie Iy, g () < M forallie1,_, (3.208)

V C B(O,MO — 1)
By (3.174), (3.176), (3.161), (3.168) and (3.208) for each z € V'

FP )+ D 700 ) = )+ 2 D A max{gM (i) - ), 0}

i€l i€l

= F® () + 3" A max{g{"” (y) — ¢, 0}

i=1

k (k) B
=0 ) = () < vr(z) + k]2 = |

f()G() -
1/’,\M<k> C<k>)( )+/€ 1||Z—?Jk|\

= O 0 S AP (P () — )

i€l
2 S 3™ max{g® () — M0} + k]2 - gl
i€l

It follows from the relation above, (3.208) and the properties of Clarke’s gen-
eralized gradient (see Chapter 2, Sect. 2.3 of [21]) that

0€af®(y) + x> 1ag™ ()

i€l

+ Ak Z A (Ufadg™ (yr) + a € [0,1]}) + k1B, (0,1). (3.209)
kel

By the properties of Clarke’s generalized gradient [21], (3.202), (3.162) and
(3.151),

Of M (ye) = (f + (F™ = P)(yw) € 0f (ye) + (™ = F) ()
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C Of (yx) + qB«(0,1). (3.210)

It follows from the properties of Clarke’s generalized gradient [21], (3.202),
(3.163) and (3.151) that for all i € Iy U I1 4,

99" () = 0(3; + (9 — 3)) (wr)  09:(wx) + (g™ — 7:) ()
C 0g:(yr) + k1 B.(0,1). (3.211)
In view of (3.209), (3.164), (3.210), (3.211), (3.153) and (3.164),

0€XOf P () + S APag () + 3 AP (UadgM (yi) - @ € [0,1]})

i€ 4 i€l
+k72B,(0,1) C A\, 0f (yx) + k¢B.(0,1)

+ > 110G (k) + k1 B.(0,1)]

il
+ Z’y (U{adgi(yx) + ak ' B.(0,1) : a €[0,1]}) + k2B.(0,1)
1€l
S Of )+ Y AP gt + Y 4P (Ufadgiw) - a € [0,1]})
1611+ el
+(q/k+n/k+n/k+k?)B.(0,1). (3.212)

Inclusion (3.212) implies that there exists [, € X* satisfying
I, € B,(0,1),
lo € 0f(yr), i € 0Gi(yx), i € 1L UL, a; €[0,1], i € I (3.213)
such that

0=k Mg+ 2n+k DL+ 20+ Y WL+ el

i€l 4 i€l

Together with (3.213), (3.202) and (3.207) this implies that

15" A5+ anPLll < kg + 20+ 1) + k7' Lo. (3.214)

1€l 4 el

It follows from (3.165) and (3.176) that there exists a finite strictly increasing
sequence of natural numbers i; < --- < iq, where ¢ is a natural number, such
that

{il,...7iq} :Il+Ull.

Consider a mapping G' = (gi;,---,di,) : X — R9. In view of (3.214), (3.213),
(3.148), (3.175), (3.176), (3.153) and (3.164),
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Zcnlyr) <k g+ 2n+ 1+ Lo) for each integer k > ko. (3.215)

By (3.215), (A2), (3.206) and (3.202) there exists a subsequence {yy, }72; of
the sequence {y;}7°; which converges to y, € X in the norm topology:

Tim_ gk, — 9211 = 0. (3.216)
Relations (3.215), (3.216) and Proposition 2.21 imply that

Zar(y) = 0. (3.217)

By (3.216), (3.165), (3.163), (3.202), (3.205), (3.174) and (3.176) for s €
{1,...,q}

_ _ . _ ky . ky ky
i, () — &, = limn (e, () — ")) = Tim (911" () — i) = 0. (3.218)

p—o0

For any
jed{l,....n}p\ {ir, ... iq},
we have j € I1_ and in view of (3.174), (3.176), (3.216), (3.202) and (3.163),

Gi(y) = pllnc}o 3 (k) = ph};o g§kp)(ykp) < phféo cgkp) =¢j.
Combined with (3.218) this implies that
y. € A(G,¢). (3.219)
Relation (3.218) implies that
{i1, ... ig} C I(ys). (3.220)

It follows from (3.216), (3.202), (3.162) and (3.204) that
Fly.) = lm flye,) = lm ' (ye,) < inf(f; A(G,e)).
Together with (3.219), (3.217) and (3.220) this implies that

Yx € A<Gv 6>’ f(y*) = inf(f; A(Ga E))v EG,R(y*) =0.

Combined with (3.220) this contradicts (Al). The contradiction we have
reached proves that there exist positive numbers Ag,r such that the prop-
erty (P1) holds. Theorem 3.16 is proved.
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3.10 Comments

In this chapter we study the stability of the exact penalty. We show that
exact penalty properties established in Chapter 2 are stable under pertur-
bations of objective functions, constraint functions and the right-hand side
of constraints. The stability results are established for equality-constrained
problems and inequality-constrained problems with one constraint and with
locally Lipschitz objective and constrained functions in Sections 3.1-3.3, for
inequality-constrained problems with a lower semicontinuous objective func-
tion and convex lower semicontinuous constraint functions in Sections 3.4-3.7,
and for inequality-constrained problems with locally Lipschitz objective and
constraint functions in Sections 3.8 and 3.9. The stability of the exact penalty
property is crucial in practice. One reason is that in practice we deal with a
problem which consists of a perturbation of the problem we wish to consider.
Another reason is that the computations introduce numerical errors.



4

Generic Well-Posedness of Minimization
Problems

4.1 A generic variational principle

We will obtain many results of this chapter as a realization of a variational
principle which will be considered in this section. This variational principle is
a modification of the variational principle of [52] which has its prototype in
the variational principle of Deville, Godefroy and Zizler [31].

We consider a metric space (X, p) which is called the domain space and
a complete metric space (A,d) which is called the data space. We always
consider the set X with the topology generated by the metric p. For the space
A we consider the topology generated by the metric d. This topology will be
called the strong topology. In addition to the strong topology we also consider
a weaker topology on 4 which is not necessarily Hausdorff. This topology will
be called the weak topology. (Note that these topologies can coincide.)

We assume that with every a € A a lower semicontinuous function f, on
X is associated with values in R = [—o0, 00]. In our study we use the following
basic hypotheses about the functions.

(H1) For any a € A, any € > 0 and any v > 0 there exist a nonempty open
set W in A with the weak topology, € X, o € R and > 0 such that

WwWni{be A: d(a,b) <e} £0

and for any b € W

(i) inf(fp) is finite;

(ii) if 2z € X is such that fi(z) <inf(fy)+ 7, then p(z,z) <~ and |fy(z) —
<.

(H2) if a € A, inf(f,) is finite, {z,}32; C X is a Cauchy sequence and
the sequence {f,(x,)}52 is bounded, then the sequence {z,}32 ; converges
in X.

We show (see Theorem 4.1) that if (H1) and (H2) hold, then for a generic

a € A the problem minimize f,(x) subject to € X, has a unique solution.
This result generalizes the variational principle in [52] which was obtained for

al
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the complete domain space (X, p). Note that if (X, p) is complete, the weak
and strong topologies on A coincide and for any a € A the function f, is not
identically oo, then the variational principles in [52] and in this section are
equivalent.

The variational principle which is proved in this section was suggested
in [105]. For the classes of optimal control problems considered in [105] the
domain space is not complete. Since the variational principle in [52] was
established only for complete domain spaces it cannot be applied to these
classes of optimal control problems. Fortunately, instead of the completeness
assumption we can use (H2) and this hypothesis holds for spaces of integrands
(integrand-map pairs) which satisfy the Cesari growth condition [105].

Given a € A we say that the problem of minimization of f, on X is well-
posed with respect to data in A (or just with respect to .A) if the following
assertions hold:

(1) inf(f,) is finite and attained at a unique point z, € X.

(2) For each € > 0 there are a neighborhood V of a in A with the weak
topology and 6 > 0 such that for each b € V, inf(f}) is finite and if z € X
satisfies fp(2) < inf(fp) + d, then p(x,,2) < e and |fp(2) — fa(za)] < e

(This property was introduced in [52]. In a slightly different setting a
similar property was introduced in [146].)

Theorem 4.1. Assume that (H1) and (H2) hold. Then there exists an every-
where dense (in the strong topology) set B C A which is a countable intersec-
tion of open (in the weak topology) subsets of A such that for any a € B the
minimization problem of f, on X is well-posed with respect to A.

Following the tradition, we can summarize the theorem by saying that un-
der the assumptions (H1) and (H2) the minimization problem for f, on (X, p)
is generically strongly well-posed with respect to A or that the minimization
problem for f, is well-posed with respect to A for a generic a € A.

Proof: Let a € A. By (H1) for any natural n = 1,2,... there are a nonempty
open set U(a,n) in A with the weak topology, x(a,n) € X, a(a,n) € R' and
n(a,n) > 0 such that

U(a,n)N{be A: d(a,b) <1/n} #0

and for any b € U(a,n), inf(fp) is finite and if z € X satisfies fp(z) < inf(fp)+
n(a,n), then

p(zw(a,n)) < 1/”) |fb(z) - a(a’n)l < 1/77"

Define B,, = U{U(a,m) : a € A, m > n} for n =1,2,.... Clearly for each
integer n > 1 the set B, is open in the weak topology and everywhere dense
in the strong topology. Set B = NS B,,. Since for each integer n > 1 the set
B,, is also open in the strong topology generated by the complete metric d we
conclude that B is everywhere dense in the strong topology.
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Let b € B. Evidently inf(f}) is finite. There are a sequence {a,}>2; C
A and a strictly increasing sequence of natural numbers {k,}°2; such that
belU(an, kn), n=1,2,.... Assume that {z,}52; C X and lim, o0 fo(2n) =
mf(fb)

Let m > 1 be an integer. Clearly for all large enough n the inequality
fo(zn) < inf(fy) + n(am, kn) is true and it follows from the definition of
U(am, km) that

P(Zns (s k) < K [ fo(2n) — @m, km)| < k' (4.1)

for all large enough n. Since m is an arbitrary natural number we conclude
that {z,}22; C X is a Cauchy sequence. By (H2) there is & = lim,, o0 2. As
/b is lower semicontinuous, we have f,(Z) = inf(f;). Clearly f, does not have
another minimizer for otherwise we would be able to construct a nonconver-
gent sequence {z, }22 ;. This proves the first part of the theorem. We further
note that by (4.1)

(T, (A, b)) < kpts 1 £5(2) — @, k)| < kb, m=1,2,....  (4.2)

We turn now to the second assertion. Let € > 0. Choose a natural number m
for which 4k} < €. Let a € U(am, k). Clearly inf(f,) is finite. Let 2 € X
and fo(2) <inf(fs) + n(am, km). By the definition of U (am, km),

(2, 2(am, k) < ks | fa(2) = alam, k)| < k.t
Together with (4.2) this implies that
p(2,7) < 2,0 (@) — fal2)] < 2k, <e

The second assertion is proved.

4.2 Two classes of minimization problems

Let (X, p) be a complete metric space. We consider two classes of minimization
problems. Fix # € X. Denote by M the set of all bounded from below lower
semicontinuous functions f : X — R!'U{oo} which are not identically co and
satisfy

f(x) — o0 as p(x,0) — oo.

We study the existence of a solution of the minimization problem
minimize f(z) subject to x € X (P1)

with f € M. This is our first class of minimization problems. We endow the
set M with an appropriate uniformity and show that for a generic f € M the
minimization problem (P1) has a unique solution.
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Now we describe the second class of minimization problems. Denote by £
the set of all functions f € M such that the epigraph of f is the closure of
its interior. Let S(X) be the set of all nonempty closed subsets of X. The
spaces £ and S(X) will be equipped with appropriate complete uniformities.
We consider the following minimization problem

minimize f(z) subject to z € A, (P2)

where A € S(X) and f € L. We show that for a generic pair (f, A) € LxS(X)
the minimization problem (P2) has a unique solution.

We equip the space of functions (respectively, function-set pairs) with weak
and strong topologies. We construct a subset of this space which is a countable
intersection of open (in the weak topology) everywhere dense (in the strong
topology) sets such that for each function (respectively, function-set pair) the
corresponding minimization problem has a unique solution.

In the sequel we use the following notation.

For each function f: Y — R'U{co} where Y is a nonempty set we define

dom(f) ={y €Y : f(y) <oo}, inf(f) =inf{f(y): yeY}

and
epi(f) ={(y,a) €Y x R': a > f(y)}.

4.3 The generic existence result for problem (P1)

Let (X, p) be a complete metric space. Fix 6 € X. Denote by M the set of all
bounded from below lower semicontinuous functions f : X — R! U {oo} such
that

dom(f) # 0 and f(z) — oo as p(x,0) — cc. (4.3)

We equip the set M with strong and weak topologies.
For the set M we consider the uniformity determined by the following
base:

E;(n)={(f,9) e M x M :
f(z) <g(x) +n 'and g(z) < f(z)+n~! forall 2 € X}, (4.4)

where n is a natural number. Clearly this uniform space M is metrizable and
complete. Denote by 75 the topology in M induced by this uniformity. The
topology 75 is called the strong topology.

Now we equip the set M with a weak topology. We consider the complete
metric space X x R! with the metric A(-,-) defined by

Al(z1, 1), (z2,a2)) = p(z1,22) + |a1 — oo, 1,20 € X , a1, a9 € R'. (4.5)

For each lower semicontinuous bounded from below function f : X — R'U
{oo} with a nonempty epigraph define a function Ay : X x R' — R! by
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Ap(w,a) = nf{A((z, @), (y,6)) : (y,8) € epi(f)}, (z,a) € X x R'. (4.6)

For each natural number n denote by E,,(n) the set of all pairs (f, g) € M xM
which have the following property:
C(i) For each (x,a) € X x R! satisfying p(z,0) + || < n,

|Af(z,0) — Ay(z,a)] <n™ Y (4.7)
C(ii) For each (z,a) € X x R! satisfying
a <n, min{As(z,a), Ag(z,a)} <n (4.8)

the inequality (4.7) is valid.

We will show (see Section 4.4, Lemma 4.7) that for each natural number n
and each (f,9), (g,h) € E,(2n) the relation (f, h) € Ey(n) is true. Therefore
for the set M there exists the uniformity generated by the base E,(n), n =
1,2,.... This uniformity is metrizable (by a metric AAw) and it induces in M
a topology 7, which is weaker than 7. The topology 7, is called the weak
topology. The following auxiliary result establishes an important property of
the weak topology 7.

Proposition 4.2. Let f € M and M be a positive number. Then there exists
a neighborhood U of f in M with the weak topology T, and a positive number
r such that for each g € U and each x € X satisfying p(0,x) > r the relation
g(x) > M holds.

Proof: There exists r > 4 such that
f(z) > 2M + 4 for all z € X satisfying p(z,6) > r/2 — 1.
Fix an integer ng > 4M + 4 and put

U={geM: (f,9) € Ew(no)}
Assume that
geU, ze X and p(x,0) > r. (4.9)

Assume that g(z) < M. Then it follows from the definition of U, (4.7) and
(4.8) that the inequality Af(x, g(x)) < 1 holds and there exists (y, ) € epi(f)
such that p(y,z) < 1 and |a — g(x)| < 1. Combined with (4.9) this implies
that p(6,y) > 27'r and f(y) < a < g(xz) +1 < M + 1. This is contradictory
to the definition of r. Proposition 4.2 is proved.

For the set M we consider the metrizable uniformity determined by the
following base:

En) ={(f,9) € M x M : (4.7) is valid for all (z,a) € X x R'

satisfying p(z,0) + || < n} (4.10)
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where n = 1,2,.... Denote by 7, the topology induced by this uniformity.
The topology 7. is called the epi-distance topology [2]. Clearly the topology
T« is weaker than 7.

Let ¢ € M. Denote by M(¢) the set of all f € M satisfying f(x) >
¢(z) for all x € X. It is easy to verify that M(¢) is a closed subset of M
with the topology 7.,. We consider the topological subspace M(¢) C M with
the relative weak and strong topologies. Clearly the topologies 7,, and T,
induce the same relative topology on M(¢). In [52] the generic existence
result was established for the minimization problem (P1) with a cost function
f belonging to the space M(¢) endowed with the epi-distance topology (the
strong and the weak topologies in M(¢) coincide). Since the epi-distance
topology 7, in M does not have the property established in Proposition 4.2
we cannot prove our generic existence result for the space M when its weak
topology is 7.. The following proposition shows that 7, is the weakest topology
among all topologies which are stronger than the epi-distance topology and
have the property established in Proposition 4.2.

Proposition 4.3. Assume that a topology T in M is stronger than 7, and has
the following property:
For each f € M and each positive number M there exist a neighborhood
U of f in M with the topology T and a positive number r such that
inf{inf(g) : g € U} > —oc0 and
g(x) > M for all g € U and all x € X satisfying p(x,0) > r.

Then the topology T is stronger than 7.

Proof: Assume that f € M and n is a natural number. Fix an integer ng >
4n + 4. There exist a neighborhood U; of f in M with the topology 7 and
a positive number r such that g(z) > 2ng 4+ 2 for all g € U; and all x € X
satisfying p(z,6) > r and infg ey, inf(g) > —oo. Fix a natural number n; >
2r + 2ng + 2 + 4| inf ;cp, inf(g)| and put

U={geM: (f,9) €E(m)}NU.

Clearly,
Uc{geM: (f9) € Ev(n)}.
This completes the proof of the proposition.

Set A = M and f, = a for each a € A. In this chapter we prove the
following two results.

Theorem 4.4. The minimization problem for a generic f € M is well-posed
with respect to M.

Theorem 4.5. Let ¢ € M. The minimization problem for a generic f €
M(9) is well-posed with respect to M(¢).

Note that Theorems 4.4 and 4.5 have been obtained in [110].
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4.4 The weak topology on the space M

In this section we study the weak topology 7.

Lemma 4.6. Let n be a natural number and let f € M. Then there exists
a positive number a such that for each g € M satisfying (f,g) € G(n) the
inequality g(x) > —a holds for all z € X.

Proof: There exists a positive number ag such that f(z) > —ag for all x € X.
Fix a number a > 2ag + 4. Assume that ¢ € M, (f,g) € G(n) and z € X.
We will show that g(x) > —a. Assume the contrary. Then g(z) < —a and
(z,—a) € epi(g). By the definition of E,,(n), A¢(z, —a) < n~'. This implies
that there exists (y,3) € epi(f) such that A((z, —a),(y,0)) < 2. Thus g >
fly), B <2—aand f(y) <2—a < —2a9 — 2. This is contradictory to the
definition of ag. The contradiction we have reached proves the lemma.

The following lemma implies that the collection of the sets E,,(n), n =
1,2, ... is the base of a uniformity.

Lemma 4.7. For each natural number n and each (f, g),(g,h) € E,(2n) the
inclusion (f,h) € E,(n) holds.

Proof: Let n be a natural number,
(f,9) and (g,h) € E,(2n). (4.11)
It follows from (4.11) and property C(i) that for each (z, o) € X x R! satisfying
p(z,0) + o] <n (4.12)
the following inequalities hold:
Ap(w,a) = Ay(a,0)] < (20)7, [Ay(z,@) — Ayl a)| < (2n)7"

and
|Ap(z,0) — Ap(z,0)] <n ™t (4.13)

Assume that (z,a) € X x R,
a <nand min{A¢(z, o), Ap(z, )} < n. (4.14)

We show that (4.13) holds. We may assume that Af(z,a) < n. By this in-
equality, (4.14), (4.11) and property C(ii)

A4, 0) = Ay, )] < (20), Ay(z,a) < 20. (4.15)
Tt follows from these inequalities, (4.14), (4.11) and property C(ii) that
|Ay(z, ) — Ap(z, )] < (2n) 71 (4.16)

Combined with (4.15) this implies (4.13). Lemma 4.7 is proved.
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Proposition 4.8. The metric space (M, ﬁw) 1s complete.

Proof: Let {f; };";1 C M be a Cauchy sequence. We show that it converges in

(M, ﬁw) For each natural number n there exists a natural number g(n) such
that
(fi fj) € Ew(n) for all integers i,j > g(n). (4.17)

We may assume that
gin+1)>q(n)+4, n=1,2,.... (4.18)

We consider a collection of all closed nonempty subsets of X x R! denoted by
S(X x R'). For the set S(X x R') we consider the uniformity determined by
the following base:

E(n) ={(A,B) € S(X x R') x S(X x RY) : sup{|yir€1£A((x,oz),y)— (4.19)

ingd((x,a),yﬂ cxe X, ac R and p(z,0) + |a| <n} <n™'},
ye

where n = 1,2.... It is well-known [2] that the uniform space S(X x R!)
is metrizable and complete. It is easy to see that the sequence {epi(f;)}52,

is a Cauchy sequence in the uniform space S(X x R!). There exists a set
2 € S(X x RY) such that

2 = lim epi(f;) (4.20)
j—o00

in the uniform space S(X x R!). Clearly,

2 ={(r,a) € X x R*: there exists a strictly increasing sequence of natural
(4.21)
numbers {j;}72; and a sequence{(zy,ax)}32, C X x R' such that

(zg,ax) € epi(f;,), k=1,2,... and klim (zg, o) = (z,0)}.

Lemma 4.6 implies that there exists a positive number a such that for j =
1,2,...
fij(z) > —a for all z € X. (4.22)

Clearly, there exists a lower semicontinuous function f : X — R! U {oo} such
that
f(z) > —aforall x € X (4.23)

and

2 ={(r,a) € X x R*: a> f(x)} = epi(f). (4.24)
In view of (4.20), (4.19), (4.24) and (4.6) for each natural number n there is
an integer go(n) > ¢(n) such that the following property holds:

(a) for each natural number j > qo(n) and each (z,a) € X x R! satisfying
p(z,0) + |a| < n the inequality |Af(z, a) — Ay, (x, )] < n~! holds.
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Let n > 1 and j > ¢(2n + 1) be natural numbers and let (z,a) € X x R!.
We show that if

a <nand min{Ay(z,a), Ay, (2, 0)} <n, (4.25)

then
|Af(z,0) — A, (z,0)| <n~t (4.26)

Assume that (4.25) holds. There are two cases:

(2) Ap(z,a) > Ay, (z, ). (4.28)
Consider the case (1). Then
Af(z,a) <n (4.29)
and there exists
(v, 8) € epi(f) (4.30)
such that
p(y, ) + o — B] < Ap(z, @) + (16n) " < n+ (16n) . (4.31)
In view of (4.31) and (4.25)
B<2n+1/2. (4.32)

Tt follows from (4.30), (4.24) and (4.21) that there exists a natural number
i> 744 and
(z,7) € epi(fi) (4.33)
such that
p(z,y) + Iy = B < (16n) 7" (4.34)
It follows from (4.17) that
(fi, fj) € Ew(2n +1).

By the inclusion above, the definition of E,(2n + 1) (see property C(ii)),
(4.33), (4.32) and (4.34),

Af(z,7) < (2n+1)7"
Thus there exists (u,§) € epi(f;) such that
p(z,u) + |y =€ < (2n) .

In view of the inequality above and (4.34),
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puy) + 18 =& < (2n) 7" + (16n) "
Combined with (4.31) this implies that
plz,u) + 1€ —al < (2n)7" + (16n) 7" + p(y, ) + |a = B < Ap(z,0) + 077,

Af,(z,a) <n™h+ Ap(z, ).

Hence in case (1) the inequality (4.26) holds.
Consider the case (2). We have

Ay, (z,a) < n. (4.35)
Assume that an integer ¢ > j. In view of (4.17),
(fi, f]) € Ew(2n + 1).

By the inclusion above, the definition of E,(2n + 1) (see property C(i)) and
(4.25),
|Af, (2, ) — Ay (2, 0)| < (2n + 1)~ (4.36)

There exists (x;, ;) € epi(f;) for which
plx,x;) + | — o] < Ap(2,a) + (16n) " (4.37)

Consider the sequence {(z;,;)}2; C X x R'. It follows from (4.37), (4.36)
and (4.35) that for all integers i > j

il + plai, 0) < el + p(a, 2:) + p(x,0) < |af +2+n+p(x,0).  (4.38)
Fix a natural number
po > |af +4n + 2+ p(x,0) + 4.
In view of the choice of py and (4.38),
|| + p(zi,0) < po for all integers i > j. (4.39)

Choose a natural number
P> Jj+qo(po)-
Property (a), (4.39) and the choice of p imply that
Ap(zp, ) < p(?l-

Since (4.36) and (4.37) hold with ¢ = p it follows from the inequality above
and the choice of pg that

Ap(w,0) < plx,xp) + oy — af + Ap(ap,0p) < pg + Ap, (2, 0) + (160) 7!

< Ap(z,a) + (2n+ 1)+ (16n) " +pyt < Ay (z,a) +n7
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Therefore in case (2) relation (4.26) is also valid.

We have shown that the following property holds:

(b) For each natural number n, each integer j > ¢(2n + 1) and each
(z,a) x X x R! satisfying (4.25) the inequality (4.26) is valid.

To complete the proof of the proposition we need to verify that f € M.
It is sufficient to show that f(x) — oo as p(x,0) — oo. This follows from
property (b). Proposition 4.8 is proved.

4.5 Proofs of Theorems 4.4 and 4.5

We can easily prove the following auxiliary result.

Lemma 4.9. Let f € M and let § be a positive number. Then there exists a
neighborhood U of [ in M with the weak topology such that for each g € U

inf{g(z): z€ X} <inf{f(z): z€ X} +4.

Lemma 4.10. Let f € M and let v be a positive number. Then there exists
a neighborhood U of f in M with the weak topology such that for each g € U

i inf . 4.4
nf f(z) < inf g(z) +7 (4.40)
Proof: Fix an integer n such that
n> | inf f(z)]+4+ 8yt (4.41)

and put
U={geM: (9,f) € Exw(n)}. (4.42)

Let g € U. We show that (4.40) holds. There exists xg € X such that
g(xo) < inf g(w) +~/4. (4.43)

We may assume that
g9(z0) < n. (4.44)

In view of the definition of E,,(n) (see property C(ii), (4.8)), (4.42) and (4.44),
Ag(wg, g(z0)) <n~h
There exists (1, a1) € epi(f) such that
p(xo, 1) + |g(z0) — an| < 207" (4.45)

(4.45), (4.43) and (4.41) imply that
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f(z1) <oy < glag) + < 1é1)f( glx) +~/4+ on !
xr

< .
< inf g(z) +7/2
This implies (4.40). Lemma 4.10 is proved.

Denote by &£ the set of all f € M for which there exists ¢ € X such that
flzy) =nf{f(z): z € X}.

Lemma 4.11. Let f € M. Then there exists a sequence f, € E,n=1,,2...
such that fn(x) > f(z) forallz € X andn=1,2,... and f,, — f asn — o0
in the strong topology.

Proof: For each natural number n there exists z, € X such that f(z,) <
inf{f(z): v € X} +1/n. For n=1,2,... define

fn(x) = max{f(x), f(x,)} for all x € X.

It is easy to see that f, € £, n = 1,2... and lim, o fn, = f in the strong
topology. Lemma 4.11 is proved.

Lemma 4.12. Let f € £, vy € X,
f(zy) =inf{f(z): 2 € X}, e€(0,1), § € (0,16 '?). (4.46)
Define a function f € £ by
f(z) = f(z) +¢/2min{p(x,xs),1} for all x € X.

Then there exists a neighborhood U of f in M with the weak topology such
that for each g € U and each x € X satisfying g(x) < inf(g) + 6,

lg(x) — f(zf)] <€ and p(x,zf) <e. (4.47)

Proof: Lemmas 4.9 and 4.10 imply that there exists a neighborhood Uy of f
in M with the weak topology such that

|inf(g) —inf(f)| < §/2 for all g € Uy. (4.48)
Fix an integer
ng > |inf(f)| + 4+ 457" (4.49)
and put -
U=Usn{geM: (f,9) € Ex(no)}. (4.50)

Let g € U and let x € X satisfy
g(x) < inf(g) + 4. (4.51)

In view of (4.51) and (4.48),
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g(x) <inf(f) + 24. (4.52)
It follows from (4.49), (4.50), (4.52), (4.7) and (4.8) that there exist (y,a) €

epi(f) such that
ply, ) < 2ngt and |a — (inf(f) +26)| < 2ng " (4.53)

By (4.53), (4.49), (4.46) and the definition of f,
F(y) +e/2min{p(y, z5), 1} = f(y) < inf(f) +20+2ng " < inf(f)+30 (4.54)

= fzy) +30 < f(y) + 30, p(y, ) < €/2.

It is easy to see that (4.47) follows from (4.54), (4.53), (4.52) and (4.48).
Lemma 4.12 is proved.

To complete the proof of Theorems 4.4 and 4.5 it is sufficient to note that
(H1) follows from Lemmas 4.11 and 4.12.

4.6 An extension of Theorem 4.4

Denote by My the set of all bounded from below lower semicontinuous func-
tions f: X — R' U {oco} which are not identically infinity. We equip the set
My, with a weak and a strong topology.

For each natural number n denote by G, (n) the set of all (f, g) € Myx M,
such that

sup{As(z,0) : (2,0) € epilg)}, sup{Ay(z,0) : (2,0) € epi(f)} <n™".

For the set M, we consider the complete metrizable uniformity determined
by the base G, (n), n =1,2,.... We equip the space M, with a topology 7,
induced by this uniformity. The topology 7, is called a weak topology.

Also for the set M, we consider the complete metrizable uniformity de-
termined by the following base:

Un) ={(f,9) € My x My :

f(@) < g(x) +n~" and g(2) < f(o) +n7", z € X},

The space M, is endowed with the topology 75 induced by this uniformity.
The topology 7, is called a strong topology.

Set A = M, and f, = a for each a € A. We will establish the following
result.

Theorem 4.13. The minimization problem for a generic f € My is well-
posed with respect to My.

In order to prove Theorem 4.13 we need the following two lemmas. The
first lemma is proved in a straightforward manner.
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Lemma 4.14. Assume that f € My and that € is a positive number. Then
there exists a neighborhood Uy of f in My with the weak topology such that

|inf(g) —inf(f)| < e for all g € U.

Denote by £ the set of all f € M, such that there exists ¢ € X satisfying
f(zy) =inf{f(z): = € X}. Analogously to Lemma 4.11 we can show that £
is everywhere dense in M, with the strong topology.

Lemma 4.15. Let f € £, 2y € X and let
f(zy) =inf{f(z): v € X}, e€(0,1), 6 € (0,16 ¢*). (4.55)
Define a function f € £ by
f(x) = f(x) + 2 temin{p(z,2),1} for allz € X. (4.56)

Then there exists a neighborhood U of f in M with the weak topology such
that for each g € U and each x € X satisfying g(x) < inf(g) + § the following
relations hold:

lg(x) — f(zf)] <€ and p(x,zf) <e. (4.57)

Proof: There exist a neighborhood U of f in M, with the weak topology such
that for each g € U

Ay(z,a) <1679, (z,a) € epi(f) and Ag(z,a) < 16716, (x,a) € epi(g).
(4.58)
Let g € U, € X and g(z) < inf(g) + 6. Combined with (4.58) this implies
that
g(z) < inf(f) + 26 and g(x) > inf(f) — 24. (4.59)

In view of (4.58) there exists (y, ) € epi(f) such that

ply,z) <8 1§ and |a — (inf(f) + 25)| < 8716. (4.60)
By (4.56) and (4.59),
Fy) + 2 emin{p(y, 27), 1} = F(y) < inf(F) + 26 + 8715

< flxg) +30 < fly) +36, ply,xp) < 27"
It is easy to see that (4.57) follows from the relation above, (4.60) and (4.59).
This completes the proof of Lemma 4.15.

To complete the proof of Theorem 4.13 it is sufficient to note that (H1)
follows from Lemma 4.15.
Note that Theorem 4.13 has been obtained in [110].
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4.7 The generic existence result for problem (P2)

We consider a complete metric space (X, p). Fix 6 € X and set ||z|| = p(z, 0)
for all x € X and define B(r) = {z € X : ||z|| < r} for all » > 0. Denote by L
the set of all lower semicontinuous bounded from below functions f : X — R!
which satisfy the following assumptions:

A(l) inf{f(z): € X\ B(r)} — oo as r — oc.

A(ii) For each x € X, each neighborhood U of x in X and each positive
number § there exists an open nonempty set V' C U such that f(y) < f(x)+4d
for all y e V.

Denote by L. the set of all finite-valued continuous functions f € L.

Remark 4.16. Let f : X — R! be a lower semicontinuous bounded from below
function. Then f satisfies assumption A(ii) if and only if epi(f) is the closure
of its interior.

For z € X and A C X set p(x, A) = inf{p(z,y) : y € A}. Denote by S(X)
the collection of all closed nonempty sets in X. We equip the set S(X) with
a weak and a strong topology.

For the set S(X) we consider the uniformity determined by the following
base:

Guw(n) = {(A,B) € S(X)xS(X) : |p(x, A)—p(zx,B)| <n~! for all z € B(n)},

where n =1,2,.... It is well known that the set S(X) with this uniformity is
metrizable (by a metric H,,) and complete. The bounded Hausdorff (Attouch—
Wets) topology induced by this uniformity is a weak topology in the space
S(X).

Also for the set S(X) we consider the uniformity determined by the fol-
lowing base:

Gs(n) ={(A,B) € S(X)x S(X): p(z,B)<n 'forallzc A

and p(y, A) <n *forally € B}, n=1,2,....

Tt is well known that the space S(X) with this uniformity is metrizable (by a
metric Hy) and complete. The Hausdorff topology induced by this uniformity
is a strong topology in the space S(X).

For the space £ we consider the uniformity determined by the following
base:

Eon)={(f,g) €LxL: |f(x)—gx) <n ! forall zc Bn)},

where n = 1,2,.... Evidently this uniform space is metrizable (by a metric
ho) and L. is a closed subset of £ with the topology induced by the metric
ho.-

For each natural number n denote by &, (n) the set of all pairs (f, g) € LXL
which have the following property:
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B(i) For each 2 € B(n) the inequality |f(z) — g(x)| < n~1! is valid;

B(ii) For each = € X satisfying inf{ f(z), g(x)} < n the inequality |f(z) —
g(z)] < n~tis true.

The following auxiliary lemma shows that the collection of the sets £, (n),
n=1,2,... is the base of a uniformity.

Lemma 4.17. Let n be a natural number and let

(f,9); (g,:h) € Eu(2n). (4.61)
Then (f,h) € Ey,(n).

Proof: Tt is easy to see that for each z € B(n)

|f(2) = h(2)] < [f(z) = g(x)] +|g(2) = h(z)] <n7".

Assume that x € X and min{f(z), h(x)} < n. To complete the proof of the
lemma it is sufficient to show that |f(z) — h(x)| < n~1.
We may assume that f(z) < n. This inequality, B(ii) and (4.61) imply
that
[f(@) —g(@)| < (2n)7, g(x) <n+1/2, [h(x) — g(x)| < (2n) 7" and
|f(z) = h(x)] <n”".
Lemma 4.17 is proved.

For the set £ we consider the uniformity determined by the base &, (n),
n=1,2,.... Clearly this uniformity is metrizable (by a metric h,,). We equip
the set £ with the topology induced by this uniformity. This topology is called
the weak topology. Clearly L. is a closed subset of £ with the weak topology.

Proposition 4.18. The metric space (L, hy,) is complete.

Proof: Let {f; 521 C £ be a Cauchy sequence. It is sufficient to show that it
converges in L.
For each natural number n there is a natural number ¢(n) such that

(fi, fj) € Ew(n) for all integers 7,5 > g(n). (4.62)
We may assume that
gin+1)>q(n)+4, n=12,.... (4.63)

It follows from the definition of g(n) (see (4.62)), properties B(i) and B(ii) that
for each natural number n and each pair of integers 7,7 > g(n) the following
properties hold:

(a) For each = € B(n),

|fi(2) = filx)| < n ™ (4.64)
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(b) For each x € X satisfying min{f;(x), fj(z)} < n the relation (4.64)
holds.
This implies that for all x € X there is a number
()= tim £y (0) (1.69)
Property (a) and (4.65) imply that the following property holds:
(¢) For each natural number n and each integer j > ¢(n),

|fi(z) — f(z)] < n~ ! for all 2 € B(n). (4.66)

Assume that n > 1 and j > g(n + 1) are integers and that x € X. We show
that if

il’lf{f]‘(l‘), f(x)} < n, (467>
then
fi(x) = fa)| <n" (4.68)

Assume that (4.67) holds. There are two cases: (1) fj(z) < n; (2) f(z) < n.
Consider the case (1). Then in view of property (b) for each natural number
i > j the inequality |fi(z) — fj(x)] < n~! is valid. Combined with (4.65) this
implies (4.68).

Consider the case (2). Then

f(x) <n. (4.69)
There exists an integer
i>qn+1)+j (4.70)
such that
[f(z) = fix)] < 07! = (n+1)71]/4. (4.71)
In view of (4.71) and (4.69),
filx) <n—+1. (4.72)

Property (b) (see (4.64)), (4.72) and (4.70) imply that

|fi(2) = fi(2)| < (n+1)7". (4.73)

By (4.73) and (4.71), |f;j(z) — f(z)| < n~'. Hence we have shown that the
following property holds:

(d) For each natural number n, each natural number j > g(n + 1) and
each z € X satisfying (4.67), the inequality (4.68) is valid.

Since the sequence {f;}52; converges to f uniformly on bounded subsets of
X (see property (c)) we conclude that f is lower semicontinuous and satisfies
assumption A(ii). By property (d), f is bounded from below and satisfies
assumption A(i). Proposition 4.18 is proved.
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For the set £ we consider the uniformity determined by the following base:
E(e)={(frg) e LxL: [f(z) —glx)| <€}, zeX (4.74)

where € is a positive number. Evidently this uniform space is metrizable (by
a metric hg) and complete.

For the space £ x S(X) we consider the product topology induced by the
metric

d((f7A)’ (Q,B)) = hs(fag) +Hs(Av B)a (fa A)7 (Q,B) €L X S(X)

which is called a strong topology and consider the product topology induced
by the metric

duw((f,A), (9, B)) = hw(f,9) + Huw(A, B), (f,A), (9,B) € L x §(X)

which is called a weak topology.
Put A =L x S(X) and for each a = (h, A) € L x S(X) define f, : X —
R U {co} by

fa(z) = h(zx) for all x € A and fq(z) = oo for all z € X \ A.
Let a function ¢ : X — R U {oo} satisfy
o(x) — o0 as ||z]| = 0. (4.75)

Define
L(p)={feLl: f(z)>o(x) for all z € X}.

We consider the topological subspaces L. x S(X), L(¢) x S(X) C L x S(X)
with the relative weak and strong topologies.
We prove the following result.

Theorem 4.19. The minimization problem for f, is well-posed with respect
to LxS(X) (respectively L. x S(X), L(¢)*xS(X)) for a generic a € L x S(X)
(respectively L. x S(X), L(¢) x S(X)).

4.8 Proof of Theorem 4.19

We use the notations introduced in Sections 4.1 and 4.7. Consider the complete
metric space (L, h,,). Denote by T({ the topology induced by the metric hg and
by 7f the topology induced by the metric h,,. It is easy to see that the topology
7/ is stronger than the topology 7'({ . We can easily prove the following auxiliary
results.
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Lemma 4.20. Let f € L. Then the following assertions hold:
1. There exist a neighborhood V of f in the space L with the topology T},
and a real number ag such that

g(x) > ag for each g € V and each z € X. (4.76)

2. For each positive number c there exist a positive number r and a neigh-
borhood U of f in the space L with the topology T} such that g(z) > c for each
g €U and each x € X \ B(r).

Proposition 4.21. Let 7 be a Hausdorff topology in L which is stronger than
7'({ and which has the following property:

For each f € L and each positive number c there exist a positive number
r and a neighborhood U of f in the space L with the topology T such that
g(x) > ¢ for each g € U and each x € X \ B(r).

Then the topology T is stronger than the topology ;.

Let ¢ : X — R! be a function such that ¢(z) — oo as ||z|| — oo. Clearly,
L($) is a closed subset of £ with the topology Tg and the topologies 7/ and

T({ induce the same relative topology for the subspace L(¢) C L.

Proposition 4.22. Let f € £, A € S(X) and ¢,y € (0,1). Then there exist
Ae S(X), feL,ze X, apositive number n and a neighborhood U of (f, A)
in L x S(X) with the weak topology such that

A=Au{z}, p(z,4) < ey, f(x) = f(x) + omin{l, p(z,7)}, € X (4.77)

with g € (0,¢€) and for each (g,D) € U and each z € D satisfying

9(z) <inf{g(y) : y € D} +n (4.78)
the following inequalities hold:
p(z,%) <7, 9(z) — f(@)] <. (4.79)

Proof: Fix positive numbers
€0 < 2 ' min{e, v}, e <4 ey, n < 167 €16, (4.80)

Put
R={zeX: p(z,A) <e} (4.81)

Assumption A(ii) implies that there exists an open nonempty set E C X such
that

EcCQ, f(z) <inf{f(u): ue 2} +16"'y for all z € E. (4.82)

Choose 7 € E and define A, f by (4.77). In view of assumption A(i) there
exists an integer
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ny >4+ |f(zT)|+8 1.

(4.83)

Lemma 4.20 implies that there exists a neighborhood V; of f in the topology

7J and constants ¢y € R' and ¢; > 1 such that
inf{g(z): e X} >c¢yforallge Wy
and
g(x) > 2nq + 4 for each g € V4 and each z € X \ B(cy).
Fix an integer
ng > 2¢y + 2|co| 4+ 2ny + 16(eg — p(z, A)) ™ + 8p(Z,0) + 8n~*

such that
{ze X: p(z,%) < 8ny'} C E.

Define

U = {(gaB) € Vl X S(X) : (fa g) € 511)(”2)7 (A,B) € g1u(n2)}~

We show that for all (¢, D) € U

inf{g(u): we D} =inf{g(u): v DN B(ng/2 —2)}.
Let (g, D) € U. In view of (4.88) there exists y € D such that

Py, @) < 2ny "
By (4.90), (4.87) and (4.82),
yeEECR, |fly) - f(@)| <87 'n.
By (4.77), (4.90) and (4.91),
[f(y) = J(2)] <8 '+ 2eomy .

By (4.90), (4.86), (4.88) and (4.83) |g(y) — f(y)| < ny " and

inf{g(u): ue€ D} <g(y) < f(Z) +ny" +87 '+ 2eny" < ny.

Thus (4.88) and (4.85) imply that

inf{g(u): vwe€ D} =inf{g(u) : v € D and g(u) <ny + 2}

=inf{g(u) : v € DN B(c1)} = inf{g(u): we DN B(ng/2 —2)}

(4.84)

(4.85)

(4.86)

(4.87)

(4.88)

(4.89)

(4.90)

(4.91)

(4.92)

(4.93)

(4.94)

and (4.89) holds. We have shown (see (4.93), (4.83)) that for all (¢, D) € U

inf{g(u): u€ D} < f(&)+27'n < ny.

(4.95)
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Assume that (g,D) € U, z € D and (4.78) holds. By (4.78), (4.95), (4.85),
(4.88) and (4.86),
2 € B(c1) € B(na/2 — 1). (4.96)

It follows from (4.96) and (4.88) that
lg(2) = f(2)| <nyt, plz, A) <yt (4.97)
By (4.97), (4.77), (4.81), (4.86) and (4.82),
z€ 0, f(z) > f(z) —1671n. (4.98)
It follows from (4.77), (4.97), (4.95), (4.78), (4.98) and (4.87) that
f(2) + eomin{l, p(z,7)}
=F(2) <g(z)+ny' < F@) +n+2"n+ng!
<f(R)+167 n+n+2 40yt < f(2) + 2. (4.99)
By (4.99) and (4.82),
p(z,@) < 2negt <8 1er <.
(4.95), (4.78), (4.97) and (4.98) imply that
—y < —ny ' =167 < f(2) — f(2) —ny ' < g(z) = f(@) <427 <.

This completes the proof of Proposition 4.22.

By Proposition 4.22 (H1) holds for the spaces £ x S(X), L. x S(X) and
L(¢) x S(X). This implies Theorem 4.19.
It should be mentioned that Theorem 4.19 has been obtained in [110].

4.9 A generic existence result in optimization

In this section we consider a minimization problem
minimize f(z) subject to x € C

where C' is a nonempty closed subset of a complete metric space X and f :
X — R! belongs to a complete metric space of continuous functions defined
on X which are bounded from below on C'. We assume that the set C' is the
closure of its interior and show that for a generic function f the minimization
problem has a unique solution and this solution is an interior point of C.

We use the convention that co/oco = 1.

Let (X, p) be a complete metric space and C' be a nonempty closed subset
of X. For each z € X and each positive number r put
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B(z,r) ={y € X : p(z,y) <r}.

We assume that C is the closure of its interior.
For each f: X — R! and each subset K C X set

inf(f; K) =inf{f(z): © € K}.

Denote by M the set of all continuous functions f : X — R! which are
bounded from below on C. For each f,g € M define

d(f,g) = sup{|f(z) — g(z)| : = € X} (4.100)

and

d(f,g) =d(f,9)(1+d(f,g9))".

Clearly, the metric space (M, d) is complete. It is easy to see that for each
f e M, inf(f;C) is finite.

Let f € M. According to the definition made in Section 4.1 we say that
the problem minimize f(z) subject to z € C' is strongly well-posed if inf(f; C)
is attained at a unique point z;y € C and the following assertion holds:

For each positive number € there exists a positive number ¢ such that for
each g € M satisfying d(f,g) < ¢ and each z € C which satisfies g(z) <
inf(g; C') + ¢ the inequalities p(xy, z) < € and |g(2z) — f(xf)| < € hold.

We prove the following result.

Theorem 4.23. There exists a set F C (M, d) which is a countable intersec-
tion of open everywhere dense subsets of (M, d) such that for each f € M the
problem minimize f(x) subject to x € C is strongly well-posed and its unique
minimizer is an interior point of C'.

Note that Theorem 4.23 was obtained in [121].

4.10 A basic lemma for Theorem 4.23

For each A C X denote by int(A) the interior of A, by cl(A) the closure of A
and by bd(A) the set cl(A)\int(A).
For each € X each A C X set

p(z, A) = inf(p(z,y) : y € A}.
We need the following well-known result [58].

Proposition 4.24. Let A and B be nonempty closed subsets of (X, p) such
that AN B = (). Then there exists a continuous function h : X — [0,1] such
that h(x) =1 for all x € A and h(xz) =0 for all z € B.

The following result is our basic lemma for Theorem 4.23.
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Lemma 4.25. Let f € M and € be a positive number. Then there exist f, €
M satisfying d(f, f«) < € and a neighborhood U of f. in (M,d) such that for
each g €U

inf(g;int(C)) < inf(g; bd(C)). (4.101)

Proof: Fix
6 € (0,8 ' min{1,€}) (4.102)

and choose xg € C such that
f(wo) < inf(f;C) +46/4. (4.103)
Since f is continuous there exists a neighborhood Vj of z¢ in (X, p) such that
|f(zo) — f(2)]| <d/4 for all z e V. (4.104)
Since C is the closure of int(C) there exists z, € X such that
z, € V Nint(0). (4.105)

In view of (4.105) and (4.104),

|f(zo) — flz)] < 6/4. (4.106)

By (4.103) and (4.106),
F(x2) < flzo) +6/4 < inf(f;C) + 5/2. (4.107)

Define f, : X — R' by
fi(z) = max{f(z), f(x.)} + 8 temin{l, p(x, z,)}, x € X. (4.108)

It is easy to see that f; € M and that for each z € X, f(z) < fi(z). It
follows from (4.108), (4.107) and (4.102) that for each x € C

0< fi(z) - flz) <87 e+ max{f(z), f(z:)} — f(z)
< 87'e + max{f(x),inf(f;C) +6/2} - f(x)
<8 'e+§/2<3-16 e

Therefore
0< fi(z)— f(x) <3-16 e for all z € C. (4.109)

Since z, is an interior point of C' there exists a positive number + such that
B(z.,4y) C C. (4.110)

Thus
p(z,bd(C)) > 2. (4.111)

Put
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A={zcC: p(x,bd(C)) >27"-37} (4.112)

and
B=X\{zeC: p(z,bd(C)) > ~}. (4.113)

It is easy to see that A is a closed subset of X, B is a closed subset of X and
ANB=10. (4.114)

Proposition 4.24 implies that there exists a continuous function ¢ : X — [0, 1]
such that
¢(x) =1, z€ Aand ¢(z) =0, z € B. (4.115)

Define
fo(@) = fi(@)o(z) + (1 — ¢(2))(f(z) +6), z € X. (4.116)

Tt is easy to see that f. € M. It follows from (4.109), (4.115) and (4.116) that
for each x € C,

0 < ful@) = f(2) = d(@)(f1(x) = f(2)) + (1 = p(z))e < .
If 2 € X\ C, then (4.113) and (4.115) imply that
z€ B, ¢(r) =0and f.(z) = f(z)+e.
Hence
0< fu(x)— fx) <eforallz € X and d(f, f.) < e. (4.117)

We show that for each x € C, f.(x) > fi(z.). Let z € C. By (4.116),
(4.108), (4.107) and (4.102),

fi(@) = ¢(x) max{f(z), f(z.)} +

(1—9¢()(f(z)+e) =
o(z)f(z:) + (1= () (f(z) +€) =
¢(x) f(zs) + (1 — ¢(x))(inf(f; C) +€) = f(x)
and
fol@) = f(w) (4.118)

for all x € C. It follows from (4.111), (4.112), (4.115), (4.116) and (4.108)
that
e € A, Pp(xy) =1 and fo(zs) = fi(a.) = f(2s). (4.119)

By (4.119) and (4.118),

fe(@) > f(zs) = fu(zy) for all z € C. (4.120)
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It follows from (4.113), (4.115), (4.116), (4.107) and (4.102) that for all €
bd(C),
z€B, ¢(x)=0

and
J() = F(2) + € > nf(F;C) + ¢ > fla.) +6/2
Together with (4.119) and (4.120) this inequality implies that
inf(£,;bd(C)) > f(22) +6/2 = f(w.) +8/2 =
inf(f.;C)+0/2.

Define ~
U={geM:d(g, f.) <3/8}

It is easy to see that for each g € U,
[inf(£.5 C) — inf(g; C)| < 3/8,
[inf(f.,bd(C)) — inf(g, bd(C))| < §/8

and
inf(g; bd(C)) > —0/8 + inf(f,; bd(C)) > =§/8 +

inf(f.;C) +6/2 > 6/2 — 6/8 +inf(g;C) — 6/8 > inf(g; C) + 5 /4.

Hence
inf(g; bd(C)) > inf(g; C) + /4 for all g € U.

This completes the proof of Lemma 4.25.

Lemma 4.25 implies the following result.

Proposition 4.26. There is an everywhere dense open subset F1 of (M, d)
such that for each f € Fi,

inf(f; C) < inf(f;bd(C)).

Proof: Lemma 4.25 implies that for each f € M and each natural number i
there exists a nonempty open set U(f,i) C M such that

U(f,i)N{ge M: d(f,g) <i"'} #0

and
inf(g; C) < inf(g; bd(C)) for each g € U(f,1).
Set
Fi=U{U(f,i): feM,i=12,...}

It is easy to see that F; is an open everywhere dense subset of M. Clearly,
for each g € F
inf(g; C) < inf(g; bd(C)).

This completes the proof of Proposition 4.26.
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4.11 An auxiliary result

Proposition 4.27. There exists a set Fo C M which is a countable intersec-
tion of open everywhere dense subsets of M such that for each f € Fy the
problem minimize f(x) subject to x € C is strongly well-posed.

We obtain Proposition 4.27 as a realization of the variational principle
established in Section 4.1 (Theorem 4.1). In view of Theorem 4.1, Proposition
4.27 follows from the next lemma.

Lemma 4.28. For any f € M, any positive number € and any positive num-
ber vy there exists a nonempty open set W in M, x € C, a € R' and a positive
number n such that for each h € W

d(f,h) <e
and for each h € W, if z € C is such that h(z) < inf(h;C) +n, then
ple,2) <7 and [h(2) - a] < 7.
Proof: Let f € M and let € and vy be positive numbers. Fix
n € (0,64~ min{1, e} min{1,7}), (4.121)
fix a point € C satisfying
f(z) <inf(f;C) +n (4.122)

and define
f(2) = f(2) + 8 temin{l, p(2,2)}, z € X. (4.123)

It is easy to see that f € M. Denote by W an open neighborhood of f in M
such that o
W c{heM: d(f,h) <n/8}. (4.124)

In view of (4.123), S
d(f.f) <d(f.f) <87'e
Together with (4.124) this implies that for each h € W,
d(f.h) < d(f.h) < d(f. ) + (4.125)
d(f,h) <e/8+n/8 <e.
Let h € W. By (4.124),
|f(2) = h(2)| < n for all z € X. (4.126)

In view of (4.126), B
|inf(f;C) — inf(h; C)| < n. (4.127)
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Assume that z € C and
h(z) < inf(h;C) + 1. (4.128)
It follows from (4.123), (4.126), (4.127), (4.128), (4.122) and (4.121) that
F(2) + 8 Temin{L,p(=,2)} = (=) < h(z) +7 <
inf(h; C) + 2n < inf(f;C) +3n < f(z) +3n =

f(@)+3n < f(2) +4n
and
min{1, p(z,7)} < 32ne~! < min{1,~}/2.
Thus
Pz, 7) < /2 (4.129)
By (4.128), (4.127) and (4.121),

Ih(z) — inf(f; C)| < [h(2) — inf(h: C)| + |inf (ks C) — inf(f; C)| < 20 < 4
and |h(z) —inf(f; C)| < 7. Together with (4.129) this inequality implies that

|h(z) —inf(f;C)| <, p(z,2) < 7/2.

Lemma 4.28 is proved.

4.12 Proof of Theorem 4.23

It follows from Proposition 4.26 that there exists an everywhere dense open
subset F; of (M, d) such that for each f € Fi,

inf(f; C) < inf(f;bd(C)). (4.130)

Proposition 4.27 implies that there exists a set Fy C M which is a countable
intersection of open everywhere dense subsets of (M, d) such that for each
f € Fo the problem minimize f(z) subject to x € C is strongly well-posed.
Put

F=FyNFi.

It is easy to see that F is a countable intersection of open everywhere dense
subsets of (M, d).

Let f € F. Then inequality (4.130) holds and the minimization problem
f(z) — min,, z € C is strongly well-posed. Denote by x¢ its unique solution.
In view of (4.130) x is an interior point of C. This completes the proof of
Theorem 4.23.
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4.13 Generic existence of solutions for problems with
constraints

In this section we consider a class of minimization problems with a functional
constraint on a complete metric space and a class of minimization problems
with a nonfunctional constraint on a Banach space. For these two classes we
show that minimization problems are generically solvable. The main results
of the section are obtained as realizations of a variational principle extending
the variational principle introduced in Section 4.1.

More precisely, we consider two classes of minimization problems. Let
(X, p) be a complete metric space and let C;(X) be the set of all lower semi-
continuous functions f : X — R! U {oc}. Denote by Cp(X) the set of all
bounded from below functions f € Cj(X).

Let n be a natural number. We study the existence of a solution of the
minimization problem

minimize f(x) subject to g;(x) <0,i=1,...,n, x € X (P3)

with f € Cp(X) and ¢; € Ci(X), ¢ = 1,...n. This is our first class of min-
imization problems. We will endow the set Cy(X) x (Ci(X))™ with an ap-
propriate complete uniformity and show that for a generic (f, (¢1,...,9n)) €
Cpi(X) x (Ci(X))™ the minimization problem (P3) has a unique solution. We
also show that an analogous result holds for the subspace of all continuous
functions (f, (g1,---,9n)) € Cui(X) x (C1(X))™.

Now we describe the second class of minimization problems.

Let (X,]||-||) be a Banach space. Denote by £ the set of all bounded from
below lower semicontinuous functions f : X — R!. Let S(X) be the set of
all nonempty closed convex subsets of X. The spaces £ and S(X) will be
equipped with appropriate complete uniformities. We consider the following
minimization problem:

minimize f(z) subject to z € A (P4)

where A € S(X) and f € £. We show that for a generic pair (f, A) € £Lx5(X)
the minimization problem (P4) has a unique solution. Note that in Sections
4.7 and 4.8 the generic existence of solutions of the problem (P4) was studied
for pairs (f, A) with a continuous function f and a closed nonempty set A.

In the next section we discuss a general variational principle which is a
generalization of the variational principle obtained in Section 4.1. Our generic
existence results will be obtained as realizations of this principle.

4.14 An auxiliary variational principle

For each function f: Y — [—o00,00] where Y is a nonempty set we define
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dom(f) ={y €Y : —oo < f(y) < oo}, inf(f) =inf{f(y): y €Y}

We use the notation and definitions introduced in Section 4.1.

We usually consider topological spaces with two topologies where one is
weaker than the other. (Note that they may coincide.) We refer to them as
the weak and the strong topologies, respectively. If (X, d) is a metric space
with a metric d and Y C X, then usually Y is also endowed with the metric
d (unless another metric is introduced in Y'). Assume that X; and X, are
topological spaces and that each of them is endowed with a weak and a strong
topology. Then for the product X7 x X5 we also introduce a pair of topologies:
a weak topology which is the product of the weak topologies of X; and X5
and a strong topology which is the product of the strong topologies of X3
and X5. If Y C X;, then we consider the topological subspace Y with the
relative weak and strong topologies (unless other topologies are introduced).
If (X;,d;), i = 1,2 are metric spaces with the metrics dy and ds, respectively,
then the space X7 x X5 is endowed with the metric d defined by

d((z1,x2), (Y1, y2)) = di(z1,91) + do(x2,y2), (xi,y:) € X xY, i =1,2.

The proofs of our generic existence results consist in verifying that the hy-
potheses (H1) (see Section 4.1) hold for corresponding data spaces. To simplify
the verification of (H1) in this section we describe the assumptions A (i)—A(iv)
introduced in [105]. In [105] we showed that they imply (H1). Thus to verify
(H1) we need to show that the assumptions A(i)—-A(iv) are valid.

Let (X, p) be a metric space with the topology generated by the metric
p and let (Ay,dy), (Az,d>) be metric spaces. For the space A; (i = 1,2)
we consider the topology generated by the metric d;. This topology is called
the strong topology. In addition to the strong topology we consider a weak
topology on A;, 1 =1,2.

Assume that with every a € A; a lower semicontinuous function ¢, : X —
R'U{oo} is associated and with every a € Ay a set S, C X is associated. For
each a = (a1,az2) € Ay X Az define f, : X — R' U {oo} by

fa(x) = ¢g, (z) for all z € S,,, fo(r) =occforall z € X\ S,,. (4.131)

Denote by A the closure of the set {a € A; x Az : inf(f,) < oo} in the space
A; x As with the strong topology. We assume that A is nonempty.

We use the following hypotheses introduced in [105]:

A(i) For each a; € Ay, inf(¢,,) > —oo and for each a € A; x Ay the
function f, is lower semicontinuous.

A(ii) For each a € A; and each D, e > 0 there is a neighborhood U of a in
A; with the weak topology such that for each b € U and each z € X satisfying
min{¢, (), ¢p(z)} < D the relation |¢q(x) — ¢p(x)| < € holds.

A(iii) For each v € (0,1) there exist positive numbers €(y) and §(v) such
that €(y),d(y) — 0 as 7 — 0 and the following property holds:

For each v € (0,1), each a € Ay, each nonempty set ¥ C X and each
Z €Y for which
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0a(Z) <inf{py(2): 2€ Y} +(y) < 00 (4.132)
there is @ € Ay such that the following conditions hold:
di(a,a) < €(v), ¢a(z) = ¢a(2), 2z € X, ¢a(T) < ¢a(Z) +0(7);  (4.133)
for each y € Y satisfying
baly) < inf{a(z): 2 €Y} +26(7) (4.134)

the inequality p(y, ) < ~ is valid.

A(iv) For each a = (a1,a2) € Ay x Az satisfying inf(f,) < oo and each
€,0 > 0 there exist a2 € Ag, T € Sz, and an open set U in A, with the weak
topology such that

d2(a2,a2) <e UN {b c A, : dg(b, ag) < 6} 7é @, (4135)
Gu, (%) < inf{u, () : 2 € Sa,} +6 < 00 (4.136)

and
Z €Sy C Sy, forallbeld. (4.137)

Assume that A(iii) holds. We show that the numbers €(vy) and §(vy) can be
chosen such that 0 < 6(y) < e(y) < 7.

Let e(y) and (%), v € (0,1) be as guaranteed by A(iii). Assume that
~v € (0,1). Since lim; g e(t) = 0 and lim;_,o () = 0 there exist v; € (0,7)
and 7o € (0,71) such that e(y1) < v and €(79),0(70) < €(71). Set &(y) = e(71)
and d(y) = 0(7y0). Clearly o(y) < €(v) < 7.

Assume that a € A;, Y is a nonempty subset of X and z € Y satisfies
$a (%) < inf{pa(2): 2 € Y} +6(y) < oo. By A(iii) and the equality 6(y) =
0(70) there exists a € A; such that the following conditions hold:

di(a,a) < €(y0) < €e(m) =€(7), ¢al2) = ¢a(2), 2 € X,
¢a(Z) < ¢a(@) +8(70) = $a(T) +(7);
for each y € Y satisfying
da(y) <inf{ga(z) : z€ Y} +25(y0)

the inequality p(y, ) < vo < 7y is valid. Therefore A(iii) holds with e(vy) = €(v)
and 6(7) = 6(7).

Proposition 4.29. Assume that A(i)-A(iv) hold. Then (H1) holds for the
space A.

Proof. Let a = (a1,a2) € Aand let €,y > 0. We may assume that inf(f,) < oco.
Choose a positive number

70 < 8 ' min{1,e, v} (4.138)
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Let €(70), d(70) > 0 be as guaranteed by A(iii) (namely, A(iii) is true with
¥ =, €(7) = €(70), 6(7) = d(70)). Choose

81 € (0,47 16(70)). (4.139)

By A(iv) there are as € As, T € Sz, and an open nonempty set U in Ay with
the weak topology such that (4.137) holds,

dg(ag,ag) < 6(’}/0), un {b c A, dz(b, CLQ) < 6(’)/0)} 7'5 0 (4140)

and
Ga, (T) < inf{d,,(2) : 2z € Sz,} + 61 < 0. (4.141)

Tt follows from the definition of €(vy) and &(7p), A(iii) (with a; = a and
Y = S;,) and (4.341) that there is a; € A; such that

dl(a’hdl) < 6(70)’ ¢fl1 (Z) > ¢a1 (2)7 z € X, (4'142)

¢61 (i'> < ¢a1 (‘f) + 6(70)

and the following property holds:
(Pi) For each y € S, satisfying

oa, (y) < inf{pa, (2): z € Sa, } + 25(y0) (4.143)

the relation p(y,Z) < o is valid.
Let b € U. Then by the definition of U, (4.137) and (4.141),

T €8y C Sz, inf{hy, (2): 2 € Sp} < g, (T) < 0. (4.144)

We will show that the following property holds:
(Pii) If y € Sy, satisfies

$a, (y) < inf{dq, (2) : 2 € Sp} + 41, (4.145)

then
p(y, %) < o and |¢a, (y) — da, (2)] < 61+ 0(70)- (4.146)

It follows from (4.141), (4.144) and (4.142) that
Ga, (T) — 01 < inf{dg,(2) : 2z € Sz,} < inf{dy,(2): 2z € Sp} (4.147)

< inf{¢a, (2) : 2z € Sp} < ¢a,(7) < o, (T) +3(70)
<inf{dq, (2) : z € Sa, } + 1+ 6(v0).
Assume that y € S, and (4.145) is true. It follows from (4.144), (4.145),
(4.147), (4.142) and (4.139) that

Y€ S(lza ¢@1 (y) < inf{d)al (Z) P zE Saz} + 6(70) + 251
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< inf{gz, (2): z € Sa, } + 26(70).

By these relations and property (Pi), p(y,Z) < vo. (4.145), (4.147), (4.141),
(4.144) and (4.142) imply that

|0a, (y) — ¢a, ()] < 61+ 6(70)- (4.148)

Thus, (4,146) is valid. Therefore we have shown that for each b € U relation
(4.144) and property (Pii) hold. Choose a number

D > |inf(da, )| + 1+ |¢a, (7). (4.149)

By (A2) there exists an open neighborhood V of a; in A; with the weak
topology such that the following property holds:

(Piii) For each b € V and each z € X for which min{¢y(z), ¢z, ()} < D+2
the relation |¢g, (z) — ¢p(x)| < 4714 is true.

Property (Piii) and (4.149) imply that for each b € V,

|66 () — ¢a, (Z)| < 47"61, inf(dy) < ¢3(Z) < D. (4.150)
Now we will show that (H1) is true with the open set W =V x U, = = Z,
a = ¢g, (%) and n = 4716;.
Assume that b = (b1,b2) € V x U. By (4.150) and (4.144)
T € Sy, Inf(fp) = inf{p, (2) : 2 € Sp,} < o, (T) < 0. (4.151)
Assume now that z € X and f,(z) <inf(f) + 4716;. Then
2 € Sy, ¢, (2) <inf{y, (y): y € Sy, } +47101. (4.152)
By (4.151), (4.150) and (4.149),
inf{ep, (y) : Y € Sp,} < 0, () < D, inf{ha, () : y € S, } < ¢a, () < D.
These inequalities imply that
inf{@y, (y) : y € Sp,} = inf{¢s, (y) : y € Sp, and ¢y, (y) < D + 1}
and
inf{¢a, (y) : ¥ € Sp,} = Inf{¢a, (y) : ¥ € Sp, and ¢q,(y) < D + 1}.
It follows from these two relations and property (Piii) that
[inf{¢s, (y) : y € Sp,} — inf{Pa, (y) : y € Sp,}| <4741 (4.153)
(4.153), (4.152), (4.151), (4.149) and property (Piii) imply that

|¢a, (2) — ¢, (2)] < 47104, (4.154)
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ba, (z) < inf{(bﬁl (y) HNAS sz} + 01. (4155)
It follows from (4.155), (4.152) and property (Pii) that
p(z,2) <70 and |¢g, (2) — ¢a, ()| < 61+ 6(0)- (4.156)

Together with (4.154), (4.139) and the definition of §(vy) this implies that

|, (2) = da, (Z)] < 26(70) <270 <7

This completes the proof of Proposition 4.29.
Note that Proposition 4.29 was proved in [105].

Remark 4.530. In the proof of Proposition 4.29 for any a = (a1, a2) € A; x Ay
satisfying inf(f,) < oo and any € > 0 we constructed an open set V in .4; with
the weak topology and an open set U in Ay with the weak topology which
satisfy

vN{be Ay : di(byar) <e} #Pand UN{be€ Ay : da(b,az) < e} #D

and such that inf(f,) < oo for each b = (b1,b2) € V x U. This implies that
there exists an open set F in A; x Ay with the weak topology such that
inf(f,) < oo for all a € F and A is the closure of F in the space A; x Ay with
the strong topology.

4.15 The generic existence result for problem (P3)

Let (X, p) be a complete metric space. Consider the spaces of functions C;(X)
and Cp(X) introduced in Section 4.13. We use the convention that co—oo = 0.
Denote by C(X) the set of all continuous real-valued functions f € C;(X) and
set Cp(X) = C(X) N Cp(X). We will equip the set C;(X) with a strong and
a weak topology.

For the set C;(X) we consider the uniformity determined by the following
base:

Es(e) ={(g,h) € C1(X) x Cy(X) : |g(z) — h(x)| < e for all z € X and
(4.157)

(9(z) = h(x)) = (9(y) — h(y))| < ep(x,y) for each z,y € dom(g)},

where € > 0. Clearly this uniform space C;(X) is metrizable (by a metric d)
and complete. We endow the set C;(X) with the strong topology induced by
this uniformity.

Now we equip the set C;(X) with a weak topology. For each ¢ > 0 we set

Bul) = {(g,h) € Cu(X) x Ci(X) : (4.158)

lg(z) — h(z)] < € + emax{|g(z)|, |h(x)|} for all z € X}.
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We can show in a straightforward manner that for the set C;(X) there exists a
uniformity which is determined by the base E,,(¢), € > 0. It is easy to see that
this uniformity is metrizable (by a metric d,,) and complete. This uniformity
induces in Cj(X) the weak topology. Clearly C(X), Cp(X) and Cy(X) are
closed subsets of C;(X) with the strong topology.

Now we define the spaces A; and As. Let A; be either Cp(X) or Cy(X)
and let Ay = Cf x -+ x C where Cf, i = 1,...,n is one of the following
spaces: Cj(X); C(X); Cu(X); Cp(X). For a € A; we set ¢, = a and for
g=1(91,...,92) € Az we set

Sg={reX: g(z)<0,i=1,...,n}. (4.159)
For a = (a1, as) € A; x Az we define a function f, : X — R' U {co} by
fa(@) = ¢a, () = a1(x), ® € Say, falr) =00, € X\ Sq,. (4.160)

Denote by A the closure of the set {a € A x Ay : inf(f,) < oo} in the space
Ay x Ay with the strong topology.

Theorem 4.31. The minimization problem for f, is well-posed with respect
to A for a generic a € A.

Note that Theorem 4.31 has been obtained in [111].

4.16 Proof of Theorem 4.31

In the proof of Theorem 4.31 we use the following lemma which can be proved
in a straightforward manner.

Lemma 4.32. Let a,b € R, e € (0,1), A >0 and
la —b] < (14 A)e + emax{|al, |b|}.
Then
la—b < (1+A)(e+e(1—e)7") +e(l— ) min{lal, [B]}.

Proof of Theorem 4.31: We need to show that (H1) holds. In view of Propo-
sition 4.29 it is sufficient to show that assumptions A(i)-A(iv) are valid. It is
easy to see that A(i) holds. We show that A(ii) is true.
Let f € Ay C Cyp(X) and let D, e be positive numbers. There exists cg > 0
such that
flx) > —¢p for all x € X. (4.161)

Fix ¢y > 0 such that

eo(D + 2¢o +4) < min{1, €} (4.162)
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and e; > 0 for which
4(61 + 61(1 — 61)_1) < €. (4163)

Put
U={geC(X): (f.9) € Bu(er)}

(see (4.158)).
Assume that

g€eU, z e X and min{f(z),g(z)} < D. (4.164)
It follows from the definition of &/ and (4.158) that
1f(2) = 9(2)| < ex + exmax{|f(2)],[9(2)[}, 2z € X.
By this relation, (4.163) and Lemma 4.32, for all z € X
|f(2) = 9(2)| < €0 + eomin{|f(2)], |g(2)[}

and
9(z) = f(z) — €0 — ol f(2)| = =1 — 2co. (4.165)

Relations (4.165), (4.164) and (4.162) imply that
[f(x) = g(x)] < €0 + eo[min{f(z), g(z)} + 2¢o + 2]

<€+ €0(D+2¢)+2) <e.

Therefore A(ii) holds.
We show that the assumption A(iii) is true. Let v € (0, 1). Choose numbers
€(y) >0, 5(y) > 0 and €p(y) > 0 such that

e(y) <, eoy) <e(), (4.166)

ds(g1,92) < €(7) for all (g1, g2) € Eql(eo(v)), 0(v) <8 'eo(y)>.
Assume that f € A3 C Cyp(X), Y C X is nonempty, T € Y and

f(@) <inf{f(z2): z€Y}+d(y) < . (4.167)
Define f: X — R'U{oo} by
f(z) = f(x) + eo(y) min{1, p(z,7)}, = € X. (4.168)

It is easy to see that f € Cu(X), (f,f) € Es(eo(7)) (see (4.157)) and if
f € Cy(X), then f € Cy(X). By the definition of e(7), ds(f, f) < e(v).
Evidently, f(z) > f(z), z € X and f(z) = f(2).

Assume that y € Y and

fly) <inf{f(z): 2 € Y} +25(7). (4.169)
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By (4.168), (4.169), (4.167) and (4.166),
fy) + eo(y) min{1, p(y,2)} = f(y) < f(T) +20()

= f(@) +26(v) < f(y) +30(7),
min{1, p(y,Z)} < 36(y)eo(7) ™! < (), p(y,Z) < e0(7) <7

Hence A(iii) is true.

Now we will show that A(iv) is valid. Let fy € Ay C Cpi(X), (f1,...,fn) €
Aay a = (fo,(f1,--+, fn)), Inf(fa) < oo and let €,6 € (0,1). There exists a
positive number €y < € such that dg(hy, ha) < €(2n)~* for all (hy, he) € Es(eo).

For each r € [0,1] define f/(z) = fi(x) —r,z € X,i=1,...,n and

v(r) =inf{fo(z): x € X and f](z) <0,i=1,...,n} (4.170)

=inf{fo(z): v € X and fi(x) <7, i=1,...,n}.

Tt is easy to see that v(r) is finite for all r € [0, 1] and moreover v is monotone
decreasing. There exists a countable set o9 C [0, 1] such that v is continuous at
any r € [0,1]\ 09. Fix a positive number ry < 8 !¢y such that v is continuous
at rg. There exists a positive number r; < rg such that

lv(r1) — v(ro)| < 16716. (4.171)
There exists z € X such that
@) =fi(z)—-m <0,i=1,...,n, (4.172)
fo(Z) <inf{fo(2): z€ X and f/*(2) <0, i=1,...,n} +167'4.
Set
r2=(ro+71)/2, G2 = (f{°,.... fi°), b= (1" ... [?)- (4.173)

Fix

o € (0,min{4715, 8 (rg —r2)}). (4.174)
Lemma 4.32 and (4.158) imply that for integers ¢ = 1,...,n there is a neigh-
borhood V; of f;? in the space C;(X) with the weak topology such that the

following property holds:
(P) for each g € V;,

lg(z) — f2(z)| < do + domin{|g(z)|,|f;?*(x)|} for all x € X. (4.175)

Set U =V; x -+ x V,,. To complete the proof of A(iv) we need to show that
for all (g1,...,9n) €U

ze{reX: gi(x)<0,i=1,...,.n}C{z e X: f°(x)<0,i=1,...,n}
(4.176)
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Assume that (¢1,...,9,) € U, x € X and g;(x) <0, ¢ =1,...,n. Let
ie{l,...,n}. We show that f;°(x) < 0. Let us assume the contrary. Then

gi(x) <0, fi(x) >ro, f{*(x) >rg—r2=2""(rg —11) (4.177)
and (4.177), (4.175) and (4.174) imply that
lgi(z) — fi?(z)| < do + do min{—gi(x), f;*(z)},

gi(il}) > —50+f;2(x)(1—50) 2 2_1(T0—T1)(1—50)—6O 2 4_1(7’0—7“1)—50 > 0.

The obtained contradiction proves that f;/°(z) <0, =1,...,n. Assume that
(g15---,9n) € U. We now show that ¢;(Z) <0,i=1,...,n.Leti € {1,...,n}.
Tt follows from (4.172) that

0> f'(2) = fi(@) —r1 = f?(Z) +r2— 7
= f2(@) + 27 (ro = ), f2(7) < =27 (ro — ).
It follows from this relation, (4.175) and (4.174) that
19:(%) = [i*(Z)] < 8o + S0l f7*(Z)], 9:(2) < 0o + f*(T)(1 = do) <
S0 — 27 (rg — 1) (1 — dg) < bg — 47 (rg — 1) < 0.

Therefore (4.176) is valid. This completes the proof of A(iv) and Theorem
4.31.

4.17 The generic existence result for problem (P4)

Let (X, ||-]|) be a Banach space. Consider the set £ of all bounded from below
lower semicontinuous functions f : X — R! and the set S(X) of all nonempty
closed convex subsets of X introduced in Section 4.13.

For the set £ we consider the uniformity determined by the following base:

Es(e) ={(f,9) e LxL: [f(x) —g(z)| <€ z € X}, (4.178)

where € is a positive number. It is easy to see that this uniform space is
metrizable (by a metric hs) and complete. We equip the set £ with the strong
topology induced by the metric hg.

Let ¢ : X — R! and ¢(x) — oo as ||z|| — oo. Define

L(p)={feLl: f(z)>o(x) for all z € X}. (4.179)

Evidently, £(¢) is a closed subset of £ with the strong topology. For the set
L we also consider the uniformity determined by the following base:

Eu(n) ={(f.g) € Lx L |f(x) —g(z)] <n”"
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for all z € X satisfying ||z|| < n}, (4.180)

where n = 1,2,.... Evidently, this uniform space is metrizable (by a metric
h.w). We equip the set £ with the weak topology induced by this uniformity.
For x € X and A C X set

p(z, A) = inf{[|z —y|| : y € A}.
For the set S(X) we consider the uniformity determined by the following base:
Gn)={(A,B) € S(X)x S(X): p(x,B)<n 'forallz € A  (4.181)

and p(y, A) <n *forally € B}, n=1,2,....

It is well known that the space S(X) with this uniformity is metrizable (by a
metric H) and complete. We consider the set S(X) endowed with the Haus-
dorff topology induced by this uniformity.

For each a € L we set ¢, = a : X — R! and for each a € S(X) set
S, =a C X. For each a = (a1, a2) € L x S(X) define f, : X — R*U{co} by

fa(x) = a1(x), x € ag, fo(z) =00, z € X\ as.

It is easy to see that inf(f,) is finite for all a € £ x S(X).

Now we describe spaces A, A; and Ay. Let A; = £(¢) and let Ay = S(X).
The set A; x Ay is endowed with a weak and a strong topology. The weak
topology is the product of the weak topology of A; and the topology of As
and the strong topology is the product of the strong topology of A; and the
topology of As. Set A = A; x As.

We prove the following result.

Theorem 4.33. The minimization problem for f, is well-posed with respect

to A= L(p) x S(X) for a generic a € A.

We now extend Theorem 4.33 to the space of cost functions L. Let A; = £
with the strong topology induced by the metric hs and let Ay = S(X) with
the Hausdorff topology induced by the metric H. The set A; x As is endowed
with a topology which is the product of these topologies. Set A = A; x As.

Theorem 4.34. The minimization problem for f, is well-posed with respect
to A= L x S(X) for a generic a € A.

Since the proof of Theorem 4.34 is analogous to that of Theorem 4.33 we
omit it.
Note that Theorem 4.33 has been obtained in [111].
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4.18 Proof of Theorem 4.33

In the proof of Theorem 4.33 we use the following auxiliary result.

Proposition 4.35. Let (Y, || - ||) be a Banach space and let B(0,1) = {y €
Y ||lyl| < 1}. Assume that E is a closed convex subset of Y such that for all
y € B(0,1)

inf ||y —zf| <87

Inf |ly -zl <8

Then 0 € E.

Proof: Let us assume the contrary. Then there exists a linear continuous func-
tional [ : Y — R! for which ||I|| =1 and

inf{l(y): ye€ E} > 0.

There exists yo € B(0,1) such that [(—yo) > 1 — 8~ L. There exists y; € E
such that ||yo — y1|| < 471, Then

U(y1) = Uyo) + Uy1 — yo) < U(yo) + ly1 — wol| <
87 =1+ |lyr — ol < —14+87 1 +471 <271,
a contradiction. The obtained contradiction proves Proposition 4.35.

Proof of Theorem 4.33: We need to verify that (H1) holds (see Section 4.1).
In view of Proposition 4.29 it is sufficient to verify that A(i)-A(iv) are true.
Tt is easy to see that A(i) holds. Let f € A; and let D, € be positive numbers.
There exists an integer ng > 1 such that

¢(x) > D+ 4 for all z € X satisfying ||z|| > no.
Fix an integer ny > ng +4 + ¢! and put

U={geAr: (f,9) € Eu(ni)}.

Assume that g € U, z € X and min{g(x), f(x)} < D. Then ||z|| < ng and in
view of the definition of &,(ny), |f(z) — g(z)] < n;' < e. Thus A(ii) holds.
Using the same arguments as in the proof of Theorem 4.31 we can show that
A(iii) holds.

We show that the assumption A(iv) is valid. Let g € A1 = L(¢), aa = C €
5(X), a = (g,0),

inf(f,) =inf{g(z): € C} < x (4.182)

and let €, be positive numbers. We may assume that ¢,d < 1. There exists
an integer ng > 1 such that

no > 8max{e ', 07}, H(A, B) <8 !¢ for each (A, B) € G(ng) (4.183)
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and
[|z]] < ng/2 for each x € X satisfying g(z) < |inf(f,)| + 4. (4.184)
For each r € [0,1] define
Cr={xeX: px,r) <r}eSX) (4.185)

and
v(r) = inf{g(z) : =z € C,}. (4.186)

Clearly v(r) is finite for all r € [0, 1] and the function v is monotone decreasing.
There exists a countable set oo C [0,1] such that v is continuous at any
r € 10,1] \ oo. Fix a positive number 79 < (8ng)~! such that v is continuous
at rg. There exists a positive number r; < rg such that

lv(r1) — v(rg)| < 16716. (4.187)

Put
ro = 2"1(ry + 7). (4.188)

There exists £ € X for which
z€C,, g() <inf{g(x): z € C. }+16716. (4.189)

Put ~
Cr,, b=C4,. (4.190)

Ql
(V)
Il

Fix an integer
ny > ng + 32(7“0 — Tl)_l

and put
U={BeS(X): (B,C,) €G(n)}. (4.191)

Clearly, (C,C,.) € G(ng), i = 0,1,2. In view of (4.183), H(C,C,,) < 87 ¢,
i=0,1,2. It follows from (4.189), (4.187) and (4.186) that

g(Z) <v(r1) +16716 < w(rp) +8710.
Therefore in order to complete the proof of A(iv) we need to show that
zeBCC,, forall Bel. (4.192)

Let
Belu (4.193)

and y € B. There exists z € C,,, such that ||z —y|| < ny'. Since p(z,C) < ro
we obtain that p(y,C) < 7o +n7' < ro (see (4.191)). Thus y € C,, and
B C C,,. We show that Z € B. (4.189) and (4.185) imply that

{T+2: 2€Xand |]z]| <27 (rg — 1)} C Oy,
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and
{zeX: ||z||<27ro—m1)} CCpy — 7. (4.194)

By (4.191),
(Cr, —z,B—7) € G(ny).

Combined with (4.194) and Proposition 4.35 this implies that 0 € B — Z.
Hence (4.192) holds and A(iv) is valid. This completes the proof of Theorem
4.33.

4.19 Well-posedness of a class of minimization problems

In this section we consider classes of mathematical programming problems on
a complete metric space X which are identified with complete metric spaces
of lower semicontinuous objective functions on the space X. We show that
for any of these spaces of functions there exists an open everywhere dense
subset F such that for each objective function f belonging to F there exists
a neighborhood of f such that all the minimization problems with objective
functions belonging to this neighborhood possess the same unique solution.
Let (X, p) be a complete metric space. For each function f : X — R'U{oo}
set
inf(f) =inf{f(z): z € X} (4.195)

and
dom(f)={z€ X : f(z) < o0} (4.196)

We use the convention that co — oo = 0, oo/co = 1 and that the infimum over
an empty set is co. For each z € X and each r > 0 set

B(z,r)={ye X : p(z,y) <r}. (4.197)

We study classes of minimization problems on X which are identified with
complete metric spaces of lower semicontinuous objective functions f : X —
R! U {oc}. We show that for any of these spaces of functions there exists an
open everywhere dense subset F such that each f € F possesses the following
property:

There exist a neighborhood U of f, z € X and a number v > 0 such that
for each g € U the corresponding minimization problem with the objective
function g possesses a unique solution Z and moreover, if z € X satisfies
9(z) < inf(g) + /2, then g(z) — g(Z) = vp(z, ).

In particular, this result implies that most of the minimization problems
(in the Baire category sense) possess sharp minima [17, 77].

Let # € X and ¢ : X — R' be a bounded from below function such that

lim  ¢(x) = oo. (4.198)

p(z,0)—o00
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Denote by M the set of all lower semicontinuous bounded from below func-
tions f : X — R'U{oo} which are not identically co and denote by M(®) the
set of all functions f € M such that

f(z) > é(x) for all z € X. (4.199)

Denote by M, (respectively, M., My, ML, Mpr, M) the set of all finite-
valued (respectively, finite-valued continuous, finite-valued uniformly contin-
uous on all bounded sets, finite-valued locally Lipschitzian, finite-valued Lip-
schitzian on all bounded sets, finite-valued and Lipschitzian) functions. Put

Mgaﬁ) = M N M,, Mgaﬁ) =M N M., Mgﬁ) = M? N My, (4.200)

M = MDA My, MD = MDA My, M = M@ A M. (4.201)

If X is a convex closed subset of a Banach space with a norm || - ||, then we
suppose that p(z,y) = ||z —y||, x,y € X, denote by M., the set of all convex
functions f € M and set

Mgﬁ% = Mecon N M(¢), Méf%v = Mgﬁ NM,, Mg(gv)zc = Mfgn nMe,

Mcon auc Mfgn N MUC’ Mcon AL T M?c)m N MlL7
MO A My, MPD = M) A M, (4.202)

(#)
M con con

con, bL —

Let f,g € M. If dom(f) #dom(g) set dy(f,g) = co. If dom(f) =dom(g)

set

ds(f,g) = sup{|f(z) — g(z)| : @ € dom(f)}+ (4.203)
sup{|(f — g)(z1) — (f — 9)(@2)|p(x1,22) " : z1,22 € X and z1 # 21}

Put
ds(f.g9) = ds(f,9)(ds(f,9) +1)7 (4.204)

) =
It is easy to see that (M, d;) is a complete metric space and My, M., My,
M, My, M, M@ MO MDD m2) MlL , ngz), M(L¢) are closed
subsets of (M, ds). .
Let f,g € M. If dom(f) # dom(g) set dy,(f,g) = 1. If dom(f) = dom(g)
set

dwo(f,g) =sup{|f(z) — g(z)| : = € dom (f)}, (4.205)
fori=1,2,... set
dui(f,9) = sup{|(f = 9)(z1) = (f = g)(@2)|p(z1,22) "
x1,x2 € B(0,1) Ndom(f) and x1 # x2}. (4.206)
Finally set
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du(£,9) =27 " dui(£,9) (1 + dui(f,9)) " (4.207)
i=0

Clearly, (M, d,,) is a metric space and for each pair f,g € M the inequality

dw(f,9) < ds(f,g) holds.
We prove the following two results.

Theorem 4.36. Let A be one of the following spaces: M, M,, M., My,
M, Myp, My, MO, MO MO MED, MDD MDD M.

Assume that f € A andr € (0,1). Then there exist f € A and T € X such
that for each g € A satisfying ds(f,g) < 2-(16)2r we have:

ds(f,g9) <r;if v € X satisfies g(x) < inf(g) + (4-16)~"1r, then

g(x) — g(&) = (32) " 'rp(x, 2).

Theorem 4.37. Let A be one of the following spaces: M, M,,, M., My,
Mz, Mor, M, MO, M, MO, M), M, M), MEP.

Then there exists an open (in the topology induced by the metric d,,) ev-
erywhere dense (in the topology induced by the metric ds) subset B C A such
that the following property holds:

For each f € B there exist v > 0, x5 € X and a neighborhood U of f in
(A,dy) such that if g € U and if x € X satisfies g(x) < inf(g) + v/2, then

g(x) —g(xs) > yp(z,z5). (4.208)

Let f,g € M@ If dom(f) #dom(g), set dy(f,g) = 1. If dom(f) =
dom(g), then for ¢ = 1,2,... put

dg.i(f,9) = supf|f(z) —g(x)| : € B(6,4) Ndom(f)} +

sup{|(f — g)(x1) — (f = g)(a2) p(a1,22) 7"

x1,22 € B(0,1) N dom (f) andxy # 21} (4.209)

and set -
do(f,9) =Y 27 dgi(f,9)(dgi(f,9) +1)7". (4.210)

i=1

It is not difficult to see that (M(#) d,) is a complete metric space and M,
M, M, M MD ML, M, Moy MED e, ME) 1 M),
are closed subsets of (M(®) dy).

We prove the following result.

Theorem 4.38. Let A be one of the following spaces: M®) MS@, Mﬁd’),
[ @ [ [ @ [ [ [ [
MG, MDD ML, M, MDDy MED, e, M) M@ and

con,lL’ con,b
let k > 0. Then there exists an open everywhere dense subset B of the space

(A, dg) such that the following property holds:
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For each f € B there exist a positive number vy, x5 € X and a neighborhood
U of fin (A,dy) such that if g €U and if x € X satisfies g(x) < inf(g) + k,
then

g(x) = glag) = yp(x, zy).
Note that the results of this section have been obtained in [135].

4.20 Auxiliary results for Theorems 4.36 and 4.37

Let A be one of the following spaces: M, M,, M., My., M., Mpr,, Mp,
MO, M, MDD, MO MO, D
Let f € A,
xy € dom(f) and f(zy) = inf(f). (4.211)

For each v € (0,1) set
f4(2) = f(2) + ymin{p(z,xs), 1} for all z € X. (4.212)
It is not difficult to see that the following result holds.

Lemma 4.39. Let v € (0,1). Then f, € A, dom(f,) = dom(f), |fy(z) —
f(2)] <~ for each z € dom(f), and for each pair z1,z9 € dom(f),

[(fy = N)(z1) = (fy = F)(z2)] < vp(21, 22).
Lemma 4.40. Let v € (0,1) and = € X satisfy
fy(x) <inf(fy) + 7. (4.213)

Then p(z, ) <~ (fy(z) —inf(fy)) < 1.
Proof: Tt is casy to see that

inf(fy) = inf(f) = f(zy). (4.214)
(4.213) and (4.214) imply that z € dom(f). By (4.212) and (4.213),

f(@) +ymin{p(z,z5), 1} = f(z) <inf(f) +7,

plz,zy) < 1. (4.215)
It follows from (4.212), (4.214) and (4.215) that

fy(@) —inf(fy) = f(x) +yple, wp) —inf(fy) = y(z, 25),

p(x,xp) <77 (f(2) — inf(fy)).
This completes the proof of Lemma 4.40.
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Lemma 4.41. Let v € (0,1), g € A,
dom(f) = dom(g), |fy(2) — g(2)| < /4 for all z € dom(f)

and let for each z1,z2 € dom(f)
[(fy = 9)(z1) = (fy = 9)(22)| < 27 9p(21, 22).
Assume that x € X satisfies
9(x) < inf(g) + /4.
Then g(x) — g(zg) = (v/2)p(x, z¢).
Proof: In view of (4.216),
|inf(g) —inf(f,)] < ~/4.
By (4.216), (4.218) and (4.219),

y(x) < g(z) +~/4 <inf(g) + /2 < inf(fy) + (3/4)7.

Combined with Lemma 4.40 this implies that
p(z,2p) < 1,
plz,xyf) < W_I(f”/(x) —inf(f,)).
It follows from (4.216)—(4.218) that
(fy = 9)(@) = (fy = 9)(zp)| < 27 vp(z, ).
This relation, (4.220), (4.212) and (4.211) imply that

9(x) — gzg) > fo(x) = fy(xf) —vp(m,26)27"

> p(@,xp) =27 yp(, ap) > 27 yp(@, ay).
This completes the proof of Lemma 4.41.
Lemma 4.42. Assume that

n>p(xy,0)+1,
7€(0,1), g€ A,
dom(f) = dom(g), [f+(z) — g(2)| < ~/4 for all z € dom(f)

and that for each z1,z2 € dom(f) N B(6,n)

[(fy = 9)(21) = (fy = 9)(22)] < 27 yp(21, 22).

Let x € X satisfy
g(z) <inf(g) +~/4.

Then g(x) — g(xy) > 27 yp(a, xy).
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Proof: It follows from (4.222) that | inf(g) —inf(f,)| < /4. By this inequality,
(4.224) and (4.222),

fy(@) < g(x) +~/4 < inf(g) + /2 < inf(f,) + (3/4).

This inequality and Lemma 4.40 imply that

p(x,xp) < 1and p(z,2,) <y (f,(x) —inf(f,)). (4.225)
In view of (4.225) and (4.221),

p(x,0) < p(x,zy) + p(zy,0) < n. (4.226)
It follows from (4.221)—(4.224) and (4.226) that
1y = 9)(@) — (- 9)(w )] < ol )2
Together with (4.225) this implies that
g(@) = g(xg) > fy (@) = fy () —vp(x,5)/2 > yp(a,ap) — 27 yp(a, o)

=2"yp(z, 24).
This completes the proof of Lemma 4.42.

4.21 Auxiliary results for Theorem 4.38

Let A be one of the following spaces M) M(¢) Mw) /\/luc , /\/llL , Mde)),

M(¢) C¢O)’27,7 Mcon vy M((Z(gzl,C7 MCOTL ucH MS:ZBZL,IL’ Mcon bL>° M
Let n,k > 0. In view of (4.198) there is ny > 4 such that

con,L"

¢(z) > n+k +4 for each z € X satisfying p(z,0) > n; — 4. (4.227)

Assume that

feA mf(f) <n, zy € dom(f), f(zy) = inf(f). (4.228)
For each v € (0,1) put
f(2) = f(2) +vp(z,2¢), 2 € X. (4.229)

Lemma 4.43. Let v € (0,1). Then f, € A, dom(f,) = dom(f) and for each
z € dom(f)NB(6,n1)

[f1(2) = f(2)] < 2yma.
Proof: It is easy to see that f, € A and dom(f) = dom(f,). Assume that

z € dom(f)NB(H,ny). Combined with (4.227)—(4.229) and (4.199) this implies
that

/() = f(2)| = vp(z,25) < vp(2,0) + vp(2,25) < 291
This completes the proof of Lemma 4.43.

It is easy to see that the following lemma holds.
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Lemma 4.44. Let v € (0,1) and z € X.Then

Fo(w) = inf(f,) = £(x) — £(eg) = 20l 7). (4.230)
Lemma 4.45. Assume that v € (0,1), g € A,
B(0,n1) N dom(g) = dom(f) N B(#,ny), (4.231)
l9(2) — fy(2)| < /4 for all z € dom(g) N B(8,n1) (4.232)
and that for each z1,z9 € dom(f) N B(6,n4)
((fy = 9)(z1) = (fy = 9)(22)| < 27" yp(21, 22). (4.233)

Let x € X satisfy
g(z) <inf(g) + k. (4.234)

Then 9(z) — 9(z5) = (1/2)p(z, 3).
Proof: (4.227) and (4.199) imply that
inf{f,(2): z€ X\ B(#,n1 —4)} >n+4+k, (4.235)
inf{g(z): z€ X\ B(@,n1 —4)} >n+k+4.
It follows from (4.228), (4.232) and (4.235) that
flag) <n, glzy) < fy(wp) +9/4<n+1 (4.236)
In view of (4.235) and (4.236),

inf(f,) = mf{f, (=) : = € B(o,ny —4)},

inf(g) = inf{g(z) : z € B(#,n1 —4)}. (4.237)
Combined with (4.232) this equality implies that
[inf(f,) — inf(g)] < /4. (4.238)

It follows from this inequality, (4.234) and (4.236) that
g(z) <inf(g) +k < g(zf)+k<n+1+k.
By this inequality, (4.199) and (4.227),
p(x,0) <ny —4. (4.239)
It follows from this inequality, (4.232), (4.234), (4.238) and (4.231) that
fy(@) < g(x) +7/4 <k +inf(g) + /4 < inf(fy) +/2 + k.
In view of Lemma 4.40,
o, 37) <7 (f (@) — inf(f). (4.240)
Relations (4.233), (4.239), (4.238) and (4.228) imply that
(s = (@) — (fy — D))l < 2 9l ).
By this inequality, (4.240), (4.229) and (4.228),
9(x) = g(zg) > fo(2) = fy(x5) =27 yp(z, ) > 27 Yypla, ).
This completes the proof of Lemma 4.45.
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4.22 Proofs of Theorems 4.36 and 4.37

Let A be one of the following spaces: M, M,, M., Myc, M, My, My,
@ ¢ ¢ ¢ @
MO MP . MP MDD, MY, MG, M.

Proposition 4.46. There exists an everywhere dense subset Ay of the metric
space (A,ds) such that for each f € Ay the problem minimize f(z) subject to
z € X has a solution.

Proof. We use the definitions and the notation introduced in Section 4.1. Set
fa = a for all a € A. Theorem 4.1 implies that in order to prove Proposition
4.46 it is sufficient to show that (H1) is valid for the space (A, d;).

Let ¢,7 € (0,1) and let f € A. Fix

5 € (0,327 'ey)
and T € X such that
f(@) <inf(f)+o0.
Define f € A by

fz) = f(z) + 47 'emin{p(z,7),1}, 2 € X

and put R -
W={ge A:dg, f) <}

Assume that g € W and that x € X satisfies
9(2) < inf(g) + .
It is easy to see that
f(2) +4 temin{p(z,7), 1} = f(2) < g(2) + 6 < inf(g) + 26

<inf(f) + 36 < f(Z) + 36 = f(Z) + 36 < f(z) + 46.

By the relations above,
p(z,T) < 166 < v

and |g(z) — inf(f)| < 36 < ~. Hence (H1) holds. Proposition 4.46 is proved.

Proof of Theorem 4.36: Put
a=(16)"2 (4.241)

Assume that
feA re(01]. (4.242)

Proposition 4.46 implies that there exist fy € A and ¢ € X such that

ds(f, fo) S ’I“/8, fo(l‘o) = lnf(fo) (4243)



4.22 Proofs of Theorems 4.36 and 4.37 169

Put
v = 16ar (4.244)
and define
f1(2) = fo(2) + ymin{p(z, x0), 1}, z € X. (4.245)
Lemma 4.39 implies that f; € A and
di(fo, f1) < 2. (4.246)

It follows from Lemma 4.41 that the following property holds:
(C1) If g € A satisfies dom(g) = dom(f1),

|f1(2) —g(2)| < /4 for all z € dom(f1),

I(f1 — 9)(21) — (f1 — 9)(22)] < 27 Yyp(21, 22) for each 21, 2o € dom(fy)
and if z € X satisfies g(z) < inf(g) + /4, then g(z) — g(zo) > 27 yp(x, z0).
Assume that g € A satisfies

ds(f1,9) < 2ar. (4.247)
Combined with (4.246), (4.243), (4.241) and (4.244) this implies that

ds(g, f) < ds(g, f1) + ds(f1, fo) +ds(fo, f1) < 2ar+2v+1/8 <r/2. (4.248)
Tt follows from (4.247), (4.204) and (4.244) that

ds(f1,9) = ds(f1,9)(1 — ds(f1,9)) " < 2ds(f1,9) < dar = /4.

By this relation, (4.203), (C1) and (4.244), the following property holds:
If » € X satisfies g(x) < inf(g) + 4ar, then g(z) — g(zo) > 8arp(x, o).

Theorem 4.36 is proved with f = f1, T = xp.

Proof of Theorem 4.37: Let f € A and r € (0,1]. Proposition 4.46 implies
that there exists fy € A and xy € X such that

A, fo) < 7/8, folws) = inf(f). (4.249)
Fix a positive number v < r/8 and define f; € A by
f1(2) = fo(2) +ymin{p(z,z¢),1}, z € X. (4.250)
It follows from (4.250), Lemma 4.39 and (4.204) that
dafi, fo) < dslfi, fo) < 29 < /4. (4.251)
By (4.251) and (4.249),
Ay(f1s ) < dulfus fo) + dylfo, £) < /4 + /8 < 1/2. (4.252)

Lemma 4.42 implies that there exists an open neighborhood U of f; in the
metric space (A, dy) such that the following property holds:

If g € Y and if x € X satisfies g(x) < inf(g) + v/4, then g(z) — g(zy) >
27 yp(z, xp).

Theorem 4.37 is proved.
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4.23 Proof of Theorem 4.38

Let A be one of the following spaces: ./\/14’)7 M MP M /\/llL , /\/lbL ,
MG, MEDh oy MDh oo MED ey MO M)

Proposition 4.47. There exists an everywhere dense subset Ay of the metric
space (A, dy) which is a countable intersection of open subsets of (A,dy) such
that for each f € Ag the problem minimize f(z) subject to z € X has a unique
solution.

Proof: In view of Theorem 4.1 in order to prove the proposition it is sufficient
to show that the following property holds:

(C2) For any f € A, any positive number e and any positive number 7
there exist a nonempty open set W in the metric space (A, dy), z € X, o € R!
and 1 > 0 such that WN{g € A: dy(f,g) < e} # 0 and that for any g € W
if z € X is such that g(z) <inf(g) + 7, then p(z,2) <~ and |g(z) — a| < 7.

Let f € A and ¢,v € (0,1). There exists a natural number ny > 4 such
that

if z € X and ¢(z) <inf(f) +4, then p(z,0) <ng—4, (4.253)
> 27 < e/a (4.254)
i:no

Fix a number §; > 0 for which

01(no+1) <e/4 (4.255)
and
6o € (0,471617). (4.256)
Choose T € X which satisfies
f(x) <inf(f) + do. (4.257)

(4.257) and (4.253) imply that
p(Z,0) <ng—4. (4.258)

Put ~
f(z) = f(2) + 01p(2,T), z € X. (4.259)

Clearly, f € A. It follows from (4.210), (4.254) and (4.255) that

(f ) <27 dua(f, )L+ dua(f, 1) + Z 2
i=1

i1=nog+1
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<Y 27 du(f, f) + /4
=1

< max{dw’i(f, f) te=1,... ,no} + 6/4 <1+ 01ng + 6/4 < €. (4260)

Fix n1 > ng + 4.
Assume that g € A,

1f(2) = 9(2)| < do, 2z € B(0,n1). (4.261)

(f = 9)(21) = (F = 9)(22)| < dop(1,22) for all 21,25 € B(0,m1).  (4.262)
Relations (4.258) and (4.261) imply that

1f(Z) = 9(Z)| < do. (4.263)

In view of (4.259) and (4.257),

inf(f)
It follows from (4.263), (4.259) and (4.257) that

f(z) = f(z) <inf(f)+ 1. (4.264)

inf(g) < g(z) < f(z) + 0o = f(%) + 6o < inf(f) + 2. (4.265)

By (4.264), (4.265) and (4.253),

inf(f) = inf{f(2): 2 € B(0,no+4)}, (4.266)
)

inf(g) = inf{g(z) : z € B(0,no+4)}.
In view of (4.266) and (4.261),

linf(f) — inf(g)| < do. (4.267)
Assume that z € X satisfies
g(z) < inf(g) + do. (4.268)
It follows from (4.199), (4.268), (4.267), (4.259) and (4.257) that
¢(2) < g(z) < inf(g) + do < inf(f)+ 280 < f(Z) + 250 < inf(f) + 3.

Combined with (4.253) this implies that p(z, 0) < ng—4. Together with (4.261)
this implies that

l9(2) = f(2)] < do. (4.269)
By (4.267)—(4.269),

f(z) < g(2) + 6o < inf(g) + 209 < inf(f) + 36.

The relation above, (4.257), (4.256) and (4.259) imply that
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f(z) +01p(z,2) = f(z) <inf(f) + 360 < f(Z) + 3d0 = f(Z) + 3do
p(z, ) < 46007 < 7.

It follows from (4.269), (4.270) and (4.256) that

19(2) = f(@)] < 0o +[f(2) = f(2)] < 4do < .
Thus (C2) holds and this completes the proof of Proposition 4.47.

Proof of Theorem 4.38: Let f € A and r € (0,1]. Proposition 4.47 implies
that there exists () € A and z; € X such that

do(f, fO) <r/4, fO(zs) = inf(F). (4.271)

For each v € (0,1) put
FO%) = fOz) +yp(z,74), 2 € X.

It is easy to see that f, € Aforally € (0,1) and dy( S,O), fO)y - 0asy — 0t.
There exists v € (0,1) such that dg( 50), f©) < r/4. Combined with (4.271)
this implies that dg(f, 50)) <r/2.

It follows from Lemma 4.45 that there exists a neighborhood U of f.so) in
(A, dg) such that for each g € U the following property holds:

if x € X satisfies g(x) < inf(g) + k, then g(x) — g(zs) > 27 \yp(x, ).

Therefore Theorem 4.38 is proved.

4.24 Generic well-posedness for a class of equilibrium
problems

The study of equilibrium problems has recently been a rapidly growing area of
research. See, for example, [13, 19, 65] and the references mentioned therein.

Let (X, p) be a complete metric space. In this section we consider the
following equilibrium problem:

To find z € X such that f(z,y) >0 for all y € X (P)

where f belongs to a complete metric space of functions A defined below. We
show that for most elements of this space of functions A (in the sense of Baire
category) the equilibrium problem (P) possesses a unique solution. In other
words, the problem (P) possesses a unique solution for a generic (typical)
element of A.

Set

p1((x1, 1), (z2,92)) = p(x1, 22) + p(Y1,Y2), T1,22,y1,Y2 € X.
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Clearly, (X x X, p1) is a complete metric space.
Denote by Ag the set of all continuous functions f : X x X — R! such
that
f(z,z) =0 for all x € X. (4.272)

We equip the set Ay with the uniformity determined by the base
Ule) ={(f,9) € Ao x Ag: |f(z) —g(z)| <eforall z€ X x X}, (4.273)

where € is a positive number. Clearly, the space Ay with this uniformity is
metrizable (by a metric d) and complete.

Denote by A the set of all f € Ag for which the following properties hold:

(P1) For each positive number € there exists z. € X such that f(ze,y) >
—e for all z € X.

(P2) For each positive number € there exists a positive number 0 such that
|f(z,y)| < eforall z,y € X satisfying p(z,y) < 9.

Evidently, A is a closed subset of X . We equip the space A with the metric
d and consider the topological subspace A C Ay with the relative topology.

For each x € X and each subset D C X put

p(z, D) = inf{p(z,y) : y € D}.
For each x € X and each positive number r put
B(x,r)={y € X : p(z,y) <r},

B(z,r)={y € X : p(x,y) <r}.

Assume that the following property holds:
(P3) There exists a number A > 0 such that for each y € X and each pair
of real numbers t1, t5 satisfying 0 < t; < to < A there exists z € X such that

p(Z, y) € [t17t2]'
We will prove the following result.

Theorem 4.48. There exists a set F C A which is a countable intersection
of open everywhere dense subsets of A such that for each f € F the following
properties hold:

(i) There exists a unique xy € X such that

flzy,y) >0 forall z,y € X;

(i) for each positive number € there exist a positive number § and a neigh-
borhood V' of f in A such that for each h € V and each © € X satisfying
inf{h(z,y) : y € X} > —0 the inequality p(zs,x) < € holds.

In other words, for a generic (typical) f € A the problem (P) is well-posed.
Theorem 4.48 has been obtained in [138].
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4.25 An auxiliary density result

Lemma 4.49. Let f € A and € € (0,1). Then there exist fo € A and xg € X
such that (f, fo) € U(e) and f(xo,y) >0 for ally € X.

Proof: Tt follows from (P1) that there exists xg € X such that
f(zo,y) > —€/16 for all y € X. (4.274)

Put
Ey={(z,y) € X x X : f(x,y) > —€/16}, (4.275)

Ey={(z,y) e X x X)\ Er: f(z,y) > —¢/8},
E3 = (X X X) \ (E1 UEQ)
For each (y1,y2) € E; there exists a positive number 71 (y1,y2) < 1 such that

f(z1,22) > —€/14 for all 21, 25 € X satisfying

p(Zivyi) < Tl(ylvyZ)a 1= 15 2. (4276)
For each (y1,y2) € Eo there exists a positive number 71 (y1,y2) < 1 such that

f(z1,22) > —¢€/6 for all 21, 29 € X satisfying (4.277)

P(Zuyz) < Tl(ylva)a 1= 172
For each (y1,y2) € E3 there exists a positive number 71 (y1,y2) < 1 such that

f(z1,22) < —¢/8 for all 21, 29 € X satisfying

p(ZZ7yZ) S 7"1(91;?42)’ 1= 172 (4278)
For each (y1,y2) € X x X put
U(yi,y2) = B°(y1,71(y1,y2)) X B°(y2,71(y1,92))- (4.279)

For any (y1,y2) € E1 U Ey set
Gyr e (2) = max{f(2), 0}, z€ X x X (4.280)
and for any (y1,y2) € E3 set
Gyie(2) = f(2), 2 € X x X. (4.281)

It is easy to see that {U(y1,y2) : y1,y2 € X} is an open covering of X x X.
Since any metric space is paracompact there exists a continuous locally finite
partition of unity {¢g : B € B} subordinated to the covering {U(y1,y2) :
y1,y2 € X}. Namely, for any 5 € B, ¢5: X x X — [0,1] is a continuous func-

tion and there exist y1(3), y2(8) € X such that supp(¢g) C U(y1(8),y2(8))
and that
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qu,@(z):lfor all z € X x X.
peB
Define

fo(z) = Z (;55(,2)9@1(5),‘742(5))(2)7 ze X xX. (4.282)
peB

It is easy to see that fy is well-defined, continuous and satisfies

fo(z) > f(z) forall z € X x X. (4.283)
Let (z1,22) € Eq. Then
f(z1,22) > —€/16. (4.284)
Assume that 5 € B and that ¢g(z1,22) > 0. Then
(21,22) € supp(dp) C U(y1(8), y2(0))- (4.285)

If (y1(08),y2(B)) € Es, then by (4.278), (4.279) and (4.285), f(z1,22) < —€¢/8, a
contradiction (see (4.284)). Then (y1(8),y2(8)) € E1UFE> and (4.280) implies
that

gyl(ﬂ),yz(ﬂ)(zla 22) = max{f(z1, 22), 0}.

Since this equality holds for any § € B satisfying ¢(z1, z2) > 0 the equality
(4.282) implies that

fo(z1, z9) = max{f(z1, 22), 0} (4.286)

for all (z1,22) € En.
By (4.274), (4.275) and (4.286),

fo(wo,y) >0, y € X. (4.287)
It follows from (4.272), (4.280), (4.281) and (4.282) that
folz,2) =0, z € X. (4.288)

Assume that
(21, 22) € FEs. (4289)

Then (4.275) and (4.289) imply that f(z1,22) > —e/8. Combined with (4.280)
and (4.282) this implies that

fo(z1,22) < Z dp(21,22)(f(21, 22) + €/8) = f(21, 22) +¢/8.

BeB

Together with (4.283) this implies that

f(z1,22) < fo(z1,22) < f(z1,22) +€/8 (4.290)

for all (21, 22) € Es.
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Let
(21, 2’2) € Fs3 (4.291)
and assume that
b€ B, qbg(zl, Zg) > 0. (4292)
Then (4.292) implies that
(21,22) € supp(dp) C U(y1(8), y2(3)). (4.293)

Tt follows from (4.293) and the choice of U(y1(8), y2(5)) (see (4.276)—(4.279))
that

(v1(8),y2(8)) & E1
and in view of (4.277), (4.279), (4.280) and (4.281),

9y1(8)w2(8) (21, 22) < [(21,22) + €/6.

Since the inequality above holds for any 5 € B satisfying (4.292) it follows
from (4.282) that

fo(z1,22) < f(21,22) + €/6.

Combined with (4.283), (4.284) and (4.286) this implies that for all (z1,22) €
X xX

f(z1,22) < fo(z1,22) < f(21,22) + €/6. (4.294)

It follows from (4.288) that fo € Ap. By (4.287) fo possesses (P1). Since
f possesses (P2), (4.280), (4.281) and (4.282) imply that fy possesses (P2).
Therefore fo € A and Lemma 4.49 now follows from (4.287) and (4.294).

4.26 A perturbation lemma

Lemma 4.50. Let € € (0,1), f € A and let xg € X satisfy
f(xo,y) >0 for all y € X. (4.295)
Then there exist g € A and a positive number ¢ such that
g(xo,y) >0 forallye X, |(g— f)(z,y)| < €/4 for all z,y € X
and if x € X satisfies inf{g(z,y): y € X} > =0, then p(zo,x) < €/8.
Proof: Tt follows from (P2) that there exists a positive number
So < min{16 ¢, 1671 A} (4.296)
such that

|f(y,2z)| <€/16 for all y, z € X satisfying p(y, z) < 4o. (4.297)
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Put
5 =2"16. (4.298)
Define
¢(t) = la te [Oa60]a ¢(t) = Oa te [250700)7 (4299)
o(t) =2 —t5y ", t € (0,250)
and

filw,y) = —o(p(z,y))p(x,y) + (1 — ¢(p(z,9)) f(x,y), z,y € X.  (4.300)
It is easy to see that f; is continuous and
fi(z,z) =0 for all x € X.
(4.299) and (4.300) imply that
fi(z,y) = —p(z,y) for all z,y € X satisfying p(z,y) < do. (4.301)

Let z,y € X. We estimate | f(x,y) — fi(x,y)|. If p(x,y) > 200, then (4.299)
and (4.300) imply that

|fi(z,y) — fz,y)| = 0. (4.302)

Assume that
p(x,y) < 260. (4.303)

It follows from (4.296) and (4.303) that
|f(z,y)| < €/16. (4.304)
In view of (4.296), (4.299), (4.300), (4.303) and (4.304),
|f1(z,y) = flz,p)] < plz,y) + 1 f(2,y)] < 200+ €/16 < €/4.
Combined with (4.302) this implies that
[fi(z,y) — f(z,y)] < e/4 for all z,y € X. (4.305)

Assume that « € X. It follows from (P3) and (4.296) that there exists y € X
such that
ply,7) € [2 50, 60]. (4.306)

By (4.306) and (4.301),

fi(z,y) = —ply,x) < 2716,

and
inf{fi(z,2): z€ X} <2716 (4.307)

for all z € X. Put
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9(@,y) = ¢(p(x,20)) f(x,y) + (1 — ¢(p(x,20))) fr(z,y), .,y € X.  (4.308)
It is easy to see that the function g is continuous and
g(z,z) =0forall z € X. (4.309)
It follows from (4.295), (4.308) and (4.299) that
g(zo,y) = f(zo,y) >0 for all y € X.

Since the function f possesses (P2) it follows from the relation above, (4.301)
and (4.308) that g possesses the property (P2). Thus g € A.
In view of (4.299), (4.305) and (4.308) for all 2,y € X

[(f =)@ )| <[fi(z,y) = f(2,y)] < €/4.
Assume that
z € X and inf{g(z,y): y€ X} > 2715 = 4. (4.310)
If p(xo,z) > 200, then (4.299) and (4.308) imply that
g(z,y) = fi(z,y) forally € Y
and combined with (4.307) this implies that
inf{g(x,y): y€ X} <—-2715.

This inequality contradicts (4.310). The contradiction we have reached proves
that
p(xo, ) < 260 < €/8.

Lemma 4.50 is proved.

4.27 Proof of Theorem 4.48

Denote by E the set of all f € A for which there exists x € X such that
flx,y) >0 for all y € X. Lemma 4.49 implies that F is an everywhere dense
subset of A.

Let f € E and n > 1 be an integer. There exists xy € X such that

flxf,y) >0forally e X. (4.311)
Lemma 4.50 implies that there exist g¢,, € A and d¢, > 0 such that

Grn(zp,y) >0forally € X, |(gsn — f)(z,y)| < (4n)" ! for all z,y € X
(4.312)
and that the following property holds:
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(P4) For each z € X satisfying inf{gs,(z,y) : vy € X} > —0s, the
inequality p(z¢,x) < (4n)~! holds.
Denote by V(f,n) the open neighborhood of gy, in A such that

V(f,n)c{heA: (h,gsn) €UMA  550)} (4.313)
Assume that
r€X, heV(f,n), nf{h(z,y): y€ X} >-2"16,. (4.314)
It follows from (4.273), (4.313) and (4.314) that
inf{gsn(z,y): y€ X} >inf{h(z,y): y € X} —4" 655, > —6ppn. (4.315)

By (4.315) and (P4),
plzp,x) < (4n)~1. (4.316)

Thus we have shown that the following property holds:

(P5) For each 2z € X and each h € V(f, n) satisfying (4.314) the inequality
p(xs,x) < (4n)~! holds.

Put

F =2 U{V(f,n): f € FE and an integer n > k}. (4.317)

It is clear that F is a countable intersection of open everywhere dense subset
of A. Let
EEF, e>0. (4.318)

Fix an integer k > 8(¢~1 + 1). There exist f € E and an integer n > k such
that

¢eV(fn). (4.319)
By property (P4), (4.313) and (4.319), for each = € X satisfying
inf{¢(z,y): y€ X} > 2715, (4.320)
we have
inf{gsn(z,y): y€ X} > 27107, -4 55, > 3
and

p(zy,x) < (4n)~* < /8.

Thus we have shown that the following property holds:
(P6) For each = € X satisfying (4.320) the inequality p(xs, x) < €/8 holds.
It follows from (P1) that there exists a sequence {x;}32; C X such that

lim inf (inf{&(z;,y) : y € X}) > 0. (4.321)

71— 00
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It follows from (4.321) and (P6) that for all large enough natural numbers
W

plaisa;) < plas,ar) + plag,a;) < e/4.
Since € is any positive number we conclude that {z;}$2; is a Cauchy sequence
and there exists

ze = lim ;. (4.322)
By (4.321) and (4.322), for all y € X
(e, y) = lim &(z;,y) = 0. (4.323)

We have also shown that any sequence {z;}2, C X satisfying (4.321) con-
verges. This implies that if x € X satisfies £(z,y) > 0 for all y € X, then
z = z¢. It follows from (P6) and (4.323) that

pze,xp) < €/8. (4.324)

Let z € X and h € V(f,n) satisfy (4.314). (P5) implies that p(zf,2) <
(4n)~1. Combined with (4.324) this implies that

p(x,xg) < p(x,xf) +p($f,£E§) < (471)71 +e/8<e.

This completes the proof of Theorem 4.48.

4.28 Comments

In this chapter we use the generic approach in order to show that solutions of
minimization problems exist generically for different classes of problems. Any
of these classes of problems is identified with a space of functions equipped
with a natural complete metric and it is shown that there exists a G5 every-
where dense subset of the space of functions such that for any element of this
subset the corresponding minimization problem possesses a unique solution
and that any minimizing sequence converges to this unique solution. These re-
sults are obtained as realizations of variational principles which are extensions
or concretization of the variational principle established in [52].



5

Well-Posedness and Porosity

5.1 o-porous sets in a metric space

We recall the concept of porosity [10, 26, 27, 84, 97, 98, 112].

Let (Y,d) be a complete metric space. We denote by By(y,r) the closed
ball of center y € Y and radius r > 0. A subset £ C Y is called porous with
respect to d (or just porous if the metric is understood) if there exist « € (0, 1]
and ro > 0 such that for each r € (0,7¢] and each y € Y there exists z € YV
for which

Bi(z,ar) C Ba(y,r) \ E.

In the above definition of porosity it is known that the point y can be
assumed to belong to F.

A subset of the space Y is called o-porous with respect to d (or just o-
porous if the metric is understood) if it is a countable union of porous (with
respect to d) subsets of Y.

Since porous sets are nowhere dense, all o-porous sets are of the first
category. If Y is a finite-dimensional Euclidean space, then o-porous sets are
of Lebesgue measure 0. In fact, the class of o-porous sets in such a space is
much smaller than the class of sets which have measure 0 and are of the first
category. Also, every Banach space contains a set of the first category which
is not o-porous.

To point out the difference between porous and nowhere dense sets note
that if £ C Y is nowhere dense, y € Y and r > 0, then there is a point z € Y
and a number s > 0 such that By(z,s) C Bg(y,r) \ E. If, however, E is also
porous, then for small enough r we can choose s = ar, where « € (0,1) is a
constant which depends only on E.

Let (X, p) be a metric space. For each € X and each r > 0 set

By(z,r)={y € X : p(z,y) <r}. (5.1)

We begin with the following simple proposition. It shows that porosity is
equivalent to another property which is easier to verify.

A.J. Zaslavski, Optimization on Metric and Normed Spaces, Springer Optimization 181
and Its Applications 44, DOI 10.1007/978-0-387-88621-3_5,
© Springer Science+Business Media, LLC 2010
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Proposition 5.1. A set E C X is porous with respect to p if and only if the
following property holds:

(P1) There ezist a € (0,1] and rg > 0 such that for every x € X and every
r € (0,7¢] there is y € X which satisfies

p(z,y) <7 and B,(y,ar)NE = (.

Proof: Assume that the property (P1) holds with o € (0,1] and rq > 0. We
need to show that F is porous. Choose a positive number v < 47! Let z € X
and r € (0,79]. By the property (P1) there exists y € X such that

p(y,xz) < ~r and B,(y,ayr)NE = 0. (5.2)
It is easy to see that
B,(y,ayr) C B,(z,ayr +r) C By(z,7). (5.3)

(5.2) and (5.3) imply that E is porous. Proposition 5.1 is proved.

Assume now that X is a nonempty set and p1,p2 : X x X — [0,00) are
metrics which satisfy p1(x,y) < po(x,y) for all z,y € X.

The following definition was introduced in [112].

A subset E C X is called porous with respect to the pair (p1, p2) (or just
porous if the pair of metrics is understood) if there exist o € (0,1] and ro > 0
such that for each r € (0,79] and each z € X there exists y € X for which

p2(y,x) <rand B, (y,ar)NE = 0. (5.4)

A subset of the space X is called o-porous with respect to (p1,p2) (or
just o-porous if the pair of metrics is understood) if it is a countable union of
porous (with respect to (p1,p2)) subsets of X.

We use this generalization of the porosity notion because in applications
a space is usually endowed with a pair of metrics and one of them is weaker
than the other. Note that porosity of a set with respect to one of these two
metrics does not imply its porosity with respect to the other metric. However,
the following proposition shows that if a subset £ C X is porous with respect
to (p1, p2), then E is porous with respect to any metric which is weaker than
p2 and stronger than p;.

Proposition 5.2. Let ki and ko be positive numbers and p : X x X — [0, 00)
be a metric such that kip(x,y) > pi(x,y) and kep(x,y) < pa(z,y) for all
x,y € X. Assume that a set E C X is porous with respect to (p1,p2). Then
E is porous with respect to p.

Proof: We may assume without loss of generality that k; > 1 and ko < 1.
Since E is porous with respect to (p1,p2) there exist a € (0,1] and g > 0
such that for every z € X and every r € (0, 7] there is y € X satisfying (5.4).



5.2 Well-posedness of optimization problems 183

Fix a positive number v < ks. Let z € X and r € (0,79]. By our choice of «
and rg there exists y € X such that

p2(y,x) < ~rand B, (y,yar) N E = 0.
It is easy to see that

p(y,z) < ky 'pa(w,y) <ky'yr <r

and
B,(y, kl_lfyozr) C By, (y,yar) C X\ E.

These relations and Proposition 5.1 imply that E' is porous with respect to p.
Proposition 5.2 is proved.

Note that in our definition of porosity with respect to (p1, p2) we do not use
completeness assumptions. However, in the chapter the metric space (X, p2)
will always be complete. This implies that a o-porous set with respect to
(p1, p2) is an everywhere dense subset of the metric space (X, p2).

We usually consider metric spaces, say X, with two metrics, say d,, and d,
such that dy,(z,y) < ds(z,y) for all z,y € X. (Note that they can coincide.)
We refer to them as the weak and strong metrics, respectively. The strong
metric induces the strong topology and the weak metric induces the weak
topology. If the set X is equipped with one metric d, then we also consider
X with weak and strong metrics which coincide. If (X, d) is a metric space
with a metric d and Y C X, then usually Y is also endowed with the metric
d (unless another metric is introduced in Y'). If X is endowed with weak and
strong metrics, then usually Y is also endowed with these metrics.

In the sequel a set X equipped with two metrics d; and dy satisfying
dy(z,y) < da(z,y) for all 2,y € X will be denoted by (X, dy,ds).

If (X;,d;), i = 1,2, are metric spaces with the metrics d; and ds, respec-
tively, then the space X; x X5 will be endowed with the metric dy x do defined
by

(d1 x d2)((z1,22), (y1,92)) = di(z1, 1) + d2(22,Y2),

(3317$2)7(ylay2) EXl XXQ- (55)

Assume now that X; and X5 are metric spaces and each of them is endowed
with weak and strong metrics. Then for the product X7 x X5 we also introduce
a pair of metrics: a weak metric which is defined by (5.5) using the weak
metrics of X; and X5 and a strong metric which is defined by (5.5) using the
strong metrics of X; and Xo.

5.2 Well-posedness of optimization problems

We use the convention that co — co = 0. For each function f : X — [—o0, 00],
where X is nonempty, we set
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inf(f) =inf{f(x): z € X}.

We consider a metric space (X, p) which is called the domain space and a
topological space A with the topology 7 which is called the data space. We
always consider the set X with the topology generated by the metric p.

We assume that with every a € A a lower semicontinuous function f, on
X is associated with values in R = [~o0, 00].

Let a € A. We say that the minimization problem for f, on (X, p) is well-
posed if inf(f,) is finite and attained at a unique point z, and the following
assertion holds:

For each € > 0 there exists 4 > 0 such that for each z € X satisfying
fa(2) <inf(f,) + 0 the inequality p(z,z,) < € holds.

The following property was studied in Chapter 4.

Let a € A. We say that the minimization problem for f, on (X,p) is
strongly well-posed with respect to (A, 7) if inf(f,) is finite and attained at a
unique point x, and the following assertion holds:

For each € > 0 there exist a neighborhood V of a in A with the topology
7 and § > 0 such that for each b € V, inf(fp) is finite and if z € X satisfies
fo(2) <inf(fp) + 9, then p(z,z,) < € and |fp(2) — fa(za)] < e

If (A,d) is a metric space and 7 is a topology generated by the metric
d, then “strongly well-posedness with respect to (A,7)” will be sometimes
replaced by “strongly well-posedness with respect to (A,d)”.

The following proposition is the main result of this section.

Proposition 5.3. Assume that a € A, the minimization problem for f, on
(X, p) is well-posed and that there exists D > inf(f,) for which the following
property holds:

(P2) For each € > 0 there exists a neighborhood U of a in A with the topol-
ogy T such that for each b € U and each x € X satisfying min{ f,(z), fo(z)} <
D the relation |fq(z) — fo(x)| < € holds.

Then the minimization problem for f, on (X, p) is strongly well-posed with
respect to (A, T).

Proof: There exists a unique z, € X such that
f(zq) = inf(f,) € R".

Let € > 0. There exists a number 6 € (0, ¢€) such that the following property
holds:

(P3) For each z € X satisfying f,(z) < inf(f,)+3 the inequality p(z, z,) <
€ holds.

We may assume without loss of generality that

inf(f,) +20 < D. (5.6)

By property (P2) there exists a neighborhood U of a in A with the topology
7 such that for each b € U and each = € X satisfying
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min{fo(2), fo(z)} <D (5.7)
the inequality | fo(z) — fp(z)| < §/4 holds.
Clearly,
inf(f,) = inf(fa(x): = € X and f,(x) <inf(f,) + 6/4}. (5.8)

Let b € U. It follows from the definition of & and (5.6) that
|fa(z) = fo(z)| < 6/4
for each z € X satisfying
fa(z) <inf(f,) +0/4 < D.
Together with (5.8) this implies that
nf(f,) < inf{fy(e) : @€ X and fo(2) < inf(fa) +6/4)
<inf{fu(z)+6/4: z € X and f,(z) <inf(f,) + §/4}

= inf(f,) + 0/4. (5.9)

It is easy now to see that
inf(fp) = inf{fp(z): = € X and fp(z) < inf(f,)+ 6/2}. (5.10)
It follows from the definition of ¢/ and (5.6) that if z € X satisfies
fo(@) <inf(fa) +6/2 <D,
then | fq(x) — fo(z)| < §/4. Together with (5.9) and (5.10) this implies that
oo < inf(fa) < inf{fu() : @€ X and fy(x) < inf(fa) + 6/2)

<inf{fp(z)+6/4: x € X and fp(x) < inf(f,)+46/2}

= inf(f,) + 0/4. (5.11)
By (5.11) and (5.9),
|inf(fa) —inf(fy)| < 6/4. (5.12)
Assume now that z € X and
fo(z) <inf(fp) +d/4. (5.13)
By (5.12) and (5.6),
fo(2) <inf(f,) +46/2 < D. (5.14)

It follows from the definition of ¢ and (5.14) that

[fo(2) = fa(2)] < 6/4. (5.15)
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(5.13) and (5.12) imply that
[fo(2) = fa(za)| = |fo(2) — inf(fa)]

< |fo(z) — inf(fp)| + [inf(fp) — inf(fo)| < 0/4+6/4 <e. (5.16)
By (5.15) and (5.14),

fa(2) < fo(2) +6/4 < inf(f,) + /2 + 6/4.

Combined with property (P3) this implies that p(z,z,) <.
Thus we have constructed the neighborhood U of a in A with the topology
7 such that for each b € U, inf(f,) is finite (see (5.12)) and if z € X satisfies
(5.13), then the inequalities p(z,2,) < € and |fp(2) — fa(xa)| < € hold (see
(5.16)). Therefore the minimization problem for f, on (X, p) is strongly well-
posed with respect to (A, 7) by definition. Proposition 5.3 is proved.
Proposition 5.3 has been obtained in [112].

5.3 A variational principle

We consider a metric space (X, p) which is called the domain space and a
set A which is called the data space. We always consider the set X with the
topology generated by the metric p. We assume that with every a € A a lower
semicontinuous function f, on X is associated with values in R = [—oc, 00].
Assume that dy,dy : A x A — [0,00) are metrics such that di(a,b) < da(a,b)
for all a,b € A.

We use the following basic hypotheses about the functions.

(H1) If @ € A, inf(f,) is finite, {z,}52; C X is a Cauchy sequence and
the sequence {f,(x,)}52 is bounded, then the sequence {z,}32; converges
in X.

(H2) For each € > 0 and each integer m > 1 there exist numbers § > 0
and ¢ > 0 such that the following property holds:

For each a € A satisfying inf(f,) < m and each r € (0,7¢] there exist
a € Aand z € X such that

da(a,a) <r, inf(fz) <m+1

and for each z € X satisfying fz(z) < inf(fz) + dr the inequality p(z,7) < €
holds.

(H3) For each integer n > 1 there exist & € (0,1) and 79 > 0 such that
for each r € (0,7¢], each a,b € A satisfying d;(a,b) < ar and each x € X
satisfying min{ f,(z), fo(x)} < n the relation |f,(z) — fo(x)| < r is valid.

Clearly, if (X, p) is complete, then (H1) holds. Note that for classes of
optimal control problems considered in [112] the domain space is not complete.
Fortunately, in [112] instead of completeness assumption we can use (H1) and
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this hypothesis holds for spaces of integrands which satisfy the Cesari growth
condition.

For each integer n > 1 denote by A, the set of all a € A which have the
following property:

(P4) inf(f,) is finite and there exist £ € X and d > 0 such that if z € X
satisfies f,(z) <inf(f,) + 9, then p(z,z) < 1/n.

Proposition 5.4. Assume that (H1) holds and that for each integer n > 1
the set A\ A, is o-porous with respect to (dy,ds). Then the set A\ (N1 Ay)
is o-porous with respect to (dy,ds) and for each a € NS, A, the minimization
problem for f, on (X, p) is well-posed.

Proof: Tt is easy to see that the set
AN (M2 An) = UnZ (AN An)

is o-porous with respect to (dy, ds).

Let a € N9, A,,. It is sufficient to show that the minimization problem
for f, on (X, p) is well-posed. Evidently, inf(f,) is finite. By property (P4)
for each integer n > 1 there exist x,, € X and 4,, > 0 such that the following
property holds:

(P5) If 2z € X satisfies f,(z) < inf(f,) + dp, then p(z,x,) < 1/n.

Assume that {z;}2;, C X and lim; fo(2:) =€ (fa). It follows from
(P5) that {z;}5°, is a Cauchy sequence. By (H1) there exists Z € X such that
T = lim; .o 2;. Since f, is a lower semicontinuous function we obtain that
fa(Z) = inf(f,). Clearly, f, does not have another minimizer for otherwise we
would be able to construct a nonconvergent sequence {z;}°,. We have shown
that if {z;}5°; € X and lim; o fo(2;) = inf(f,), then p(z;,Z) — 0 as i — oc.
This implies that the minimization problem for f, on (X, p) is well-posed.
Proposition 5.4 is proved.

Theorem 5.5. (Variational principle). Assume that (H1), (H2) and (H3)
hold and that inf(f,) is finite for each a € A. Then there exists a set B C A
such that A\ B is o-porous with respect to (d1,ds) and that for each a € B
the minimization problem for f, on (X, p) is well-posed.

Proof: We recall that A, is the set of all ¢ € A which have the property (P4)
(n=1,2,...). By Proposition 5.4 in order to prove the theorem it is sufficient
to show that for each integer n > 1 the set A\ A,, is o-porous with respect
to (dl, dg)

Let m,n > 1 be integers. Set

Qi ={a € A\ A, : inf(f,) <m}.

To prove the theorem it is sufficient to show that (2,,,, is porous with respect
to (d1,d2). By (H3) there exist
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ay €(0,1), 1 € (0,1/2) (5.17)

such that for each r € (0,r1], each by,bs € A satistying dy(b1,b2) < ayr and
each x € X satisfying

min{ fy, (), fo,(2)} <m+4 (5.18)
the inequality |fp, () — fp, ()] < 7 holds. By (H2) there exist
az € (0,1), 2 € (0,1] (5.19)

such that the following property holds:
(P6) For each a € A satisfying inf(f,) < m + 2 and each r € (0,73] there
exist a € A and T € X such that

da(a,a) <r, inf(fz) <m+3 (5.20)

and for each z € X satisfying fz(z) < inf(f3) + 4agr the inequality p(z,Z) <
n~! is valid.
Define
F:OQOZQT‘Q, a :a1a2/4. (521)

Let a € A and r € (0,7]. Consider the set

Eo={be A: dy(ba) <r/4}. (5.22)

There are two cases:
Bo={be A: inf(fy) <m+2} =0, (5.23)
Eon{be A: inf(fy) <m+2} £ 0. (5.24)

Assume that (5.23) holds. We will show that for each b € A satisfying
dy(a,b) <7 the inequality inf(f) > m is true.
Assume the contrary. Then there exists b € A such that

dy(a,b) <7 and inf(fp) < m. (5.25)
Choose y € X such that
foly) <inf(fy) +1/2 <m+1/2. (5.26)

It follows from the choice of aq, r1 (see (5.17) and (5.18)), (5.25) and (5.21)
that

[fa(y) = fo(y)] < T2z,
This inequality, (5.26) and (5.17) imply that

inf(f,) < faly) < foly) +m1 <m+1,
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a contradiction (see (5.23) and (5.22)). Therefore if (5.23) holds, then
{beA: di(a,b) <7}N 2 = 0. (5.27)
Assume now that (5.24) holds. There exists a; € A such that
da(a,a1) < r/4, inf(fo,) <m+2. (5.28)

By the choice of ag and ro (see (5.19) and the property (P6)) and (5.28), there
exist @ € A and Z € X such that

dy(@,a1) <r/4, inf(fz) <m—+3 (5.29)

and the following property holds:

(P7) For each z € X satisfying fa(r) < inf(fz) + aar the inequality
p(z,%) < n~?! holds.

(5.29) and (5.28) imply that

do(a,a) < /2. (5.30)
Assume that b € A satisfies
di(b,a) < ar = ajagr/4. (5.31)
By (5.29),
inf(fz) = inf{fa(z) : = € X and fa(x) <m+7/2}. (5.32)
Let
ze X and fz(x) <m+7/2. (5.33)

It follows from (5.31), (5.33) and the choice of a; and 71 (see (5.17) and (5.18))
that |fa(z) — fy(2)| < aor/4. Together with (5.32) this implies that

inf(fp) <inf{fp(z): z € X and fz(z) <m+7/2}

<inf{fa(z) + azr/4: x € X and fzr) < m+7/2} = inf(fz) + aor/4.

Thus
inf(fp) <inf(fz) + agr/4. (5.34)

Assume now that
x € X and fip(z) < inf(fp) + aor/4. (5.35)
Combined with (5.34) this implies that
fo(x) <inf(fz) + aqgr/2. (5.36)

It follows from (5.36), (5.29) and (5.21) that fp(z) < m+7/2. Then by (5.31)
and the choice of oy and r; (see (5.17) and (5.18)), |fa(z) — fo(x)] < aqr/4.
Combined with (5.36) this implies that
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fa(z) <inf(fz) + 3agr/4.

It follows from this relation and the property (P7) that p(z,z) < n~'. Since
this inequality holds for any « € X satisfying (5.35) we conclude that b € A,,.
Thus we have shown that b € A, for each b € A satisfying dy(b,a) < ar.
Therefore

{be A: di(b,a) <ar}nN 2pm, =0. (5.37)
Combined with (5.27) and (5.30) this implies that in both cases (5.37) is true

with @ € A satistying da(a,a) < r/2. (Note that if (5.23) holds, then a = a.)
Thus §2,,,,, is porous. This completes the proof of Theorem 5.5.

Since the property (P2) for the space (A, d;) (see Proposition 5.3) follows
from (H3) we obtain that Theorem 5.5 and Proposition 5.3 imply the following
result.

Theorem 5.6. Assume that (H1), (H2) and (H3) hold and that inf(f,) is
finite for each a € A. Then there exists a set B C A such that A\ B is
o-porous with respect to (dy,d2) and that for each a € B the minimization
problem for f, on (X, p) is strongly well-posed with respect to (A, dy).

Note that Theorem 5.6 was obtained in [112].

5.4 Well-posedness and porosity for classes of
minimization problems

In this section we apply our variational principle established in Section 5.3 to
important classes of minimization problems.

Let (X, p) be a complete metric space and let M, be the set of all bounded
from below lower semicontinuous functions f : X — R U {oco} which are not
identical infinity. For each f,g € M, set

d(f.9) = sup{|f(z) - g(x)| : = € X},

d(f,9) =d(f.g9)(1+d(f.g))".

Clearly d : My x M, — [0,00) is a metric and the metric space (M, d) is
complete. For each a € My, set f, = a.

Theorem 5.7. There exists a set B C My such that My \ B is o-porous with
respect to d and for each f € B the minimization problem for f on (X, p) is
strongly well-posed with respect to (My,d).

By Theorem 5.6 in order to prove Theorem 5.7 it is sufficient to show that
(H1), (H2) and (H3) hold. Evidently (H1) and (H3) are valid. The following
lemma implies (H2).
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Lemma 5.8. Let e € (0,1), 7 € (0,1] and f € My. Then there exists f € M,
and T € X such that f(x) < f(z) < f(z)+7/2 for allz € X and the following
property holds:

For each y € X satisfying f(y) < inf(f) + er/4 the inequality p(y,T) < €
1s valid.

Proof: There exists € X such that f(z) <inf(f) + er/4. Define f € M, by

(x) = f(z) + 2 'rmin{p(x,2),1}, z € X.

g

Let € X and f(x) < inf(f) + er/4 < co. Then we have

f(z) 4+ 27 Yrmin{p(z,z),1} = f(z) < inf(f) + er/4 <

f(@) +er/d= f(z)+er/4< f(z)+er/2.
Then p(x,z) < e. Lemma 5.8 is proved.

To conclude the section we show that the main result of [32] is a con-
sequence of our variational principle. Note that Theorem 2.4 of [32] is an
extension of the variational principle of Deville-Godefroy—Zizler [31].

Let (X, p) be a complete metric space. The symbol diam(Y") denotes the
diameter of the set Y in the metric space X. For a function h : X — R! the
symbol supp h means the set {x € X : h(z) # 0}.

Let (A, || - |].4) be a Banach space of bounded continuous functions on X
with the following two properties:

(a) |lal|a = sup{|a(z)| : z € X}, a € A

(b) for every natural number n, there exists a positive constant ¢, such
that for any point € X there exists a function h,, : X — [0,1], such that
hn € A, |hnlla < ¢ny hn(z) =1 and diam(supp h)< 1/n.

We equip the space A with the metric d defined by d(a,b) = ||a — b|| 4,
a,b e A.

Theorem 5.9. Let f : X — R U {cc} be a lower semicontinuous bounded
from below function such that inf(f) < co. Then there exists a set B C A such
that A\ B is o-porous with respect to the metric d and for each a € B the
minimization problem

minimize (f + a)(z) subject to v € X
on (X, p) is strongly well-posed with respect to (A,d).

Proof: By Theorem 5.6 it is sufficient to show that (H1), (H2) and (H3) hold.
Clearly (H1) and (H3) are valid. We will show that (H2) holds.
Let € € (0,1) and r € (0,1]. Choose a natural number ng such that

ngt <e. (5.38)
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Let ¢, be as guaranteed by the property (b). Fix a positive number ~ such
that
v < 1 and 4yc,, < 1. (5.39)

Let a € A. Choose T € X such that
(a+ f)(@) <inf(f +a)+r (5.40)
By the property (b) there exists h € A such that
h:X —[0,1], ||hl]la < cny, h(Z) =1 and diam(supp h) < ng'.  (5.41)

Set
a(z) = a(x) — dyrh(z), z € X. (5.42)

It follows from (5.42), (5.41) and (5.39) that
lla — @l < 4yr||hl|a < dyren, < T (5.43)
Assume that = € X and
(@+ f)(z) < inf(a+ f)+r. (5.44)
By (5.42) and (5.41)
inf(f +a) < (f+a)(@) = (f + a)(z) — 4y (5.45)
It follows from (5.42), (5.44), (5.45) and (5.40) that
(f +a)(x) —4yrh(z) = (f +a)(z) <inf(f +a) +yr <

(f +a)(@) = 4yr +yr <inf(f +a) +r = 3y7.

Therefore h(z) > 1/2. Combining with (5.41) and (5.38) this implies that
p(x,Z) < e. Thus (H2) holds. This completes the proof of Theorem 5.9.

5.5 Well-posedness and porosity in convex optimization

Let K C X be a nonempty closed convex subset of a Banach space (X, ||-1).
In this section we study the minimization problem

minimize f(z) subject to x € K (P)

with f € M. Here M is a complete metric space of lower semicontinuous
convex functions on K which will be defined below. It is known that for a
generic lower semicontinuous convex function f the minimization problem (P)
is well-posed (see Chapter 4). In this section we study the set of all functions
f € M for which the corresponding minimization problem (P) is well-posed.
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We show that the complement of this set is not only of the first category but
also a o-porous set.

We use the notation and the definitions introduced in Sections 5.1-5.3.

We use the convention that oo — oo = 0, co/oo = 1, A/oo = 0 for any
A € R! and In(oo) = oo. For each function f : Y — [—o00,00], where Y is
nonempty, we set inf(f) = inf{f(z) : z € Y}.

Let K C X be anonempty closed convex subset of a Banach space (X, ||-||).
Denote by M the set of all lower semicontinuous convex functions f : K —
[0, oo] which are not identically co and such that

f(@) = co(Nllzll = er(f), w € K (5.46)

where ¢o(f) > 0 and ¢1(f) > 0 depend only on f.
For each f,g € M define

d(f,9) = sup{|n(f(x) + 1) = In(g(x) +1)| : = € K} (5.47)

and
d(f,g9) =d(f.g)(d(f,g) +1)". (5.48)

Clearly, the metric space (M,d) is complete. Denote by M. the set of all
finite-valued continuous functions f € M. It is easy to see that M, is a
closed subset of (M, d).
It is clear that d(f,g) < € where f,g € M and € is a positive number if
and only if
(f(2) + 1)(g(x) + )" € [, ]

for all x € K. It means that f,g € M are close with respect to d if and only
if the function
z— (f2) +D(g(2) + )™ v e K

is close to the function which is identically 1 with respect to the topology of
the uniform convergence.

We recall the following notion introduced in Section 4.1.

Let f € M. We say that the minimization problem for f on K is strongly
well-posed with respect to (M, d) if inf(f) is finite and attained at a unique
point x5 € K and the following assertion holds:

For each positive number € there exist a neighborhood V of f in (M,d)
and a positive number § such that for each g € V, inf(g) is finite and if z € K
satisfies g(z) < inf(g) + d, then ||z — z|| < e and |g(z) — f(z))] <e.

We will prove the following result obtained in [118].

Theorem 5.10. There exists a set F C M such that for each f € F the
minimization problem for f on K is strongly well-posed with respect to (M, d),
the set M\ F is o-porous in (M, d) and the set M \F is o-porous in (M., d).
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5.6 Proof of Theorem 5.10
For each f € M and each positive number r put

Ba(f,r)={g € M: d(f,g) <r}.

For each integer n > 1 denote by F,, the set of all f € M which have the
following property:

(i) There exist d(f,n) € (0,1), a(f,n) € RY, z(f,n) € K and a neighbor-
hood U(f,n) of f in (M,d) such that for each g € U(f,n) and each z € K
satisfying

9(2) < inf(g) + 6(f,n)

the following inequalities hold:
llz = z(f,n)l| <1/n, |a(f,n) —g(2)] < 1/n. (5.49)

Define
F=ny21Fn. (5.50)

Let f € F. We will show that the minimization problem for f on K is
strongly well-posed with respect to (M, d). For any integer n > 1 let 6(f,n) €
(0,1), a(f,n) € R, 2(f,n) € K and a neighborhood U(f,n) of f in (M,d)
be as guaranteed in property (i). Assume that {z}7°; C K and

lim f(z;) = inf(f). (5.51)

11— 00

Let n > 1 be an integer. By (5.51) and the property (i), for all sufficiently
large natural numbers ¢,

f(z) <inf(f) 4+ 46(f,n)

and
|lzi —z(f,n)l| < 1/n, |a(f,n) — f(z)] < 1/n. (5.52)

Hence {z;}22, is a Cauchy sequence and there exists zy € K such that
zy = lim z,. (5.53)
71— 00
In view of (5.51) and the lower semicontinuity of f,

f(ay) = inf(f). (5.54)

It is easy to see that f does not have another minimizer for otherwise we
would be able to construct a nonconvergent sequence {z; }2;.
By (5.51)—(5.54), for all integers n > 1,

ey — 2(f,m)|| < L/n, |a(f,n) - f(ef)| < 1/n. (5.55)
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Let € € (0,1). Fix an integer n > 4/e. Let
geU(f,n), z€ K and g(z) < inf(g) + J(f, n). (5.56)

It follows from (5.56), the property (i) and the definition of U(f,n), 6(f,n)
and z(f,n) that

Iz —z(f,n)ll < 1/n, |a(f,n) —g(2)| < 1/n.
Together with (5.55) these inequalities imply that
lzy = 2l <2/n <€ |g(z) = f(zf)] < 2/n <e.

Therefore the minimization problem for f on K is strongly well-posed with
respect to (M, d). Now we will show that the set M\ F is o-porous in (M, d)
and the set M. \ F is o-porous in (M., d).

We need the following auxiliary result.

Lemma 5.11. Let M be a positive number, € € (0,1) and
0< A< (2e(M+1)" 1. (5.57)
Then for each f,g € M and each x € K which satisfy
d(f,9) < Ae, min{ f(z), g(x)} < M (5.59)
the inequality |f(x) — g(x)| < € holds.

Proof: Assume that f,g € M, € K and (5.58) holds. We may assume
without loss of generality that g(x) > f(z). By (5.48), (5.57) and (5.58),

d(f,9) = d(f,9)(1 = d(f,9))"" < 2Xe.
Together with (5.47) this relation implies that for all z € K
fR)+1<g(z)+1 < (f(2) +1)
and in view of (5.58) and the mean value theorem
0<g(2) = f(2) eP(f(z) +1) = (f(2) +1) =
(e —1)(f(2) +1) < (2 = 1)(M +1) = 2Xe(M + 1)’
with ¢ € [0,2)e] C [0, 1]. Hence
0<g(2) — f(2) <2 e(M + 1) < 2Xe(M + 1)e.

Together with (5.57) these inequalities imply that |f(z) — ¢g(z)| < e. This
completes the proof of Lemma 5.11.

For each natural number m define
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E, ={feM: inf(f) <mand f(z) > ||z||/m —m for all z € K}. (5.59)
It is easy to see that UX_, F,,, = M and
MN\F =Upi(M\ F) = UpZy Upq (B \ F)-

In order to complete the proof of the theorem it is sufficient to show that for
each pair of natural numbers m,n the set E,, \ F, is porous in (M,d) and
the set (E,, N M,)\ F, is porous in (M., d).

Let m,n > 1 be integers. Fix an integer p > 1 and real numbers agy > 0,
a1 > 0 and a > 0 such that

p>3m? ag < (4p)~ ', a1 = (1280npe) ag and o = ay /2. (5.60)
Let
feE,\F,and re (0,1]. (5.61)
Put
So = aor(40n)~t. (5.62)
Fix z € K for which
£(z) < inf(f) + & (5.63)
and define ~
f(2) = f(x) +4 raor||z — 7||, » € K. (5.64)
It is clear that - ~
feMandif f e M., then f € M.. (5.65)
We will show that -
By(f,ar) C B(f,r)NF,. (5.66)

In view of (5.47), (5.48) and (5.64),

d(f,f) < d(f,f) < sup{[ln(1 + f(2)) = (1 + f(z))| : 2 € K} = (5.67)
sup{In((1 + £(z) + 4 agrllz — 21+ f(@)) ) : o € K} <
sup{ln(1 4+ 4 tagr||z — Z||(1 + f(z)) ') : z € K} <
sup{(4(1 + f(x))) tagr||z — Z|| : = € K}.

It follows from (5.59) and (5.61)—(5.63) that
lZll/m —m < f(Z) < inf(f) +do <m +1

and
||Z|| < m(2m + 1). (5.68)

By (5.67) and (5.68),

d(f, f) < 47 aorsup{(||z]| + [lz[[)(1 + f(2)) ™"+ w € K} < (5.69)
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4 aor(|[z]] + sup{[Jaf|(1 + f(2) 7" 2z € K}) <
47 aor(3m?) + 4 agr sup{||z||(1 + f(z)) ™' : = € K}.
We will show that for all z € K

2|1+ f(@)~" <p. (5.70)
Let z € K. If ||z|| < p, then
2|1+ f@) ™" < lzll < p
and (5.70) holds. Now assume that ||z|| > p. Then (5.59)—(5.61) imply that
f@) = [lll/m —m = (||a|| = m*)/m > ||z[|(2m)~"
and
lzl[(1+ f(2) 7" < 2]l f (@)™ < Mel|(2]l2m) ™) ™" = 2m < p.

Thus in both cases the inequality (5.70) holds. In view of (5.69), (5.70) and
(5.60),

d(f, f) <47 13agrm?® + 47 tagrp < 4_1ra0(3m2 +p) < 2 lagrp < r/8

and
d(f, f) <r/8. (5.71)
It follows from (5.63) and (5.64) that
inf(f) < () < F(a) = £(2) < we(f) + . (5:72)

We will show that the following property holds:
(ii) If z € K satisfies

f(z) < inf(f) + 40, (5.73)

then ||z — Z|| < 1/n.
Assume that z € K satisfies (5.73). By (5.64), (5.73), (5.72), (5.63) and
(5.62),
f(2) + 47 agr||z — z|| = f(2) < inf(f) + 46y <

f(Z) + 400 < inf(f) +5d0 < f(2) + 5o

and
|z — || <208 (cor)™t < 1/n.

Thus the property (ii) holds.
It follows from (5.61)—(5.63) and (5.59) that

f(@) <inf(f)+ o <m+1. (5.74)
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Let g € M satisty B
d(g, f) < anr. (5.75)

In view of (5.75), (5.60) and (5.72), d(g, f) < do(16me)~". This inequality,
(5.74) and Lemma 5.11 with € = g, M = m + 1, A = (16me)~! imply that

l9(z) — F(Z)| < do.
Together with (5.61)—(5.64) and (5.59) this inequality implies that
inf(g) < g(z) < f(&) + o = () + o <

inf(f) + 200 <m+1/2.

Therefore -
inf(g) < m+1/2 for any g € Ba(f, o). (5.76)

Assume that
91,92 € Ba(f,a1r), z € K and g1(2) < inf(g1) +1/2. (5.77)
In view of (5.77) and (5.76),
gi(z) <m+1. (5.78)
By (5.77), (5.60) and (5.62),
d(g1,92) < 2a1r < (8me) 1.

By this inequality, (5.78) and Lemma 5.11 with € = 69, M = m + 1, A =
(8me) 1,
191(2) — g2(2)] < do (5.79)

and
inf(g2) < g1(2) + do. (5.80)

We have shown that the following implication holds:

(iii) (5.77) implies the inequality (5.79).

Since the inequality (5.80) holds for any z € K satisfying g1(z) < inf(g1)+
1/2 we obtain that

inf(g2) < inf{g1(2) +do : z € K and g1(z) <inf(gy) +1/2} =

mf(gl) + (50.

Since g; and g are arbitrary elements of By(f,a17) we conclude that
|inf(g1) — inf(ge)| < 8o for each g1, g2 € Ba(f, 7). (5.81)

Assume that
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g € Ba(f,aur), z € K and g(z) < inf(g) + do. (5.82)

It follows from (5.82), implication (iii), (5.77) and (5.79) that

l9(2) = f(2)| < . (5.83)

In view of (5.81) and (5.82),
linf(g) — inf(f)| < d. (5.84)

By (5.82), (5.84) and (5.62),
lg(2) — inf(f)| < 280 < 1/n. (5.85)

It follows from (5.82)—(5.84) that
f(2) < g(2) + 6o < inf(g) + 259 < inf(f) + 3d.
By this inequality and property (ii),
|z —Z|| < 1/n. (5.86)

Thus we have shown that the following implication holds:
(iv) (5.82) implies the inequalities (5.85) and (5.86).
Assume that
h € By(f,ar). (5.87)

We will show that h € By(f,r) N F,. In view of (5.87), (5.71) and (5.60),
d(h, f) < d(h, f) +d(f, f) <ar+r/8<r. (5.88)

In order to prove that h € F,, we need to show that the property (i) holds
with f = h. Put

U(h,n) = By(h,ar), 6(h,n) = dy, a(h,n) =inf(f), z(h,n) = Z.

Let
g € By(h,ar), z € K and ¢(z) < inf(g) + do. (5.89)

Tt follows from (5.87), (5.89) and the definition of « (see (5.60)) that
g9 € Ba(f,aur). (5.90)

By (5.90), (5.89) and implication (iv), (5.85) and (5.86) hold. Thus h € F,.
Together with (5.88) this fact implies that h € F, N By(f,r). Since h is an
arbitrary element of By(f,ar) we conclude that

Ba(f,ar) C F N By(f,r).

We have shown that the set E,, \ F,, is porous in (M, d) and the set (E,, N
M)\ F, is porous (M., d). Theorem 5.10 is proved.
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5.7 A porosity result in convex minimization

We use the convention that oo — 0o = 0 and co/oo = 1. Let X be a reflexive
Banach space with the norm || - || and let

Coo = mi:lc’i 7& 0

where C;11 C C; for each i = 1,2,... and where each C; is a closed convex
subset of X. Let ¢ : C1 — R! satisfy

o) — 0o as [|e]| — oc.

Denote by M the set of all convex lower semicontinuous functions f :
C1 — R' U {oo} which are not identically infinity on C, and satisfy

f(z) > ¢(x) for all z € C4.
For each f € M and each nonempty set C' C C set
inf(f;C) =inf{f(z): z e C}.

It is well-known that for each f € M and each i € {1,2,...} U {co}, the
minimization problem

minimize f(z) subject to € C; (P)

has a solution. Denote by M the set of all finite-valued functions f € M
and by My the set of all finite-valued continuous functions f € M. Next we
endow the set M with a metric d. For each f,g € M and each integer m > 1
put

d(f. 9) = sup{|f(z) — g(x)| : @€ Cy and [lal] < m}

and define -
d(f,9) =D 27" [dm(f,9)(dm(fr9) +1)7"].

We assume that the supremum of the empty set is zero. It is easy to see that
(M, d) is a complete metric space and that the collection of sets

B(m,8) = {(f.9) € M x M: |f(z) - g(a)| <5

for each x € Cy satisfying ||z|| < m},

where m > 1 is an integer and § is a positive number, is a base for the
uniformity generated by the metric d. It is clear that M7 and My are closed
subsets of the metric space (M, d). We equip all these spaces with the same
metric d.

In [45] for a function f € My we studied the convergence of solutions to
the problem (Pf) for each i = 1,2,... to a solution of the problem (P ). If
X is a Hilbert space with inner product < -,- > and
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flx)=<uz,z> forzx € X,

then this convergence property was established by Semple [91]. A similar result
was also obtained for certain Banach spaces and the distance function by
Israel and Reich [53]. In [45] it was shown that the convergence property
holds for most functions f € My. More precisely, we considered the metric
space (Mg, d) with

#(z) = a1]|z|| — ag for z € Cy,

where ay,as > 0, and showed that there exists a subset of My which is
a countable intersection of open everywhere dense sets such that for each
function belonging to this subset the convergence property holds. Note that
this result is true for reflexive Banach spaces but not necessarily for non-
reflexive Banach spaces. For more information consider Examples 1 and 2 in
[45].

In this chapter for the spaces M, M; and M5 we show that the comple-
ments of subsets of functions which have the convergence property are not only
of the first Baire category but are also o-porous sets. We prove the following
result which was obtained in [46].

Theorem 5.12. Let A be either M or My or Ms. There exists a set F C A
such that the complement A\ F is o-porous in (A,d) and such that for each
f € F the following properties hold.

(P1) There ezists a unique point xy € Coo such that f(xy) = inf(f; Coo).

(Py) For each i = 1,2,..., let x; € C; be such that f(x;) = inf(f;C;).
Then ||z; — xzf|| — 0 as i — oc.

(Ps) For each positive number € there exist a neighborhood U of f in (A, d),
a positive number § and an integer p > 1 such that for each g € U, each
ie{p,p+1,...} U{oo} and each y € C; satisfying

g(y) <inf(g;C;) + 0

the inequality ||y — || < € holds.

5.8 Auxiliary results for Theorem 5.12

Lemma 5.13. Let f € M and § be a positive number. Choose an integer
m=m(f) > 1 such that

[|z|] < m for each z € Cy satisfying ¢(z) < inf(f;Cs) +1

and let
U(m75> = {g EM: (fag) € E<m75)}

Then for each i € {1,2,...} U{oo} and each g € U(m,0),
inf(g; C;) < inf(f;C;) + 4.
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Proof: Let i € {1,2,...}U{oo} and z € C; be such that f(z) <inf(f;C;)+1.
Since C; C Cy and ¢(2) < f(2) < inf(f,C;) + 1 < inf(f,Cx) + 1 it follows
that ||z|| < m and hence that |f(z) — g(2)| < §. Therefore for each i €

{1,2,...} U{oo}
inf(g; C;) <inf{g(z): z € C; and f(z) < inf(f;C;) + 1}

<inf{f(2)+d: z€C; and f(z) <inf(f;C;) + 1}
<inf{f(z): ze€C;and f(z) <inf(f;C;)+1}+9
<inf(f;C;) + 4.

Lemma 5.13 is proved.

Proposition 5.14. Let f € M. Assume that there exists a unique point x5 €
Coo such that f(xf) = inf(f;Coo) and that the following property holds.

(Py) For each positive number e there exist a positive number 6 = 6(e) and
an integer p = p(€) > 1 such that for each i € {p,p+1,...} U {0} and each
y € C; satisfying f(y) <inf(f;C;) + 6 the inequality ||y — zs|| < € holds.

Then properties (Py), (P2) and (Ps) hold.

Proof: Clearly, (Py) holds. For each natural number i choose z; € C; such that
f(z;) = inf(f; C;). Evidently, (Py) implies (P»). We will show that property
(P3) holds. Fix a positive number e. In view of property (P,) there exist
0 € (0,1/2) and a natural number p such that if

ie{p,p+1,...} U{oo}, y € C; and f(y) < inf(f;C;) + 39,

then ||y — z || < e. Fix an integer m = m(f) > 1 and define U = U(m, ) as
in Lemma 5.13. Let i € {p,p+1,... } U{oo} and g € U. Assume that z € C;
satisfies g(z) < inf(g; C;) + J. Lemma 5.13 implies that

#(2) < g(z) < inf(g; Cy) + 0 < inf(f;C;) +26 < inf(f;Co0) +1
and therefore ||z|| < m and |f(z) — g(2)| < 4. Since
f(2) < g(2) + 6 <inf(g; Cs) + 26 < inf(f; C;) + 30

it follows that ||z — z¢|| < e. Thus property (Ps) holds. Proposition 5.14 is
proved.

It is not difficult to show in a straightforward manner that the following
lemma holds. For details see [45].

Lemma 5.15. Let f € M. Then

lim inf(f; C;) = inf(f; Cx).

21— 00
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5.9 Proof of Theorem 5.12

It is convenient to split the proof into several smaller parts. We use the nota-
tion A to denote either M, M or M,.

Lemma 5.16. For each integer n > 1 denote by F,, the set of all f € A which
possess the following property.

(Q1) There exist x,, € Cwo, a positive number 0, and an integer p, > 1
such that for i € {pn,pn +1,...} U{oo} and each y € C; satisfying f(y) <
inf(f; C;) + 9, the inequality ||y — x,| < 1/n holds.

If f € F =N, F, then properties (Py), (P2) and (Ps) hold.

Proof: Let x5 € Cu satisfy f(zy) = inf(f; Cu). It follows from (Q) with
i =00 and y = x¢ that

[y —anl <1/n
for all integers n > 1. Thus zy = lim,_.o . Therefore z; is the unique
minimizer of f on C. Let € be a positive number and a natural number n
satisfy n > 2/e. For each i € {p,,,pn+1,...}U{o0} and each y € C; satisfying
f(y) <inf(f; C;) + d, it follows from property (Q1) that

ly = znl < 1/n.

Thus ||y — zf|| < e. Therefore property (P4) holds and hence properties (P1),
(P2) and (P3) also hold. Lemma 5.16 is proved.

Remark 5.17. To complete the proof of Theorem 5.12 we need to show that
A\ F is o-porous in (A,d). Since A\ F = UsZ (A \ Fp) it is sufficient to
show that the set A\ F, is o-porous in (A, d) for any integer n > 1. For each
natural number m denote by E,, the subset of all f € A with the following

property.

(Qz) If z € C; and ¢(z) < inf(f;Cu) + 1, then ||z|| < m.

Since UYX_, By, = A and A\ Fp, = USS_ (B, \ Fr) it is sufficient to show
that for each pair of integers m,n > 1 the set F,, \ F,, is porous in (A, d).

Lemma 5.18. Let m > 1 be an integer, f € E,, and let x5 € Co satisfy
f(xg) =inf(f;Cx). For each positive number v and each x € Cy set

fy(@) = flx) + e —zg]].
Then f, € A and d(f, f) <~ for all positive numbers -y.
Proof: Let 7 > 0. It is easy to see that f, € A. Since

¢(zyp) < flay) = inf(f; C)

it follows from property (Qz2) that ||z || < m. For each natural number k
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di(fy, f) = sup{|fy(z) — f(z)|: = € C1 and |[[z]| < k}
=sup{y||lz —z¢|[: 2 € Cy and |[z|| < k}
< ysup{lz]| + |[z¢]| : z € C1 and |[|z]| < k} < y(m +k)
and thus

Ad(fy /) <D 27y m+R)(ym+ k) +1) 7 <y Y 27 =1,
k=1 k=1

Lemma 5.18 is proved.

Lemma 5.19. Let m,n > 1 be integers. Fiz v € (0,1], v = v(r) = (1 —
1/2m+3) and 0 = O(r,m,n) = r/(2™*n). If f € E,, and g € A satisfies
d(g, fy) <0, then g € F,, and d(g, f) <.

Proof: Let f € E,,, g € A and d(g, f,) < 0. It is easy to see that d,, (g, f,) <
2mHLg If 2 € C; and ¢(z) < inf(f;C;) + 1, then ¢(z) < inf(f;Cs) + 1 and
since f € E,, it follows that ||z|| < m. Thus

lg(x) — fy(x)] < 2mT10.

Clearly, if y € C; and f,(y) < inf(fy;C;) + 1, then ¢(y) < fy(y) <
inf(fy;C;) + 1 < inf(fy;Co) + 1 and since inf(f; Cx) = fy(zy) = flay) =
inf(f;Cy) it follows that ¢(y) < inf(f;Cw) + 1. Since f € E,, we deduce
that ||y|| < m and

l9(y) = ()| < 2716

Since this inequality holds for any such y we conclude that
inf(g; C;) < inf(f,;Cy) + 2™ 110.

Assume that z € C; and ¢(z) < inf(g; C;) + 2™, Then ¢(z) < g(z) <
inf(g; C;) + 2™0 < inf(f; C;) + 220 < inf(f,; Coo) + 1 = inf(f; Cso) + 1.
Hence ||z|| < m and

l9(2) = 5 (2)] <270,

We can now deduce that f,(z) < g(z) + 210 < inf(g;C;) + 2mT20 <
inf(fy; Ci) + 3 -2mT10 < inf(f, Cu) + 3 - 27710, If we choose p so large that
inf(f;C;) > inf(f, Coo) — 2™T10 when i € {p,p+1,...} U {oo}, then

£2(2) < Inf(f, Cp) + 2730 < f(z) + 2730
and
2 — ] < 279 /y < 1/n,

Since z € C; and g(2) < inf(g;C;) +2mH0 for i € {p,p+1,...} U {oo}
implies ||z — z¢|| < 1/n we have shown that g € F,,. In order to complete the
proof of the lemma we note that d(g, f) < d(g, fy) +d(fy, ) <O0+~v<r.
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Completion of the Proof of Theorem 5.12: By Remark 5.17 we should show
that for each pair of integers m,n > 1 the set E,, \ F,, is porous in (A, d). Let
f € Ep \ Fn. Let r € (0,1] and let real numbers v = (r) and 6 = 0(r, m,n)
be as in Lemma 5.19. If we define o = a(m, n) by the formula

a=1/(2" ),
then § = ar and for each r € (0,1] we can see from Lemma 5.19 that
{geA: dlg, fy) SaryCige A: dlg, f) <r}nF.

Hence each sufficiently small ball By(f,r) C (A,d) centered at a point f €
E,\F,, contains a smaller ball By(f,, ar) of fixed proportional radius centered
at the point f., and lying entirely within F,,. Hence E,, \ F,, is porous in (A4, d).
This completes the proof of Theorem 5.12.

5.10 A porosity result for variational problems arising in
crystallography

We study the structure of minimizers of variational problems considered in
[43, 55, 70, 132] which describe step-terraces on surfaces of crystals. It is well-
known in surface physics that when a crystalline substance is maintained at a
temperature T' above its roughening temperature Tg, then the surface stored
energy integrand, usually referred to as surface tension, is a smooth function
0 of the azimuthal angle of orientation 6. Furthermore, 3 obeys the following:

B(=0) = B(m — 0) = 5(0), 0 < B(r/2) < B(6) < 5(0).

The classical model is given by

S
J(y) = / B(6)ds

where s is arclength and y is a function defined on a fixed interval [0, L] whose
graph is the locus under consideration:

ye WH(0,L), 0 = arctan y € [-7/2,7/2],

while § is a positive m-periodic function which belongs to a space of functions
described below. Minimization of .J subject to appropriate boundary data is a
parametric variational problem. It is closely related to the variational problem
defining the Wulff crystal shape as that shape for a domain of prescribed
area such that the boundary integral with respect to arclength involving the
integrand in J [referred to as the surface tension] attains its minimum value.

For each function f: X — R! put inf(f) = inf{f(z): » € X}.
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Denote by M the set of all functions 3 € C?(R') which satisfy the follow-
ing assumption:
(A)
B(t) >0 for all t € RY,

) = (5.91)
B(r/2) < B(t) < B(0) for all t € RY, (5.92)
B(t) = B(—t) for all t € R', (5.93)
Bt +7) = B(t) for all t € R, (5.94)
B(0) +B"(0) < 0. (5.95)
For each (1, 82 € M put
p(B1,32) = sup{| 37 (1) = ()] tE R =021 (5.96)

Clearly, the metric space (M, p) is complete.
Denote by M,. the set of all 3 € M such that

B(t) >0 for all t € R, (5.97)
B(0) + 8”(0) < 0. (5.98)

It was shown in [70] that M, is an open everywhere dense subset of (M, p).
Let 8 € M. Define

Gp(z) = Blarctan(z))(1 + 222, z € R. (5.99)
It is easy to see that Gz is a continuous function and if 8 € M,., then
Gp(z) — o0 as z — toc. (5.100)
Note that if § € M,., then inf(Gg) < 5(0) (see [43]).

We can rewrite the variational functional J in the form

L
) = [ Gatw')da
0
It was shown in [43] that y € W11(0, L) is a minimizer of J if and only if
ly'| € {z € R': Gs(2) =inf(Gp)} ae.
In [70] we showed that for a generic function /3 the set
{z € R": Gp(2) = inf(Gp)} = {25, —25}

where zg is a unique positive number depending only on f.

More precisely, denote by F the set of all 3 € M, which satisfy the
following condition:

(C) There is z5 € R! such that

Gs(z) > Ga(zp) for all z € R*\ {25, —25}.

In [70] we showed that F is a countable intersection of open everywhere dense
subsets of (M, p).
We prove the following theorem which was obtained in [132].
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Theorem 5.20. M\ F is a o-porous subset of (M, p).
For each ¢ € C?(R) set

[Y]|c2 = sup{|v D (t)| : te R', i=0,1,2}.

5.11 The set M \ M,. is porous

Proposition 5.21. M\ M, is a porous subset of (M, p).
Proof: Consider the function
B(t) = cos(2t) +3/2, t € R.

It is easy to see that 8 € M,.,

B(t) > 1/2 for all t € R, (5.101)
6(0) + 8"(0) < —1, (5.102)
1lls = 4. (5.103)
Put
a=1/32. (5.104)
Assume that
BeM, re(01]. (5.105)
Define 3
Bi(t) = B(t) +87'rB(t), t € R. (5.106)
It is easy to see that 5, € M. It follows from (5.106) and (5.103) that
p(B,B1) = 871r||Bl|c2 = 27 1. (5.107)

By (5.106), (5.105), (5.91) and (5.101) for all t € R!,
Bi(t) > 87 rB(t) > 167 r. (5.108)
Relations (5.106), (5.105), (5.95) and (5.102) imply that
B1(0) + BY(0) = B(0) + B"(0) + 8~ 1r(5(0) + 5(0))
<87 1r(B(0) + 5"(0)) < —87 11 (5.109)

Assume that

peM, p(¢,5) < ar=r/32. (5.110)
In view of (5.110) and (5.107),

p(9,3) < p(¢, B1) + p(Br, B) <7/32+7/2 <. (5.111)
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It follows from (5.110), (5.96) and (5.108) that for all t € R?
o(t) > Bi(t) — p(e, B1) > Bu(t) —7/32 > /16 — 3271 r =327 (5.112)
Relations (5.96), (5.110) and (5.109) imply that
$(0) +¢"(0) < £1(0) + 41(0) + 20(¢, 1)

< 87+ 2p(¢, 1) < —8 1 +7/16 = —r/16.

By the relation above, (5.110) and (5.112), ¢ € M,.. Together with (5.111)
this implies that

{peM: p(¢,p1) <arf C{peM: p(¢,8) <r}NM,.

This completes the proof of Proposition 5.21.

5.12 Auxiliary results

Let n > 1 be an integer. Put
2, ={z€R": 1/n<|z| <n}.

Denote by F,, the set of all 3 € M which satisfy the following condition:
(C1) There exists zgy, € {2, such that

Gp(z) > Gp(zpn)

for all
z € 2, \ {28n, —28n}-

Proposition 5.22. M, N (NS, F,,) C F.

Proof: Assume that
feM.n(NeL Fy).

The inclusion 8 € M, implies that

lim Gpg(z) = o0, inf(Gg) < B(0) = Gg(0) (5.113)

|z|—o0

(see (5.100) and the remark after (5.100)).
In view of (5.113) there exist an integer & > 1 and a positive number §
such that

Gp(2) > Gs(0) +4 for all z € R' satisfying |z| > k, (5.114)

Gga(z) > inf(Gg) + ¢ for all z € [-1/k,1/k].
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Inclusion 8 € Fj and condition (C1) imply that there exists z; € {25 such
that
Gga(z) > Gp(zg) for all z € 2, \ {zx, —2x} (5.115)

Since the function Gg is continuous (5.113) implies that G has a point of
minimum. Let z € R! satisfy

Gga(z) = inf(Gp). (5.116)
It follows from (5.114) and the definition of {2, that
1/k <|z| <k and z € (.

Together with (5.116) and (5.115) this implies that z € {z, —zr}. Hence
6 € F. This completes the proof of Proposition 5.22.

Let n,7 > 1 be integers. Denote by F,,; the set of all 8 € M which satisfy
the following condition:

(C2) There exist a positive number § and z, € §2,, such that for each
z € {2, satisfying

Gp(z) <inf{Gp(z): x € 2,}+¢

the inequality
min{|z — zi|, |z + 24|} < 1/i

holds.
Proposition 5.23. Let n > 1 be an integer. Then N2, F,; C F.

Proof: Let 8 € N2, Fp;. Condition (C2) implies that for each integer i > 1
there exist
Z; € .Qn, 6; >0 (5.117)

such that the following property holds:
(C3) If z € 2, satisfies

Gp(2) <inf{Gp(y) : y € 2n} + 3,

then
min{|z — z, |z + zi|} < 1/i.

We may assume without loss of generality that
z; > 0 for all integers i > 1. (5.118)

Let
z € (2, Gg(z) = inf{Ga(z) : = € 2,}. (5.119)

It follows from (5.119) and property (C3) for each natural number i,
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min{|z — z|, |z + z;|} < 1/i. (5.120)

If z = 0, then by (5.120) lim; o z; = 0. If 2z > 0, then (5.118) and (5.120)
imply that z = lim;_,o 2;. If z < 0, then it follows from (5.118) and (5.120)
that z = — lim;_,+ z;. We conclude that there exists lim; . z; and if a number
z satisfies (5.119), then z € {lim; o 2;, — lim; o 2; }. Therefore § € F,,. This
completes the proof of Proposition 5.23.

5.13 Proof of Theorem 5.20

We preface the proof of Theorem 5.20 by the following auxiliary result.

Proposition 5.24. Let n,i be integers. Then the set M \ F,; is a porous
subset of (M, p).

Proof: There exists 1 € C*°(R!) such that
0<y(t) <1forallte R, ¥(t)=0if t| > 1,

W(t) =1if |t] < 1/2. (5.121)

Put
P1(t) = (1 —t*)p(t), t € RY. (5.122)

It is easy to see that 1, € C*®°(R!),
0<e(t) <1forallte R, oy(t) =0if [t| > 1,

Pi(t) = (1 — %) if |[t| < 1/2, 41 (t) < 1 for each t € R\ {0}. (5.123)

Fix a number ¢y > 0 such that

co > max{8n?i, 2(arctan(1/n))"", 2(arctan(n + 1) —arctan(n))~'}. (5.124)

Put
A = inf{cos(2t) — cos(m) : t € [0,arctan(n + 1)]}. (5.125)
It is easy to see that
A>0. (5.126)
Choose a number « > 0 for which
a < 8 ' min{(4c2|[¢1]|c2) 7, 647 AT (5.127)
Let
geM,re(0,1]. (5.128)

Consider the function

B(t) = cos(2t) +3/2, t € R. (5.129)
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Clearly, 5 € M,.,

B(t) > 1/2 for all t € R, (5.130)
B(0) + 3"(0) < —1. (5.131)
Define B
Bi(t) = B(t) + (32) " 'rp(t), t € R (5.132)
It is easy to see that §; € M,
p(B, 1) = (327 )r(|Bllc= = 871 (5.133)

By (5.132), (5.128), (5.91) and (5.130), for each t € R,
Bi(t) > (32)"'rB(t) > (64) 'r. (5.134)
It follows from (5.132), (5.95), (5.128) and (5.131) that

B1(0) + 57 (0) = B(0) + 8" (0) + (3271 )r[5(0) + B"(0)]

< (32)7[B(0) + 5”(0)] = =327 7. (5.135)
There exists
z e, (5.136)
for which
Gp, (Z2) =inf{Gp,(2) : z € 2,}. (5.137)
We may assume that
z>0. (5.138)
Put -
6 = arctan(z). (5.139)

It follows from (5.139), (5.138), (5.136) and the definition of {2,, that

6 € [ arctan(1/n), arctan(n)]. (5.140)
Put
¢, = rmin{(4ca||i1||c2) ", 6471 AY (5.141)
and define ~
Po(t) = (1 — b1 (co(t — 0))), t € R . (5.142)

It is easy to see that 1o € C*°(R!). In view of (5.142) and (5.123),
0 < 4ho(t) < ¢, for all t € R,

(
bslt) = e i = 0] = i, (5.144)
2(0) =0, (5.145)
Vo (t) > 0 for each t € R\ {A}. ( )
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By (5.140) and (5.124),
{telo,m/2): [t -0l >c'}
=[0,7/2] N ((—00,0 — cg JU [0+ c5t, 00))
2 [0,7/2] N ((—oc, arctan(1/n) — ¢y '] U [arctan(n) + ¢y, 00))
2 [0,7/2] N ((—o0,27 " arctan(1/n)] U [arctan(n + 1), 00))
= [0,27 tarctan(1/n)] U [arctan(n + 1), 7/2]. (5.147)
Relations (5.147) and (5.144) imply that
Po(t) = ¢, for each t € [0,2 *arctan(1/n)] U [ arctan(n + 1), 7/2]. (5.148)
In view of (5.148) there exists a function 13 : R — R! such that
P3(t) = ha(t), t € [0,7/2],

Y3(—t) = P3(t + ) = 3(t) for all t € R'. (5.149)

It is easy to see that 13 € C°°(RY). It follows from (5.149), (5.143), (5.145)
and (5.146) that

0 < 3(t) < e, for all t € R, (5.150)
"/)3(é) =0,
P3(t) > 0 for all t € [0,7/2] \ {6}, (5.151)

Y3(t) > 0 for all t € [—7/2,0] \ {—0}.

Put
o(t) = Br(t) + ¢s(t), t € R (5.152)

It is easy to see that ¢ € C?(R!). By the inclusion 8, € M, (5.152), (5.150)
and (5.149),

o(t) >0 for all t € RY, ¢(t) = ¢(—t) = ¢(t + ) for all t € R*.  (5.153)
Relations (5.149) and (5.148) imply that
¥3(0) = 92(0) = ¢, 95(0) = ¥5(0) = 0, (5.154)
Y3(m/2) = ho(m/2) = c;.
By (5.152), (5.154), (5.135), (5.141) and (5.125),
¢(0) + ¢"(0) = 1(0) + 57 (0) + ¥3(0) + ¥5(0)
= 31(0) + BY(0) + ¢ < =327 'r + ¢, <6477 (5.155)
Now we show that for all t € R!
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¢(m/2) < o(t) < $(0).

By (5.153) it is sufficient to show that this inequality holds for all t € [0, 7/2].
Assume that t € [0, 7/2]. It follows from (5.152), (5.150), (5.92) and (5.154)
that

o(t) = Br(t)+v3(t) < B1(t)+er < B1(0)+¢p = B1(0)+15(0) = $(0). (5.156)
Let us show that ¢(t) > ¢(n/2). There are two cases:
[t —0]>cyt (5.157)

and -
[t —0] <cyt (5.158)

Assume that (5.157) holds. It follows from (5.157), (5.149) and (5.144) that
P3(t) = Pa(t) =
Together with (5.152), (5.92) and (5.154) this equality implies that
o(t) = B1(t) +¥s(t) = r(t) + e = fu(7/2) + ¢ = Pr(/2)
+3(m/2) = ¢(r/2)

and
o(t) = ¢(m/2).
Assume that (5.158) holds. By (5.158), (5.140) and (5.124),

2 tarctan(1/n) < arctan(1/n) —cg' <0 —cg' <t <04yt

< arctan(n) + ¢5 ' < arctan(n + 1). (5.159)
Relations (5.132), (5.92), (5.159), (5.129), (5.126) and (5.125) imply that

Bu(t) = Bu(r/2) = B(t) — B(m/2) + 327 r(B(t) — H(n/2))
> 327 (B(t) — B(m/2)) = 327 1r(cos(2t) — cos(m)
By (5.152), (5.150), (5.160), (5.141) and (5.154),
B(t) = Bi(t) + ¥3(t) > Ba(t) > Ba(m/2) + 327 'r A
> Bi(m/2) + ¢ = Bi(m/2) + ¥s(7/2) = ¢(7/2).
Thus in both cases ¢(t) > ¢(n/2). Combined with (5.156) this implies that
¢(m/2) < ¢(t) < ¢(0). (5.161)

We proved (5.161) for all ¢ € [0,7/2]. It follows from (5.153) that inequality
(5.161) holds for all t € R'. Together with (5.155) and (5.153) inequality

)>327rA. (5.160)
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(5.161) implies that ¢ € M. By (5.133), (5.96), (5.152), (5.149), (5.142),
(5.123) and (5.124),

p(ﬁ7¢> S p(ﬁa ﬁl) + p(ﬁl» ¢> S 8_1T + p(ﬁh (b)
<87+ ||ihslle <87+ [l o
< 871+ ¢y max{L, collvn [loz, cgl[¥n]lo2} < 871+ crc v llce.
Together with (5.141) this inequality implies that
p(B,0) < 71/8+ crcilln]lce <87
+r(4cd|[r|lc2) R [l lee < /8 /4 < /2. (5.162)
In view of (5.152), (5.150) and (5.99),

o(t) > Bi(t) for all t € R*

and
Gy(t) > Gp, (t) for all t € R'. (5.163)
Now assume that
heM, p(h,¢) < ar, (5.164)
2z € 2, Gp(z) <inf{Gp(y) : y € 2,} + arn. (5.165)

It follows from (5.162), (5.164) and (5.127) that
o1, ) < p(h6) & p(6.5) < ar 4 /2 < /8 +r/2 <B3r/d (5166)
By (5.99), (5.96), the definition of €2, and (5.164), for each y € 2.,
Gy(y) — Ga(y)| = |p(arctan(y)) (1 + y*)'/? — h(arctan(y)) (1 + y*)'/?|

< (1+y%)"?p(h, ¢) < (14 n*)?p(h, ¢) < 2nar. (5.167)

In particular
|Gy(2) — Gr(2)| < 2naur. (5.168)

Relation (5.167) implies that
|[inf{Gy(y) : y € 2,} —inf{Gp(y) : y € 2,}| < 2nar. (5.169)
It follows from (5.168), (5.165) and (5.169) that
Gy(z) < Gp(z) + 2nar < inf{Gp(y) : y € 2,} + 3arn

<inf{Gy(y) : y € 2,} + darn. (5.170)
It follows from (5.170), (5.99), (5.139), (5.152) and (5.150) that

Gy(2) < barn + Gy(Z) = barn + ¢(arctan(z))(1 + z2)1/2
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= 5arn + ¢(0)(1 + 22)/2 = sarn + (1 + 22)Y/2(3.(0) + 13(9))
= 5arn + (14 22)Y23,(0)
= 5arn 4 (1 4 22)Y23, (arctan(z)) = 5arn + G, (%). (5.171)
By (5.99), (5.152), (5.149), (5.137) and (5.165),
Gg(z) = p(arctan(z))(1 4 2%)/2
= (1 (arctan(z))(1 + 22)Y/2 + ¢g(arctan(z)) (1 + 22)1/2
= Gp, (2) + o (Jarctan(z)]) (1 + 2%)'/2
> G, (2) + 2(arctan(z)]) (1 + 2%)V/2.
Together with (5.171) the equality above implies that
G, (2) + talfarctan()])(1 + 22)1/2 < Gy(2)

< barn+ Gg, (%)

and
Yo (Jarctan(z)])(1 + 22)Y/2 < 5arn.

This inequality implies that
Yo (larctan(z)|) < barn. (5.172)

If i
||larctan(z)| — 0] > ¢y,

then (5.144), (5.141) and (5.127) imply that
Yo (Jarctan(z)|) = ¢, > 8aurn.
The relation above contradicts (5.172). Thus
|arctan(|z]) — 0] < c5* (5.173)

By the mean value theorem,

[I2] — 2| = |arctan(|z]) — 0| (tan)'(z)| =
larctan(|z]) — 0|(cos(z)) "2, (5.174)
where
x € [min{f, arctan(|z|)}, max{f, arctan(|z|)}]. (5.175)

It follows from (5.175), (5.165), (5.139), (5.136), (5.138) and the definition of
(2,, that
x € [arctan(1/n), arctan(n)]. (5.176)

Since
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cos(z)"? = (tan(x))® +1 € [1 +1/n?% n? + 1]
it follows from (5.174), (5.173) and (5.124) that

||2] — 2| < |arctan(|z]) — 0](n* + 1) < gt (n? + 1) < 1/i. (5.177)

We have shown that ||z| —z| < 1/i. Therefore h € F,,;. Combined with (5.166)
this inequality implies that

{he M: p(h,¢) <ary C{he M: p(B,h) <7} Fp

and M\ F,; is a porous subset of (M, p). This completes the proof of Propo-
sition 5.24.

Completion of the Proof of Theorem 5.20: Let n > 1 be an integer. It follows
from Proposition 5.24 that for each integer i > 1, M\ F,,; is a porous subset
of (M, p). By Proposition 5.23,

M\fnCM\(m?ilfni): ?il(M\}—M)

Thus M \ F, is a o-porous subset of (M, p) for any natural number n.
Propositions 5.21 and 5.22 imply that

MAF C M\ (M, 0 (M52 Fn)) = (MAMy) UpZy (M F)

and M\F is a o-porous subset of (M, p). This completes the proof of Theorem
5.20.

5.14 Porosity results for a class of equilibrium problems

Let (X, p) be a complete metric space. We consider the following equilibrium
problem:

To find € X such that f(z,y) >0 for all y € X, (P)

where f belongs to a complete metric space of functions A defined below.
Using the notion of porosity we show that for most elements of the space of
functions A the equilibrium problem (P) possesses a solution.

We consider the set F C A which consists of all functions f € A such that
the problem (P) possesses a solution and show that A\ F is a porous set in
A. Actually we prove three porosity results for different spaces of functions.
These results were obtained in [139].

We use the following notation and definitions.

Put

pl((xlayl)v (x27y2)) = p(xth) +p(yhy?)a T1,T2,Y1,Y2 € X.
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It is easy to see that (X x X, p;) is a complete metric space. For each x € X
and each positive number r put

B(z,r)={y € X : p(z,y) <r}.

We use the convention co/oco = 1.
Denote by M the set of all functions f : X x X — R!. For each f,g € M
set

d(f,g) = sup{|f(z,y) — g(x,y)| : =,y € X}
+sup{|(f — 9)(z1,22) — (f — 9) (W1, v2) (1 ((z1,22), (y1,92))) "
(z1,72), (y1,92) € X x X and (21, 22) # (y1,92)}, (5.178)

d(f,9) =d(f.g)(1+d(f.g))". (5.179)

Evidently, (M,d) is a complete metric space. If f,g € M and d(f,g) < 1,
then
d(f,9) = d(f,9)(1 —d(f,9))~" (5.180)

5.15 The first porosity result

In this section we use the notation and definitions from Section 5.14.
Let the metric space (X, p) be compact. Set

diam(X) = sup{p(z,y) : =,y € X}.

Denote by M the set of all functions f € M such that the following properties
hold:

(A1) f(z,z) =0 for all z € X;

(A2) For each y € X the function f : (-,y) is upper semicontinuous;

(A3) For any positive number € there exists z. € X such that f(z.,y) > —e
for all y € X.

It is easy to see that M is a closed subset of the metric space (M, d).

Remark 5.25. Since the space (X, p) is compact it is not difficult to see that
M is the set of all f € M which satisfy (A1) and (A2) and for which there
exists xy € X such that f(zy,y) >0 for all y € X.

Assume that A is a nonempty closed subset of the metric space (Mo, d)
such that the following property holds:
for each f € A and each positive number r the function

(z,y) = f(z,y) +rp(z,y), v,y € X

belongs to A.
Denote by F the set of all f € A such that the following property holds:
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there exist T € X, a positive number « and an open neighborhood U of f
in A such that for each g € U

9(Z,y) > (z,y) for all y € X.
We consider the complete metric space A equipped with the metric d.

Theorem 5.26. A\ F is a porous set in the complete metric space A.

Proof: Put

o = 327 (diam(X) + 1)1, (5.181)
Let f € Aand r € (0,1) and define
fr(z,y) = f(x,y) + 8 p(x, y)r(diam(X) + 1)~ x,y € X. (5.182)

It is easy to see that f,. € A. Denote by (2 the set of all x € X such that
flz,y) > 0forall y € X.
Remark 5.25 implies that

#0. (5.183)
It follows from (5.178), (5.179) and (5.182) that
d(f, f) < d(f, fr) <8 lr+871r, (5.184)
Assume that
ye A, d(fr,g9) < ar. (5.185)
In view of (5.181), (5.184) and (5.185),
d(g, ) < d(g, fr) +d(fr, ) Sar+r/4d<r/2. (5.186)
Relations (5.186), (5.181) and (5.185) imply that
d(fr,9) = d(fr,9)(1 = d(fr,9))"" < 20 (5.187)
For each x € {2 and each y € X it follows from the equation
9. y) = fr(y.y) =0, (5.188)

(5.178) and (5.187) that

(9= f) @yl = 19— fo)(@,9) = (9= f) (. 9)| < dlg. fr)p(a,y) < 2arp(e,y).
(5.189)

Relations (5.189), (5.182), (5.181) and the definition of {2 imply that for each

x € f2and each y € X

9(x,y) = fr(z,y) — 2arp(z,y)
= f(z,y) + 8 'r(diam(X) + 1) p(x, y) — 2arp(z, y)
> f(x,y) + (diam(X) + 1) 116~ rp(z,y) > (diam(X) + 1)7'16~ " p(z, y).
Theorem 5.26 is proved.
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5.16 The second porosity result

We use the notation and definitions introduced in Section 5.14.

Assume that each bounded closed subset of the metric space (X,p) is
compact. Fix 6 € X.

Denote by M the set of all functions f € M such that the following
properties hold:

(B1) f(z,z) =0 for all z € X;

(B2) For all y € X the function f: (-,y) : X — R! is upper semicontinu-
ous;

(B3) There exist positive numbers My, 6 and yy € X such that f(z,ys) <
—0y for all x € X such that p(x,6) > My;

(B4) For each positive number € there exists z. € X such that
f(ze,y) > —e for all y € X. (5.190)

It is easy to see that M is a closed subset of the metric space M with
the metric d. We equip the space M7 with the metric d. Define

Y(z,y) = min{p(x,y),1}, z,y € X. (5.191)

Assume that A is a closed subset of the metric space My with the metric
d such that

f+ry e Afor each f € A and each number r > 0. (5.192)

We equip the space A with the metric d.

Proposition 5.27. Let f € My. Then there exists T € X such that f(Z,y) >
0 forally € X.

Proof: It follows from (B4) that for each integer k > 1 there exists z, € X
such that
flzr,y) > —k ! forall y € X. (5.193)

By (B3) there exist positive numbers &g, My and yo € X such that
f(z,y0) < —dp for all x € X such that p(z,6) > —M,. (5.194)

Relations (5.193) and (5.194) imply that p(z, 0) < My for all sufficiently large
natural numbers k. This implies that there exists a convergent subsequence
T = klim Tg; - (5.195)
It follows from (5.193), (5.195) and (B2) that
f(@,y)>0forall y e X.

Proposition 5.27 is proved.
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Denote by F the set of all f € A such that the following property holds:
there exist £ € X, a positive number v and an open neighborhood U of f

in A such that for each g € U

9(Z,y) > v(z,y) for all y € X.

(5.196)

Theorem 5.28. A\ F is a porous set in the space A with the metric d.

Proof: Set
a=32""

Let f € A and r € (0,1] and define
fr(@,y) = f(2,y) + 87 rp(z,y), =,y € X,

It is easy to see that f,. € A.
Denote by 2 the set of all x € X such that

flz,y) > 0forall y € X.

Proposition 5.27 implies that
0 #£0.

Tt follows from (5.178), (5.179), (5.191) and (5.197) that
d(f. fr) < d(f, fr) <8 '+ 8710

Assume that
g€ Aand d(f,g) < ar.

In view of (5.199) and (5.200),
d(g, f) < dg, fr) + d(fr, ) S r /4 <1/2.
It follows from (5.180) and (5.200) that

d(fry9) = d(fry9)(1 —d(fr,9)) 7" < 2ar.

Let
x € andye X.

We estimate g(x,y). There are two cases: p(z,y) > 1; p(x,y) <

Assume that
plx,y) > 1.

1.

(5.197)

(5.198)

(5.199)

(5.200)

(5.201)

(5.202)

(5.203)

(5.204)

1
It follows from (5.197), (5.202), (5.178), (5.203), the definition of {2, (5.204)

and (5.191) that

g(:&y) = fr(x’y) + (g - fr)(x’y) > f(xvy) + 8_1T¢($ay) - 2ar

> 8 1r —2ar > 167 'r = 167 'ry(z, ).

(5.205)
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Consider the case
plz,y) < 1. (5.206)

It follows from (5.197), (5.203), the definition of §2, (5.206) and (5.201) that
9(x,y) = fr(z,y) + (9 — fr) (2, 9)

= f(xay) + 8_1“/J(9€»y) + (g - fr)(xvy)
> 87 (2, y) + (9 — fr)(z.y). (5.207)
(Bl), (5.178) and (5.202) imply that

(g = fr)(z,9)] = (g — fr)(x,y) — (9 — fr) (W, y)]

< d(g. fr)p(x,y) < 2arp(z,y). (5.208)
Together with (5.207), (5.206) and (5.191) this implies that

g(z,y) > 8 trp(z,y) — 16  'rp(z,y) = 16~ 'rp(z,y) = 16~ r(z, y).

Thus in both cases
g(w,y) > 167 (. y)
for all y € X. This completes the proof of Theorem 5.28.

5.17 The third porosity result

We use the notation and definitions from Section 5.14.
Let (X, p) be a complete metric space. Define

Y(z,y) = min{p(x,y),1}, z,y € X. (5.209)

Assume that A is a closed subset of the space M with the metric d such
that for each f € A the following properties hold:
(C1) f(z,z) =0 for all z € X
(C2) For each number r > 0, f + rip € A;
(C3) For each positive number € there exists z. € X such that for all
yeX,
f(ze,y) + ed(ae, y) > 0. (5.210)

We equip the space A with the metric d.

Proposition 5.29. Lelz./\;l be the set of all functions f € M for which (C1)
and (C3) hold. Then M is a closed subset of the space M with the metric d
and (C2) holds for A= M.
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Proof: Tt is easy to see that (C2) holds for A = M. Let us show that M is a
closed subset of (M, d). .
Assume that {f,}72, C M, f € M and

lim d(f, f) = 0. (5.211)
Then
f(z,z) >0 for all x € X. (5.212)

We show that (C3) holds. Let € € (0,1). There exists an integer k > 1
such that

d(fr, f) <87 'e. (5.213)
Relations (5.213) and (5.180) imply that
d(f, £) = d(fi, ) = d(F, )7 < 2d(f, fi) < €/4. (5:214)
It follows from (C3) that there exists xp € X such that for all y € X
fe(wo,y) + 16 ep (g, y) > 0. (5.215)

Let y € X. If p(xo,y) > 1, then (5.214), (5.178), (5.211) and (5.215) imply
that
f(5507y) + €¢(9507y) = f(w(hy) +e Z fk<m07y) - 4_16
> fk(x()ay) + (6/2) = fk(x()ay) + (6/2)1/)($0,y) = 0.

Assume that
p(zo,y) < 1. (5.216)

Relation (5.211) implies that

’l/)(l'(),y) = p(an y)
and in view of (C1) which holds with f and fi, (5.178) and (5.214),
f(xo,y) = fe(zo,y) + (f — fi)(@o,v)
= fe(zo,y) + (f = fe)(@o,y) — (f — fe)(v,y)
> fr(zo,y) — (e/4)p(z0,y)-
Together with (5.211), (5.216) and (5.215) this implies that
f(@o,y) + €d(zo,y) = f(xo,y) + ep(xo,y)
> fi(xo,y) — (e/4)p(w0,y) + ep(0,y)
> fe(@o,y) + (e/2)p(z0,y) = fu(wo,y) + (e/2)¢(z0,y) >0

and
f(x0,y) + eb(zg,y) >0 for all y € X.

Therefore ~
feM.
This completes the proof of Proposition 5.29.

The next proposition easily follows from (C3).
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Proposition 5.30. The set of all f € A for which there is vy € X satisfying
f(zr,y) >0 for ally € X is an everywhere dense subset of the metric space
A.

Denote by F the set of all f € A such that the following property holds:
there exist £ € X, a positive number v and a neighborhood U of f in A
such that for each g € U

9(Z,y) > v¢(z,y) for all y € X.

Theorem 5.31. A\ F is a porous set in the metric space A with the metric

d.
Proof: Let
a=32""
and
feA re(0,1]. (5.217)

Proposition 5.30 implies that there exist

foeA woeX (5.218)
such that )
d(f, fo) < r/186, (5.219)
fo(zo,y) >0 for all y € X.
Put

fila,y) = folz,y) + 87 ri(2,y), v,y € X. (5.220)
It follows from (5.220) and (C2) that f; € A. By (5.219) and (5.220),

f1(z0,y) > 8 ryp(xo, y) for all y € X. (5.221)
In view of (5.178), (5.179), (5.209) and (5.220),
d(f1, fo) < d(f1, fo) <8 'r+871r. (5.222)

Assume that
g€ Aand d(f1,9) < ar. (5.223)

By (5.217), (5.219), (5.222) and (5.223),
d(g, f) < d(g, fr) +d(f1, fo) +d(fo, f) < ar+ 47" +7/16 <7 (5.224)
It follows from (5.180), (5.217) and (5.223) that

d(f1,9) =d(f1,9)(1 —d(f1,9))"" < 2ar. (5.225)

Let y € X. We estimate g(z¢, y). There are two cases: p(z,y) > 1; p(z,y) < 1.
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Assume that p(x,y) > 1. Then (5.209), (5.225), (5.217) and (5.178) imply
that

9(z0,y) = fi(zo,y) + (g — f1)(z0,y) > 8 1rh(20,y) — 161 = 16~ 1r1h(20, ).

Assume that p(xo,y) < 1. Then it follows from (5.221), (C1), (5.178), (5.225)
and (5.217) that

9(x0,y) = fi(wo,y) + (9 — f1)(Z0,Y)

> 8 (20, y) + (9 — f1) (0, y) — (9 — f1)(y,y)
> 8 'rp(zo,y) — 2arp(zo, y)
> 16717’,0(x07y) = 1671T¢($05y)'

Therefore
9(z0,y) > 16~ r1p(z0, y)

for all y € X. Theorem 5.31 is proved.

5.18 Comments

In this chapter we continue to consider various classes of minimization prob-
lems showing that most problems in these classes are well-posed. In order to
meet this goal we use a porosity notion. As in Chapter 4 we identify a class
of minimization problems with a certain complete metric space of functions,
study the set of all functions for which the corresponding minimization prob-
lem is well-posed and show that the complement of this set is not only of the
first category but also a o-porous set.
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Parametric Optimization

6.1 Generic variational principle

In this chapter we obtain our generic results as realizations of a variational
principle which is introduced in this section.

We consider a complete metric space (X, p). Let (A,d4) be a complete
metric space and B be a nonempty set. We always consider the set X with the
topology generated by the metric p. For the space A we consider the topology
generated by the metric d 4. This topology will be called the strong topology.
In addition to the strong topology we also consider a weaker topology on
A which is not necessarily Hausdorff. This topology will be called the weak
topology. (Note that these topologies can coincide.) We assume that with
every (a,b) € A x B a lower semicontinuous function fq, on X is associated
with values in R = [—00, o). For each function g : X — R we set

inf(g) = inf{g(x) : z € X}.
For each x € X and each F' C X we set

p(z, F) = inf{p(z,y) : y € F'}.

We use the convention that co — oo = 0.

Let (a,b) € (AxB). We say that the minimization problem for f,, on (X, p)
is well-posed in the generalized sense [40] if inf(f,p) is finite, the set {z € X :
fab(z) = inf(fap)} is nonempty and compact and each sequence {z;}5°, C X
satisfying lim; o fap(x;) = inf(f,p) has a convergent subsequence.

In our study we use the following basic hypotheses about the functions.

(H) For each a € A and each positive number ¢ there exist a € A, an open
neighborhood V of @ in A with the weak topology, a finite set {x1,...,24} C
X, where ¢ > 1 is an integer, and a positive number ¢ such that

(i) da(a,a) <e

(ii) for each £ € V and each b € B, inf(fep) is finite and if z € X satisfies
fev(x) <inf(fep) + 6, then min{p(z,z;): i=1,...,q} <e.

The following theorem was established in [113].

A.J. Zaslavski, Optimization on Metric and Normed Spaces, Springer Optimization 225
and Its Applications 44, DOI 10.1007/978-0-387-88621-3_6,
© Springer Science+Business Media, LLC 2010



226 6 Parametric Optimization

Theorem 6.1. Assume that (H) holds. Then there exists a set F C A which
is a countable intersection of open (in the weak topology) everywhere dense (in
the strong topology) subsets of A such that for each a € F and each b € B the
minimization problem for fu, on (X, p) is well-posed in the generalized sense.

Proof: It follows from (H) that for each a € A and each integer n > 1 there
exist a(n) € A, an open neighborhood V(a,n) of a(n) in A with the weak
topology, a positive number d(a,n) and a nonempty finite set Q(a,n) C X
such that

da(a,a(n)) <1/n (6.1)

and the following property holds:
(C1) For each ¢ € V(a,n) and each b € B, inf(fgp) is finite and if z € X
satisfies

fev(z) < inf(fep) + d(a,n), (6.2)
then
p(z,Q(a,n)) <1/n. (6.3)
Define
F=n1[U{V(a,i): a € Aand i>n}l. (6.4)

It is easy to see that F is a countable intersection of open (in the weak
topology) everywhere dense (in the strong topology) subsets of A.

Let £ € F and b € B. It is easy to see that inf(fg,) is finite. It follows from
(6.4) that for each natural number n there exist a,, € A and an integer i,, > n
such that

€ € V(an,in). (6.5)

Assume that a sequence {z;}5°, C X satisfies
Jim fep(2:) = inf(feb)- (6.6)

In view of (6.6), (6.5) and the definition of V(ay,i,) (see the property (C1)),
for each natural number n the inequality

p(2j, Qan,in)) < 1/in < 1/n (6.7)

holds for all sufficiently large natural numbers j. Since the sets Q(an,in),

n = 1,2,... are finite we conclude that for each natural number p there

exists a subsequence {zz(f )}?:1 of the sequence {z;}$2, such that the following
properties hold:

For each natural number p the sequence {z
{Zi(f)}l?;l'

For each natural number p and each pair of natural numbers j,s > 1,

(r+1)

o
i 172, is a subsequence of

p(z-(z_)),z(p)) <2p L. (6.8)

ls
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These properties imply that there exists a subsequence {z;‘k}z"zl of the se-
quence {z;}5°, which is a Cauchy sequence.
Let
T, = lim 2} . (6.9)

k—o0

It follows from (6.6) and the lower semicontinuity of fg; that

fev(@s) = inf(fep). (6.10)

Therefore we have shown that for each sequence {z;}5°, C X satisfying (6.6)
there exists a subsequence which converges to a point . satisfying (6.10).
This completes the proof of Theorem 6.1.

Remark 6.2. Note that Theorem 6.1 is also valid if B = U2, C; and (H) holds
with B = C; for all integers i > 1.

6.2 Concretization of the hypothesis (H)

We use the notations and definitions introduced in Section 6.1. The proofs of
our generic existence results consist in verification in each case of the hypoth-
esis (H). To simplify the verification of (H) in this section we introduce new
assumptions and show that they imply (H). Thus to verify (H) we need to
show that these new assumptions are valid. In fact this approach allows us to
simplify the problem.

In the sequel we assume that

inf(f,p) is finite for all (a,b) € A x B. (6.11)

We use the following assumptions.

(A1) For each a € A, sup,ecpinf(fap) < oo.

(A2) For each a € A and each positive number e there exist a € A, a
nonempty finite set  C X and a positive number ¢ such that d4(a,a) < €
and the following property holds:

For each b € B and each x € X satisfying fap(x) < inf(fz) + J, the
inequality p(z, @) < € holds.

(A3) For each a € A, each natural number n and each positive number ¢
there exists a neighborhood V' of a in A with the weak topology such that for
each b € B, each { € V and each x € X satisfying min{ f,;(x), fer(z)} < n
the inequality |fas(z) — fep(z)| < € holds.

Proposition 6.3. Assume that (A1),(A2) and (A3) hold. Then (H) holds.

Proof: Let a € A and € be a positive number. (A2) implies that there exist
a € A, a nonempty finite set  C X and a number § € (0, 1) such that

da(a,a) < €/2 (6.12)



228 6 Parametric Optimization

and that the following property holds:

(C2) For each b € B and each x € X satisfying fzp(x) < inf(fz5) + 9 the
inequality p(z, @) < ¢/2 holds.

In view of (A1) there exists an integer n > 1 such that

n > |supinf(fap)] + 4 + 4e. (6.13)
beB

It follows from (A3) that there exists a neighborhood V of @ in A with the
weak topology such that the following property holds:
(C3) For each b € B, each £ € V and each x € X satisfying

min{ fa (2), fep(z)} <n

the inequality

| fab(z) — fen(x)] < 6/8 (6.14)
holds.
Let £ € V and b € B. We will show that
[inf(fep) — inf(fan)] < 6/8. (6.15)
Let x € X and
fav(x) < inf(fap) + 1. (6.16)

It follows from (6.16), (6.13) and the property (C3) that (6.14) holds. Since
(6.16) implies (6.14) we obtain that

inf(fep) < inf{fep(z) : 2 € X and fap(x) < inf(fap) + 1} <
inf{fap(x) +9/8: z € X and fap(x) < inf(fz)+ 1} =3/8 +
inf{fap(x): z € X and fazp(x) < inf(fzp) + 1} = 6/8 + inf(fap).

Hence
inf(fep) < inf(fas) + /8. (6.17)

Let z € X and
fev(x) < inf(fep) + 1. (6.18)

In view of (6.18), (6.17), (6.13) and the property (C3), the inequality (6.14)
is true. Since (6.18) implies (6.14) we obtain that

inf(fab) < inf{fab(x) : x € X and fgb(x) < inf(fgb) + 1} <
inf{fep(z) +6/8: 2 € X and fep(x) <inf(fep) + 1} =
§/8 +inf{fep(x) : v € X and fep(x) <inf(fep) + 1} =

6/8 + inf(fgb).

Hence inf(fa,) < §/8 + inf(fep). Together with (6.17) this inequality implies
(6.15).
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Let x € X and
fev(x) < inf(fep) + /4. (6.19)

By (6.19) and (6.15),
fev(x) < inf(fap) +30/8. (6.20)

It follows from (6.20), (6.13) and the property (C3) that (6.14) is true. In
view of (6.14) and (6.20), fap(z) < inf(fzp) + §/2. By this inequality and the
property (C2), p(x, Q) < €/2. Proposition 6.3 is proved.

Assume that B is a Hausdorff topological space. We use the following
assumption.

(A4) Let (a,b) € A x B, € be a positive number and let n be a natural
number. Then there exists a neighborhood U of b in B such that for each
& € U and each x € X satisfying min{ f,;(x), fae(z)} < n the inequality
[fan(@) = fag (@) < € holds.

Proposition 6.4. Assume that (A4) holds. Then the function b — inf(fu),
b € B is continuous for each a € A.

Proof: Let a € A, b€ B and € € (0,1). Fix an integer
n > [inf(fu)| + 4. (6.21)

It follows from (A4) that there exists a neighborhood U of b in B such that
for each ¢ € U and each = € X satisfying

min{ fup (2), fac (@)} < n+1 (6.22)
the following inequality holds:

[fap(x) — fae(x)| < €/2. (6.23)

Assume that £ € U. Inequality (6.21) implies that

inf(fap) = inf{fop(z) : v € X and fup(x) <n—3}. (6.24)
Let z € X satisfy
fan(z) <n—3. (6.25)
It follows from (6.25), the definition of U (see (6.22) and (6.23)) that
Jae(x) < fap(x) 4 €/2. (6.26)

Since (6.25) implies (6.26) equality (6.24) implies that
inf(foe) < inf{fee(x) : z € X and fop(xz) <n—3} <

inf{fop(z) +€/2: z € X and for(z) <n—3} =¢/2 +inf(fop).

Hence
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inf(fag) < inf(fab) + 6/2. (627)

Let z € X satisfy
fag(x) <inf(fae) +€/2. (6.28)

It follows from (6.28), (6.27) and (6.21) that f,e(z) < n—3. By this inequality
and the definition of U, (6.23) is true. Since (6.28) implies (6.23) we obtain
inf(fop) < inf{fop(z) : € X and foe(z) < inf(foe) +€/2} <

inf{foe(x) +€/2: x € X and fae(z) <inf(fae) +€/2} =
€/2+inf{foe(z) : z € X and fue(x) <inf(fee) +€¢/2} =
€/2 +1inf(foe).

Hence inf(fu) < €/2 + inf(fae). Combined with (6.27) this implies that
|inf(fap) — inf(fae)| < €/2 for all £ € U. This completes the proof of Proposi-
tion 6.4.

Corollary 6.5. Assume that B is compact. Then (A4) implies (A1).

We also use the following assumption.

(A5) Let a € A and € be a positive number. Then there exists a positive
number ¢ such that for each nonempty finite set F' C B there exist a € A and
a nonempty compact subset A of the metric space (X, p) such that

dala,a) < e, (6.29)

supinf(fap) < supinf(fe) + 1, (6.30)
beB beB

fav(x) > fap(x) for all b € B and all z € X,

| favy () = faby (2)] < |fab, (€) = fav, ()] (6.31)

for each b1,by € X and each x € X, and the following property holds:
For each b € F and each z € X satisfying fap(z) < inf(faz) + 6 the
inequality p(z, A) < € holds.

Proposition 6.6. Assume that B is compact and (A4) and (A5) hold. Then
(A2) holds.

Proof: Corollary 6.5 implies that (A1) holds and

sup inf(fqp) < oo for all a € A. (6.32)
beB

Let a € A and ¢y be a positive number. Let § € (0, 1) be as guaranteed by
(A5) with € = €p/2. Fix an integer

m > |supinf(fep)| + 4. (6.33)
beB
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It follows from (A4) that for each b € B there exists an open neighborhood
Uy of b in B such that for each £ € U and each z € X satisfying

mind fue (@), far(2)} < m +4 (6.34)

the inequality
| fag(z) — fap(2)| < 6/16 (6.35)
holds. Since B is compact there exists a nonempty finite set F' C B such that
B=U{U,: be F}. (6.36)

In view of the definition of § and (A5) with € = €p/2, there exist @ € A and a
nonempty compact set A of the metric space (X, p) such that

da(a,@) < €o/2, (6.37)

(6.30) and (6.31) hold and the following property holds:

(C4) For each b € F' and each z € X satisfying fzp(z) < inf(fazp) + 9 the
inequality p(z, A) < €/2 is valid.

Since A is compact there exists a nonempty finite set () C A such that

p(z,Q) < € /4 for all z € A. (6.38)
Let £ € B, x € X and
fag(x) < inf(fa);:) + 5/16 (639)

In order to complete the proof of the proposition it is sufficient to show that
p(x, Q) < €. In view of (6.38) we need only to show that p(z, A) < ¢/2.
It follows from (6.36) that there exists b € F' such that

£ cly. (6.40)
By (6.33) and (6.30),
inf(fap), Inf(fae) <m —4, inf(fz), inf(fze) <m. (6.41)
Hence
inf(fag) = inf{fag(z) : z € X and fry(z) < m+ 1}, (6.42)

(h,9) € {(a,b), (a,£), (a,b), (a,)}.
We will show that
|inf(fap) — inf(fae)| < 6/16. (6.43)
Let z € X and
min{ fao(2), fa(2)} < m +2. (6.44)
Relations (6.44) and (6.30) imply that min{ fo,(2), fae(2)} < m+2. It follows

from this inequality, (6.40) and the definition of U, (see (6.34) and (6.35)) that
| fab(2) — fae(2)| < 0/16. Together with (6.31) this inequality implies that
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|fan(2) = fae(2)| < |fan(2) — fae(2)] < 6/16.

Thus for each z € X satisfying (6.44), | fas(2) — fae(2)| < §/16. Combining this
inequality with (6.42) we see that (6.43) holds. By (6.30), (6.39) and (6.41),
fae(x) < fae(x) < m+ 1. It follows from this inequality, (6.40), the definition
of Uy (see (6.34) and (6.35)) and (6.31) that

|fag(x) = fan(@)| < |fag(@) = far(2)] < 6/16.
Together with (6.39) and (6.43) this inequality implies that
Jav(z) < fae(x) + /16 < /8 + inf(fae) < inf(fap) + /4.
These inequalities and the property (C4) imply that p(x, A) < €g/2. Proposi-
tion 6.6 is proved.

Theorem 6.1, Propositions 6.3 and 6.6 and Corollary 6.5 imply the follow-
ing result which was obtained in [113].

Theorem 6.7. Assume that B is compact and (A3), (A4) and (A5) hold.
Then there exists a set F which is a countable intersection of open (in the
weak topology) everywhere dense (in the strong topology) subsets of A such
that for each a € F and each b € B the minimization problem for fq, on
(X, p) is well-posed in the generalized sense.

Remark 6.8. Note that Theorem 6.7 is also valid if B = U$°,C; and (A3), (A4)
and (A5) hold with B = C; for all natural numbers i.

6.3 Two generic existence results

Denote by Cj(X) the set of all lower semicontinuous bounded from below
functions f : X — R' U {oo} which are not identically co. In this section we
assume that A, B C Cj(X),

fan(z) =a(z) +b(z), z€ X, ac A beB

and that one of the following properties holds:
Any function h € A is finite-valued; any function h € B is finite-valued.
Fix 6 € X. For the set C;(X) we consider the uniformity determined by
the following base:

Uo(n) = {(f,9) € Ci(X) x Ci(X) : |f(2) — g(z)] <n”"

for all x € X such that p(z,0) < n or min{f(x),g(x)} < n},

where n = 1,2, .... Clearly the space C;(X) with this uniformity is Hausdorff
and has a countable base. Therefore this uniform space is metrizable (by a
metric do(-,-)) [58].
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The set C;(X) is also equipped with the uniformity determined by the
following base:

Ui(n) = {(f,9) € Cu(X) x Ci(X) : f(z) < g(ax) +n""
and g(z) < f(z) +n""' for each x € X and

f(@)+9(y) < fly) +g(x) +n~"p(x,y) for each z,y € X},

where n = 1,2,.... It is easy to see that the space C;(X) with this uniformity
is metrizable (by a metric d;) and complete. For the space A we consider the
strong and weak topologies induced by the metrics d; and dy, respectively.
The space B is equipped with the topology induced by the metric dg.

We show that our main result in [106] is obtained as a realization of our
variational principle (see Theorem 6.7). In this result the space A is either
Ci(X) or {f € Ci(X) : f is finite-valued} or

{f € Ci(X): f is finite-valued and continuous}

or
{f € Ci(X): f is finite-valued and continuous and

sup{|f(y) — f(2)|/p(z,y) : =,y € X and x # y} < oo}.

Note that in all these cases the metric space (A, d;) is complete.

Theorem 6.9. Assume that B is a countable union of compact subsets of the
metric space (Cy(X),dp). Then there exists a set F C A which is a countable
intersection of open (in the weak topology) everywhere dense (in the strong
topology) subsets of A such that for each g € F and each h € B the problem
minimize g(x) + h(x) subject to x € X on (X, p) is well-posed in the general-
ized sense.

Proof: We may assume without loss of generality that B is a compact subset
of (Cy(X),dp). In view of Theorem 6.7 we need to show that (A3), (A4) and
(A5) hold. Evidently, (A4) holds. We will show that (A3) is true.

Let a € A, e € (0,1) and let n be a natural number. By (A4) and Propo-
sition 6.4 the function b — inf(£ +b), b € B is continuous for all £ € A. Since
B is compact there exists a number

co > |inf(b)| + 1, b € B,

Fix an integer
m>n+cy+e L.

Let be B, £ € A, (a,§) € Up(m), z € X and
min{(a + b)(z), (£ + b)(z)} < n. (6.45)

In view of (6.45) and the choice of ¢y and m,
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min{a(x),£(x)} < min{(a + b)(z), (€ +b)(x)} — b(z) <n+co < m.

Since (a,€) € Ug(m), |a(z) — &(z)] < m~! < e. Hence (A3) holds.
We will show that (A5) holds. Let a € A and let € € (0,1). Fix a natural
number ng such that the following condition holds:

if € € A and (a,&) € Uy(ng), then di(a,§) <e. (6.46)
Choose numbers
€0 € (0,8 ' min{e,ng'}), 6 € (0,8 ). (6.47)

Let {b1,...,bs} C B where ¢ > 1 is an integer. For each i € {1,..., ¢} choose
x; € X such that

(a4 b;)(z;) < inf(a+ b;) + 47 5. (6.48)
Define A = {z1,...,24},
a(y) = a(y) +4 reomin{1, p(y, 4)}, y € X. (6.49)

It is easy to see that a € A. It follows from (6.49), (6.47) and (6.46) that
(@,a) € Ui(ng) and dy(a,a) < e. Evidently, (6.30) and (6.31) hold. Let ¢ €
{1,...,¢q}, z € X and

(@+b;)(z) <inf(a+b;) + dep < 0. (6.50)

By (6.50), (6.49) and (6.48),

(@+b;)(x) <inf(a+ b;) + deg < (a+ b;)(w;) + deg =

(a+b;)(x;) + deg < (a+ b;)(x) + 20€p.

Combined with (6.49) and (6.47) this implies that

bi(x) + a(x) + 4 e min{l, p(x, A)} = (@ + b;)(x) <

(a+b;)(x) + 2dep, min{1, p(x, A)} <80 <€, p(z,A) <e.

Theorem 6.9 is proved.

Now we obtain an analog of Theorem 6.9 for a space A which is a set of
convex functions defined on a closed convex subset of a Banach space.

Let X be a nonempty convex closed subset of a Banach space (E,|| - ||),
0=0¢€ X, p(x,y) = ||z —yl||, v,y € X, co € R and let ¢; > 0.

Denote by Ceon(X) the set of all convex functions f € C;(X) which satisfy

f(x) > erl|z]| — ¢o for all x € X. (6.51)

We consider the metric space (A, dy) where A is either Ceon(X) or {f €
Ceon(X) : f is finite-valued} or

{f € Ceon(X) : f is finite-valued and continuous}.

The space A is equipped with the topology induced by the metric dg.
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Theorem 6.10. Assume that B is a countable union of compact subsets of the
metric space (C1(X),dy). Then there exists a subset F of the complete met-
ric space (A, dy) which is a countable intersection of open everywhere dense
subsets of (A,dy) such that for each g € F and each h € B the problem
minimize g(x) + h(z) subject to x € X on (X, p) is well-posed in the general-
1zed sense.

Proof: Tt is easy to see that the metric space (A,dy) is complete and the
topology induced by the metric dy in A is the topology of uniform convergence
on bounded subsets of X. This topology is also induced by the uniformity with
the following base:

Ueo(n) = {(f.9) € Ax A+ |f(2) — g(z)| <" (6.52)

for all z € X satisfying ||z|| < n}

where n = 1,2,.... We may assume without loss of generality that B is a
compact subset of (C}(X),dp). In view of Theorem 6.7 we need to show that
(A3), (A4) and (A5) hold. Evidently, (A4) holds. Analogously to the proof of
Theorem 6.9 we can show that (A3) is valid.

We will show that (A5) holds. Let a € A and € € (0,1). By (A4) and
Proposition 6.4, the functions b — inf(a+b), b — inf(b), b € B are continuous.
Since B is compact there exists a number dy > 1 such that

|inf(a + b)|, |inf(b)| < do for all b € B. (6.53)
Fix an integer n; > 1 such that
ciny — co > 2do + 2. (6.54)
Assume that
beB, z€ X and (a+0b)(z) <inf(a+0b)+ 1. (6.55)
Relations (6.53) and (6.55) imply that
a(z) <inf(a+b) +1—b(z) <inf(a+b) + 1 —inf(b) < 2dy + 1.

Combined with (6.54) and (6.51) these inequalities imply that ||z|| < ny. Thus
we have shown that

if (a +b)(z) <inf(a+b) +1 with b € B, x € X, then ||z|| <nq. (6.56)
There exists a natural number ng > 1 + ny such that
if £ €A, (a,€) € Ug(ng), then dp(a,§) < e. (6.57)

Choose
€0 € (0,8 min{e, ny?}), 6 € (0,8 tep). (6.58)
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Let {b1,...,bs} C B where ¢ > 1 is an integer. For each i € {1,..., ¢} choose
x; € X such that

((L + bl)(xl) S inf(a + bz) + 4_1(56(). (659)
Let A be the convex hull of the set {z1,...,z4,} U {0} and define
a(y) = a(y) +4 'eop(y, A), y € X. (6.60)

It is easy to see that a € A. It follows from (6.60), (6.58) and the inclusion
0 € A that

sup{la(y) — a(y)| : y € X, |lyll <no} <47 eomg <327 ng "
Hence (@, a) € Uqo(ng) (see (6.52)) and in view of (6.57),
do(a,a) < e.

It is not difficult to see that (6.61) is true. We will show that (6.60) holds.
Assume that (6.55) holds. It follows from (6.56) that ||z|| < n; and by
(6.60) and (6.58),

a(x) + b(z) < alz) +b(z) + 47 eol|z]| < alx) + b(x) + 47 egny <

a(z) + b(x) + 27 ng .

Thus we have shown that (6.55) implies that a(x) +b(x) < a(x) +b(x) +1/2.
Thus (6.60) holds.
Let i € {1,...,q}, * € X and

(@+b;)(x) < inf(a+b;) + 4" dep.
Combined with (6.60) and (6.59) this inequality implies that
(@4 b)) (z) <inf(a+b;) +4 0o < (@+ b)) (x;) +4 eg =
(a+b;)(x;) + 47 0eq < inf(a +b;) + 27 0ep < (a + b;)(z) + 27 deo,

bi(x) +a(x) + 4 eop(x, A) = (@ + b;)(x) < a(x) + bi(z) +2 e

and
plx,A) <20 <e.

Therefore (A5) is valid. This completes the proof of Theorem 6.10.

It should be mentioned that the results of this section were obtained in
[113].
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6.4 A generic existence result in parametric optimization

Let B be a Hausdorff topological space. We assume that B is a countable
union of its compact subsets.

Denote by M the set of all functions a : B x X — R'U{oo} such that for
each b € B the following properties hold:

The function z — a(b, z), x € X belongs to C;(X);

for each natural number n and each positive number € there exists a neigh-
borhood U of b in B such that for each £ € U and each x € X satisfying
min{a(&, x),a(b,z)} < n the inequality |a(b, z) — a(&, x)| < € holds.

For the set M we consider the uniformity determined by the following
base:

Us(n) = {(a1,a2) € M x M : |ay(b,x) — az(b,z)| <n~* (6.61)

for all b € B and all x € X}

where n > 1 is an integer. The space M with this uniformity is metrizable
(by a metric ds) and complete.

Fix 6 € X. For the set M we also consider the uniformity determined by
the following base:

Usn(n) = {(a1,a2) € M x M : |ay(b,z) — az(b,z)] <n~* (6.62)

for each b € B and each x € X such that p(z,0) <n
or min{a; (b, x),as(b,x)} < n},

where n = 1,2,.... It is easy to see that the space M with this uniformity
is metrizable (by a metric d,,). For the space M we consider the strong and
weak topologies induced by the metrics ds and d,,, respectively.

Denote by M the set of all finite-valued functions a € M, by M, the
set of all functions a € M/ such that the function z — a(b,z), z € X
is continuous for all b € B, and by M, the set of all continuous functions
a € My. Clearly My, M, and M, are closed subsets of the metric space
(M, ds). We consider the subspaces My, M,, M. C M equipped with the
relative weak and strong topologies.

The following result was obtained in [113].

Theorem 6.11. Let A be either M or My or M, or M. Then there exists a
subset F C A which is a countable intersection of open (in the weak topology)
everywhere dense (in the strong topology) subsets of A such that for each
a € F and each b € B the problem minimize a(b,x) subject to x € X on
(X, p) is well-posed in the generalized sense.

Proof: We may assume without loss of generality that B is compact. For each
(a,b) € A x B set
fap(2) = a(b,z), z € X.



238 6 Parametric Optimization

Theorem 6.7 implies that we need to show that (A3), (A4) and (A5) hold.
Clearly, (A3) and (A4) are valid. We will show that (A5) holds.
Let a € A and € € (0,1). There exists a natural number ng such that

ifee A (a,6) € Us(ng), then ds(a,&) <e. (6.63)

Fix
€0 € (0,8 *min{e,ng'}), 6 € (0,8 tep). (6.64)

Let {b1,...,by} C B where ¢ > 1 is an integer. For each ¢ € {1,...,q}
choose x; € X for which

a(bs, ;) < inf{a(bj,z): € X} +4 5e. (6.65)
Define A = {z1,...,24} and
a(b,y) = a(b,y) + 4" 'eomin{1, p(y, A)}, b€ B, y € X. (6.66)

It is easy to see that a € A. In view of (6.66) and (6.64), (a,a) € Us(ng). It
follows from (6.63) that ds(a,a) < e. Clearly (6.30) and (6.31) hold.
Letie{l,...,q}, z € X and

a(b;, ) <inf{a(b;,z): z € X} +4 6. (6.67)
Relations (6.66), (6.67) and (6.65) imply that
a(bi, ) + 4 tegmin{l, p(z, A)} = a(b;, z) < a(b;, z;) + 4 10ep =

a(bs, ;) +4 1 0eq < a(bi, ) +2 1o

and
min{1, p(z, A)} < 2§ <.

Hence p(z, A) < e. Theorem 6.11 is proved.

6.5 Parametric optimization and porosity

Let (X, p) be a complete metric space. We continue to study the parametric
family of the minimization problems

minimize f(b,z) subject to z € X (P1)

with a parameter b € B and f(-,-) € M. Here B is a Hausdorff topological
space which is a countable union of its compact subsets and M is a complete
metric space of functions on B x X. We also study a special case of the
parametric family of the minimization problems (P1). Namely, we consider
the minimization problem
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minimize g(z) + h(z) subject to z € X (P2)

with g € £ and h € M where M is a Hausdorff compact space of functions on
X and L is a complete metric space of functions on X.

We study the set of all functions f(-,-) € M for which the corresponding
parametric family of the minimization problems (P1) has solutions for all
parameters b € 5. We show that the complement of this set is not only of the
first category but also a o-porous set in the space M.

We also consider the set of all functions g € £ for which the minimization
problems (P2) have solutions for all functions h € M. We prove that the
complement of this set is also a o-porous set in L.

These two results and their extensions are obtained by using a certain
abstract class of parametric minimization problems.

In this chapter we use the notion of porosity discussed in Chapter 5. A set
Y equipped with two metrics d; and ds satisfying dy(z,y) < do(z,y) for all
z,y € Y will be denoted by (Y,d1, ds).

6.6 A variational principle and porosity

We consider a complete metric space (X, p). Let A and B be nonempty sets.
We assume that the set A is equipped with two complete metrics d.,, ds :
A x A — [0,00) such that

dy(a1,a2) < ds(ay,as) for all a,as € A. (6.68)

We assume that with every (a,b) € A x B a lower semicontinuous bounded
from below function fu, on X is associated with values in R' U {oco} which is
not identically co. For each function g : X — [—o00, 00] we set

inf(g) = inf{g(z) : z € X}. (6.69)
For each x € X and each £ C X set
p(z, A) =inf{p(z,y): y € A}. (6.70)

We use the convention that co — oo =0 and co/o0 = 1.
Let (a,b) € A x B. Recall that the minimization problem for fu; on (X, p)
is well-posed in the generalized sense [40] if inf(fqp) is finite, the set

{$ c X : fab(x) = inf(fab)}

is nonempty and compact and each sequence {z;}°, C X satisfying
lim fop(x;) = inf(fup)
11— 00

has a convergent subsequence.
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In our study we use the following basic hypotheses about the functions.

(H1) For each a € A, sup{inf(fa): b € B} < co.

(H2) For each positive number € and each natural number m there exist
positive numbers § and 7y such that the following property holds:

For each a € A satisfying sup{inf(fa) : b € B} < m and each r € (0,7]
there exist @ € A and a nonempty finite set A C X such that

ds(a,a) <r, supinf(fzp) <m+1
beB

and for each b € B and each = € X satisfying fzp(z) < inf(fz) + dr the
inequality p(z, A) < € holds.

(H3 ) For each natural number m there exist o € (0,1) and a positive
number 7 such that for each r € (0,7¢], each b € B, each a1, as € A satisfying
dy(a1,a2) < ar and each x € X satisfying min{ fo,5(), fass(z)} < m the
inequality |fa,b(x) — fass(z)| < r holds.

The following result was obtained in [127].

Theorem 6.12. (variational principle) Assume that (H1)-(H3) hold. Then
there exists a set F C A such that the complement A\ F is o-porous in
A with respect to the pair of metrics (dy,ds) and that for each a € F and
each b € B the minimization problem for fu, on (X, p) is well-posed in the
generalized sense.

Proof: For each natural number n denote by A,, the set of all a € A which
have the following property:

(C1) There exist a positive number § and a nonempty finite set A C X
such that for each b € B and each x € X which satisfies fup(z) < inf(fup) + 9
the inequality

plz, A) < 1/n (6.71)

holds.

Define F = N5, A,.

Let n be a natural number. We will show that the set A\ A, is o-porous
in A with respect to (d,ds). In view of (H1) it is sufficient to show that for
each natural number m the set

Qpm i={a € A\ A, : sup{inf(fu): be B} <m} (6.72)

is porous in A with respect to (d,,ds).
Let m be a natural number. It follows from (H3) that there exist

a1 € (0, 1), r € (0, 1/2) (673)

such that for each r € (0,r1], each b € B, each aj,a2 € A satisfying
dy(a1,a2) < ajr and each x € X satisfying

min{falb(x)vfwb(x)} <m-+4 (674)
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the inequality |fq,5(2) — faup(z)} < 7 is valid.

It follows from (H2) that there exist r9, ag € (0,1) such that the following
property holds:

(C2) For each a € A satisfying sup{inf(f,;) : b € B} < m + 2 and each
r € (0,72] there exist a € A and a nonempty finite set A C X such that

ds(a‘v (_1) S r, sup inf(fab) S m + 3
beB

and that for each b € B and each = € X satisfying fa(x) < inf(fz5) + 4ras
the inequality p(x, A) < 1/n holds.
Fix
a € (0,a1a2/16), 7 € (0,7172(0). (6.75)
Let a € A and r € (0,7]. Define

Ey={¢€A: ds(&a) <r/4}. (6.76)
There are two cases:
Eoyn{¢ e A: supinf(fe) <m+ 2} = 0; (6.77)
beB
Eon{{ e A: supinf(fe) < m+2} #0. (6.78)
beB

Assume that (6.77) holds. We show that for each £ € A satisfying
dw(a,&) <7 the inequality sup,cpinf(fe) > m holds.
Let us assume the contrary. Then there exist £ € A such that

dy(a,&) <7 and supinf(fe) < m. (6.79)
beB

Let b € B. It follows from (6.79) that there exists y € X such that
feo(y) < inf(fep) +1/2 <m+1/2. (6.80)

By the definition of aq, 71 (see (6.73), (6.74)), (6.79), (6.80) and (6.75),
|fab(y) — fen(y)| < Fay' < 1/4. In view of this inequality and (6.80),

inf(fap) < fan(y) < feo(y) +1/4 <m + 1.

Thus inf(fa) < m 4+ 1 for all b € B, a contradiction (see (6.76), (6.77)).
Therefore

{€eA: dy(a,&) <F}n{¢ e A: supinf(fe) <m} =0.
beB

It follows from (6.72) that

{€e A dy(a, &) <7}N 2y = 0. (6.81)
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Thus we have shown that (6.77) implies (6.81).
Assume now that (6.78) is valid. Then there exists a; € A such that

ds(a,ay) <r/4 and supinf(fa,p) < m+ 2. (6.82)
beB

It follows from the definition of g, 73, the property (C2), (6.82) and (6.75)
that there exist @ € A and a nonempty finite set A C X such that

ds(a1,a) <r/4, supinf(fa) <m+3 (6.83)
beB

and the following property holds:
(C3) For each b € B and each = € X satisfying fap(z) < inf(fzp)+raq the
inequality p(x, A) < 1/n holds.
By (6.82) and (6.83),
ds(a,a) <r/2. (6.84)

Assume that £ € A satisfies
dy(a,€) < ar. (6.85)

We show that for all b € B the inequality inf(fe;) < inf(fz) + aor/16 holds.
Let b € B. Relation (6.83) implies that

inf(fzp) = inf{fap(x) : x € X and fa(x) < m+ 7/2}. (6.86)

Let x € X satisfy
fap(x) <m +7/2. (6.87)

By (6.85), (6.87), (6.75) and the definition of ay,71 (see (6.73), (6.74)),
|fav(x) = fep(2)| < arayt < asr/16.

Since this inequality holds for any = € X satisfying (6.87), it follows from
(6.86) that

inf(fep) < inf{fep(x) : v € X and fap(x) <m+7/2} <
inf{fap(x) + aor/16: z € X and fzp(x) <m+7/2} =

Ozz’/‘/l6 + inf(fab).

Thus for all b € B,
inf( fep) < inf(fas) + aor/16. (6.88)

Assume now that b € B, x € X and
fgb(l') < inf(fgb) + 0127“/16. (689)

In view of (6.88) and (6.89),
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fgb(l‘) < inf(fab) + 0427"/8. (690)

By (6.90) and (6.83), fep(x) < m+ 7/2. By this inequality, (6.75), (6.85) and
the definition of aq, 1 (see (6.73), (6.74)),

|fav(x) = fep(2)| < arayt <ras/16.
Together with (6.90) this inequality implies that
fav(2) < inf(fap) + aor/4.

This relation and the property (C3) imply that p(z, A) < 1/n. Since this
inequality is valid for any b € B and any « € X satisfying (6.89), we conclude
that £ € A,,. Thus we have shown that

{eA: dy(a,é) <ar} CA, CA\ 2nm.
Together with (6.81) and (6.84) this relation implies that in both cases
{EeA: dy(a,&) <ar}nN 2y, =10

with @ € A satisfying (6.84). (Note that if (6.77) holds, then @ = a.) Therefore
the set §2,,,,, is porous in A with respect to (dy,ds). This implies that A4\ A4,
is o-porous in A with respect to (dy,ds) for all integers n > 1. Since F =
N>, A, we conclude that the set A\ F is o-porous in A with respect to
(dw,ds).

Now assume that a € F and b € B. We show that the minimization
problem for f,;, on (X, p) is well-posed in the generalized sense.

Assume that {z;}5°, C X satisfies

_lim fab(zi) = inf(fap). (6.91)

We will show that the sequence {z;}52, has a convergent subsequence.

It follows from the definition of the sets A,, n = 1,2,... (see the property
(C1)) that for each natural number n there exist a number 6, > 0 and a
nonempty finite set A,, C X such that the following property holds:

(C4) If x € X satisfies fqp(x) < inf(fap) + Op, then p(z, 4,) < 1/n.

Property (C4) and (6.91) imply that for any natural number n the inequal-
ity p(zj,An) < 1/n is valid for all sufficiently large natural numbers j. This

implies that for each natural number p there exists a subsequence {sz )}20:1

of the sequence {z;}5°, with the following properties:
p+1)

For each natural number p the sequence {zl(k

{ Z(p)}oo .
Tk k=1»
For each natural number p and each pair of natural numbers j, s,

o
192, is a subsequence of

p) _(p)
Pz 7, ) < 2/p.
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These properties imply that there exists a subsequence {z;‘k}z"zl of the
sequence {z;}£2; which is a Cauchy sequence. There exists z, = limg o 2] .
It follows from (6.91) and the lower semicontinuity of f,; that

fav(s) = inf(fap). (6.92)

Therefore we have shown that for each sequence {z;}52, C X satisfying (6.91)
there exists a subsequence {2z }72, which converges to z. € X satisfying
(6.92). Theorem 6.12 is proved.

6.7 Concretization of the variational principle

We use the notations and definitions introduced in Section 6.6. We assume
that B is a Hausdorff topological space. In our study we use the following
assumptions.

(H4) For each (a,b) € A x B, each natural number n and each positive
number € there exists a neighborhood U of b in B such that for each £ € U
and each z € X satisfying min{ f.¢(z), fao(2)} < n the inequality |fop(z) —
fae(x)] < € holds.

(H5) For each positive number ¢ and each natural number m there exist
positive numbers § and r¢ such that the following property holds:

For each a € A satisfying sup{inf(fq;) : b € B} < m, each r € (0,r¢] and
each nonempty finite set @@ C B there exist a € A and a nonempty compact
set A C X such that

ds(a,a) <r, supinf(fzp) <m+1,
beB

fav(x) > fap(z) for each (b,x) € Bx X
and
| fab, () = fab, ()| < [faby (2) = fab, (2)] for all by, by € B and all z € X,

and that for each b € ) and each x € X satisfying fap(z) < inf(fz) + 07 the
inequality p(z, A) < e holds.

Lemma 6.13. Assume that (Hj) holds and a € A. Then the function b —
inf(fap), b € B is continuous.

Proof: Let b € B and € € (0,1). Fix an integer
n > |inf(fab)‘ +4.

It follows from (H4) that there exists a neighborhood U of b in B such that
for each £ € U and each x € X satisfying

min{ fop(x), fae(x)} <n+1
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the inequality
|fab(x) _faﬁ(x)l < 6/2 (693)
holds.

Assume that & € U. We show that inf(foe) < inf(fq)+e€/2. It follows from
the choice of n that

inf(fop) = inf{fap(z) : x € X and fop(z) <n —3}. (6.94)
Let z € X and
fap(x) <n —3. (6.95)
It follows from (6.95) and the definition of U (see (6.93)) that
[fap(2) = fag(2)| < €/2 and fog() < fap(x) + €/2. (6.96)

Since (6.95) implies (6.96) equality (6.94) implies that
inf(fae) < inf{fac(z) : 7€ X and fup(z) <n—3} <

inf{fap(x) +€/2: x € X and fop(z) <n—3} =
€/2 +inf{fup(x) : € X and fop(z) <n—3} =¢€/2 4+ inf(fup).

Hence

inf(foe) <inf(fap) +€/2. (6.97)
Now we show that inf(fss) < inf(fae) +€/2. Let 2 € X and

Jag(x) < inf(fag) + €/2. (6.98)

In view of (6.98), (6.97) and the choice of n,
Jae(x) <inf(fap) +€ <n—3.
By these inequalities and the definition of U (see (6.93)), (6.93) holds and
Jab(@) < fag(x) +€/2. (6.99)
Since (6.98) implies (6.99) we obtain that
inf(fop) < inf{fop(x): € X and foe(z) < inf(fae) +€/2} <

inf{fae(z) +€/2: z € X and foe(zx) <inf(fae) +€/2} =
€/2+inf{foe(x) : © € X and foe(x) <inf(fae) +€/2} = €/2 +inf(fae).

Therefore inf(f,5) < inf(fo¢)+€/2. Together with (6.97) this inequality implies
that |inf(f.p) — inf(fee)| < €/2 for all € € Y. Lemma 6.13 is proved.

Corollary 6.14. Assume that B is compact and (H{) is true. Then (H1)
holds.
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Lemma 6.15. Assume that B is compact and (H4) and (H5) are true. Then
(H2) holds.

Proof: Let €y be a positive number and let m be a natural number. Let 6 €
(0,1) and rg € (0,1) be as guaranteed by (H5) with € = ¢/2.
Let a € A and
r € (0,79, supinf(fep) < m. (6.100)
beB

It follows from (H4) that for each b € B there exists an open neighborhood
Uy of b in B such that for each £ € U, and each x € X satisfying

min{ fee (), fap(z)} <m+4 (6.101)

the inequality
| fab(x) = fag(x)| < 01/16 (6.102)

holds. Since B is compact there exists a finite nonempty set Q C B such that
U{p: beQ} =B. (6.103)

It follows from (H5) and the definition of § and rq that there exist a € A and
a nonempty compact set A9 C X such that

ds(a,a) < r, supinf(fzp) <m+1, (6.104)
beB
fav(x) > fap(x) for all b € B and all z € X, (6.105)

| fan, (2) = fany (2)] < | fan, () — fan,(x)| for all hy,he € B and all z € X
and that for each b € @ and each x € X satisfying

Jav(x) < inf(fap) + or (6.106)
the following inequality holds:
p(z, Ag) < €0/2. (6.107)
There exists a nonempty finite set A C Ay such that
plx, A) < eg/4 for all z € Ay. (6.108)
Let b € B. In view of (6.103) there exists h € @ such that
b e Up.

We show that |inf(fzp) — inf(fan)| < 6r/16. Relations (6.100) and (6.104)
imply that

inf(fap), inf(fzn) < m+ 1, inf(fop), Inf(fon) < m. (6.109)
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Then
inf(fze) = Iinf{fze(2) : z € X and faze(2) <m+2}, £ € {b,h}, (6.110)

inf(fae) = inf{fae(2): z € X and foe(2) < m+ 1}, £ € {b, h}.

Let z € X and
min{ fap(2), fan(2)} < m+ 2. (6.111)

By (6.105), min{ fop(2), fan(2)} < m+2. It follows from (6.105), the inclusion
b € Uy, (6.108) and the definition of Uy, (see (6.101), (6.102)) that

[fan(2) = fan(2)| < fab(2) = fan(2)] < o7/16.

Thus we have shown that the following property holds:
(C5) If z € X satisfies (6.111), then |fap(2) — fan(2)] < 6r/16.
By property (C5) and (6.110),

[inf(fan) — inf( fan)| < Or/16. (6.112)
Now assume that x € X and that
fav(z) < inf(fzp) + or/16. (6.113)

Relations (6.113) and (6.109) imply that fz5(z) < m + 2. Together with the
property (C5), (6.113) and (6.112) this inequality implies that

Jan(z) < fap(z) 4+ 07/16 < inf(fap) + or/8 < inf(fan) + or/4.

Thus fazp(z) < inf(fazn) + dr/4. In view of this inequality, the relation h € Q
and the definition of @, Ay (see (6.106), (6.107)), p(x, Ag) < €p/2. Together
with (6.108) this inequality implies that p(z, A) < €y. Thus we have shown
that the following property holds:

For each b € B and each x € X satisfying (6.113) the inequality p(z, A) <
€o is valid.

Together with (6.104) this property implies (H2). This completes the proof
of Lemma 6.15.

Theorem 6.12, Lemma 6.15 and Corollary 6.14 imply the following result
which was obtained in [127].

Theorem 6.16. Assume that B is compact and (H3) ,(H4) and (H5) hold.
Then there exists a set F C A such that the complement A\ F is o-porous in
A with respect to the pair (dy,ds) and that for each a € F and each b € B the
minimization problem for fo, on (X, p) is well-posed in the generalized sense.

Remark 6.17. Note that Theorem 6.16 is also valid if B = U2, C;, the set C;
is compact and (H3), (H4) and (H5) hold with B = C; for all natural numbers
1.
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6.8 Existence results for the problem (P2)

Denote by Cj(X) the set of all lower semicontinuous bounded from below
functions f : X — R! U {co} which are not identically co. We assume that
A, B C C)(X) and for any a € A and any b € B,

far(x) = a(x) + b(z), z € X.

Fix 6 € X. For the set C;(X) we consider the uniformity determined by the
following base:

Up(n) ={(f,9) e Ci(X)xC (X)) : |f(z)—g(x)] <1/n for all z € X (6.114)

such that p(x,0) <n or min{f(x),g(x)} < n},

where n = 1,2,.... It is easy to see that the space C;(X) with this uniformity
is metrizable (by a metric dy). We always assume that B is equipped with the
metric dy and with the topology induced by dj.

For each f,g € C1(X) define

di(f,9) = sup{|f(2) — g(2)| : € X},

dl(fa g) = Czl(fa g)(l + d~1(f7g))71'

Clearly, the metric space (Cy(X),dy) is complete.

Denote by C,(X) the set of all finite-valued functions g € C;(X) and by
C(X) the set of all finite-valued continuous functions g € C;(X).

For any function f: X — R! set

Lip(f) = sup{|f(z) — fW)lp(z,y) " : z,y € X, z # y}.

Denote by CL(X) the set of all continuous functions f : X — R! such that
Lip(f) < oco. For each f,g € C,(X) define

da(f, 9) = di(f.g) + Lip(f — g)(Lip(f —g) + 1)~ .

Clearly, the metric space (C,(X), d2) is complete, C(X) and Cp(X) are closed
subsets of the metric space (C,(X), dz2) and C,(X) and C(X) are closed sub-
sets of the metric space (C;(X),dy).

Our goal in this section is to prove porosity results for the space Cj(X)
and its certain subspaces which were obtained in [127].

Theorem 6.18. Let B be a countable union of compact subsets of the met-
ric space (Cy1(X),do) and let a space (A,dy,ds) be either (C1(X),dy,d1) or
(Cy(X),d1,d2) or (C(X),d1,ds) or (Cr(X),ds,ds). Assume that one of the
following properties holds:

1. Each g € B is finite-valued; 2. each g € A is finite-valued.

Then there exists a set F C A such that the complement A\ F is o-porous
in A with respect to (dy,ds) and that for each g € F and each h € B the
problem minimize g(x) + h(x) subject to x € X on (X, p) is well-posed in the
generalized sense.
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Proof: We may assume without loss of generality that B is a compact subset
of (Cy(X),dp). In view of Theorem 6.16 we need to show that (H3), (H4) and
(H5) hold. Evidently, (H3) and (H4) hold. We show that (H5) holds. Let € be

a positive number. Fix
6 € (0,min{1/16,¢/8}), ro € (0,1]. (6.115)

Let g € A, 7 € (0,70] and {h1,...,hy} C B where ¢ > 1 is an integer. For
each ¢ € {1,...,q} choose z; € X such that

g(x;) + hi(x;) <inf(g+ h;) + or/4. (6.116)
Put
A=A{z1,..., 24}, (6.117)
g(y) = g(y) + 47 'rmin{l, p(y, A)}, y € X. (6.118)
It is easy to see that g € A,
ds(g,9) <r (6.119)
and
supinf(g + h) < supinf(g + h) + 1. (6.120)
heB heB
Let : € {1,...,q},y € X and
g(y) + hi(y) < inf(g+ h;) + or. (6.121)

By (6.118), (6.121), (6.117), (6.116) and (6.115),
9(y) + hi(y) + 4~ 'rmin{1, p(y, A)} = g(y) + hi(y) < inf(g+ h;) + 6r <

g(xs) 4 hi(zs) + 0r = g(a;) + hi(z;) + 0r < inf(g + hs)+
4710r 4 6r < g(y) + hi(y) + 20r,

and
min{1, p(y, A)} <8 < ¢, p(y,A) < e.

Now it is easy to see that (H5) holds. This completes the proof of Theorem
6.18.

Now we obtain extensions of Theorem 6.18. We use the convention that
In(oco) = co. Define

CHX)={heC(X): h(z) >0forall z € X}, C;F(X)=C,(X)NC,(X),

CH(X) = CF (X) N O(X), CF (X) = G (X) N CL(X).

It is clear that C;"(X) is a closed subset of (Cy(X),d1), C;f (X) is a closed
subset of (C,(X),d1), CT(X) is a closed subset of (C(X),d;) and C} (X) is
a closed subset of (CL(X),d2).
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Now we equip the space C;" (X) with the metric d,,. For h,& € C;7 (X) set
dy(h,€) = sup{|ln(h(z) + 1) = In(é(2) + 1)| : z € X},

dw(hv €) = (Zw(hv 5)(1 + Jw(hv E))il' (6122)

Clearly, the metric space (C;7(X),d,,) is complete, dy,(h, &) < di(h, &) for all
h,¢ € CF(X) and Cf (X), CH(X) are closed subsets of (C;F(X), dy,).

It is easy to see that dy,(h,&) < € where h,& € C;7(X) and € is a positive
number if and only if

(h(z) + 1)(&(2) + )" € [e7, €]

for all z € X. It means that h,£ € C’l+ (X) are close with respect to d,, if and
only if the function

z— (W) +1)(ER)+1)7 2 X

is close to the function which is identically 1 with respect to the topology of
the uniform convergence.

Theorem 6.19. Let B be a countable union of compact subsets of the met-
ric space (C1(X),do) and let a space (A, dy,ds) be either (C;(X), dw,d1) or
(CHX),dy,ds) or (CH(X),dy,d2) or (C}(X),da,d2). Assume that one of
the following properties hold:

1. Each g € B is finite-valued; 2. each g € A is finite-valued.

Then there exists a set F C A such that the complement A\ F is o-porous
in A with respect to (dy,ds) and that for each g € F and each h € B the
problem minimize g(x) + h(zx) subject to x € X on (X, p) is well-posed in the
generalized sense.

Proof: We may assume without loss of generality that B is a compact subset
of the metric space (C;(X), dp). In view of Theorem 6.16 we need to show that
(H3), (H4) and (H5) hold. Evidently, (H4) holds. Analogously to the proof of
Theorem 6.18 we can show that (H5) holds. In order to complete the proof
we need to show that (H3) holds.

Let m be a natural number. Since (H4) holds it follows from Lemma 6.13
that there exists a positive number ¢y for which

1+ |inf(g)| < ¢o for all g € B. (6.123)
Fix
a € (0, [de(m +co + 1)) 7). (6.124)
Assume that g1,92 € A, 7 € (0,1],
dw(91,92) < ar, (6.125)

heB,ze X and
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min{(g1 + h)(z), (92 + h)(2)} < m. (6.126)
In view of (6.126) and (6.123),
min{g1 (), g2(z)} < m + co. (6.127)
Relations (6.122), (6.125) and (6.124) imply that

duw(91,92) = duw(g1,92)(1 = du(g1,92)) " < 2du (g1, 92) < 207,

(14 g1(2))(1 4 ga(2)) ™" € [e72°7, 7). (6.128)

We will show that |g1(z) — g2(x)| < r. We may assume without loss of gener-
ality that g1 (x) > ga2(x). Then (6.128) implies that

0 < gi(@) = g2(z) < €7 (1+ga(w)) — 1 - ga() =

(g2(z) + 1)(e** — 1) = (ga(z) + 1)20&7‘60/
where o € [0, 2ar]. Therefore (6.124) and (6.127) imply that

0 < g1(z) — g2(x) < (g2(x) + 1)2are < 2are(m+co+1) < r.

Hence (H3) holds. Theorem 6.19 is proved.

Next two theorems are extensions of Theorem 6.18 to classes of convex
functions.

Theorem 6.20. Let X be a nonempty bounded closed convex subset of a
Banach space (E,|| - ||), plz,y) = ||z — yl|, z,y € X and let A be ei-
ther {f € Ci(X) : [ isconvex} or {f € C,(X) : [ is conver} or
{f € C(X): f is convex}. Assume that B is a countable union of compact
subsets of the metric space (C1(X),do) and that one of the following properties
holds:

1. Each g € B is finite-valued; 2. each g € A is finite-valued.

Then there exists a set F C A such that the complement A\ F is o-porous
in A with respect to (di,d1) and that for each g € F and each h € B the
problem minimize g(x) + h(x) subject to x € X on (X, p) is well-posed in the
generalized sense.

Proof: We may assume without loss of generality that B is compact. In view
of Theorem 6.16 we need to show that (H3), (H4) and (H5) hold. It is easy
to see that (H3) and (H4) are true. In order to prove Theorem 6.20 we need
to show that (H5) holds. Fix

do > sup{||lz —y|| : z,y € X}. (6.129)
Let € be a positive number. Fix

5 € (0,(8(do + 1)) Le). (6.130)
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Assume that g € A, r € (0,1] and {h,...,hy} C B where ¢ > 1 is an integer.
For each ¢ € {1,...,q} choose z; € X such that

g(xi) + hi(w;) < inf(g + h;) + 47 6r. (6.131)
Denote by A the convex hull of the set {z1,...,2,} and define
3(y) = g(y) + (4dy + 1) rp(y, A) for all y € X. (6.132)

It is easy to see that A is compact, g € A,

dl(.gag) S r

and
supinf(g + h) < supinf(g + h) + 1.
heB heB

Let : € {1,...,q},y € X and
g(y) + hi(y) <inf(g+ h;) + or. (6.133)
By (6.132), (6.133), (6.131) and (6.130),
9(y) + (4do + 1) 'rp(y, A) + hiy) = g(y) + hi(y) < (§+ hi) (@) + or =

g(wi) + hi(w;) + 01 < g(y) + hi(y) +47"0r + or,
ply, A) <26(4dp +1) < e.
Thus (H5) is valid. This completes the proof of Theorem 6.20.

Theorem 6.21. Let X be a nonempty closed convez subset of a Banach space
(B - 1D, plzyy) = |z —yll, z,y € X, co > 0 and let B be a countable
union of compact subsets of the metric space (Ci(X),doy). Assume that a
set A is either {f € C\(X) : [ is conver and f(x) > co|lz|,x € X} or
{f € Cu(X) : [ isconvex and f(x) > collz||,z € X} or {f € C(X) :
f is convex and f(x) > collz||,x € X} and that one of the following proper-
ties holds:

1. Each g € B is finite-valued; 2. each g € A is finite-valued.

Then the metric space (A, dy) is complete and there exists a set F C A
such that the complement A\ F is o-porous in A with respect to (dy,dy) and
that for each g € F and each h € B the problem minimize g(x) + h(x) subject
tox € X on (X, p) is well-posed in the generalized sense.

Proof: We may assume without loss of generality that B is a compact subset
of (Cy(X),dp). In view of Theorem 6.16 we need to show that (H3), (H4) and
(H5) hold. It is clear that (H4) holds. Since (H3) holds for the metric space
(C}F(X),dy) (see the proof of Theorem 6.19) it is also true for the subspace
(A,dy). Thus in order to prove Theorem 6.21 we need to show that (H5)
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holds. Since B is compact Lemma 6.13 implies that there exists a positive
number ¢; such that

1+ |inf(h)| < ¢ for all h € B. (6.134)

Let € be a positive number and let m be a natural number. Choose an integer
mo > 1 and a number 79 > 0 such that

mo > (m 4 co + c1 4+ 2)(min{eg, 1}) 71, 7 < (mo +2) 7. (6.135)

Put
v =min{1,¢p}. (6.136)

Fix
§ € (0, min{8 e, 1}). (6.137)

Assume that g € A satisfies
inf(g + h) < m for all h € B, (6.138)

r € (0,70] and {h1,...,hq} C B where ¢ > 1 is an integer. For each i €
{1,...,q} choose x; € X such that

g(x;) + hi(z;) < inf(g + hy) + 4o (6.139)
Denote by A the convex hull of the set {0,z1,...,2,} and define
G(y) = gly) + 4 ryp(y, A) for all y € X. (6.140)

Tt is easy to see that A is compact and g € A. We show that dy,(g,g) < 7.
It follows from (6.122), (6.140) and (6.136) that

dw(9,9) < dw(g,g) = sup{|In(g(y) +1) —In(g(y) +1)| : y € X} =

sup{In(1 + (3(y) — 9))(g(y) + 1))}

yeX
< sup{In(1 + 4~ yrp(y, A) (1 + collyl) 1)} <
yeX
sup{4~"yrp(y, A)(1 + collyl]) '} < sup 4™ yrlfyl|(1 + collyl]) " <
yeX yeX
4_177“/00 <7
Hence
duw(g,9) <. (6.141)

Now we will estimate sup;, ¢z inf(g + h).
Let h € B and = € X. Assume that ||z|| > mg. Then (6.140), (6.134) and
(6.135) imply that
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g(z) + h(z) > g(z) + h(z) > col|z|| — c1 > como — c1 > m + 2.
Hence

if x € X, ||z||] > mo, then g(x)+ h(z) > g(x) + h(z) >m+2. (6.142)
If y € X and ||y|| < mo, then it follows from (6.140), (6.136) and (6.135) that
9(y) + h(y) = g(y) + h(y) + 47 'ryp(y, A) <
9(y) + hy) + 47 rllyll < g(y) + h(y) + 4 romo <
9(y) +h(y) +47"

Thus

inf{g(y) + h(y) : y € X, |[yll < mo} < inf{g(y) + h(y) : (6.143)

y€X, [lyll <mo}+47"
By (6.142), (6.143) and (6.138),
m > inf(g +h) = inf{g(y) + h(y) - ¥ € X, |yl < mo},
inf(g+h) <m+1/4.

Thus we have shown that

supinf(g+ h) <m +1/4. (6.144)
heB

Let i € {1,...,q}, y € X and
g(y) + hi(y) < inf(g+ h;) + or. (6.145)
By (6.140), (6.145), (6.139) and (6.137),
9(y) + 47 yrp(y, A) + hiy) = G(y) + hi(y) < (G + hi) (@) + o1 =

9(x) + hi(zs) + 6r < g(y) + hi(y) + 47 '0r + or,
47 p(y, A) <26, p(y, A) <867~ <e.
Thus p(y, A) < e and (H5) holds (see (6.141), (6.144)). Theorem 6.21 is proved.
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6.9 Existence results for the problem (P1)

Let (X, p) be a complete metric space. Assume that B is a Hausdorff topologi-
cal space and that B = US2,B; where B; is a compact subset of B, ¢ =1,2,....
Denote by M the set of all functions g : B x X — (—o0, 00| such that:

(i) For each b € B the function g(b,-) : X — (—o0, 00] is lower semicontin-
uous bounded from below and it is not identically oo;

(i) For each b € B, each natural number n and each positive number ¢
there exists a neighborhood U of b in B such that for each £ € U and each
z € X satisfying min{g(b, x), g(&, )} < n the inequality |g(b,z) — g(&,z)| <€
holds.

For each f,g € M set

Cis(fag) = Sup{‘f(b,l’) 79((),%)‘ : (b,l’) € B x X}7

dy(f.9) = d(f,9)(1 +d(f,9)".

Clearly, the metric space (M, d;) is complete. Denote by M, the set of all
finite-valued functions g € M, by M the set of all functions f € M, such
that the function f(b,-) : X — (—00,00] is continuous for all b € B, and by
M. the set of all continuous functions f € M,. It is easy to see that M,,
M, and M, are closed subsets of the metric space (M, d;).

Theorem 6.22. Let A be either M or M, or My or M. Then there exists
a set F C A such that the complement A\ F is o-porous in A with respect to
(ds,ds) and that for each g € F and each b € B the problem minimize g(b, x)
subject to x € X s well-posed in the generalized sense.

Proof: We may assume without loss of generality that B is compact. For each
a € Aand each b € Bset fop(x) = a(b,x), x € X. In view of Theorem 6.16 we
need to show that (H3), (H4) and (H5) hold. Tt is clear that (H3) holds. (H4)
follows from the property (ii). In order to prove Theorem 6.22 it is sufficient
to show that (H5) is true.

Let € be a positive number. Fix

§ € (0, min{8 ¢, 1/8}).

Assume that g € A, r € (0,1] and {by,...,by} C B where ¢ > 1 is an integer.
For each ¢ € {1,...,q} choose z; € X such that

g(bi, ;) < inf(g(b;,-)) + 4 or (6.146)
Put A ={z1,...,z,} and define
g(b,z) = g(b,x) + 4 'r min{1, p(x, A)} for all z € X.

Clearly g € A and
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ds(g,9) < 477, supinf(g(b,-)) < supinf(g(b,)) + 1.
beB beB

Assume that i € {1,...,¢}, y € X and
g(bi,y) < inf(g(bi,-)) + or.
By the inequality above, the definition of g, (6.146) and the choice of ¢,
g(bi,y) + 47 rmin{1, p(y, A)} = g(bi,y) < g(bi,xi) + 07 =
g(bi, i) + 0r < g(bs,y) + 476 + or,
min{l, p(y, A)} <85 < ¢, p(y,A) <e.

Thus (H5) is true. Theorem 6.22 is proved.

Denote by M™ the set of all nonnegative g € M. Set M} = M+ N M,,
MP =Mt N M, and M = Mt N M,. It is easy to see that M, M,
MT and M7 are closed subsets of the complete metric space (M, ds).

For each g,h € M™ define

dw(g,h) = sup{|ln(g(b, z) + 1) — In(h(b,z) + 1)| : (b,z) € B x X},

dw(g, h) = dw(g,h) (1 + dw(g, b)) .

Clearly, the metric space (M™,d,,) is complete, M*, MT and M are closed
subsets of (M™,d,,). Evidently, d,,(g,h) < ds(g,h) for all g,h € M™T.

Theorem 6.23. Let A be either Mt or M} or M} or MF. Then there
exists a set F C A such that the complement A\ F is o-porous in A with
respect to (dy,ds) and that for each g € F and each b € B the problem
minimize g(b, x) subject to x € X is well-posed in the generalized sense.

Proof: We may assume without loss of generality that B is compact. For each
a € Aandeach b € Bset for(x) = a(b,z), x € X. In view of Theorem 6.16 we
need to show that (H3), (H4) and (H5) hold. (H4) follows from the property
(ii). Analogously to the proof of Theorem 6.22 we can show that (H5) holds.
In order to prove Theorem 6.23 it is sufficient to show that (H3) holds.

Let m be a natural number. Fix a € (0, (4e(m + 1))~!). Assume that
re(0,871,be B, g1,92 € Aand x € X satisfy

dw(g1,92) < ar, min{g; (b, z), g2(b,2)} < m. (6.147)
It follows from (6.147) that
dw(g1,92) = duw(g1,92)(1 — dw(g1,92)) " < ar(l —ar)™! < 2ar,

(g1(b, ) + 1)(ga(b, ) + 1)~ € [e72%", €2°"]. (6.148)

We may assume without loss of generality that g2 (b, z) > g1(b, x). By (6.147),
(6.148) and the mean value theorem,
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0 < go(b, ) — g1 (b,z) < (g1(b,z) + 1)[e**" — 1] < (m + 1)(e**" — 1) =

(m+1)2are”
where 0 < 7 < 2ar < 1/2. Tt follows from the choice of « that

0 < ga(b,x) — g1(b,x) < (m + 1)2are < 7.

Thus (H3) holds. This completes the proof of Theorem 6.23.
The results of this section were obtained in [127].

6.10 Parametric optimization problems with constraints

Let (X, p) be a complete metric space. We study the parametric family of the
minimization problems

minimize h(b, z) subject to x € w (P)

with a parameter b € B, h(-,-) € M and w € S(X). Here B is a Hausdorff
topological space which is a countable union of its compact subsets, M is a
complete metric space of functions on B x X and S(X) is a complete metric
space of nonempty closed subsets of X. We show the existence of a set F C
M x S(X) which is a countable intersection of open everywhere dense subsets
of M x S(X) such that for each (h,w) € F the minimization problem (P) has
a solution for all parameters b € B.

We use the convention that co — co = 0 and co/oco = 1.

In this section we usually consider topological spaces with two topologies
where one is weaker than the other. (Note that they can coincide.) We refer to
them as the weak and the strong topologies, respectively. If (X, d) is a metric
space with a metric d and Y C X, then usually Y is also endowed with the
metric d (unless another metric is introduced in V). Assume that X; and Xo
are topological spaces and that each of them is endowed with a weak and a
strong topology. Then for the product X; x X5 we also introduce a pair of
topologies: a weak topology which is the product of the weak topologies of X
and X5 and a strong topology which is the product of the strong topologies of
X7 and X,. If Y C X5, then we consider the topological subspace Y with the
relative weak and strong topologies (unless other topologies are introduced).
If (X;,d;), t = 1,2 are metric spaces with the metrics d; and da, respectively,
then the space X1 x Xy is endowed with the metric d defined by

d((z1,22), (Y1, y2)) = di(z1,91) + do(x2,y2), (xi,y:) € X xY, i =1,2.

We consider a complete metric space (X, p). For each function g : X —
R' U {oo} we set
inf(g) = inf{g(x) : = € X}.

Forz e X and A C X set
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p(z,A) =inf{p(z,y) : y € A}.

Denote by S(X) the collection of all nonempty closed subsets of X. For A, B €
S(X) we define

H(A, B) = max{sup{p(z, B) : = € A}, sup{p(y,A): y € B}},

H(A,B)=H(A,B)(H(A,B)+1)"L.

It is well known that the metric space (S(X), H) is complete. We equip the
set S(X) with the topology induced by the metric H.

Let h : X — R! U {oc}. Recall that the minimization problem for h on
(X, p) is well-posed in the generalized sense [40] if inf(h) is finite, the set
{r € X : h(z) = inf(h)} is nonempty and compact and each sequence
{;}$2, C X satisfying lim; .o h(x;) = inf(h) has a convergent subsequence.

Denote by £ the set of all lower semicontinuous functions f : X — R!
which are bounded from below and satisfy the following assumption:

(D1) For each z € X, each neighborhood U of = in X and each positive
number 0 there exists a nonempty open set V' C U such that f(y) < f(z)+ 9
forally e V.

Remark 6.24. Let f : X — R! be a lower semicontinuous bounded from below
function. Then f satisfies (A1) if and only if the epigraph

epi(f) ={(y,0) e X xR': a> f(y)}
is the closure of its interior.

Let B be a Hausdorff topological space. We assume that B is a countable
union of its compact subsets. Denote by M the set of all functions a : Bx X —
R! such that for each b € B the following properties hold:

(D2) The function  — a(b,z), € X belongs to L;

(D3) For each natural number n and each positive number e there exists a
neighborhood U of b in B such that for each £ € U and each z € X satisfying

min{a(§, x), a(b,z)} <n

the inequality |a(b, z) — a(&, x)| < € holds.
For ay,as € M we set

ds(a1,a2) = sup{|ai(b,z) —az(b,z)|: b€ B, z € X},

ds(al,ag) :ds(a1,a2)(1+ds(a1,a2))_l. (6149)

It is easy to see that the metric space (M, ds) is complete.
Fix 0 € X. For the set M we also consider the uniformity determined by
the following base:
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Up(n) ={(a1,a2) € M x M : |a1(b,z) — az(b,z)| < 1/n (6.150)

for each b € B and each x € X such that
p(x,0) < n or min{ay(b,z),az(b,z)} < n},

where n = 1,2,.... Clearly the space M with this uniformity is metrizable
(by a metric dy,). For the space M we consider the strong and weak topologies
induced by the metrics ds and d,,, respectively.

Denote by M the set of all functions a € M such that the function
z — a(b,x), x € X is continuous for all b € B and denote by M, the set of
all continuous functions a € M. It is easy to see that M and M, are closed
subsets of the metric space (M, dy).

Define A = Ay x Ay where A = S(X) and A, is either M or My or M..
For each a = (a1,a2) € A; x Ay we consider the problem

minimize a1 (b, z) subject to x € as

where a parameter b € B.
We prove the following theorem obtained in [119)].

Theorem 6.25. There exists a set F C A which is a countable intersection
of open (in the weak topology) everywherere dense (in the strong topology)
subsets of A such that for each a = (a1,a2) € F and each b € B the problem
minimize a1 (b, z) subject to x € ag is well-posed in the generalized sense.

We prove this result as a realization of the variational principle which was
established in Section 6.1 (Theorem 6.1).

6.11 Proof of Theorem 6.25

It is clear that B = U2, B; where B;, i = 1,2,... is a compact subset of 5.
In order to prove Theorem 6.25 it is sufficient to show that for each natural
number 7 there exists a set F; C A which is a countable intersection of open
(in the weak topology) everywhere dense (in the strong topology) subsets of
A such that the following property holds:

For each a = (a1, a2) € F; (a = (a1, a2)) and each b € B; the minimization
problem a; (b, z) — min, x € ay is well-posed in the generalized sense.

Fix a natural number s. For each a = (a1,a2) € A = A; X Ay and each
b € B, define

fan(x) = a1 (b, z) if x € ag, otherwise fup(z) = oc. (6.151)

Evidently, the function f,; : X — R U {oo} is lower semicontinuous for any
a € A and any b € B,. In order to prove Theorem 6.25 it is sufficient to show
that there exists a set F C A which is a countable intersection of open (in the
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weak topology) everywhere dense (in the strong topology) subsets of A4 such
that the following property holds:

For each a = (aj,as) € F and each b € By the minimization problem
a1 (b, x) — min, x € ay is well-posed in the generalized sense.

In view of Theorem 6.1 to meet this goal we need to show that (H) holds
with B = B;,.

Proposition 6.4 and (D3) imply the following auxiliary result.

Lemma 6.26. Let a; € Ay, as € As. Then the function
b— inf{a1(b,z): x €as}, beB

1S continuous.

Let a = (a1,a2) € A=A x Ay, e € (0,1). We construct a = (a1, az2) € A
(see hypothesis (H) in Section 6.1).

Since the set By is compact, Lemma 6.26 implies that there exists an
integer ng > 4 such that

|inf{a1(b,u) : u € as}| < ng for all b € Bs. (6.152)

Fix positive numbers
€0 < €/4, n < e€p/16. (6.153)

By the definition of M (see (D3)) for each b € B; there exists an open neigh-
borhood U, of b € B such that:
(P1) For each £ € U, and each x € X satisfying

min{a; (&, x),a1(b,z)} < 4ng

the inequality |a;1 (&, x) — a1(b, z)| < /16 holds.
Since B, is compact and

Bs C Upen,Up

there exists a finite set {b1,...,b,} C Bs where ¢ > 1 is an integer such that
Bs C UL U, . (6.154)

Put
R={zeX: p(z,a2) < e} (6.155)

Let i € {1,...,q}. It follows from (D2) and (D1) that there exists a nonempty
open set F; C X such that

E; C 02, ay(b;,z) < inf{ay(b,u) : u€ N} +16"'nforall z € E;. (6.156)

Let
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and define
s =axU{Z;: i=1,...,q}, (6.158)
ay(b,z) = ay(b,x) + 4 Legmin{1, p(x, {Z; : i=1,...,q})}, (6.159)
be B, r e X.
Put

a = (a,az).
Clearly, a1 € A1, a2 € As. By (6.153), (6.155) and (6.157)—(6.159),
H(ag,dy) < H(ag,az) < o < €/4 (6.160)

and ~
ds(al,&l) < ds(al,al) < 4_160 < 6/4. (6.161)

We construct a neighborhood V of a in A with the weak topology (see hy-
pothesis (H) in Section 6.1).
Fix an integer ny > 1 such that

ny > 16 + 2ng + 32¢; 2 + 16[eg — max{p(Z;,az) :i = 1,...,¢}]7", (6.162)

{zeX: plz,z;) <8n;'}CEy,i=1,...,q. (6.163)
Define
Vi={¢€Ai: (§a1) € Uy(n)}, (6.164)
Vo={he Ay: H(h,ay) < 1/n1}, (6.165)
V=V x V. (6.166)

It is easy to see that V is a neighborhood of (@;,as) in A with the weak
topology.
We show that hypothesis (H) holds with a, V, x; = Z;, i = 1,...,¢ and
0 = 1. The inequalities (6.160) and (6.161) imply part (i) of hypothesis (H).
Assume that
beBs, &€= (61752) ev. (6.167)

In view of (6.154) there exists j € {1,..., ¢} such that
bel,. (6.168)
By (6.167) and (6.165),
H(&,a2) = H(&,a0)(1 — H(&p,82)) " < 2H(&3,82) <2/ny. (6.169)
Therefore (see (6.158)) there exists § € X such that
J €&, p(5,55) < 2/ni. (6.170)

It follows from (6.170), (6.163) and (6.156) that
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jeEE; CQ. (6.171)

By (6.171), (6.157) and (6.156),
max{ai(b;,9),a1(b;z;)} < inf{ai(bj,u): ue 2} +16""1n. (6.172)

We show that &;(b,7) < ng + 1. In view of (6.159), (6.169), (6.172), (6.171)
and (6.157),

ai(b;,y) < ai(b;,y) +2 'eony ! < ai(b;, ;) + 167 '+ 2" eon . (6.173)
Relations (6.172), (6.152) and (6.155) imply that
a1(bj,§) < no + 16~ 1. (6.174)
By (6.174), (6.168) and the property (P1) (with b =10;, { =0, z = 7),
|a1(bj, 9) — a1 (b, )| < n/16. (6.175)
In view of (6.174) and (6.175),
a1 (b,7) < a1(b;, 7) +1/16 < ng + 1/8. (6.176)
By (6.176), (6.159) and (6.153),
a1(b,7) < ay(b,y) +4 e <np+1/84¢/4 <ng+1/2. (6.177)
It follows from (6.177), (6.167), (6.164), (6.166), (6.150) and (6.162) that
(b, 9) — &1(b,5) <ni
Combined with (6.177) and (6.162) this inequality implies that
&(,9) <ar(b,g) +1/n <np+1/2+1/n1 <ng+1

and
€1(b,y) <mo + 1. (6.178)

By (6.170) and (6.178),
inf{&(b,u) : uwe &} <ny+ 1 (6.179)

Note that (6.179) holds for any b € B, and any £ = (£1,&2) € V. Therefore we
have
inf{a(b,u) : ue€ &} <ng+1. (6.180)

Let
hl,hg € Al, {hl,hQ} = {51,&1}. (6181)

Assume that
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z €&, hi(b,z) <inf{h1(b,u): ue &} +1. (6.182)

It follows from (6.179), (6.180), (6.181) and (6.182) that hy(b,z) < ng + 2.
Together with (6.181), (6.164), (6.166), (6.150) and (6.162) this inequality
implies that

|ha(b, 2) — ha(b, 2)] < 1/nj. (6.183)

Hence we have shown that the following property holds:
(P2) If z € X satisfies (6.182), then (6.183) holds.
By property (P2), (6.182), (6.183) and (6.181),

inf{ha(b,u): u € &} < inf{ha(b,u): u € & and
hi(b,u) < inf{hi(b,v): v € &} + 1} <inf{hy(b,u) +1/n; :
u € & and hy(b,u) < inf{hi(b,v): vE€ &} +1} =
1/n1 + inf{hy(b,u) : u € & and hy(b,u) <
inf{h1(b,v) : vE€&}+1} =1/ny +inf{hy(b,u): u € &}
and
|inf{a; (b,u) : uw € &} —inf{&(bu): ue &} <1/n;. (6.184)

Let
p1,p2 € Be, {p1,p2} = {b,b;}. (6.185)

Assume that
z € &, a1(p1,2) <inf{ay(pr,u) : ue &)+ 1. (6.186)
By (6.159), (6.180) (recall that (6.180) holds for any b € By),
ay(p1,2) < ai(p1,2) <ng+ 2. (6.187)

Property (P1) (with b= b;, £ = b), (6.187), (6.159), (6.168) and (6.185) imply
that

|a1(p1, 2) — @1(p2, 2)| = |a1(p1, 2) — a1 (p2, 2)| < n/16. (6.188)

We have shown that the following property holds:
(P3) If z € X satisfies (6.186), then (6.188) holds.
By property (P3), (6.186), (6.188) and (6.185),

inf{a; (p2, 2) : z € Lo} <

inf{a;(p2,2): z € & and a;(p1,2) < inf{a;(p1,u): v €&t +1}1 <
inf{ai(p1,2) +n/16 : z € & and a1(p1,2) < inf{ai(p1,u): u € &} +1} =
n/16 + inf{a1(p1,2) : z € & and a1(p1, 2) < inf{ai(p1,u) : v €&} +1} =
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n/16 + inf{a;(p1,2) : 2z € &}

and
|inf{@;(b, 2) : z € &} — inf{aq(by,2) : z € &} < n/16. (6.189)
Now we show that part (ii) of hypothesis (H) holds. Assume that
z € & and & (b, z) < inf{&(b,u): u € &} +n. (6.190)
By (6.190) and (6.169),
p(z,a2) < H(&,az) < 2/ny. (6.191)
Property (P2), (6.182), (6.183), (6.181), (6.190) and (6.153) imply that
|€1(b, 2) — a1(b, z)| < 1/ny. (6.192)
In view of (6.192), (6.190) and (6.184),
a1 (b,z) <& (b, 2) +1/ny <inf{&(b,u) :u € &} +n+ (6.193)

1/ny <inf{ai(b,u) : u € &} +n+2/n;.
By (6.193), the property (P3), (6.190), (6.186), (6.188), (6.185), (6.153) and
(6.162),

|a1(b, Z) —dl(bj,z)| < 77/16 (6194)
It follows from (6.194), (6.193) and (6.189) that
ai(b;,z) <ai(b,z) +1/16 < (6.195)

inf{a,(b,u) : v €&} +n+2/n1+n/16 <
inf{ai(b;,u) 1 u € &} +n/8+2/n1 + 1.
In view of (6.191), (6.158), (6.163), (6.155), (6.156), (6.162) and (6.163),
LeN. (6.196)
By (6.196), (6.157) and (6.156),
ai(bj,2) > a1(b;,z;) — 16~ 'n. (6.197)
By (6.159), (6.195), (6.170), (6.196), (6.162), (6.153) and (6.172),
ay(bj, z) + 4 tegmin{l, p(z,{Z; : i=1,...,q})} =
a1(bj, z) <inf{ai(bj,u) : v &} +n/8+n+2/n1 <
ai(bj,y) +n/8+n+2/n1 <
27 eony ' + ar(bj, ) + /8 +n+2/n1 <
a1(bj,2) + 8 'np+ 2 tegnt + 167 + 2/ny <
ay(bj, 2) +2n 4 4ng!
and
min{1, p(z,{Z;: i=1,...,¢})} < (8n+ 16n; ey < e

Thus we have shown that (H) holds with B = B,. This completes the proof
of Theorem 6.25.
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6.12 Comments

In this chapter we study a parametric family of the problems minimize f(b,x)
subject to x € X on a complete metric space X with a parameter b which
belongs to a Hausdorff compact space B. Here f(-,-) belongs to a space of
functions on B x X endowed with an appropriate uniform structure. Using
the generic approach and the porosity notion we show that for most functions
f(,-) the minimization problem has a solution for all parameters b € 1. These
results and their extensions are obtained as realizations of abstract variational
principles. The chapter is based on the works [106, 109, 113, 119, 127].






7

Optimization with Increasing Objective
Functions

7.1 Preliminaries

Let K be a nonempty closed subset of a Banach ordered space (X, || - |[,>).
A function f: K — R' U {+o0} is called increasing if

f(x) < f(y) for all z,y € K such that = < y.

Increasing functions are considered in many models of mathematical eco-
nomics. As a rule both utility and production functions are increasing with
respect to natural order relations.

We study the existence of a solution of the minimization problem

minimize f(z) subject to z € K (P1)

where f : K — R'U{+o0} is an increasing lower semicontinuous function. In
[88] it was established the generic existence of solutions of the problem (P1)
for certain classes of increasing lower semicontinuous functions f which satisfy
the growth condition

f(x) > o(||z]|]) — a for all z € K,

where a is a given real number and ¢ : [0,00) — [0,00) is a given increasing
function such that ¢(t) — +oo as t — +oo. Note that the perturbations
which are usually used to obtain a generic existence result are not suitable for
these classes since they break the monotonicity. In [88] we proposed the new
kind of perturbations which allowed us to established the generic existence
of solutions for certain classes of increasing lower semicontinuous functions
satisfying the growth condition.

In the present chapter we prove significant improvements of the results of
[88]. We establish a general variational principle which is an extension of the
variational principles obtained in Section 4. Our generic existence results are
obtained as realizations of this principle.

A.J. Zaslavski, Optimization on Metric and Normed Spaces, Springer Optimization 267
and Its Applications 44, DOI 10.1007/978-0-387-88621-3_7,
© Springer Science+Business Media, LLC 2010
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In contrast with [88], where the growth condition was used in the main
results, in the present chapter we also establish generic existence results for
spaces of increasing functions assuming only that the set K is bounded from
below.

We equip the space of functions with weak and strong topologies. We
construct a subset of this space which is a countable intersection of open (in
the weak topology) everywhere dense (in the strong topology) sets such that
for each function the corresponding minimization problem has a solution. This
approach allows us to enlarge the set of functions, for which we can guarantee
that (P1) has a unique solution.

In the present chapter we also consider the following minimization prob-
lem:

minimize f(z) subject to x € A, (P2)

where A is a nonempty closed subset of K and f : K — R! is an increasing
continuous function. We show that for a generic pair (f, A) the minimization
problem (P2) has a solution.

The chapter is based on the works [114, 115].

7.2 A variational principle

We use the following notations and definitions. Let (X, || - ||, >) be a Banach
ordered space and X4 = {z € X : =z > 0} be the cone of its positive
elements. Assume that X, is a closed convex cone such that ||z|| < ||y||
for each z,y € Xy satisfying < y. We assume that the cone X has the
following property (A):

Property (A): If {z;}2, C X, x;41 < z; for all integers ¢ > 1 and
sup{||zi|]| : ¢ =1,2,...} < 00, then the sequence {z;}$2, converges.

The property (A) is well-known in the theory of ordered Banach spaces
(see, for example, [60, 83, 90]). Recall that the cone X has the property
(A) if the space X is reflexive. The property (A) also holds for the cone of
nonnegative functions (with respect to usual order relation) in the space L;
of all integrable on a measure space functions.

Assume that K is a closed subset of X. For each function f : Y —
[—00, 00], where Y is a nonempty set we define

dom(f) ={y € Y :[f(y)| < oo}, inf(f) =inf{f(y) :y €Y}

and
epi(f) ={(y,@) €Y x R': a> f(y)}.

We use the convention that co — oo = 0.

We consider a complete metric space (A, d) which is called the data space.
We consider the space A with the topology 7, induced by the metric d. The
topology 75 is called the strong topology. The space A is also equipped with
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a topology 7, which is weaker than 7,. The topology 7, is called the weak
topology. We assume that the topology 7, is induced by a metric d, : Ax A —
R!.

For each a € A and each number r > 0 set

B(a,r)={be A:d(a,b) <r}, Byla,7)={be A:dy(a,b) <r}. (7.1)

We assume that with every a € A a lower semicontinuous function f, :
K — [—00,00] is associated and f, is not identically oo for all a € A. The
following is the basic hypotheses about the functions.

(H) For each a € A and each pair of positive numbers € and  there exist
a€ A, ze K and r,n,c> 0 such that d(a,a) < e, —oco < fz(x) <inf(fz) +e€
and for each b € A satisfying d,,(a,b) < r the following properties hold:

inf(fp) > —o0;

if z € K satisfies fp(2) < inf(f;) + 7, then ||z|| < ¢, |fo(2) — fa(z)| < v
and there is w € X such that z <z 4+ u and ||u|| < ¢;

there is y € K such that ||y — z|| < e and f,(y) < inf(fy) + €.

The hypothesis (H) is of technical nature. It turns out that this hypothesis
is valid in many natural situations.

The following theorem was proved in [114].

Theorem 7.1. Assume that (H) holds. Then there exists a set F C A which
is a countable intersection of open (in the weak topology) everywhere dense
(in the strong topology) subsets of A such that for each a € F the following
assertions hold:

1. inf(f,) is finite and attained at a point £*) € K such that for each
z € K satisfying fo(z) = inf(f,) the inequality x < x, holds.

2. For any positive number € there exist § > 0 and a neighborhood U of a
in A with the weak topology such that for each b € U, inf(fp) is finite, and if
x € K satisfies fo(x) < inf(fy) + 6, then |fu(x(®) — fy(x)| < € and there is
u € X such that ||u|| < e and x < (®) 4w,

Proof: Tt follows from (H) that for each a € A and each natural number n
there exist b(a,n) € A, z(a,n) € K and positive numbers r(a,n), c(a,n),
n(a,n) such that

d(a,b(a,n)) < 27", =00 < fyam(@(a,n)) <inf(fiun) +27"  (72)
and for each b € B, (b(a,n),r(a,n)) the following properties hold:
inf(fp) > —o0; (7.3)
there exists y, € K such that
gy — 2@, I < 27, folws) < inf(fy) +277 (7.4)

if z € K satisfies fp(z) < inf(fy) + n(a,n), then
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2] < e(a, n), 1fo(2) = foam (@(a,n))] <277, (7.5)
and there is u € X such that
z < z(a,n) +u and |Jul| < 27™. (7.6)
We may assume without loss of generality that
n(a,n), r(a,n) <4 " for all @ € A and all natural numbers n.  (7.7)

Define -
F =g U{By(bla,n),r(a,n)): a€ A, n>qj}. (7.8)

Relations (7.1) and (7.2) imply that F is a countable intersection of open (in

the weak topology) everywhere dense (in the strong topology) subsets of A.
Assume that a € F. (7.8) implies that there exist a sequence {a,}52; C A

and a strictly increasing sequence of natural numbers {k,}5; such that

a € By(b(an, kp),r(an, kp)), n=1,2,.... (7.9)

Tt follows from (7.9) and (7.7) that we may assume without loss of generality
that

Bw(b(an+17 knJrl)a T(anJrla knJrl)) - Bw(b(an; kn)7 T(an7 kn))a n = 1a 2;

(7.10)
and
427kt <n(an, k), n=1,2,.... (7.11)
In view of (7.11) and (7.7),
N ant1, kny1) < nlan, ky), n=1,2,.... (7.12)

Let n be a natural number. By (7.2),

—00 < fian i hnsy) @@ 1, kng1)) <IE(foa 0 k) +2750 (7.13)

By (7.10)-(7.13) and the definition of b(a,, k), Z(an, kn), 7(An, kn), c(an, k),
n(an, kn) (see (7.4)-(7.6)),

|z (ans1, knga)|| < clan, k1), (7.14)
and that there exists u,, € X for which
unl] < 275, @(ani1, kng1) < @(an, kn) + . (7.15)

For each natural number n put
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Clearly the sequence {y,}°2, is well-defined and for each natural number n,

Yn+1 — Yn = x(an—i-l, kn—‘rl) - x(an, kn) — Un S 0. (717)

By (7.14), (7.16) and (7.15), the sequence {y,}22, is bounded. In view of

(7.17) and the property (A) there exists 2(%) = lim,_ o yn. Together with
(7.16) and (7.15) this equality implies that

29 = lim z(an, kn). (7.18)

n—oo

In view of (7.9) and the definition of b(ay,, k), (an, kn), 7(an, kn) (see (7.4)),
for each natural number n there exists z,, € K such that

||Zn — z(an, kn)|| < 2—kn’ fa(zn) < inf(fa) +27Fn,

These inequalities, (7.18) and lower semicontinuity of f, imply that f,(z(®)
= inf(fs)-

Assume now that z € K and f,(z) = inf(f,). It follows from (7.9) and the
definition of b(ay, ky), ©(an, kn), r(an, k) (see (7.5) and (7.6)) that for each
natural number n there exists v,, € X such that

||Un|| < 2716"7 r < x(an, kn) + Un.

In view of these inequalities and (7.18), x < (%), Hence the first assertion of
Theorem 7.1 is true.

We turn now to the second assertion. Assume that € > 0. Choose a natural
number m for which

12 = 2(am, km)|| < 47'e and 2757 <47le. (7.19)
Assume that

b € By (b(am, km),m(am,km)), © € K and fy(x) < inf(fp) + n(am, km)-
) (7.20)
It follows from (7.20) and the definition of b(am,, km), 7(@m, km), N(Qm, km)
(see (7.5), (7.6)) that

| £6(2) = Foapm ko) (2 (@m, ki ))| < 275 (7.21)
and there exists v € X such that
[[o]| < 27%, & < 2(am, km) + v. (7.22)
Since (7.21) and (7.22) hold for any b and x satisfying (7.20) we have
(@) = foap o) (@(@m, k)| < 270 (7.23)

By (7.22) and (7.19),
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<z 4 (2(am, km) — 2D +0),

|2 (@, k) — 2D + 0] < [|0]] + ||2(@m, km) — 2@|] < 27Fn 447 < 27 1€

and
a2 D) = fi(z)] < 217K < e

Theorem 7.1 is proved.

An element x € K is called minimal if for each y € K satisfying y < x the
equality = = y holds.

We also use the following hypotheses.

(H1) For each a € A, each pair of positive numbers e and 7 there exist
a € A, a minimal element x € K and numbers r, 7, ¢ > 0 such that d(a,a) < e,
—o00 < fa(x) < inf(fz) + € and for each b € A satisfying d,,(a,b) < r the
following properties hold:

inf(fp) > —o0;

if z € K satisfies fy(z) < inf(fy) + 1, then ||z|| < ¢, |fo(2) — fa(z)| < v
and there exists u € X such that z < x + v and ||u]| < €

there exists y € K such that ||y — z|| <€ and fi(y) < inf(fp) + €.

The hypothesis (H1) is of technical nature. It turns out that this hypothesis
is valid in many natural situations.

Theorem 7.2. Assume that (H1) holds and that the set of all minimal ele-
ments of K is a closed subset of X. Then there exists a set F C A which is a
countable intersection of open (in the weak topology) everywhere dense (in the
strong topology) subsets of A such that for each a € F the following assertions
hold:

1. inf(f,) is finite and attained at a unique point z(*) € K.

2. For any positive number € there exist a positive number § and a neigh-
borhood U of a in A with the weak topology such that for each b € U, inf(f3)
is finite, and if x € K satisfies fy(x) <inf(fy) + 0, then |fo(z(®) — fi(z)| < €
and there exists u € X such that ||u|| < € and z < (@ + u,

The proof of Theorem 7.2 is analogous to the proof of Theorem 7.1. Note
that in view of (H1) we can assume that x(a,n) is a minimal element of K.
Then z, constructed in the proof of Theorem 7.1 is also a minimal element
of K. This implies the uniqueness of a minimizer of the function f, for all
a€eF.

In this chapter we use the following functional A : X — R! defined by

AMz) =inf{|ly|| : y > 2z}, x € X. (7.24)

The function X introduced in [88] has the following properties.
(i) The function A is sublinear. Namely,

Maz) = ai(zx) for all &« > 0 and all z € X,
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AMz1 + z2) < A1) + A(z2) for all z1,29 € X.

(ii) A(z) =0if z < 0.

(iii) If 1,20 € X and x1 < xg, then A(z1) < A(z2).
(iv) 0 < A(z) < ||z|| for all z € X.

It is easy to see that for each z,y € X,

[A(@) = )l <[l = yll. (7.25)

7.3 Spaces of increasing coercive functions

Denote by M the set of all increasing lower semicontinuous bounded from
below functions f : K — R' U {+o0o} which are not identically +oo. Recall
that a function f: K — R! U {+oc} is called increasing if

f(z) < f(y) for all z,y € X such that x < y.

We equip the set M with strong and weak topologies. For the space M we
consider the uniformity determined by the following base:

Esn)={(f,9) e M x M : |f(x) —g(z)| <n 'forallz € K}  (7.26)

where n is a natural number. It is easy to see that this uniform space M is
metrizable (by a metric d) and complete. Denote by 7, the topology in M
induced by this uniformity. The topology 7, is called the strong topology.

For each (z, ) € X x R! put ||(z, a)|| = ||z||+|a|. For each lower semicon-
tinuous bounded from below function f: K — R! U {+oco} with a nonempty
epigraph epi(f) define a function Ay : K x R* — R! by

Af(w,a) = mf{|lz —yl[+]a—p5|: (y.0) € epi(f)}, (z,) € K xR'. (7.27)
For the set M we consider the uniformity determined by the following base:
Eu(n) ={(f.g) € Mx M: |Ap(z,a) = Ag(z,a)| <n™" (7.28)

for all (x,a) € K x R' satisfying ||z|| + |a| < n}

where n = 1,2,.... This uniform space M is metrizable (by a metric d,).
Denote by 7, the epi-distance topology in M induced by this uniformity (see
[2]). The topology T, is called the weak topology. It is clear that the topology
Tw 18 weaker than 7.

Assume that ¢ : K — R! U {+00} satisfies

d(x) — +o0 as ||z]] — +o0. (7.29)
Denote by M(¢) the set of all f € M such that

f(z) > ¢(x) for all z € K (7.30)
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and by M,(¢) the set of all continuous finite-valued functions f € M(¢).
Evidently, M.(¢) and M(¢) are closed subsets of M with the strong
topology. We consider the topological subspaces M.(¢), M(¢) C M with the
relative weak and strong topologies.
We say that the set K has property (P) if for each 2z € K there is a minimal
element y € K such that y < z and the set of all minimal elements of K is a
closed subset of X.

Remark 7.5. Tt follows from Zorn’s lemma that property (P) holds if the Ba-
nach space X is reflexive, the set K is bounded from below and convex, and
the set of all minimal elements of K is a closed subset of X.

The following theorem was proved in [114].

Theorem 7.4. Assume that A is either M(p) or M.(p). Then there exists
a set F C A which is a countable intersection of open (in the weak topology)
everywhere dense (in the strong topology) subsets of A such that for each
f € F the following assertions hold:

1. inf(f) is finite and attained at a point £Y) € K such that for each
z € K satisfying f(x) = inf(f) the inequality x < x holds.

2. For each positive number € there exist a positive number § and a neigh-
borhood U of f in A with the weak topology such that for each g € U, inf(g)
is finite, and if v € K satisfies g(x) < inf(g) + 0, then |f(z))) — g(x)| < €
and there exists u € X such that ||u|| < € and x < 2Y) + u. Moreover if K
has the property (P), then inf(f,) is attained at the unique point (9.

7.4 Proof of Theorem 7.4

Lemma 7.5. Let f € A. Then there exist a neighborhood U of f in A with
the weak topology and a real number ¢ such that for each g € U the inequality
g(x) > ¢ holds for all z € K.

Proof: There exists ¢ € R! such that f(x) > ¢ for all z € K. Relation (7.29)
implies that there exists a positive number ¢; such that

d(x) > 4(|co| + 2) for all x € K satisfying ||z|| > ¢;. (7.31)

Fix a number ¢ < 0 and an integer n > 1 such that

c<co—3, (7.32)
n > |c[+ c1. (7.33)

Put
U={geA:(f,g9) €&s(n)} (7.34)

Let g € U and =z € K. We will show that
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g(z) > c. (7.35)
It follows from (7.31), (7.32), (7.29) and (7.30) that we may assume that
[lz]] < e1. (7.36)
Assume that (7.35) does not hold. Then g(z) < ¢ and

(z,c) € epi(g). (7.37)

It follows from (7.36) and (7.33) that ||z|| + ¢ < |¢| + ¢1 < n. In view of this
inequality, (7.37), (7.34) and (7.28), Af(z,c) < n~! and there exists (y, 3) €
epi(f) such that ||[x—y||+|6—c| < 2. Thus 8 > f(y), 8 < 2+cand f(y) < 2+c.
Combined with (7.32) this implies that f(y) < ¢o — 1, a contradiction. Thus
(7.35) holds. This completes the proof of Lemma 7.5.

We can easily prove the following auxiliary result.

Lemma 7.6. Assume that f € A and d is a positive number. Then there exists
a neighborhood U of f in A with the weak topology such that inf(g) < inf(f)-+6
for each g € U.

By using Lemmas 7.5, 7.6, the growth condition (7.29) and the definition
of the epi-distance topology we can prove in a straightforward manner the
following result.

Lemma 7.7. Let f € A and ~ be a positive number. Then there exists a
neighborhood U of f in A with the weak topology such that inf(g) > inf(f) —~
for each g € U.

Denote by B the set of all f € A for which there is z; € K such that
f(zy) = inf(f). If K has the property (P) we may assume that zs is a minimal
element of K for each f € B.

Lemma 7.8. Let f € A. Then there exists a sequence { [}, C B such that
fn(x) > f(z) for all x € K and all natural numbers n and fp, — f asn — oo
in the space A with the strong topology.

Proof: For each natural number n there exists z, € K such that f(z,) <
inf(f) +n~1. Forn=1,2,... define

fn(z) = max{f(x), f(z,)} for all z € K.

Evidently, f, € Bforn=1,2,... and lim,,_, f,, = f in the strong topology.
This completes the proof of Lemma 7.8.

Lemma 7.9. Let f € B, zy € K,

f(zy) =1inf(f), € € (0,1) and & € (0,16~ €?). (7.38)
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Define a function f € A by
f(@) = f(x) + 2" temin{\(z — x¢),1} for all v € K. (7.39)

Then there exist a neighborhood U of f in A with the weak topology and a
number ¢ > 0 such that the following assertions are true:
1. For each g € U and each x € K satisfying g(x) < inf(g) + & the
inequalities
lg(z) = fzg)| <€ |zl <c (7.40)

hold and there is v € X such that
lvl]| <€, & <zf+w. (7.41)
2. For each g € U there exists z € K such that
lz —asll <€ |9(2) — flzf)| < € and g(z) < inf(g) + €. (7.42)

Proof: 1t follows from Lemmas 7.6 and 7.7 that there exists a neighborhood
Uy of f in A with the weak topology such that

|inf(f) —inf(g)| <2716 for all g € Up. (7.43)

In view of (7.29) there exists a number ¢ > 1 such that

o(x) > |inf(f)| + 4 for all z € K satistying ||z|| > c. (7.44)
Fix an integer ~
n > |inf(f)|+4+46"" +c+ ||y]| (7.45)
and put -
U=Un{geA: (f,g9) € Ew(n)}. (7.46)
Assume that
ge U, z e K and g(x) <inf(g) + 6. (7.47)

In view of (7.47) and (7.43),

g(x) <inf(f) + 24. (7.48)
It follows from (7.48), (7.44) and (7.30) that

[lz]| < e. (7.49)

By (7.49), (7.48), (7.46), (7.28) and (7.45), there exist (y,a) € epi(f) such
that
||z —y|| < 2n~ " and |a — inf(f) + 26| < 2/n. (7.50)

By (7.50), (7.39), (7.38) and (7.45),

fy) +2 emin{A(y — x4),1} = f(y) < a <inf(f) +26 +2/n <
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inf(f) + 30 = f(zs) + 30 < f(y) + 34,
min{\(y — x), 1} < 65 *

and
My —xf) < 6€/16. (7.51)

Tt follows from the definition of A\ (see (7.24)) that there exists u € X such
that y < zy + u, |Ju]| < 27'e. Combined with (7.50) and (7.45) this implies
that

c<zr+u+tz—vy, |lz—y+ul| <e (7.52)

(7.40) and (7.41) now follow from (7.52), (7.49), (7.47) and (7.43). Since

(g, f(xy)) € epi(f) relations (7.46), (7.28) and (7.47) imply that there exists
(z,3) € epi(g) such that

|z —zp]| + |8 — f(zy)| < 2/n <2716, (7.53)
It follows from (7.53) and (7.43) that

flzg) =6 <inf(g) < g(2) < B < flzy) +6/2 <inf(g) + 6.
Lemma 7.9 is proved.

For each a € A set f, = a. The hypotheses (H) follow from Lemmas 7.8
and 7.9. If K has the property (P), then these lemmas imply (H1). Theorem
7.4 now follows from Theorems 7.1 and 7.2.

7.5 Spaces of increasing noncoercive functions

We consider the space M with the complete metrizable (by the metric d)
uniformity which is determined by the base Es(n), n = 1,2,... (see (7.26))
and with the the strong topology 75 induced by this uniformity.

For the set M we consider the uniformity determined by the following
base:

~

Ew(n) ={(f,9) € Mx M: sup{As(z,a) : (z,a) € epi(g)} < 1/n, (7.54)

sup{Ay(z,a) : (z,a) € epi(f)} <1/n},

wheren = 1,2,.... The space M with this uniformity is metrizable (by a met-
ric dy,). The topology induced by this uniformity it is called the weak topology.
Denote by M. the set of all continuous finite-valued functions f € M. Clearly
M. is a closed subset of M with the strong topology. We consider the topo-
logical subspace M, C M with the relative weak and strong topologies.

In this section we use the property (P) introduced in Section 7.3. The
following theorem was obtained in [114].
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Theorem 7.10. Assume that there is Z € X such that Z < x for all x € K
and assume that A is either M or M. Then there exists a set F C A which
is a countable intersection of open (in the weak topology) everywhere dense
(in the strong topology) subsets of A such that for each f € F the following
assertions hold:

1. inf(f) is finite and attained at a point ¥) € K such that for each
x € K satisfying f(x) = inf(f) the inequality x < x5 holds.

2. For any positive number € there exist a positive number § and a neigh-
borhood U of f in A with the weak topology such that for each g € U, inf(g)
is finite, and if x € K satisfies g(x) < inf(g) + 6, then |f(z(F)) — g(x)| < ¢
and there is u € X such that ||u|| < ¢ and z < 2F) + .

Moreover if K has the property (P), then inf(f,) is attained at the unique
point ().

7.6 Proof of Theorem 7.10

We can easily prove the following auxiliary result.

Lemma 7.11. Let f € A and let € be a positive number. Then there exists a
neighborhood U of f in A with the weak topology such that |inf(g)—inf(f)| <e
forallge U.

Denote by B the set of all f € A for which there is z; € K such that
f(xzg) = inf(f). If K has the property (P), we may assume that z; is a
minimal element of K for each f € B.

Analogously to Lemma 7.8 we can prove the following lemma.

Lemma 7.12. The set B is everywhere dense in A with the strong topology.
Lemma 7.13. Let f € B, vy € K,
f(xy) =1inf(f), e € (0,1), 6 € (0,167 '€?). (7.55)
Define a function f € A by
f(x) = f(z) + 27 temin{\(z — x4),1} for all v € K. (7.56)

Then there exist a neighborhood U of f in A with the weak topology and a
number ¢ > 0 such that for each g € U the following properties hold:
If x € K satisfies g(x) < inf(g) + 0, then there is v € X such that

Wl <€ o <zp+vand|g(x) = flzf) <€ ||zl < ¢ (7.57)
for each g € U there is z € K such that

Iz =zl <€ [g9(2) = f(zy)] < € and g(2) <inf(g) + €. (7.58)
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Proof: There exists Z € X such that
z<azgforall z € K. (7.59)

Lemma 7.11 implies that there exists a neighborhood Uy of f in A with the
weak topology such that

linf(f) — inf(g)| < 276 for all g € Uy. (7.60)
Fix
¢ > Azl + lzfll + 1), (7.61)
an integer B
n > |inf(f)|+4+46* (7.62)
and put R
U=Uyn{geA: (f,9) € Es(n)}. (7.63)
Assume that
geU, x € K, g(x) <inf(g) + 9. (7.64)
In view of (7.60), (7.55) and (7.56),
lg(z) — f(ag)l = lg(x) — inf(f)| < 26. (7.65)

Thus (z,inf(f) + 26) € epi(g). It follows from (7.65), (7.63) and (7.54) that
there exists (y, ) € epi(f) such that

ly — z|| < 2/n, |a— (inf(f) + 26)] < 2/n. (7.66)
By (7.56), (7.66), (7.62) and (7.55),

fy) +2 "emin{A(y — zy),1} = f(y) < a <

inf(f) +20+2/n < f(zf)+ 30 < f(y) + 39,
min{\(y — xs),1} < 65¢* <616 "¢,

and
My —x5) <6-16 e

It follows from the definition of A (see (7.24)) that there exists u € X such
that ||u|| < 27%¢, y < x5 + u. Combined with (7.66) and (7.62) this implies
that

r<zr+z—y+u |lz—y+ul| <e (7.67)

It follows from (7.67), (7.59) and (7.61) that
2l <flz = 2l[ + [[Z]| <[l2l] + [Jeg + 2 —y +u—2|| < (7.68)

2/[z[[ + [lzsl[ +1 < e
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(7.57) now follows from (7.65), (7.67) and (7.68). Since (z¢, f(zf)) € epi(f)
relations (7.63), (7.54) and (7.62) imply that there exists (z, 3) € epi(g) such
that

|z =zl +18 = fzfp)l <2/n < 6/2.

This relation and (7.60) imply that

flxp) =0 <inf(g) < g(2) < B < f(xy) + /2 < inf(g) + 0.
Lemma 7.13 is proved.

For each a € A set f, = a. The hypotheses (H) follow from Lemmas 7.12
and 7.13. If K has the property (P), then these lemmas imply (H1). Theorem
7.10 now follows from Theorems 7.1 and 7.2.

7.7 Spaces of increasing quasiconvex functions

Assume that the set K is convex. We consider the space M with the weak
and strong topologies (uniformities) introduced in Section 7.3 (see (7.26) and
(7.28)). A function f € M is called quasiconvex if for each a € R' the set
{zr € K : f(z) < a} is convex.

Denote by M, the set of all quasiconvex functions f € M and by Mg,
the set of all finite-valued continuous quasiconvex functions f € M. It is clear
that M, and Mg, are closed subsets of M with the strong topology.

Let ¢ : K — R' U {+o0} satisfy

¢(z) — +o0 as ||z|| — +o0. (7.69)
Consider the spaces M.(¢) and M(¢) defined in Section 7.3 and set
My(9) = Mg O M(9), Mye(9) = Mge N M(9). (7.70)

Evidently, M,(¢), M .(¢) are closed subsets of M with the strong topology.
We consider the topological subspaces My, My, My(@), My.(¢p) C M with
the relative strong and weak topologies.

The following theorem was obtained in [114].

Theorem 7.14. Assume that one of the following cases holds:

1. A is either My(¢p) or Myc(9);

2. there is z € X such that Z < x for all x € K and A is either M, or
Mye. Then there exists a set F C A which is a countable intersection of open
(in the weak topology) everywhere dense (in the strong topology) subsets of A
such that for each f € F the following assertions hold:

1. inf(f) is finite and attained at a point ) € K such that for each
z € K satisfying f(x) = inf(f) the inequality x < xy holds.

2. For any positive number € there exist a positive number § and a neigh-
borhood U of f in A with the weak topology such that for each g € U, inf(g)
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is finite, and if v € K satisfies g(x) < inf(g) + 6, then |f(z(H)) — g(x)| < ¢
and there exists u € X such that ||u|| < e and z < ) + .

Moreover if K has the property (P), then inf(f) is attained at the unique
point (),

7.8 Proof of Theorem 7.14

Lemma 7.15. Let f € M(¢) and € be a positive number. Then there exist a
neighborhood U of f in M(@) with the weak topology and a positive number
¢ such that |inf(f) —inf(g)| < € for all g € U and for each g € U and each
z € K satisfying g(z) < inf(g) + 4 the inequality ||z|| < ¢ is true.

Lemma 7.14 follows from Lemmas 7.6 and 7.7 and the growth condition
(7.69).

Denote by B the set of all f € A for which there exists xy € K such that
f(zy) = inf(f). If K has property (P), we may assume that z; is a minimal
element of K for all f € B. Analogously to Lemma 7.8 we can prove the
following auxiliary result.

Lemma 7.16. The set B is everywhere dense in the space A with the strong
topology.

It is easy to prove in a straightforward manner the following result.

Lemma 7.17. Let f € B, 5 € K and f(xy) = inf(f). For each § € (0,1)
define fs: K — R*U{oo} by

fs(x) = max{f(x), f(xy) + 0 min{A(x — zy),1}} forallz € K.  (7.71)

Then fs € A for each 6 € (0,1) and fs — f as 6 — 0 in A with the strong
topology.

Lemma 7.18. Assume that Z € X,
Z<zx forallze K, fe Mg zy € K, f(xp) =inf(f), (7.72)

0 € (0,1) and fs is defined by (7.71). Then there exist a neighborhood U of
fs in My with the weak topology and a positive number c such that for each

g € U and each z € K satisfying ||z|| > ¢ the inequality g(z) > f(zs)+647152
holds.

Proof: Let y € K. Then y > Zz and there is v € X such that
y—xp <o, [P <Ay —=zp) + 1.

We have
yll < ly =2l + |2l < [|2l] + [|lzp + v = 2] <
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2012[[ + gl + ol < 2012]] + ] + Ay —25) + 1.

Hence
[yl < Ay —zp) +2[[2]| + [|zf|| + 1 for all y € K. (7.73)

Fix
¢ > 42|z + [lzgll + 1), (7.74)
an integer n > 1 satisfying

n > ||lzg|| +4de+ | f(zy)| + 8+ 12852 (7.75)

and put
U={g9€Mqg: (f5,9) € Eu(n)} (7.76)

(see (7.28)). Assume that g € U,
reK, Nz—xzp)=47"c (7.77)
Relations (7.77), (7.73) and (7.74) imply that
e < . (7.78)

We show that
g(x) > f(zy)+64716%. (7.79)

Let us assume the contrary. Then (z, fs(z) + 62/64) € epi(g) and it follows
from (7.76), (7.75), (7.78) and (7.28) that

Ag(z, fs(zf) +6%/64) < 1/n.
Therefore there exists (y, 5) € epi(fs) such that
lly = =[], 18— fs(ay) — 647107 < 2/n. (7.80)
Combined with (7.75) this implies that
lly — 2| < 647162 (7.81)

and
fs(y) < B < folwg) +82/32 = f(xy) + 6°/32.
Combined with (7.71) this inequality implies that

flap) +62/32 > f5(y) = max{f(y), f(xf) + dmin{A(y — xf),1}},
min{A(y — zs),1} <6/32 and Ay — zy) < §/32.

It follows from (7.81) that A(z — zy) < 1/2. This is contradictory to (7.77).
The contradiction we have reached proves that (7.79) holds for each z € K
satisfying (7.77).

Assume that g € U,



7.8 Proof of Theorem 7.14 283
ze€ K, Mz —xy) >4 e (7.82)

We show that
9(2) = flay) +64716% (7.83)

Let us assume the contrary. Then
9(2) < flzy) +64716% (7.84)

Since (zy, f(xy)) € epi(fs) relations (7.75), (7.76) and (7.28) imply that there
exists (y,3) € epi(g) such that

lly —zfl| <2/n < 647162 |B— flzy)| < 2/n < 647152
Thus
My —xp) <|ly —zf]| <6476, gly) < B < flay) +64716% (7.8

It follows from (7.85), (7.82) and (7.75) that the line segment joining z and y
contains a point h with A(h — zs) = 47 'c. By (7.79) which holds with z = h,
(7.84) and (7.85),

g(h) > f(xg) +64710% > max{g(2), 9(y)},

a contradiction. Since the inequality ||z|| > ¢ implies A\(z — ) > 47 '¢ (see
(7.73), (7.74)), the obtained contradiction completes the proof of Lemma 7.18.

Lemma 7.19. Assume that Z € X, z <z forallz € K, f € My, zf € K,
f(xy) =inf(f), 6 € (0,1), fs5 is defined by (7.71) and € € (0,1). Then there
exist a neighborhood U of fs in My with the weak topology and a positive
number ¢ such that |inf(fs) — inf(g)| < € for all g € U, and for each g € U
and each z € K satisfying g(z) < inf(g) + 1287162 the inequality ||z|| < c
holds.

Proof: We may assume that e < (128 -4)~1§2. Lemma 7.18 implies that there
exist a neighborhood Uy of fs in M, with the weak topology and ¢ > 0 such
that for each g € Uy and each z € K satisfying ||z|| > ¢ the inequality

g(2) > f(zy) + 647162 (7.86)
holds. Fix an integer
n > A(|lagl| + [f(@g) +1+c) + 8" (7.87)
and put
U=Usn{geMy: (fs.9) € Euln)}. (7.88)

Assume that g € U. Tt follows from (7.88), (7.28) and (7.87) that
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Aglxy, flxp)) <n!
and that there exists (y, 3) € epi(g) such that
lzr —yll <2/n, |8 = flzp)] <2/n, (7.89)

inf(g) < g(y) < B < flxy) +2/n < f(zf) +€/2 = inf(f5) + €/2.
Now we show that inf(f5) < inf(g) + €. There is z € K such that

g(z) <inf(g) +¢/4. (7.90)
It follows from (7.90), (7.89) and the inequality € < (128 - 4) =152 that
9(2) < flayg) +3/4e < f(xy) + (128 -4)716%,

and in view of the definition of Up,

|Iz]| < co. (7.91)
Assume that
inf(f5) > inf(g) + €. (7.92)
Relations (7.92) and (7.90) imply that g(z) < f(zy) —€/2 and
(2, f(zf) —€/2) € epi(g). (7.93)

By (7.93), (7.91), (7.87) and (7.88),
Ags (2, fzy) —€/2) < 1/n
and there exists (z,7) € epi(fs) such that
lz =2l < 2/n, |7 = flay) +€/2] <2/n.

Hence
f6(2) <7 < floy) —€/2+2/n < f(zy),

a contradiction (see (7.87)).
The contradiction we have reached proves that inf(fs) < inf(g) + €. To-
gether with (7.89) this implies that

|inf(g) —inf(f5)] < e for all g € U. (7.94)
Assume that g € U,
z € K, g(z) <inf(g) + 1287142

Since € < (128 - 4)7162 relation (7.94) implies that g(z) < f(z) + 647162 In
view of this inequality and the definition of Uy, ||z|| < ¢. This completes the
proof of Lemma 7.19.
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Lemma 7.20. Let f € B, vy € K, f(xy) =inf(f), 6 € (0,1) f5 is defined by
(7.71),
€€ (0,1), v € (0,(8 tes)?12871). (7.95)

Then there exist a neighborhood U of fs in A with the weak topology and ¢ > 0
such that for each g € U the following assertions hold:
For each x € K satisfying g(x) < inf(g) + 7,

lg(z)—f(zf)] <€ ||z|]| < ¢ and there is v € X such that ||v]| <€, & < zj+v;
(7.96)
there is z € K such that

12 — 2]l < € g(2) < inf(g) +e. (7.97)

Proof: Lemmas 7.19 and 7.15 imply that there exist a neighborhood Uy of fs
in A with the weak topology and a positive number ¢ such that

linf(g) — inf(f5)| < 8 'y for all g € Uy (7.98)

and that for each g € Uy and each = € K satisfying g(x) < inf(g) + 1287142,

lz[| < e. (7.99)
Fix an integer
n > A(||lzgl| + [ f(xp) +1+¢) +87 1y (7.100)
and put
U=Usn{ge A:(f5,9) € Eu(n)} (7.101)

(see (7.28)). Assume that g € U, z € K and
g(x) <inf(g) + . (7.102)

It follows from (7.95), (7.102) and the definition of Uy that inequality (7.99)
holds. Relations (7.102) and (7.98) imply that

lg(x)] < v +[imf(g)] <y +[f(zp)]+8 1. (7.103)

It follows from (7.103), (7.99), (7.100) and (7.101) that Ay, (z,g(x)) < n~ %
Therefore there exists (y, a) € epi(fs) such that

lz = yll <2/n, lg(z) —al <2/n.
Combined with (7.100) this implies that
lz —yll <47, lg(e) —al <47'9. (7.104)
In view of (7.104), (7.102) and (7.98),

flap) < fsly) <a<gla)+47 1y <inf(g) +v+47 1y < (7.105)
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flap)+y+47"y+8 1.
By (7.71), (7.105) and (7.95),

flag) +dmin{A(y —xy), 1} < fs(y) < flay) +3/2y,
min{A\(y — x), 1} <6 1(3/2)y < 3(28) (87 es)?128 7!

and
My —25) < 273620 (7.106)

In view of (7.106) and (7.104),
Mo —xy) <€/2.

It follows from this inequality and the definition of A\ that there exists v € X
such that ||v|| < € and & < xy + v. Clearly, (7.105) and (7.99) imply (7.96).
It follows from (7.101) and (7.100) that Ag(xs, f(z)) < 1/n and there exists
(z,8) € epi(g) for which

lz —zfll <2/n, |6 = flzp)] < 2/n. (7.107)
By (7.107), (7.100), (7.95) and (7.98), ||z — z¢|| < ¢ and
g9(z) < B < f(zy) +2/n <inf(g) +2/n+v/8 <inf(g) +v/2 <
inf(g) +e.

Therefore (7.107) holds. This completes the proof of Lemma 7.20.

For each a € A set f, = a. The hypotheses (H) follow from Lemmas 7.20,
7.16 and 7.17. If K has the property (P), then these lemmas imply (H1).
Theorem 7.14 now follows from Theorems 7.1 and 7.2.

7.9 Spaces of increasing convex functions

Assume that the set K is convex. Denote by M(“) the set of all increasing
lower semicontinuous convex functions f : K — R! U {400} which are not
identically +o00 and which are bounded from below on bounded subsets of K.
Denote by Mﬁc”) the set of all finite-valued continuous functions f € M),
We equip the set M(¢®) with weak and strong topologies.

For the set M(¢®) we consider the uniformity determined by the following
base:

Bu(n) = {(f.9) € MED x M) |f(@) —g(@) < 1/n  (7.108)

for all € K such that ||z|] < n},

where n = 1,2,.... It is easy to see that this uniform space is metrizable and
complete. Denote by 7, the topology in M(®) induced by this uniformity. The
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topology 75 is called the strong topology. Evidently, Mﬁc") is a closed subset of
M () with the strong topology. We equip the set M () with a weak topology
which is defined as in Section 7.3.

For each function f : K — R' U {400} with a nonempty epigraph epi(f)
define a function Ay : K x R' — R! by

Ap(z,0) = inf{||z —y|| + |a = B|: (y,8) € epi(f)}, (z,0) € K x R".

For the set M(®) we consider the uniformity determined by the following
base:

Ew(n) ={(f,9) € M) x M) . |As(x,a) — Ay(z,a)| < 1/n  (7.109)

for all (z,a) € K x R" satisfying ||z|| + |a| < n},

where n = 1,2,.... This uniform space is metrizable. We endow the space
M) with the topology 7, induced by this uniformity. It is clear that 7, is
weaker than 7,. The topology 7, is called the weak topology.

Let ¢ : K — R' U {400} satisfy

d(x) — +oo as ||z]] — +oo. (7.110)

Put
M) (¢) = {f € M) : f(z) > ¢() for all z € K},

Mgco)((b) — M(Co)(¢) ﬂMgCO).

It is easy to see that M () (¢) and M) (¢) are closed subsets of M(“®) with
the strong topology. We consider the topological subspaces M (9, ME“’),
M) (g), ME“’)(@ C M) with the relative weak and strong topologies.
For each a € M) put f, = a.

The following theorem was obtained in [114].

Theorem 7.21. Assume that one of the following cases holds:

1. A is either M) (¢) or M (9);

2. there exists 7 € X such that 2 < x for all z € K and A is either M)
or M&CO).

Then there exists a set F C A which is a countable intersection of open
(in the weak topology) everywhere dense (in the strong topology) subsets of A
such that for each f € F the following assertions hold:

1. inf(f) is finite and attained at a point Y) € K such that for each
x € K satisfying f(x) = inf(f) the inequality x < x¢ holds.

2. For any positive number € there exist a positive number & and a neigh-
borhood U of f in A with the weak topology such that for each g € U, inf(g)
is finite, and if v € K satisfies g(x) < inf(g) + 0, then |f(zN)) — g(x)| < €
and there exists u € X such that ||u|| < € and z < 1) 4 u.

Moreover if K has the property (P), then inf(f) is attained at the unique
point ().
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7.10 Proof of Theorem 7.21

Since M(“)(¢) € M(¢) Lemmas 7.6, 7.7 and the growth condition (7.110)
imply the following auxiliary result.

Lemma 7.22. Let f € M(©)($) and € be a positive number. Then there exist
a neighborhood U of f in ./\/l(w)(gb) with the weak topology and a number ¢ > 0
such that

|inf(f) —inf(g)| < e for all g € U,

and for each g € U and each x € K satisfying g(z) < inf(g) + 4 the inequality
[Iz]] < c is true.

Denote by B the set of all f € A for which there exists x; € K such that
f(xy) = inf(f). If K has property (P), then we assume that x; is a minimal
element of K for all f € B. Analogously to Lemma 7.8 we can prove the
following lemma.

Lemma 7.23. The set B is everywhere dense in the space A with the strong
topology.

We can easily prove in a straightforward manner the following auxiliary
result.

Lemma 7.24. Let f € B, 5 € K and f(xy) = inf(f). For each § € (0,1)
define fs : K — R' U {oo} by

f5s(z) = max{f(z), f(xs) + Az —xy)} for allz € K.

Then fs € A for each § € (0,1) and fs — f as § — 0 in A with the strong
topology.

Lemma 7.25. Assume that Z € X,
z<zforalzeK, fe M), x5 € K, f(zy) =inf(f), d € (0,1)
and fs is defined by
f3(w) = max{f(z), f(zy) + Nz — )} for all z € K.

Then there exist a neighborhood U of fs in M) with the weak topology and
a positive constant ¢ such that for each g € U and each z € K satisfying
l|2]] > ¢ the inequality g(z) > f(z¢) + 647162 holds.

Lemma 7.25 is proved analogously to the proof of Lemma 7.18. Analo-
gously to the proof of Lemma 7.19 we can prove the following lemma.
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Lemma 7.26. Assume that 2 € X, Z2 <z for allz € K, f € M(c9), zy € K,
f(zy) =1inf(f), 6 € (0,1) and fs is defined by

f5(z) = max{f(z), f(xs) + ANz —xy)} for all z € K.

Then there exist a neighborhood U of fs in M) with the weak topology and
a positive constant ¢ such that the following assertions are true:

1. inf(g) is finite and |inf(fs) —inf(g)| <€ for all g € U;

2. for each g € U and each z € K satisfying g(z) < inf(g) + 1287162 the
inequality ||z|| < ¢ holds.

Analogously to Lemma 7.20 we can prove the following auxiliary result.
Lemma 7.27. Let f € B, x5 € K, f(xy) = inf(f), 6 € (0,1), fs5 is defined by
f5(z) = max{f(z), f(xs) + ANz —xf)} for allz € K,

€ € (0,1) and v € (0,(871e§)?12871). Then there exist a neighborhood U of
fs in A with the weak topology and a positive constant ¢ such that for each
g € U the following assertions hold:

1. inf(g) is finite and there exists z € K such that ||z — z¢|| < € and
9() < inf(g) + &

2. if x € K satisfies g(x) < inf(g) +, then |g(z) — f(zy)| <, ||z|| < ¢
and there is v € X such that ||v]| < € and x < zy +v.

The hypotheses (H) follow from Lemmas 7.27, 7.23 and 7.24. If K has
property (P), then these lemmas imply (H1). Theorem 7.21 follows from The-
orems 7.1 and 7.2.

7.11 The generic existence result for the minimization
problem (P2)

Denote by L the set of all increasing lower semicontinuous bounded from
below functions f : K — R! which satisfy the following assumption:

(A) For each = € K, each neighborhood U of  in K and each positive
number § there exists an open nonempty set V' C U such that f(y) < f(z)+9
for all y € V.

Denote by L. the set of all finite-valued continuous functions f € L.

Remark 7.28. Let f : K — R! be a lower semicontinuous bounded from below
function. Then f satisfies assumption (A) if and only if epi(f) = {(y,a) €
K x R': a > f(y)} is the closure of its interior in the space K x R'.

For zx € K and A C K set

ple, A) = inf{|lz — y|| : y € A}.
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For each positive number r put
B(ry={ze K: |lz|| <r}.

Denote by S(K) the collection of all closed nonempty sets in K. We equip the
set S(K) with a weak and a strong topology.

For the set S(K) we consider the uniformity determined by the following
base:

G.(n) ={(A,B) € S(K) x S(K): p(xz,B)<n 'forallzc A (7.111)

and p(y,A) <n ' forally € B}, n=1,2,....

Tt is well known that the space S(K) with this uniformity is metrizable (by a
metric Hy) and complete. The Hausdorff topology induced by this uniformity
is a strong topology in the space S(K).

Also for the set S(K) we consider the uniformity determined by the fol-
lowing base:

Guw(n) ={(A,B) € S(K) x S(K) : |p(x,A) — p(x, B)| <n~ " (7.112)

for all x € K satisfying ||z|| < n},

where n =1,2,.... It is well known that the set S(K) with this uniformity is
metrizable (by a metric H,,). The bounded Hausdorff (Attouch—-Wets) topol-
ogy induced by this uniformity is a weak topology in the space S(K).

For the space £ we consider the uniformity determined by the following
base:

Ecwn) ={(f,9) € LXL: |f(x) —g(x)] <n~!foralxec B(n)}, (7.113)

where n = 1,2,.... It is clear that this uniform space is metrizable (by a
metric h,,). This uniformity induces the weak topology in the space L.
For the set £ we consider the uniformity determined by the following base:

Ecem)={(f,g) e LxL: |f(x)—gx)| <1/nforallze K}  (7.114)

where n =1,2,.... It is easy to see that this uniform space is metrizable (by
a metric hy) and complete. This uniformity induces a strong topology in the
space L.

Let a function ¢ : K — R! satisfy

o(x) — o0 as ||z]| = oco. (7.115)
Denote by L(¢) the set of all f € £ such that
f(x) > ¢(x) forall z € K (7.116)

and set L.(¢) = L. N L(¢). Evidently, L.(¢), L(¢) and L. are closed subsets
of £ with the strong topology.
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For the space £ x S(K) we consider the product topology induced by the
metric

d((f; A), (9, B)) = hs(f,9) + Hs(A, B), (f,4),(9,B) € Lx S(K) (7.117)

which is called a strong topology and consider the product topology induced
by the metric

dw((f; A), (9, B)) = hw(f,9) + Hu(A, B), (f, A), (9, B) € L x S(K) (7.118)

which is called a weak topology.
For each a = (g, B) € L x S(K) we define a lower semicontinuous function
fa: K — R'U{co} by

fa(z) = g(x) for all x € B and f,(x) = oo for all z € K \ B. (7.119)

The following two theorems ware obtained in [114].

Theorem 7.29. Assume that A is either L(¢) X S(K) or Lc(¢) x S(K). Then
there exists a set F C A which is a countable intersection of open (in the
weak topology) everywhere dense (in the strong topology) sets such that for
each a € F the following assertions hold:

1. inf(f,) is finite and attained at a point () € K such that for each
x € K satisfying fo(x) = inf(f,) the inequality x < x, holds.

2. For any positive number € there exist a positive number § and a neigh-
borhood U of a in A with the weak topology such that for each b € U, inf(fp)
is finite, and if v € K satisfies fy(x) <inf(fy) + 0, then |fo(x() — fi(z)| < €
and there exists u € X such that ||u]| < e and z < () + .

Theorem 7.30. Assume that there exists z € X such that z < x for all
x € K and that A is either L x S(K) or L. x S(K). Then there exists a
set F C A which is a countable intersection of open everywhere dense (in the
strong topology) subsets of A such that for each a € F the following assertions
hold:

1. inf(f,) is finite and attained at a point (%) € K such that for each
x € K satisfying fo(x) = inf(f,) the inequality x < x4 holds.

2. For any positive number € there exist a positive § and a neighborhood U
of a in A with the strong topology such that for each b € U, inf(fy) is finite,
and if x € K satisfies fp(x) < inf(fy)+6, then |fo(2() — fi(x)| < € and there
exists u € X such that |Ju|| < € and x < (®) + .

7.12 Proofs of Theorems 7.29 and 7.30

We consider the topological subspaces L£(¢) C £ with the relative weak and
strong topologies.
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Proposition 7.31. Let f € L(¢), A € S(K) and ¢,y € (0,1). Then there
exist A € S(X), f € L(¢p), T € K, n > 0, a neighborhood U of (f,A) in
L(¢) x S(K) with the weak topology and a positive constant c¢; such that

A=AU{z}, p@ A) < e, (7.120)

flz) = f(z) + eomin{l,A\(z — )}, 2 € K (7.121)

with €y € (0,€) and for each (g, D) € U the following assertions hold:
For each z € D satisfying

9(z) <inf{g(y): y € D} +n (7.122)
there exists v € X such that
[l <7, 2 <T 4w and |g(z) = F@)] <7, (12l < e (7.123)

there exists y € D such that

lly =2l <, g(y) <inf{g(z) : 2 € D} +1. (7.124)
Proof: Fix
€0 € (0,4 " min{e,v}), e1 € (0,47 '), n € (0,16 Lere). (7.125)
Put
N={zeK: p(z,A) < e} (7.126)

Assumption (A) implies that there exists an open nonempty subset E of K
such that

EcCQ, f(z) <inf{f(u): ue 2} +16"'nforall z € E. (7.127)
Let 7 € E and define A, f by (7.120) and (7.121). Fix an integer
n1 > 8(1+ | f(@)]). (7.128)

It follows from (7.113), (7.115) and (7.116) that there exist a neighborhood
V1 of f in the space £(¢) with the weak topology and ¢y € R! and ¢; > 1
such that

inf{g(z): € K} > ¢ forall geVy (7.129)

and
g(x) > 2ny + 4 for each g € V] and each x € K satisfying ||z|| > ¢1. (7.130)
Fix an integer

ny > 2cy + 2|co| + 2n1 + 16(eo — p(z, A)) "t +8/|2]| + 8y~ +8  (7.131)



7.12 Proofs of Theorems 7.29 and 7.30 293

such that
{zeK: ||z—7|| <8ny'} CE. (7.132)

Set
U=1{(9,B) € Vi x S(K): (F.9) € Eculna), (A B) € Gulma)}.  (7.133)
We show that for all (¢, D) € U
inf{g(u) : vwe€ D} =inf{g(u): we DN B(ng/2 —2)}. (7.134)

Let (g, D) € U. Relations (7.133) and (7.131) imply that there exists y € D
for which
ly =l < 2n5 " (7.135)

In view of (7.135), (7.132) and (7.127),
yeECQ, |fly) - f@ <8 (7.136)
Combined with (7.121) and (5.135) this implies that
1F(y) = F@)] <871+ 2eom; . (7.137)

It follows from (7.137), (7.135), (7.131), (7.133) and (7.128) that |g(y) —
f(y)] <ny' and

inf{g(u) : ue D} <g(y) < f&@) + ny' + 87+ 2eonyt < my. (7.138)
Relations (7.133), (7.130) and (7.131) imply that
inf{g(v) : we D} =inf{g(u): w € D and g(u) < ny + 2} (7.139)

=inf{g(u) : w€ DN B(c1)} =inf{g(u) : vw€ DN B(nz/2 —2)}
and (7.134) holds. We have shown (see (7.138), (7.128)) that for all (¢, D) € U

inf{g(u): u€ D} < f(@)+27'n < ny. (7.140)

Assume that (g,D) € U, z € D and (7.122) holds. By (7.140), (7.122),
(7.130) and (7.131),
[1z]] <1 <ng/2—1. (7.141)

It follows from (7.141) and (7.133) that
l9(2) = F(2)| <nzts p(z, A) <myt. (7.142)
By (7.142), (7.121), (7.126), (7.131) and (7.127),
z€ 0, f(z) > f(@)—16"". (7.143)

It follows from (7.121), (7.142), (7.140), (7.122), (7.143) and (7.127) that



294 7 Optimization with Increasing Objective Functions
F(2) + comin{1,\(z = 2)} = f(2) < g(2) +n; " < (7.144)
< inf{g(y): y € D} +n+ny" <f@) +n/2+n+ny"

fR)+167 I+ n+27+nyt < f(2) + 21
By (7.144) and (7.125),

min{1,\(z —2)} < 2neg *, Mz —2) < 2ney
and there exists v € X such that
Jv]] < 4negt, 2 < T +w. (7.145)

It follows from (7.125), (7.131), (7.143), (7.144), (7.140), (7.122) and (7.125)
that

—y<—ny ' =167 < f(2) = f(@) —ny ' <g(z) - f@) <n+27n <.
(7.146)
In view of (7.146), (7.145) and (7.141), relation (7.123) holds. We have shown
that (7.38) is true and there exists y € D such that (7.135) holds. Since (7.146)
is valid for all z € D satisfying (7.122) we conclude that

|inf{g(u): we D} — f(@)| <n+n/2. (7.147)
Combined with (7.138), (7.131) and (7.125) this relation implies that
g(y) <inf{g(uw): we D} +1/ns+1n/8+ 2¢0/n2 + 3n/2 <

inf{g(u) : uwe D} + 1. (7.148)

Together with (7.135), (7.131) this inequality implies (7.124). This completes
the proof of the proposition.

The hypotheses (H) follow from Proposition 7.31. Theorem 7.29 follows
from Theorem 7.1.

Theorem 7.30 is proved analogously to Theorem 7.29. The proof of Theo-
rem 7.30 is based on a modification of Proposition 7.31. In this modification
f f eL,Uisa nelghborhood of (f A) in £ x S(K) with the strong topology
and V; is a neighborhood of f in the space £ with the strong topology such
that (7.129) is true. In the definition of U we use the uniformity defined by
(7.114). The existence of a positive number ¢; follows from the inequalities

2l < Izl + Iz = 2l < [[2]] + [[7 + v = 2] <

22| + [2[| + [[v]] < e
where ¢; = 2||2|| + ||Z]| + 1.
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7.13 Well-posedness of optimization problems with
increasing cost functions

We use the convention that co — oo =0, co/oo = 1 and In(co) = 0.

Assume that A is a nonempty set and d,,ds : A x A — [0,00) are two
metrics which satisfy d,(a,b) < ds(a,b) for all a,b € A. We assume that the
metric space (A, ds) is complete. The topology induced in A by the metric d;
is called the strong topology and the topology induced in A by the metric d,,
is called the weak topology.

We assume that with every a € A a lower semicontinuous function f, :
K — [—o00,+00] is associated and f, is not identically oo for all a € A.

Let a € A. We say that the minimization problem for f, on K is strongly
well-posed with respect to (A, d,,) if the following assertions hold:

1. inf(f,) is finite and attained at a point z(*) € K such that for each
z € K satisfying f,(z) = inf(f,) the inequality z < z(*) holds.

2. For any positive number e there exist a positive number ¢ and a neigh-
borhood U of a in A with the weak topology such that for each b € U, inf(f3)
is finite, and if € K satisfies fy(x) < inf(fy) 4 6, then | fo(z(®) — fy(z)| < €
and there exists u € X such that |[u|| < € and z < z(®) + v,

Note that if X = {0}, then our definition reduces to those in Section 4.1.

For each natural number n denote by 4,, the set of all a € A which have
the following property:

(P1) There exist € K and r > 0,77 > 0,¢ > 0 such that

—00 < fo(x) <inf(fs)+1/n (7.149)

and for each b € A satisfying d,(a,b) < r, inf(f) is finite, and if z € K
satisfies fi,(z) < inf(fp) + 1, then

2]l < ¢, [fo(2) = fa(2)| < 1/n (7.150)

and there exists v € X such that |ju|| < 1/n and z < z + u.
The following result was obtained in [115].

Proposition 7.32. Assume that a € N5, A,,. Then the minimization prob-

lem for f, on K is strongly well-posed with respect to (A, dy).

Proof: Tt follows from (P1) that for each natural number n there exist ,, € K,
rn, > 0 and positive numbers 7,, and ¢, such that

—00 < folxy) <inf(f,)+27" (7.151)
and the following property holds:
(P2) For each b € A satistying d,,(a,b) < ry, inf(fp) is finite and if z € K
satisfies fp(2) < inf(fp) + M, then there exists u € X such that

lull <27, 2 <@y +uand [I2]] < o, [fol(2) — fule)| <277 (7.152)



296 7 Optimization with Increasing Objective Functions
We may assume without loss of generality that for all natural numbers 7,
Ny e < 47" L and 5, < n. (7.153)

There exists a strictly increasing sequence of natural numbers {k, }° ; such
that
4-27Fnt1 < (k) for all integers n > 1. (7.154)

Let n be a natural number. In view of (7.151),
—00 < fa(@h,y,) < Inf(fo) + 2740 <inf(fo) + (k). (7.155)
It follows from (7.155), (7.153) and the definition of ¢; that
2kl < 1 (7.156)

By (7.155), (P2) (see (7.152)) and the definition of xj, and 7, , there exists
u, € X such that

unl] < 2750, ay, ., < @p, +un (7.157)
and
| fa(@h, ) = falwr, )| < 275 (7.158)
Put o
Yn =T, + Y Ui (7.159)

It is easy to see that the sequence {y,}>2, is well-defined. Relations (7.159)
and (7.157) imply that for each natural number n,

o0 o0
Yn+1 — Yn = Tk, + Z u; — (xg, + Zui) = (7.160)
1=n—+1 i=n
Thpyy — T, — Un < 0.

In view of (7.159), (7.157) and (7.156),
sup{|lyn||: n=1,2,...} < occ. (7.161)

By (7.161), (7.160) and property (A), there exists z(* = lim,, _, y,. Together
with (7.159) and (7.157) this equality implies that

2 = lim . (7.162)

n—oo

It follows from (7.162), (7.151) and the lower semicontinuity of f, that
fa(@ @) = inf(f,). (7.163)

Assume now that z € K and f,(z) = inf(f,). In view of the definition
of xg,, m=1,2,... (see the property (P2)) for each natural number n there
exists v, € X such that
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||UnH S 2_kn7 €T S Tk, + Un.

These inequalities and (7.162) imply that z < z(®).
It follows from (7.163) and property (P2) that for all natural numbers n

| fa(@@) = falzn)] <277 (7.164)
Let € be a positive number. Fix an integer m > 1 such that
|29 — 2y, || <47 te, 27Fm < 47 le, (7.165)
Assume that b € By (a,r,, /2), x € K and

fo(@) < inf(fo) + k.- (7.166)

It follows from (7.166) and the definition of ny,_, 7%, , k,, (see property (P2))
that

|fo(2) = falag,,)| <275 (7.167)
and that there exists v € X for which

loll <278, @ <a, +v. (7.168)
By (7.168) and (7.165),
r < X, +U= z(®) + (Ikm — g +v),

ek, — 2@ +of| < |21 =y, || + [Jv]| < €/2. (7.169)
In view of (7.167), (7.164) and (7.165),

[fa(@@) = fo(@)] < | fa@'®) = fal@r, )| + [ falzr,) = fil@)] <
27 Fm 1 97km < ¢/,
Proposition 7.32 is proved.

Recall that an element x € K is called minimal if for each y € K satisfying
y < x the equality x = y is true. Denote by K,,;, the set of all minimal
elements of K.

For each natural number n denote by A, the set of all a € A which have
the property (P1) with z € K.

Analogously to the proof of Proposition 7.32 we can prove the following
result.

Proposition 7.33. Assqme that the set K is a closed subset of the Banach
space X and a € NS, A,. Then the minimization problem for f, on K is
strongly well-posed with respect to (A, dy) and inf(f,) is attained at a unique
point.
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In the proof of Proposition 7.33 we choose z,, € K,in, (n =1,2,...). This
implies that inf(f,) is attained at the unique point #(*) € K, (see (7.161)).

Remark 7.34. Note that the assertion 1 in the definition of a strongly well-
posed minimization problem for f, can be represented in the following way:
inf(f,) is finite and the set

argmingcp fo = {x € K : fo(z) =inf(f,)}
has the largest element.

We construct an example of an increasing function h for which the set
argmin(h) is not a singleton and has the largest element. Define a continuous
increasing function ¢ : [0,00) — R! by

P(t)=0,1t€0,1/2], ¥(t) =2t —1, t € (1/2,00). (7.170)

Let n > 1 be an integer and consider the Euclidean space R™. Let K = {z =
(x1,...,2,) € R*: 2; >0, i=1,...,n}. Define a function h : K — R! by

h(z) = ¢(max{x; : i=1,...,n}), z € K.
Clearly, h is a continuous increasing function,
inf{h(z): € K} =0
and the set
{reK: hz)=0}={z=(21,...,2,) ER": 2;€1[0,1/2],i=1,...,n}
is not a singleton and has the largest element (1/2,...,1/2).

Remark 7.85. The following example shows that in some cases the sets A,
can be empty. Let A = K = R!. For each a € R! consider the function
fa : K — R, where f, = 0 for any z < a and f,(z) > 0 for any = > a.
Clearly, the set A,, is empty for any integer n > 1.

7.14 Variational principles

We use the notations and definitions introduced in Section 7.13. The following
are the basic hypotheses about the functions.

(H1) For each a € A, inf(f,) is finite.

(H2) For each positive number € and each natural number m there exist
6 > 0, 79 > 0 such that the following property holds:

(P3) For each a € A satistying inf(f,) < m and each r € (0, 7] there exist
a€ A, 7€ K and d> 0 such that
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ds(a,a) <r, inf(fz) <m+1, fa(Z) <inf(f;) +€ (7.171)

and if z € K satisfies
fa(z) < inf(fz) + o, (7.172)

then ||z|| < d and there exists u € X for which |ju|| <€, © < Z + u.

(H3) For each natural number m there exist « € (0,1) and a posi-
tive number ry such that for each r € (0,7, each aj,a2 € A satisfying
dy(a1,a2) < ar and each z € K satisfying min{f,, (¢), fo,(x)} < m the
inequality |fa, () — fa, (z)] < 7 holds.

The following result was obtained in [115].

Theorem 7.36. Assume that (H1), (H2) and (H3) hold. Then there exists a
set F C A such that the complement A\ F is o-porous in A with respect to
(dw,ds) and for each a € F the minimization problem for f, on K is strongly
well-posed with respect to (A, dy).

Proof: Recall that for each natural number n, A, is the set of all @ € A which
have the property (P1). Proposition 7.32 implies that in order to prove the
theorem it is sufficient to show that the set A\ A,, is o-porous in A with
respect to (dy,ds) for any natural number n. Then the theorem holds with
F =N A,

Let n be a natural number. We will show that the set A\ A, is o-porous
in A with respect to (d,ds). To meet this goal it is sufficient to show that
for each natural number m the set

Qpm i={a e A\ A, : inf(f,) <m} (7.173)

is porous in A with respect to (du,ds).
Let m be a natural number. It follows from (H3) that there exist

a1 € (0,1), 11 € (0,1/2) (7.174)

such that for each r € (0,71], each a1, as € A satisfying d,,(a1,a2) < agr and
each x € K satisfying

min{ fy, (2), fo, ()} <m+4 (7.175)

the inequality |fo, () — fa, (z)] < r holds.

It follows from (H2) that there exist ag, 2 € (0,1) such that the following
property holds:

(P4) For each a € A satisfying inf(f,) < m + 2 and each r € (0, 73] there
exist a € A, z € K and d > 0 such that

ds(a,a) <, inf(fa) <m+3, fa(z) < inf(fa) + (20) 7

and if x € K satisfies f5(2) < inf(fs) + 4rasg, then ||z|| < d and there exists
u € X for which [|u|| < (2n)~! and z < Z + u.
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Fix
a € (0,a102/16), 7 € (0,71720/n). (7.176)
Let a € A and r € (0,7]. There are two cases:
By, (a,r/4)N{{ € A:inf(fe) <m+2} =0; (7.177)
Ba,(a,7/4)N{¢ € A:inf(fe) <m+ 2} # 0 (7.178)

Assume that (7.177) holds. We show that for each £ € By, (a,7) the inequality
inf(f¢) > m is valid. Let us assume the contrary. Then there exists £ € A such
that

dy(&,a) <7, inf(fe) < m. (7.179)

There exists y € K such that
fe(y) <m+1/2. (7.180)
By the definition of «q, r1 (see (7.174), (7.175)), (7.180), (7.179) and (7.176),
[faly) = few)| < ar'T < 1/4.
In view of this inequality and (7.180),
inf(fa) < fa(y) < fely) +1/4 <m+1,
a contradiction (see (7.177)). Therefore
Bg, (a,7) C {¢£ € A:inf(fe) > m}

and (7.173) implies that

By, (a,7) N Q2 = 0. (7.181)

Thus we have shown that (7.177) implies (7.181).
Assume that (7.178) holds. Then there exists a1 € A such that

ds(a,ar) <r/4, inf(fa,) <m+2. (7.182)

It follows from the definition of ag, ro, the property (P4), (7.182) and (7.176)
that there exist a € A, & € K, d > 0 such that

ds(ar,a) < r/4, inf(fz) <m+3, fa(z) <inf(fa) + (2n)~* (7.183)

and that the following property holds:

(P5) If z € K satisfies fz(2) < inf(fs) + rag, then ||z|| < d and there
exists u € X for which |jul| < (2n)7! and x < Z + u.

By (7.183) and (7.182),

ds(a,a) <r/2. (7.184)
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Assume that

¢ € By, (a,ar). (7.185)

In view of (7.183),
inf(fz) =inf{fa(z): z € K, fa(z) <m+7/2}. (7.186)

Let z € K satisfy
falz) <m+7/2. (7.187)

By (7.185), (7.187), (7.176) and the definition of ay, 1 (see (7.174), (7.175)),
\fa(x) — fe(x)| < ara;’ < agr/16.

Since these inequalities hold for any x € K satisfying (7.187) it follows from
(7.186) that

inf(fe) <inf{fe(z): z € K, fa(x) <m+7/2} <
inf{fa(z) + azr/16 : x € K, fa(x) <m+7/2} =
asr/16 + inf(fz).
Moreover since (7.187) holds with x = Z (see (7.183)), we obtain that | f5(Z) —
fe(Z)] < agr/16. Hence
nf(fe) < nf(f) + 02r/16, | fa(T) — fe()] < aor/16. (7.188)

Let z € K satisfy
fe(z) <inf(fe) +1/4. (7.189)

By (7.189), (7.188), (7.183) and (7.176), fe(z) < m + 7/2. This inequality,
(7.185), (7.176) and the definition of g, 1 (see (7.174), (7.175)) imply that

|fa(z) — fe(2)| < d?‘afl < ayr/16.

Thus the following property holds:
(P6) If x € K satisfies (7.189), then |fz(x) — fe(z)] < aor/16.
By (P6),
nf(fs) < inf{fa(x) - @ € K, fe(x) < mf(fe) +1/4} <
inf{fe(x) + aor/16 : z € K, fe(x) <inf(fe)+1/4} =
aor /16 + inf( fe).

Hence
inf(fz) <inf(fe) + aor/16.

Together with (7.188) and (7.183) this inequality implies that

|inf(fa) — inf(fe)| < aar/16, fe(z) <inf(fe) + aor/8+ (2n)~1.  (7.190)
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Assume that x € K and

fs(z) <inf(fe) + aar/16. (7.191)
In view of (P6),

|fa(x) = fe(@)] < aqar/16. (7.192)
By (7.191), (7.190), (7.183) and (7.176),

[fe(x) — fa(@)| < |fe(z) — inf(fe)[ + [inf(fe) — inf(fa)[+
linf(fa) — fa(Z)| < aor/16 4+ agr/16 + (2n)~* < n~*
and
|fe(x) — fa(@)| < n™t. (7.193)

By (7.192), (7.191) and (7.190),

fa(x) < fe(x) + ras/16 < inf(fe) + aor/8 < inf(fz) + 3aer/16,

fa(z) < inf(fz) + 3aqr/16. (7.194)
In view of (7.194) and the property (P5), ||z|| < d and there exists u € X

such that |[u]| < (2n)~! and z < u + Z. Thus if © € K satisfies (7.191), then
(7.193) holds, ||z|| < d and there exists u € X such that

l[ul]| < (2n)7! and z < u + Z. (7.195)

Thus we have shown that for each £ € By, (a, @r) the inequalities (7.190)
hold and if z € K satisfies (7.191), then (7.193) is valid, ||z|| < d and there
exists u € X such that |[u|| < (2n)~! and z < u + 7.

It follows from the definition of A,, and (7.173) that

Bg, (a,ar/2) C A, C A\ 2. (7.196)
Since (7.187) implies (7.181) we conclude that in both cases
By, (@,ar/2) N 2pm =0 (7.197)

with a € A satisfying (7.184). (Note that if (7.177) holds, then @ = a.) There-
fore the set (2,,, is porous in A with respect to (d,ds). This implies that
A\ A, is o-porous in A with respect to (dy,ds) for all natural numbers n.
Therefore A\ (N$2;.A4,,) is o-porous in A with respect to (dy,,ds). Theorem
7.36 is proved.

We also use the following hypotheses about the functions.

(H4) For each positive number € and each natural number m there exist
positive numbers 6§, 7o such that the following property holds:

(P7) For each a € A satistying inf(f,) < m and each r € (0,r¢] there exist
ac€ A T € Kpyin and d > 0 such that (7.171) holds and if x € K satisfies
(7.172), then ||z|| < d and there exists u € X for which

[lul| <€ z<Z+u. (7.198)
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Theorem 7.37. Assume that (H1), (H3) and (H}) hold and K.y, is a closed
subset of the Banach space X. Then there exists a set F C A such that the
complement A\ F is o-porous in A with respect to (dy,ds) and that for each
a € F the following assertions hold:

1. The minimization problem for f, on K is strongly well-posed with respect
to (A,dy).

2. inf(f,) is attained at a unique point.

We can prove Theorem 7.37 analogously to the proof of Theorem 7.36.
Recall that for each natural number n, A,, is the set of all a € A which have
the property (P1) with z € K. Set

F=n2, A, (7.199)

Proposition 7.33 implies that for each a € F assertions 1 and 2 hold. Thus
in order to prove Theorem 7.37 it is sufficient to show that for each natural
number n the set A\ A, is o-porous in A with respect to (dw,ds). We can
show this fact analogously to the proof of Theorem 7.36.

Note that the results of this section were obtained in [115].

7.15 Spaces of increasing functions

In the section we use the functional A : X — R! introduced in Section 7.2
(see (7.24)).

Denote by M the set of all increasing lower semicontinuos bounded from
below functions f : K — R' U {+oco} which are not identically +oo. For each
frg € M set R

ds(f,9) =sup{|f(z) — g(z)| : = € X}, (7.200)

ds(f,9) = ds(f,9)(1 +ds(f,9)) " (7.201)

Clearly, the metric space (M, d;) is complete. Denote by M, the set of all
finite-valued functions f € M and by M. the set of all finite-valued continuous
functions f € M. It is easy to see that M, and M. are closed subsets of the
metric space (M, ds).

We say that the set K has property (C) if K, is a closed subset of K
and for each x € K there is y € K,;,;, such that y < x.

Denote by M, the set of all f € M such that f(z) — oo as ||z|] — oo.
Clearly M, is a closed subset of the metric space (M, ds). Set Mye = My N
Mc, Mgv = Mg N MU.

Clearly,

M. M, C M and My, C Mg, C My C M. (7.202)
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Remark 7.38. Let K = X and define

fil@) =llzl], v € K, fa(x) = ||z, z € K\ {0}, f2(0) = —1,
fa(x) =||z|| if x € K and ||z|| <1, f3(z) =400 if € K and [|z|| > 1.

It is easy to see that
fl € Mgca f2 € Mgv \MQC7 f3 € Mg \MQU'

Theorem 7.39. Assume that A is either My or Mg, or My and that f, = a
for alla € A. Then there exists a set F C A such that the complement A\ F is
o-porous in A with respect to (ds,ds) and that for each f € F the minimization
problem for f on K is strongly well-posed with respect to (A,ds). If K has the
property (C), then for each f € F, inf(f) is attained at a unique point.

Proof: Theorems 7.36 and 7.37 imply that we need to show that (H1), (H2)
and (H3) hold and that the property (C) implies (H4). It is easy to see that
(H1) holds. For each f,g € M,

dy(f,9) = ds(f,9)(1 = ds(£,9)) ", (7.203)

it dy(f,9) <1/2, then dy(f.g) < 2d,(f,9).
These inequalities imply (H3).
We show that (H2) holds and that the property (C) implies (H4).
Let f € A, e€ (0,1) and r € (0,1]. Fix Z € K for which

f(Z) <inf(f) + er/s. (7.204)

If K has the property (C), then we assume that T is a minimal element of K.
Define

f(@) = f(z) + 2" rmin{1, \(z — Z)} for all € K. (7.205)
It is clear that f € A, dy(f, f) < ds(f, f) <r/2 and
inf(f) < f(z) = f(z) < inf(f) + er/8.
Let z € K and f(z) < inf(f) + er/8. Then (7.205) and (7.204) imply that
fl@) + 27 rmin{1, Az — 2)} = f() < inf(f) +er/8 < f(7) +er/8 =
f(Z) +er/8 < f(z) + er/4, min{l, Az — Z)} < ¢/2

and
Mz —7) <e€/2.

It follows from the definition of A that there exists u € X such that z < Z+wu
and ||u|| < e. Since f(y) — oo as ||y|| — co we obtain that ||z|| < d where
d is a positive constant which depends only on f. Thus (H2) holds and if K
has the property (C), then (H4) holds. This completes the proof of Theorem
7.39.
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Theorem 7.40. Assume that there exists Z € X such that z < x for all
x € K, a space A is either M or M,, or M. and that f, = a for all a € A.
Then there exists a set F C A such that A\ F is o-porous in A with respect
to (ds,ds) and that for each f € F the minimization problem for f on K is
strongly well-posed with respect to (A,ds). If K has the property (C), then for
each f € F, inf(f) is attained at a unique point.

Proof: We can prove Theorem 7.40 analogously to the proof of Theorem 7.39.
The existence of a constant d is obtained in the following manner. Let = € K
u € X, x < Z4uand ||ul| < e. Then ||z]| < ||lz—Z||+]|Z]] < ||2]|+]|Z4+u—2z]|] <
2|z|| + ||Z]| + € and ||z|| < d where d = 2||2|| + ||Z|| + .

Denote by M™ the set of all f € M such that f(x) >0 for all x € K. Tt
is easy to see that M™ is a closed subset of the metric space (M, d;). Define
My =M OMy, ME = ME N Mo, M = ME N My, M, = M0 Mg,
and MJ, = M* 1 Mg,

For each f,g € M™ set

du(f,9) = sup{[ln(f(2) + 1) = In(g(z) + 1)| : z € K}, (7.206)

dw(f, g) = (Zw(fmg)(l + Jw(fv g))il'

Clearly, the metric space (M*, d,,) is complete and M;", MF, MF, M{, and
M. are closed subsets of (M™,d,,). It is easy to see that dy,(f,g) < ds(f,9)
for all f,g € MT.

Theorem 7.41. Assume that one of the following cases holds:
1. Ais either M} or M, or M},
2. there is z € X such that z < x for all x € K and that A is either M™T
or M} or M.
Let f, = a for alla € A. Then there exists a set F C A such that A\F iso-
porous in A with respect to (dy,,ds) and that for each f € F the minimization
problem for f on K is strongly well-posed with respect to (A, dy). If K has

the property (C), then for each f € F, inf(f) is attained at a unique point.

Proof: Theorems 7.36 and 7.37 imply that we need to show that (H1), (H2)
and (H3) hold and that the property (C) implies (H4). It is easy to see that
(H1) holds. Analogously to the proofs of Theorems 7.39 and 7.40 we can show
that (H2) is valid. Thus in order to prove Theorem 7.41 it is sufficient to show
that (H3) is true.

Let m be a natural number. Fix a € (0,1) for which

a <47 (2e(m+ 1)1 (7.207)
Let r € (0,1], reK, fi,fo € A,

dw(f1, f2) < ar and min{fi(x), fa(x)} < m.
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We may assume without loss of generality that fi(z) < fa(z). Then

Jw(fl?f?) < 2dw(f17f2) < 2047",

In(fo(z) + 1) — In(fi(z) + 1) < 2ar, folz) +1 < (fi(z) + 1)

and
[f2(2) = fi(2)| < (fr(z) + 1)(e** = 1) < (m+1)(** = 1) =

2ar(m + 1)e™
with 71 € [0, 2ar]. Then (7.207) implies that

|f2(z) — fi(2)| < 2(m + D)are®™™ < 2ae(m + 1)r < r.

Hence (H3) holds. This completes the proof of Theorem 7.41.

Fix a positive constant ¢y and denote by M(“) the set of all convex func-
tions f € M such that f(x) > co||z|| for all z € K. It is easy to see that M ()

is a closed subset of the metric space (M™,d,,). Put M = Mleo) M,

MED = M)\ MF. Tt is easy to see that M and MY are closed
subsets of the metric space (M™T,d,,).

Theorem 7.42. Assume that a space A is either M or Mi“’) or Mﬁco)
and that f, = a for all a € A. Then there exists a set F C A such that the
complement A\ F is o-porous in A with respect to (dy,dy) and that for each
f € F the minimization problem for f on K is strongly well-posed with respect
to (A,dy). If the set K has the property (C), then for each f € F, inf(f) is
obtained at a unique point.

Proof: It follows from Theorems 7.36 and 7.37 that we need to show that (H1),
(H2) and (H3) hold and that the property (C) implies (H4). Evidently, (H1)
is true. Analogously to the proof of Theorem 7.41 we can show that (H3) is
valid.

We show that (H2) holds and that the property (C) implies (H4).

Let f € A, € € (0,1) and m be a natural number. Fix an integer my > 1
and a positive number 7y such that

mo > (m+ co + 2)(min{co, 1})71, ro < (mo + 2)71. (7208)

Fix
§ € (0,8 temin{1,co}). (7.209)
Assume that f € A and

r € (0,ro], inf(f) < m. (7.210)

There exists £ € K such that
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f(@) <inf(f) +4 tor(m+1)"1 (7.211)

If K has the property (C) we assume that Z is a minimal element of K. Define

f(z) = f(z) + 4 rmin{l,co}(m + 1) Nz — Z), = € K. (7.212)

Clearly, f € A. By (7.211) and (7.210),

collZ]| < f(@) <inf(f) +1 <m+1, ||2]] < (m+ eyt (7.213)

Relations (7.206) and (7.212) imply that
dw(f, f) < du(f, ) = sup{|In(f(z) + 1) = In(f(2) + 1)| : = € K} =
sup {In(1 + (f(2) — f(=))(f(z) + )71} <

reK
fg}g{ln(l + (@7 rmin{1, o} A2 — 2))((1 + collzl)(m + 1)) ™)} <
< :161}13{4‘17“ min{1, co}A(x — 2)((1 + col|z[])(m + 1))} <

471y sug{min{l,co}||m —Z||((1 + col|z|]) (m + 1))*1} <
re
471y sup {col|z||(1 + co|\x||)_1 + ||Z|| min{1, co } (m + 1)_1} <9271y,
rzeK
Hence

dw(f, f) <271 (7.214)
By (7.212) and (7.211),

f(@) = f(@) <inf(f) +476r(m+1)" <inf(f) +47 or(m+1)"1 (7.215)

It follows from (7.210) that
inf(f) < f(z) = f(z) <inf(f) + 4 or(m+ 1) <m+ 1. (7.216)
Let z € K and
f(z) <inf(f) +4 tor(m+1)"1 (7.217)

In view of (7.217) and (7.216),
collz]| < m +2, ||z|| Scal(m+2). (7.218)

It follows from (7.212), (7.217), (7.211) and (7.209) that

f@)+47r(m+1)"" < fz)+ 27 6r(m+1)7!

fx)+47r(m+ 1) "Y1, colNz — ) = f(z) < f(&) +47 1 or(m+ 1)1 =
)
min{1, co}A(z — &) < 26,
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Mz —7) < 26(min{l,co}) t <47t
Therefore there exists u € X such that ||u|| < 47'¢ and # < Z + u. Thus

(H2) holds and if K has the property (C), then (H4) holds. Theorem 7.42 is
proved.

A function f: K — R U {oo} is called quasiconvex if the set
{reK: f(z) <a}

is convex for any o € R'. Denote by M%) the set of all quasiconvex functions
f € M. It is easy to see that M%) is a closed subset of the metric space
(M, dy). Put MY = M@ A M, MY = M@ A M, M = M@
Mgy, M = M) A My, and M = M@ A M.

Theorem 7.43. Assume that one of the following cases holds:

1. A space A is either Méqu or M(gu) or ./\/lg%u),

2. there exists Z € X such that z < x for all x € K and a space A is either
M@ or MY o Y,

Let f, = a for all a € A. Then there exists a set F C A such that the
complement A\ F is o-porous in A with respect to (ds,ds) and that for each
f € F the minimization problem for f on K 1is strongly well-posed with respect

o (A,ds). If K has the property (C), then for each f € F, inf(f) is attained
at a unique point.

Proof: In view of Theorems 7.36 and 7.37 we need to show that (H1), (H2)

and (H3) hold and that the property (C) implies (H4). It is easy to see that

(H1) is true. Analogously to the proof of Theorem 7.39 we can how that (H3)

holds. Now we show that (H2) holds and that the property (C) implies (H4).
Let f € A, e € (0,1] and 7 € (0, 1]. Fix Z € K such that

f(Z) <inf(f)+ er/s. (7.219)

If K has the property (C), then we assume that Z is a minimil element of K.
Define

f(z) = max{f(x), f(Z) + 2" 'r min{\(z — z),1}}, =z € K. (7.220)

It is easy to see that f € A,

ds(f, F) <do(f, f) < (7.221)
f(z) = f(z) <inf(f) +er/8 < inf(f) + er/8 (7.222)
and
inf(f) < f(z) = f(z) <inf(f) + 1.
Let x € K and

f(z) <inf(f) + er/8. (7.223)



7.16 Comments 309
It follows from (7.220) and (7.223) that
27 rmin{\(z — 2),1} + f(2) < f(z) < f(z) +er/8 =
1 A

f(Z) + er/8, min{A(z — Z),1} < ¢/4,
and there exists u € X such that

x—T)<e/d

[lul| <€/2, 2 < T+ u. (7.224)

In the first case we choose d > 0 such that f(y) > inf(f) + 1 for all y € K
satisfying ||y|| > d, and obtain that ||z|| < d. In the second case

z<z <zHu, [fof] <z + ||z - 2] <

2l + 17 +u = 2|| < 2||2]] + [[z]] + [Ju]] < 2||z] + [|z]] + 1

and ||z|| < d := 2||z|| + ||Z|| + 1. Therefore in both cases (H2) holds and if
the set K has the property (C), then (H4) is true. This completes the proof
of Theorem 7.43.

Theorem 7.44. Let A be defined as in Theorem 7.43 and let AT be the set
of all f € A such that f(z) > 0 for all x € K. Assume that f, = a for
all a € A*. Then the metric spaces (A", ds) and (A", d,,) are complete and
there exists a set F C AT such that the complement A* \ F is o-porous in
AT with respect to (dy,ds) and that for each f € F the minimization problem
for f on K is strongly well-posed with respect to (AT, dy,). If the set K has
the property (C), then for each f € F, inf(f) is attained at a unique point.

Proof: It follows from Theorems 7.36 and 7.37 that we need to show that (H1),
(H2) and (H3) are true and that the property (C) implies (H4). It is easy to
see that (H1) is true. Analogously to the proof of Theorem 7.43 we can show
that (H2) holds and that the property (C) implies (H4). We can prove (H3)
as in the proof of Theorem 7.41.

The results of this section were obtained in [115].

7.16 Comments

In this chapter we consider the problem minimize f(x) subject to z € K
where K is a closed subset of an ordered Banach space X and f belongs to
a space of increasing lower semicontinuous functions on K. We show that for
most functions f in this space the corresponding minimization problem has a
unique solution. Instead of considering the existence of solutions for a single
cost function we study it for a space of all such cost functions equipped with an
appropriate complete uniformity. Using the generic approach and the porosity
notion we show that a solution exists for most functions. These results and
their extensions are obtained as realizations of abstract variational principles.






8

Generic Well-Posedness of Minimization
Problems with Constraints

8.1 Variational principles

In this chapter we usually consider topological spaces with two topologies
where one is weaker than the other. (Note that they can coincide). We refer
to them as weak and strong topologies, respectively. If (X,d) is a metric
space with a metric d and Y C X, then usually Y is also endowed with the
metric d (unless another metric is introduced in Y'). Assume that X; and X,
are topological spaces and that each of them is endowed with a weak and a
strong topology. Then for the product X; x X5 we also introduce a pair of
topologies: a weak topology which is the product of the weak topologies of X
and X7 and a strong topology which is the product of the strong topologies of
X7 and X5. If Y C X4, then we consider the topological subspace Y with the
relative weak and strong topologies (unless other topologies are introduced).
If (X;,d;), i = 1,2 are metric spaces with the metric d; and ds, respectively,
then the space X1 X X5 is endowed with the metric d defined by

d((x1,11), (22, 42)) = di(21, 22) + d2(y1,Y2), (Ti,y:)) € X XY, i=1,2.

For each function f : Y — [—o00,00] where Y is nonempty, we set inf(f) =
inf{f(y):y €Y}

We consider a metric space (X, p) which is called the domain space and
a complete metric space (A, d) which is called the data space. We always
consider the set X with the topology generated by the metric p. For the space
A we consider the topology generated by the metric d. This topology will
be called the strong topology and denoted by 7. In addition to the strong
topology we also consider a weaker topology on A which is not necessarily
Hausdorff. This topology will be called the weak topology and denoted by
Tw- (Note that these topologies can coincide.) We assume that with every
a € A a lower semicontinuous function f, on X is associated with values in
R = [~00,00]. In our study we use the following basic hypotheses about the
functions introduced in Section 4.1.
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(H1) For each a € A and each pair of positive numbers e and 7 there exist
a nonempty open set W in A with the weak topology, * € X, o € R' and
n > 0 such that
wn{be A: d(a,b) <e} #0

and for any b € W

(i) inf(fp) is finite;

(ii) if z € X is such that f(z) < inf(fy) +n, then p(z,z) <~ and |fp(2) —
<7.

(H2) if a € A, inf(f,) is finite, {z,}72; C X is a Cauchy sequence and
the sequence {f,(x,)}52 is bounded, then the sequence {z,,}5°; converges
in X.

Let a € A. Recall that the minimization problem for f, on (X,p) is
strongly well-posed with respect to A endowed with the weak topology if
inf(f,) is finite and attained at a unique point z, € X and the following
assertion holds:

For each positive number e there exist a neighborhood V of a in A with
the weak topology and a positive number 0 such that for each b € V, inf(f3)
is finite and if z € X satisfies fy(z) < inf(fy) + J, then p(z4,2) < € and
1Fol(2) — falwa)] < e

Now we consider the metric space (A1 x Az, d) where (A;,d;), i = 1,2 are
complete metric space and

d((a1,a2), (b1,b2)) = di(a1,b1) + da(asz, b2), (a1,a2),(b1,b2) € Ay x As.

al

For the space A2 we consider the topology induced by the metric do (the
strong and weak topologies coincide) and for the space A; we consider the
strong topology which is induced by the metric d; and a weak topology which
is weaker than the strong topology. The strong topology of A; x Az is the
product of the strong topology of A; and the topology of A4s and the weak
topology of A; XA, is the product of the weak topology of A; and the topology
of A2.

Assume that with every a € A; a continuous function ¢, : X — R!
is associated and with every a € A a set S, C X is associated. For each
a= (a1,az) € Ay X Ay define f, : X — R' U {co} by

fa() = ¢o, (z) for all z € S,,, fo(x) =00 for all z € X \ S,,. (8.1)

Denote by A the closure of the set {a € A; X Az : inf(f,) < oo} in the
space A; X Ay with the strong topology. We assume that A is nonempty.

We use the following hypotheses.

(A1) For each a1 € Ay, inf(¢,,) > —oo and for each a € A; x As the
function f, is lower semicontinuous.

(A2) For each a; € A; and each pair of positive numbers € and D there
exists a neighborhood U of a; in .A; with the weak topology such that for each
b € U and each z € X which satisfy min{¢,, (z), ¢»(z)} < D the inequality
|da, () — Pp(x)| < € is valid.
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(A3) For each v € (0,1) there exist ¢(y) > 0 and () > 0 such that
€(7),0(y) — 0 as v — 0 and the following property holds:

For each v € (0,1), each a € Ay, each nonempty set Y C X and each
Z €Y satisfying

0a(Z) <inf{py(z): 2€Y}+(7) <
there exists a € Ay such that the following conditions hold:

dl(a’7a‘) S 6(7)7 (b&(z) Z ¢a(z)’ z e X> (bd(‘/f) S Cba(i‘) + 6(7);

if y € Y satisfies

da(y) < inf{pa(2): z € Y} +25(v),

then p(y,z) <.

(A4) For each a = (a1,a2) € A x Ay satisfying inf(f,) < oo and each
€,7 € (0,1) there exist as € Az, 7 € (0,1) and T € Sz, such that the following
properties hold:

{b € As: dg((_],Q,b) < 7:} - {b € As: dg(az,b) < 6};

if b € Ay satisfies dy(a2,b) < 7 and if z € Sy, then ¢q, (%) < ¢, () +7;
for each positive number A there exists a positive number § < 7 such that
if b € Ay satisfies d2(b,a2) < §, then there exists x € S, for which p(z,z) < A.

Remark 8.1. We showed in [105] (see also Section 4.14) that if (A3) holds,
then the numbers €(+) and §(-y) can be chosen such that 0 < 0(y) < e(y) < 7.
In this chapter we always assume that this inequality holds.

The following result obtained in [124] will be proved in the next section.

Proposition 8.2. Assume that (A1)-(A4) hold. Then (H1) holds.

8.2 Proof of Proposition 8.2

Let a = (a1,az2) € A and let €, € (0,1). We may assume that inf(f,) < oo.
Fix

Y0 € (0,8t min{e,v}).
Let €(v), 6(70) > 0 be as guaranteed by (A3) (namely, (A3) holds with
v =70, €(7) = €(7), 0(7) =d(7)). Fix a positive number

51 < 4716(v0). (8.2)
In view of (A4) there exist

ag € Ag, 7€ (0,1), T € S5, (8.3)
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such that
{be Az : da(az,b) <7} C{be Ay: da(aa,b) <e()}, (8.4)
z)

¢)a1( S ¢a1 (1‘) + 51
for all z € U{Sy : b€ Ay and dy(aq,b) < 7} (8.5)

and that the following property holds:

(P1) For each positive number A there exists a positive number ro < 7
such that for each b € A, satisfying da(b,a2) < ra there exists x € Sp, for
which p(z,z) < A.

By the choice of €(y0), d(70), (A3) (with a = a1, Y = U{Sp, : b €
Ay and da(b,a2) < 7}), (8.2) and (8.5), there exists a; € A; such that

dl(ahal) < 6(70)7 ¢ti1 (Z) > ¢a1 (Z) for all z € Xv (86)

¢51 (i'> < ¢a1 (‘f) + 6(70)

and that the following property holds:
(P2) If y € U{Sp : b€ Az and da(b,az) < 7} satisfies

da, (y) < inf{pa, (2): 2 € U{Sp: b€ Az and da(b,a2) < 7}} + 26(70),
then p(y, 7) < y0.

Since the function ¢z, is continuous there exists a positive number Ay
such that

|pa, () — ¢a, (Z)| < & for all z € X satisfying p(z, Z) < Ap. (8.7)
By property (P1) there exists
ro € (0,7) (8.8)

such that the following property holds:
(P3) For each b € Ay satisfying da(b,a2) < ro there exists € S such
that p(z,z) < Ao.
Let b € Ay satisfy
dg(b, (_12) é Tro. (89)

It follows from (8.9) and property (P3) that S, # (). We show that the follow-
ing property holds:
(P4) For each y € S}, satisfying

¢a, (y) < inf{¢a,(2) : 2 € Sp} + 1

the inequalities

p(y7i‘) S Y0, |¢@1 (y) - ¢al (j)‘ S 251 + 5(,-}/0)
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hold.
Assume that y € X satisfies

y € Sp, ¢a,(y) < inf{ga, (2): z € Sp} + 1. (8.10)
By (8.9) and property (P3) there is zp € X such that
20 € Spy p(20,Z) < Ap. (8.11)
By (8.11) and (8.7),

|¢a, (20) — ay (%) < 61 (8.12)
Relations (8.10), (8.11), (8.12), (8.6), (8.5) and (8.2) imply that

gbt_ll (y) < inf{¢d1 (Z) VA Sb} + 61

< Gay (20) + 01 < 64, (7) + 20
< Ga, () + 6(70) + 201
<inf{dq, (2): z2€ U{S,: g € Az and da(ag,g) < 7}} + 01 + (o) + 261
<inf{¢s, (2): z€ U{Sy: g € Ay and da(as,g) < 7}} +26(v). (8.13)
In view of property (P2), (8.10), (8.9), (8.8) and (8.13),

p(y,T) < 0. (8.14)

Tt follows from (8.13), (8.10), (8.9), (8.8) and (8.6) that

ba, (¥) < ¢a, (T) + 261
<inf{g,, (2): 2 € U{Sy: g € Ay and da(as,g) < 7}} + 381 + d(70)
< @a, (y) + 301 +6(70) < da, (y) + 361 +6(70)

and
|Par (y) — ¢a, (T)| < 261 + 5(70).

Together with (8.14) this inequality implies that property (P4) holds for each
b € A satisfying (8.9).
Fix
D >4+ |¢a,(Z)]. (8.15)
(A2) implies that there exists an open neighborhood V of @; in A; with the
weak topology for which the following property holds:
(P5) If b € V and if x € X satisfies min{¢p(x), ¢g, (z)} < D + 2, then

|, () — ¢p(x)| < 61/4 holds.
It follows from property (P5) and (8.15) that for each b € V

|pp(Z) — ba, (T)| < 01/4, inf(¢pp) < ¢p(7) < D —2. (8.16)
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Now we show that (H1) holds with the open set

W=Vx{geAs: da(g,a2) <710}, x =7, a = ¢5,(T), n=1/4.

Assume that

b= (bl,bQ) eV x {g (S AQ R dQ(g7(_12) < 7"0}.

It follows from (8.17) and property (P4) which holds with b = be that

(8.17)

inf(f(ﬁl,bz)) = inf{¢5«1 (y) NS sz and ¢@1 (y) < inf{(bfll (Z) ze Sb2} + 61}

€ [¢a, (Z) — 201 = 6(10), ¢a, (T) + 201 + 6(70]-
In view of (8.18), (8.15), (8.2) and the choice of ~y,
inf(f(a,,0,)) <D —2.

Property (P5) and (8.19) imply that inf(fq, 5,)) < oo.
Assume now that z € X satisfies

fo(2) < inf(fy) +01/4.

Then
2 € Spy, O0,(2) <inf{g1(y) : y € Sp, } +01/4.

It follows from (8.19), (8.17) and (P5) that
inf(f(bl,bg)) = inf{¢b1 (Z) Lz e Sb2}
< inf{¢p, (2): z € Sy, and ¢z,(2) < D — 1}
<inf{¢a, (2) +1/4: z € Sy, and ¢5,(2) < D — 1}
=01/4 + inf{¢g, (2) : 2z € Sy, and ¢g,(2) <D — 1}

= (51/4 + inf{¢dl (Z) A sz} = 61/4 + inf(f(?zl,bg))-

Tt follows from (8.22), (8.19), (8.2) and the choice of vy that
inf(f(bhbz)) < inf(f(ah;n)) +01/4<D—-1.
Relations (8.23), (8.17) and property (P5) imply that
inf(f(a,p,)) = inf{¢a, (2) : z € Sy, }

<inf{¢g, (2) : z € Sy, and ¢, (2) < D}
< inf{¢p, (2) +61/4: 2z € Sy, and ¢y, (2) < D}

(8.18)

(8.19)

(8.20)

(8.21)

(8.22)

(8.23)

= 51/4 —+ inf{gbbl (Z) Lz e 552 and ¢b1 (Z) < D} = 51/4 —+ inf(f(bhbz)).

Together with (8.23) this inequality implies that
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| inf(f(ﬁ1,b2)) - inf(f(bl,bz))| < 51/4 (824)
In view of (8.24) (with be = as)
|inf(fa,.ax)) — I (f(py,a0))] < 01/4 (8.25)

By (8.20), (8.21), (8.23), (8.2) and the choice of o,
¢y, (2) <8, /4+D—1< D.
Together with (8.17) and (P5) this inequality implies that
b6, (2) = a, (2)] < 61/4. (8.26)
Relations (8.26), (8.21), (8.20) and (8.24) imply that
Ga, (2) < @, (2) + 01/4 < inf(fy) + 61/4 + 01/4

< iﬂf(f(al,b2)) +61 /446 /4+ 6 /4. (8.27)
It follows from (8.27), (8.21), (8.17) and (P4) (with b = be, y = 2) that

p(z,2) < o, (8.28)
|a, (2) = ¢a, ()] < 261 +6(70)- (8.29)
It follows from (8.2), the choice of 7y, (8.26) and (8.29) that
|96, (2) — ¢a, (T)] < 301 +0(70) <.

Proposition 8.2 is proved.

8.3 Minimization problems with mixed continuous
constraints

We use the convention that co/oco =1 and co — oo = 0.
Let (X1, p1) and (X2, p2) be metric spaces. For each mapping F : X7 — X,
set

Lip(F) = sup{p2(F(2), F(y))(p1(2,9)) "' : 2,y € X1, x #y}.  (8.30)

Let (X,||-||) be a norm space. For each z € X and each positive number
T put

Bx(z,r)={ye X : [ly—zl[<r}, Bx(z,r)={ye X: [ly—z|l <r},

Bx(r) = Bx(0,r), B%(r) = B%(0,r).
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Denote by dim(X) the dimension of X. If X is an infinite-dimensional space,
then dim(X) = oo.

Let (X, || - 1), (Y,]] - ||) be Banach spaces. Denote by C(X,Y") the set of
all continuous mappings G : X — Y. For each G1,G5 € C(X,Y) define

dxy(G1,G2) = sup{||G1(z) — Go(x)]| : = € X}, (8.31)

dxy (G1Ga) = dxy (G1,G2)(1 + dxy (G1,Ga)) .

Tt is not difficult to see that the metric space (C(X,Y),dxy) is complete.
If (X,]||-]|]) is a norm space, then we always equip X with a metric px
induced by the norm of X:

px(y,2) =ly —2ll, y,z € X.

If (X,]] 1), (Y, - |]) are norm spaces and L : X — Y is a continuous linear
operator, then

IL[| = sup{[[L(z)[| : = € X and [[z]| < 1}.

Let (X, - 1D, (Y5]| - |)) and (Z,|| - ||) be Banach spaces, Y be finite-
dimensional, dim(Y") <dim(X) and let Z be ordered by a convex closed cone
Zy C X.

Assume that h, is an interior point of Z; and

||| =inf{A > 0: —Ah, <z < Ah,}, z € Z. (8.32)

Denote by Cy(X) the set of all continuous functions f : X — R! which
are bounded from below. For each fi, fo € Cp(X) define

des(f1, f2) = sup{| f1(z) — fol@)| : € X} +Lip(f1 — f), f1. f2 € Ch(X),

N ] (8.33)
dcs(fl7f2) = dcs(fl7f2)(1 + dcs(flan))il-

It is not difficult to see that the metric space (Cp(X),dcs) is complete. We
equip the space Cp(X) with the topology induced by the metric d.s which is
called the strong topology.

Now we equip the set Cy(X) with a weak topology.

For each positive number € put

Bu(e) = {(g,h) € Cy(X) x Cy(X) :

lg(z) — h(z)] < € + emax{|g(z)|, |h(x)|} for all z € X}. (8.34)

Using the following simple lemma we can easily show that for the set Cy(X)
there exists a uniformity which is determined by the base E,(¢), € > 0. This
uniformity induces in Cy(X) the weak topology.



8.3 Minimization problems with mixed continuous constraints 319
Lemma 8.3. Let a,b € R', e € (0,1), A >0 and
la —b] < (1+ A)e+ emax{|al,|b|}.
Then
la —b] < (1+A)(e+e2(1—e)™") +e(1 —e)"  min{lal, |b]}.

Note that Lemma 8.3 is proved in a straightforward manner (see Lemma
1.1 of [105]).

It is not difficult to see that the uniformity determined by the base E, (),
€ > 0 is metrizable and complete.

We also consider the complete metric spaces

(C(X’ Y)adXY)a (C(X7 Z)7dXZ)'

Denote by Cy,, (X) the set of all f € Cy,(X) which are uniformly continuous
on X, by Cpup(X) the set of all f € Cy(X) which are uniformly continuous
on bounded subsets of X, by Cpr(X) the set of all f € Cy(X) which are
Lipschitz on X, by Cprs(X) the set of all f € Cp(X) which are Lipschitz on
all bounded subsets of X and by Cpr;(X) the set of all f € C(X) which are
locally Lipschitz. It is easy to see that Chy(X), Coup(X), Cor(X), Cors(X)
and Cpri(X) are closed subsets of (Cp(X), des)-

Let A; be one of the following spaces

Cp(X), Cou(X), Coup(X), Cor(X), Corp(X), Crri(X)
and let
Ao =C(X)Y), Ay =C(X,Z), Asz =Y, Aoy = Z.
Set Ay = Ay X Agz X Agz X Agy. For each as = (G, H,y,z) € As set
Sey, ={z€eX: Gx)=y, H(z) <z} (8.35)
For each a = (ay,a2) € Ay x A define J, : X — R' U {oo} by
Jo(z) = a1(x), T € Syy, Ju(x) =00, x € X\ S,,. (8.36)
The next theorem was obtained in [124].

Theorem 8.4. Let A be the closure of the set {a € A1 x Ay : inf(J,) < oo}
in the space Ay x Ag with the strong topology. There exists a set B C A which
is a countable intersection of open (in the weak topology) everywhere dense (in
the strong topology) subsets of A such that for any a € B the minimization
problem for J, on (X, px) is strongly well-posed with respect to A endowed
with the weak topology.
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Let yo € Y, z9 € Z, A1 be one of the following spaces
Co(X), Cou(X), Coun(X), Cpr(X), Cprp(X), Cpri(X)

and let
./421 = C(X, Y), ./422 = O(X, Z)7 Ag = A21 X ./422.

For each az = (G, H) € Ay set
Say ={z € X G(z) =yo, H(z) < 20} (8.37)

For each a = (a1, a2) € A; x Az define j:l : X — R'U{co} as follows:

~

Jo(x) = a1(x), T € Sayy Ju(x) =00, € X\ Sa,. (8.38)

The next theorem was also obtained in [124].

~

Theorem 8.5. Let A be the closure of the set {a € A; x Ay : inf(J,) < oo}
in the space Ay x As with the strong topology. There exists a set B C A which
is a countable intersection of open (in the weak topology) everywhere dense (in
the strong topology) subsets of A such that for any a € B the minimization
problem for T, on (X, px) is strongly well-posed with respect to A endowed
with the weak topology.

Remark 8.6. Let f € A1, yo € Y and zp € Z. Put Go(x) = yo and Hy(z) =
zo for all x € X. It is easy to see that (f,Go, Ho,¥0,20) € A in the case
of Theorem 8.4 and (f,Go, Hy) € A in the case of Theorem 8.5. Thus in
Theorems 8.4 and 8.5 the set A is nonempty.

Since the space Y is finite-dimensional and dim(Y’) <dim(X) the space
Y is linearly isomorphic to a vector subspace of X. We may assume without
loss of generality that ¥ C X. It is well-known that all norms in a finite-
dimensional vector space are equivalent. Therefore we may assume without
loss of generality that the norm of Y is induced by the norm of X.

Since Y is a finite-dimensional vector subspace of X there exists a linear
continuous operator Lg : X — Y such that

Lo(z) = —z forall z €Y. (8.39)

Theorems 8.4 and 8.5 are obtained as realizations of the variational prin-
ciples established in Sections 8.1 and 8.2

8.4 An auxiliary result for (A2)

Lemma 8.7. Assume that f € Cp(X) and that D, € is a pair of positive num-
bers. Then there exists a neighborhood U of f € Cp(X) with the weak topology
such that for each g € U and each x € X satisfying min{ f(z), g(x)} < D the
inequality | f(z) — g(z)| < € holds.
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Proof: Since the function f is bounded from below there exists ¢y > 0 for
which
f(x) > —¢p for all x € X.

Fix €y > 0 such that
deg(D + 2¢o +4) < min{1, €} (8.40)

and €; > 0 which satisfies

4(61 + 61(1 — 61)71) < €9. (841)
Put
U={geCy(X): (f,9) € Euwlea)} (8.42)
(see (8.34)).
Assume that
geU, z e X and min{f(z),g(z)} < D. (8.43)

It follows from the choice of U and (8.34) that

1/(2) = 9(2)] < er + eamax{[f(2)],]9()[}, z € X.
By this relation, (8.41) and Lemma 8.3, for all z € X,
£ (2) — 9(2)] < €0 + eomin{|f(2)], |g(2)[} (8.44)
and it follows from the choice of ¢y and (8.40) that
9(2) = f(2) — €0 = €0l f(2)| = =1 = 2¢o.
The relation above, (8.44), the choice of ¢, (8.43) and (8.40) imply that
[f(x) = g(z)| < €0 + eo[min{f(z), g(x)} +4co + 4]

< €0+€0(D+400+4) < €.
This completes the proof of Lemma 8.7.

8.5 An auxiliary result for (A3)
Let A; be one of the following spaces:
Cp(X), Cou(X), Coup(X), Cor(X), Cprp(X), Cori(X).
For each v € (0, 1) choose €(y) > 0, () > 0 and €y(y) > 0 which satisfy
deo() <e(v) <1, (8.45)

5(y) <8 'eo(7)* (8.46)
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Lemma 8.8. Let v € (0,1), f € A1, M be a nonempty subset of X and let
T € M satisfy
f(@) <inf{f(z): z€ M} +(vy) < o0. (8.47)

Define a function f: X — R U {oo} by

f(@) = f(2) + eo(y) min{L, ||z — 7[|}, = € X. (8.48)
Then - -
fe Ay des(f, ) < e(v), (8.49)
f(z) 2 f(2), z€ X, f(2) = [(2)
and for each y € M satisfying
Fy) < int{f(z): =€ M} +20(7) (8.50)

the inequality ||y — Z|| < v is valid.

Proof: It is easy to see that f € A;. Clearly, (8.49) holds.
Assume that y € M satisfies (8.50). By (8.48), (8.49) , (8.50) and (8.47),

f(y) + eo(y) min{1, ||y — z[|} = f(y) < f(z) +25(v)

< f(@) +26(7) < fly) +36(v)
and (8.45) and (8.46) imply that

min{1, ||y — Z[|} < 36(y)eo(y) " < €o(y) <.

Lemma 8.8 is proved.

8.6 An auxiliary result for (A4)

Lemma 8.9. Let ¢,7 € (0,1), fo € Cp(X), Ay € C(X,Y), By € C(X, Z2),
Yo €Y, 20 € Z and let

inf{fo(z) : z € X and Ag(x) = yo, Bo(z) < 20} < 0. (8.51)
Then there exist a positive number T < €/8,
AeC(X,Y), BeC(X,Z) andz € X
such that the following properties hold:
A(Z) = yo, B() < 20; (8.52)

{A S C(X, Y) : dxy(A,A) < 77} C {A € C(X, Y) : dxy(A,Ao) < 6/4};
(8.53)
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{B S C(X,Z) : dXz(B,B) < 7:} C {B S C(X,Z) : dxz(B,B()) < 6/4}
(8.54)
(P6) For each A€ C(X,Y), BeC(X,Z),y€eY,z€ Z and each x € X
which satisfy

dXY(A7A) <r, dXZ(BaB) <, HZU—ZJOH <, ||Z_Z0|| <r (855)

and
A(z) =y, B(x) <z (8.56)

the inequality
fo() < folz) + (8.57)

1s valid.
(P7) For each positive number A there exists a positive number § < ¥ such
that for each A € C(X,Y), Be C(X,Z), y €Y and z € Z which satisfy

dxy (A, A) <6, dxz(B,B) <4, |y —woll <6, ||z — 20]| <0 (8.58)
there exists x € X satisfying
A(x) =y, B(z) <z, ||z — || < A. (8.59)
Proof: Fix ¢g > 0, €1 > 0, e > 0 which satisfy
€< €1 <€ <e¢ €4<7/2 (8.60)

and A > 0 for which
M| Lol| +1) < 1/8. (8.61)

For each r € [0,1] define
Qr={x € X: ||Ao(z) —yo|| <rand Bo(z) € 20 — Z+ + Bz(r)} (8.62)

and put
p(r) =inf{fo(x): z € Q,}. (8.63)

It is easy to see that u(r) is finite for all r € [0,1] and that the function p is
monotone decreasing. There exists a positive number

ro < €/64 (8.64)

such that p is continuous at ry. Fix a positive number r; < rg for which

(1) — p(ro)| < er. (8.65)
There exists £ € X which satisfies
T € Qry, fo(T) < p(r1) +er (8.66)

It follows from (8.66) and (8.62) that
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| Ao(Z) — wol| < r1, Bo(Z) € 20 — Z4 + Bz(r1). (8.67)
Thus there exists hg € Z such that
|[hol| < 71, Bo(Z) < 20 + ho. (8.68)
Fix ro > 0,73 > 0 such that
ro < (rg —r1)/16, 16r3 < 4rg < rq;

[|Ao(Z) — Ao(x)|] < (ro —r1)/4 for each x € Bx (Z,r2) (8.69)
and put

r= rs3.
Urysohn’s theorem implies that there exists a continuous function ¢ : X —
[0, 1] which satisfies
o(x) =1, x € Bx(Z,12/2),

¢(z) =0, z € X\ B%(T,rq). (8.70)

For each x € X define
A(z) = ¢(x)[yo + ALo(z — )] + (1 — ¢(2)) Ao (), (8.71)
B(l‘) = BQ(.Z‘) — ’I“gh* — ho (872)

(see (8.32)). B B
It is easy to see that A € C(X,Y), B € C(X, Z). It follows from (8.71),
(8.72), (8.70) and (8.68) that

A(i‘) = Yo, B(i‘) = Bo(.f) —1rohy — hg < 29 — rohs. (873)
By (8.71) and (8.70),
dxy (A, Ag) < dxy (A, Ag) = sup{|[Ao(u) — A(u)|| : u € X}
= sup{||Ao(u) — A(u)|| : u € Bx(z,72)}
= sup{é(u)|[yo + ALo(u — &) — Ao(u)|| : u € Bx(Z,72)}
< sup{||yo — Ao(u)|| + M| Loll||lu — Z|[ : v € Bx(¥,72)}
< sup{|lyo — Ao(u)|| : v € Bx(Z,72)} + Al[Lo|[r2
< Al[Lollr2 + [lyo — Ao(@)[| + [[A0(Z) — Ao(u)]| : v € Bx(Z,7m2)}. (8.74)
Relations (8.74), (8.67), (8.61) and (8.69) imply that
dxy (A, Ag) = dxy (A, Ag)

< MlLollr2 + [|lyo — Ao(@)[| + sup{[|Ao(Z) — Ao(u)|| : u € Bx(z,72)}
< r9/8+4r1 +supf{||Ao(Z) — Ag(u)|| : u € Bx(Z,r2)}
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<ro/84r1+(ro—r)/d<(ro—1r1)/16+ (ro —r1)/4+1r1 = (10 +71)/2.

Therefore - R -
dxy(A, Ao) < dxy(A,AQ) < (T’Q + 7’1)/2. (875)

It follows from (8.72), (8.68), (8.32) and (8.69) that
dxz(B, By) < dxz(B, Bo) < |[rzh| + || hol|

<ri4re<(ro—r1)/164+r < (ro+1r2)/2. (8.76)
By (8.75), (8.76), equality 7 = r3, (8.69) and (8.64), relations (8.53) and (8.54)

are true.
Assume that

AeC(X)Y), BeC(X,2),yeY, z€Z

and that © € X satisfies (8.55) and (8.56). We show that z € Q,,. It follows
from (8.55), (8.31), (8.64) and (8.69) that

dxy (A, A) < dxy (A, A)(1 —dxy(A,A)"! <27, (8.77)
dxz(B,B) < dxz(B,B)(1—dxz(B,B))™" <2r.
Relations (8.77), (8.75) and (8.76) imply that
CZXY(A, Ap) < CZXY(Aa A)+ dXY(IZLAO)
<27+ (rg +11)/2, (8.78)
dxz(B,Bo) < dxz(B,B) + dxz(B,Bo) < 27 + (ro +11) /2.
By (8.78), (8.31), (8.55), (8.69) and (8.56),
[Ao(z) — yol| < [[Ao(2) — A(@)[| + |[A(z) — yl| + [ly — vol|
<2F 4 (rg+711)/24 T < 79.
It follows from (8.31), (8.32), (8.55), (8.78), (8.56) and (8.69) that
By(z) —z9 = Bo(z) — B(z) + B(x) — 24+ 2z — 2
< dxz(B, Bo)hs + ||z — zo||ha
< (2F+ (ro +71)/2)hs + The = (37 + (ro + 1) /2) hae < Tohe.

Therefore
[[Ao(x) — yol| < ro, Bo(z) — 20 < rohe.

Combined with (8.62) and (8.32) this implies that

T E Q. (8.79)
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In view of (8.79), (8.63), (8.65), (8.60) and (8.66),

folx) = p(ro) = p(r) —er = fo(x) =261 = fo(7) = 7.

Therefore we have shown that property (P6) holds.
Now we show that property (P7) holds.
Let A be a positive number. Fix A; > 0 such that

Al < A, Al < 7“2/2,

||B(u) — B(Z)|| < r2/8 for all u € Bx (7, 4).

Fix § > 0 for which
46 < min{1, Ay, 7/2} .

Assume that A € C(X,Y), Be C(X,Z),y €Y, z € Z satisfy
dXY(A7A) < 6’ dXZ(B?B) < 67 ||y_y0|| < 5? HZ— ZO” < d.
By (8.31), (8.83) and (8.82),

dxy (A, A) = dxy (A, A)(1 —dxy(A,A)7 <6(1—68)"1 <2,

dxz(B,B) =dxz(B,B)(1 —dxz(B,B))™! < (1 —6)"! < 2.

We show that there exists x € X which satisfies
A(z) =y, B(x) <z, |lz — 2] < Ar.

For each x € X put
D(z) = A(z) —y + =

We show that
D(Bx(z,A1)N(Z+Y)) C Bx(z,A1)N(Z+Y).

Let
T e Bx(.’i‘,Al) n (.’f—l—Y)

By (8.71), (8.70), (8.89), (8.80) and (8.39),
A(z) = yo + A\Lo(z — 7) €Y.
Relations (8.87) and (8.89) imply that

Dx)=Alx)—y+zeY+(ZT+Y)=2+Y.

(8.80)

(8.81)

(8.82)

(8.83)

(8.84)

(8.85)

(8.86)

(8.87)

(8.88)

(8.89)

(8.90)

(8.91)

It follows from (8.87), (8.90), (8.39), (8.89), (8.83), (8.84), (8.31) and (8.61)

that

|1D(z) 2| = [|A(z) —y+z—2|| = [|A(x) —yo+z—2+(yo—y) +(A(z) - A(2))]]
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< |IALo(x — 7) + = — 7| + |lyo — yll + || A(z) — A(=)]] (8.92)
<A1 =A)(z—2)|]| +36 < (1= A)||z —z|| + 30.
By (8.89), (8.82) and (8.92),
|1D(z) —Z|| <A —=XN)|lz —Z||+30 = (1 —N)A; + 36 < Ay. (8.93)
In view of this inequality and (8.91),
D(z) € Bx(z,A)N(z+Y). (8.94)

Thus we have shown that (8.88) holds. Since the space Y is finite dimensional
the Brouwer fixed point theorem implies that there exists z. € X which

satisfies
s € Bx(Z,A)N(Z+Y), (8.95)

e = D(zy) = A(zs) — Yy + Ty

Hence
Alzy) = y. (8.96)

By (8.32), (8.85), (8.31), (8.73) and (8.83),
B(z.) = B(zs) + (B(xy) — B(2s)) < B(w,) + ||B(xy) — B(2:)] |
< (B(z.) — B()) + B(z) + 20,
< (B(.’l?*) - B(.f)) + 20 — ’I"Qh* + 26h*

< B(xx) — B(Z) + 2z + 30h. — rah.. (8.97)

It follows from (8.81), (8.32), (8.95), (8.82), (8.69) and (8.97) that
B(z,) < z — rohy + 30h, + B(z.) — B(%)
< z—rohe + 30hs + (r2/8)h, <
2 —roh, + 27 roh, < 2. (8.98)
By (8.96), (8.95) and (8.98),
A(zy) =y, B(z.) < z, x4« € Bx(Z, Ay).

Thus property (P7) holds. Lemma 8.9 is porved.

8.7 Proof of Theorems 8.4 and 8.5

It is clear that (A1) and (H2) hold. In view of Theorem 4.1 we need to show
that (H1) holds. Proposition 8.2 implies that it is sufficient to show that (A2),
(A3) and (A4) hold. Lemma 8.7 implies (A2). (A3) follows from Lemma 8.8.
It follows from Lemma 8.9 that (A4) holds. This completes the proof of the
theorems.
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8.8 An abstract implicit function theorem

Let (X,||-||) be a norm space. For each x € X and each positive number r
put

Bx(z,r) ={ye X: [ly—al[ <r}, B(z,r) ={y € X : [ly—=f <r},

BX(T) = BX(Ovr)a Bg((’f‘) = Bg{(ovr)'

We always equip the space X with the norm topology and with a metric px
induced by the norm of X:

px(y,2) = ly = 2|, v,z € X.

Denote by dim(X) the dimension of X. If X is an infinite-dimensional space,
then dim(X) = co. We denote by I'x the identity operator Ix : X — X such
that Ixxz = x for all z € X.

If (X,|]-1]), (Y5]| - ||) are norm spaces and L : X — Y is a continuous
linear operator, then

IL]| = sup{[[L(z)[| : = € X and [[z]| < 1}.

Let (X, ||-]]) and (Y,]|-||) be norm spaces and let W be a nonempty open
subset of X. Denote by C1(W,Y) the set of all mappings f : W — Y such
that for each x € W there exists a Frechet derivative f'(z) : X — Y of f at
x and that the mapping © — f'(z), x € W is continuous.

If X = X3 x X5 where (X;,||-1]), ¢ = 1,2 are normed spaces and f €
CY(W,Y), then the partial derivative of f at a point w € W with respect to
z; (i =1,2) is denoted by (9f/0z;)(w) or fu, (w).

We will prove the following result established in [125].

Theorem 8.10. Let X be a topological space, (Y,||-]|) and (Z,||-||) be Banach

spaces, W be a neighborhood of (xg,y0) in X XY and ¥ : W — Z be a mapping
which satisfy the following conditions:

¥ (2o, Y0) = 2o; (8.99)

the mapping x — W (z,yo), is continuous at To;

there exists a linear continuous operator A :'Y — Z such that for each
positive number € there exist a positive number § and a neighborhood V of xq
in X such that if x €V and y',y" € By (yo,0), then

& (z,y") — (") — Al —y" )| <elly’ ="l (8.100)

and that
AY = Z. (8.101)

Then there exist a pair of positive constants K, o and a neighborhood U of
(z0, 20) in X X Z such that for each mapping ¥ : W — Z which satisfies
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[|[(F — W) (z,y)|| < o for all (v,y) €W (8.102)

and
@ =) (z,y) — (@ =) (z,y")|| < olly’ —y"|] (8.103)

for each (x,y'), (z,y") € W, there exists a mapping & : U — Y such that for
each (z,z) €U

(z,0), (z,P(x,2)) € W, ¥(z,P(x,2)) = z, (8.104)
|92, 2) — yol| < K|[¥(x,y0) — 2]|- (8.105)
We need the following lemma proved in [1].

Lemma 8.11. Let T be a topological space, (Y,||-||) be a Banach space, V
be a neighborhood of (to,yo) in T XY and let ¢ : V — Y. Assume that there
exist a neighborhood U of tg in T, f > 0 and 6 € (0,1) such that for each
t € U and each y € BY (Yo, 3)

o(t,y) is defined and (t,D(t,y)) €'V, (8.106)
ll2(t, 2(t,y)) — 2t y)l| < 0lD(t,y) — yll, (8.107)
||2(t, o) — yol| < B(L - 6). (8.108)

Then for each t € U the sequence {y,(t)}5>, defined by

Yo(t) = Yo, Yn(t) = &(t, yn—1(t)) for all integers n > 1 (8.109)

is well-defined and is contained in By (yo, 8) and yn(t) converges to &(t) € Y
as n — oo uniformly on U and

12(t) = yol| < |9t 90) — wol[(1 —6)~" for all t € U. (8.110)
We also use the following auxiliary result. For its proof see [1].

Lemma 8.12. Let (X, ||-||), (Y,||-||) be Banach spaces and let A : X —'Y be
a continuous linear operator such that AX =Y. Then there exist a mapping
M :Y — X and a constant ¢ > 0 such that

AoM = Iy and ||My|| < c||y|| for ally €Y.

8.9 Proof of Theorem 8.10

Since AY = Z (see (8.101)) Lemma 8.12 implies that there exist a mapping
C :Z — Y and a number ¢y > 0 for which

ACz =z forall z € Z, (8.111)
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[|Cz|] < col|z]| for all z € Z. (8.112)
Set T'= X x Z, choose 6 € (0,1) and set

e=10/co. (8.113)

The assumptions of the theorem (see (8.100)) imply that there exist a neigh-
borhood Vi of zy and a positive constant y such that

Vi x By (yo, Bo) C W, (8.114)
1@ (2,y") — Pz, y") — Ay —y")|| <47y —y"|le (8.115)
for each x € V4 and each y',y"” € By (yo, 5o)-
Put
V =Vi x Zx By (yo, bo) (8.116)
and
8= BolcollAll +2)7" (8.117)

By the assumptions of Theorem 8.10, the mapping
(xa Z) - @(‘T,yO) -z

is continuous at the point (xo, 29). Together with (8.99) this fact implies that
there exist a neighborhood V5 of xg and a positive constant v such that

V,C Wy (8.118)
and that for each (z,2) € Vo x B%(20,7),
& (z,y0) — 2|| <47'B(1 —0)cy . (8.119)

Define
U =V5 x B5(20,7)- (8.120)

Fix a positive number
o <min{47'8(1 — 0)cy*, €/4, O(co + 1) /4} (8.121)

and set
K =co(1—-60)"". (8.122)

Assume that a map ¥ : W — Z satisfies (8.102) and (8.103) for each
(z,9"), (x,y") € W. Define a mapping & : V — Y by
Pz, 2,y) =y+Clz = ¥(z,y)), (z,2,y) EV. (8.123)

Now we show that the conditions of Lemma 8.11 hold with T' = X x Z,
to = (x0,20), V=V and U = U.
Assume that
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(x,2) €U, y € By (o, 5)- (8.124)

By (8.123), (8.112), (8.124), (8.116), (8.120), (8.118), (8.117), (8.103), (8.115)
and (8.114),

[Pz, 2,9) = yoll = lly — yo + C(z — ¥(z,y))ll

< ly = yoll + collz — ¥(z, )|
<1y = yoll + collz = ¥(z,y0) — ¥(z,y) + ¥(z,y0) + Ay — yo) — Ay — vo)||
< ly=yoll+collz=¥(z, yo)|[+col ¥ (2, y) =¥ (z, yo ) +A(y—yo) | +co|[All[[y—yol|
<[y = woll + collz — ¥(z, y0)|| + col|Alllly — yol|
+eoll¥(z,y) — ¥ (2,y) — (¥ (2, y0) — ¥(z, o)l
+eol ¥ (x,y) — ¥ (z,90) — Ay — o)l
< ly = yoll+coll Alllly = yol| + collz = ¥ (z, yo) || +coo|ly — yol[+4™ " coelly — yol|
= (L4 coo + coe/4)[ly = yoll + collAlllly — yoll + collz — (=, yo)||
= (14 coo + coe/4 + collAID Iy = yoll + collz — ¥ (2, yo)||-

By the relation above, (8.113) and (8.121),

12(, 2, y) = yol| < collz = (@, yo)ll + lly — yoll(1 + col[All + 0/4 +6/4)

< collz = @z, yo)ll + lly — ol (1 + col |A]] + 6/2). (8.125)

It follows from (8.125), (8.119), (8.124), (8.120), (8.102), (8.121) and (8.117)
that

12(, 2,y) = yol| < [ly — wol|(1 + col[Al] +6/2)
+eollz = #(x,50)| + coll? (2, yo) — ¥ (. yo)|
< B(1 4 col|Al| +6/2) + 47 eoB(1 — O)cgt + coo
< A1+ coll Al +0/2) + 27181 = 0) < B@ + coll All) = B (5.126)
Therefore the first condition of Lemma 8.11 holds (see (8.106)).
By (8.119), (8.120), (8.124), (8.102), (8.121) and (8.125) with y = yo,
12(2, 2, y0) — wol| < collz — ¥(z,y0)l| < collz — ¥(x, 30|

TeollZ (e, yo) — U, yo)|| < 4781 - 0) + 47 B(1— 6) < B(L - 0). (8.127)

Thus the third condition of Lemma 8.11 holds (see (8.108)).
It follows from (8.126), (8.124), (8.123), (8.116), (8.120) and (8.118) that

D(x,2,P(x, 2,y)) — P(x, 2,y) = D(x, 2,y)

+C(z =¥ (z,P(x,2,y))) — P(x,z,y) = C(z — ¥(z,P(x, 2,y))).  (8.128)
Relations (8.123) and (8.111) imply that
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Ab(z, 2,y) = Ay + AC(z — ¥ (z,y)) = Ay + 2z — ¥ (z,y)

and
z2=U(z,y) + AD(z,z,y) — y). (8.129)

By (8.128), (8.112) and (8.129),
||¢(x,z,¢(m,z,y)) - é(x’%y)u < COHZ - W(»’U@(%Zay)m
= C()H!p(l‘,é(x, Z’y)) - W(J% y) - A(@(aj, Zvy) - y)”
< oo [¥(z, D(w, 2,y)) — ¥(z,y) — A(D(z,2,y) — y)l|

+CO||W(J;7¢($7Zay)) - @(x,@(x,z,y)) - [W(x,y) - @(x,y)]“

Together with (8.115), (8.124), (8.120), (8.118), (8.126), (8.117), (8.103),
(8.114), (8.121) and (8.113) this relation implies that

||@($, z,@(x,z,y)) - Qs(xv Zay)H

<4 epelly — Bz, 2, )|| + coolly — Bz, 2, y)||
<27 eoelly — Bz, 2,y)|| < Olly — B(x, 2, ).

Therefore the second condition of Lemma 8.11 holds (see (8.107)).
Put
t=(z,2). (8.130)

Since all the conditions of Lemma 8.11 hold the sequence {y,(¢)}52, defined
by

Yo(t) = Yo, Yn(t) = D(t,yn,—1(t)) for all natural numbers n (8.131)

is well-defined and is contained in B (yo,3) and y,(t) converges to &(t) =

&(x,z) € Y as n — oo in the norm topology uniformly on & and
18z, 2) — ol < [[(, 2, 0) — woll(1 — ). (3.132)
It follows from (8.124), (8.120), (8.118) and (8.114) that
(x,y0) € W. (8.133)

Clearly, )
|P(z, 2) — yol| < B- (8.134)

By (8.124), (8.120), (8.118), (8.114), (8.117) and (8.134),
(z,D(z,2)) € W. (8.135)
By (8.132), (8.123), (8.112) and (8.122),

18, 2) = yol| < 1Dz, 2,50) = yoll(L = 6) ™" = |C(z — ¥ (x,50))[|(1 = 6) "
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< collz = ¥(2,50)[|(1 = 0)7" = K[|z — ¥(z, o). (8.136)

In view of (8.135), (8.131), (8.130), (8.114), (8.124), (8.120), (8.118), the in-
clusion {y;(¢)}2, C BY(vo, ), (8.117), (8.103), (8.123) and (8.115), for each
integer n > 1,

19(2, B(w, 2)) = 2|l < [|¥ (2, D(x, 2)) = ¥ (2, ya(@, 2))|| + ||z = (2, ya(z, 2))]]
< (2, D(w, 2)) =0 (2, yn (2, 2)) || +]| (¥ = F) (2, (2, 2) = (= P) (2, yn (2, 2))]]
HIAC(z = (2, yn(z, 2)))|
< (2, B(2, 2)) = U (2, yn(2, 2)) — A(B(, 2) — ya(2, 2))]]
HIA(@(2, 2) =y (. 2))|| +0l|B(2, 2) = yu (2, 2)|| + [|All[|Yn-+1(2, 2) = yu (2, 2)]]
<47 Yel|D(2, 2) = yn (@, )| + [|All[|D(, 2) = ynl(z, 2)]]
+0l|®(@, 2) = yu (2, 2)I| + | yn+1(2, 2) = (2, 2)[| — 0 as n — oo

Hence
V(z, d(z,2) = 2. (8.137)

Theorem 8.10 follows from (8.133), (8.135), (8.137) and (8.136).

8.10 An extension of the classical implicit function

Theorem 8.13. Let (X, || - []), (Y,||-[|) and (Z,]| - [|) be Banach spaces, W
be an open neighborhood of (zo,yo) in X XY and let a mapping ¥ : W — Z
belong to CY(W, Z). Assume that

!I/(l‘o,yo> =0 (8138)

and that there exists an inverse operator [¥,(zo,v0)]™ : Z — Y which is
linear and continuous.
Let €y be a positive number. Then there exist

c>0,6>0,e€(0,¢) (8.139)

such that for each mapping W : W — Z which satisfies
[|(@ — @) (x,y)|| < o for all (z,y) € W, (8.140)
1@ = &) (2,9) = (Z = @) (@, y")|| < olly’ ="l (8.141)

for each (x,y"), (z,y") € W, there exists a mapping @ : B¢ (x0,0) — Y such
that

if W =W, then ®(z0) = yo, (8.142)
(z,P(x)) € W and ¥(z,P(x)) = 0 for all © € B%(xo,9), (8.143)
[|P(x) — yol| < € for each x € B (xo,9), (8.144)

and that for each © € B%(x0,0) and each y € B (yo,0) the equality ¥(x,y) =
0 holds if and only if y = (x).
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Proof: We show that ¥ satisfies the conditions of Theorem 8.10 with zo = 0.
Tt is easy to see that the mapping x — W¥(x,yp) is continuous at xg. Put

A = @y(xmy(]). (8145)

Since ¥ € CY(W, Z) by the mean value theorem for each positive number ¢

there exist a positive number ¢ and a neighborhood V of z such that (8.100)

holds for each 2 € V and each ¢,y € By (yo,0). It is easy to see that (8.101)

holds. In view of Theorem 8.10 there exist a pair of positive constants Ky, og

and a neighborhood U of xy in X such that the following property holds:
(P1) For each mapping ¥ : W — Z which satisfies

[|(& — &) (z,y)|| < o for all (z,y) € W (8.146)

and
(& = &) (,y') — (& = &) (x,y")|| < oolly” —¢"|l (8.147)

for each (z,9"), (z,y"”) € W there exists a mapping @ : Y — Y such that

(z,®P(x)) € W and ¥(x,P(z)) =0 for all z € U, (8.148)

[|@(z) — yol|| < Kol|¥(z,yo0)|| for all x € U. (8.149)

Since ¥ € C1(W, Z) for each positive number  there exists a positive number

e(k) < e (8.150)
such that
B% (zo,€(k)) X By (yo,€e(k)) C W (8.151)
and that for each
x1,T2 € B%(x0,€(K)), y1,y2 € By (Yo, €(K)) (8.152)

the following inequality holds:

||@($1ay1) - @(902792) - @1(30073/0)(331 —rg) — @y(xowo)(yl - yQ)H

< smax{||zy — za||; [lyr - y2ll}- (8.153)

Put -
= 471|(y (0, 30)) ||, € = e(R). (8.154)

Since ¥ is continuous and ¥(xg,y) = 0 (see (8.138)) there exists a positive
number
0 <e (8.155)

such that
Bx(xo,(S) cu, (8156)

@ (x,y0)|| < eKy 4™t for each z € Bx(zo,9). (8.157)
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Choose a positive number
o < min{oy, (4Ko) Re}. (8.158)

Assume that a map ¥ : W — Z satisfies (8.140) and (8.141) for each
(z,9"), (x,y") € W. Let a mapping & : U — Y be as guaranteed by the
property (P1). Then (8.148) and (8.149) hold. Relations (8.149) and (8.138)
imply that (8.142) holds. It follows from (8.148) and (8.156) that

(z,P(x)) € W and ¥(x,P(z)) = 0 for all z € B (o, 9)
and (8.143) is true. Assume that
x € B% (20, 9). (8.159)
It follows from (8.149), (8.156), (8.159), (8.158) and (8.140) that

19(2) = ol| < Kol[#(z, yo)l| < Ko(|| (@, yo)ll + [|¥(x, yo) — (@, yo)II)

< KoeKy'4™ 4+ Koo < e/4 + ¢/4.
Therefore (8.144) holds. Assume that

x € B%(x0,9), y € By (yo,€), ¥(z,y) =0. (8.160)

We show that y = &(z). By (8.160), (8.143), (8.154), (8.144), (8.141), (8.151),
(8.158), (8.155) and the choice of €(R) (see (8.152), (8.153)),

[y = 2(@)l = [1(Zy (0, y0)) =" ¥y (z0, o) (y — D())]]

< 1y (x0, 0)) "M@ () — ¥ (2, B(x)) — ¥y (0, 50) (y — B(x))]]
< 1@y (w0, 50)) "M II19 (2, ) — ( D(x)) = Ty(zo, yo)(y — D(2))|
+1(Zy (20, 90) T I = &) (2, y) = (2, P(x)) — ¥ (,D(2))]]
< [/ (x0, 30)) " [IElly — D()|
+| (@ (0, 50)) (@ = &) (2,y) = [#(z, (x)) — (2, D(x))]]]
< (1@ (w0, y0)) " [[Elly — ()| + olly — S(@)[]]|(Zy (20, 50)) ]
<11y (o, y0)) 124l ly — D(2)]] < 27y — D()]].

This relation implies that y = @(x). This completes the proof of Theorem
8.13.
Note that Theorem 8.13 was obtained in [125].
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8.11 Minimization problems with mixed smooth
constraints

We use the convention that co/oco =1 and co — 0o = 0.

Let (X,]||-]|]) and (Y, || ||) be Banach spaces. Denote by C(X,Y") the set
of all continuous mappings f: X — Y.

Let £k > 1 be an integer. For each mapping f : X — Y we denote by
f%)(z) its Frechet derivative of the order k at a point x € X if it exists.
Denote by C*(X,Y) the set of all mappings f : X — Y such that f*) ()
exists at any point € X and the mapping z — f*) (), z € X is continuous.
We set CO(X,Y) =C(X,Y), fO =Ff feCX,Y).

Let k > 0 be an integer. For each f,g € C*)(X,Y) define

Ay (f.9) = sup{|[f9 (@) — gD (@)[|: j=0,....k, z€ X},

Ay (f.9) = d$y (f.9) (1 +dh (f.9) 7"

It is known that (C®)(X,Y), dg? y) is a complete metric space [74, 35].

Let k > 1 be an integer, (X, |[-|]), (Y, ||-|]) and (Z, || -||) be Banach spaces,
the space Y be finite-dimensional and let dim(Y") <dim(X).

We assume that there exists a function A, € C*(X, R') such that

0<(z) <1, zeX, (8.161)

supp(Ae) = {z € X : A(x) >0} C Bx(0,1)}, (8.162)
A«(2) > 0 for some z € X, (8.163)

sup{|AP (2)||: z€ X, j=0,....k} < . (8.164)

We assume that the space Z is ordered by a convex closed cone Z; C X, h,
is an interior point of Z, and that

[|]] =inf{A > 0: —Ah, <z < Ah.}, z € Z. (8.165)

Remark 8.14. Note that the function A, exists if the space X is Hilbert. It
also exists if K =1 and X has an equivalent Frechet differentiable norm. For
more details concerning the existence of the function A, see [31].

Let p,q,l > 0 be integers such that p > 1 and p,l < k. We consider the
complete metric spaces

(CP(X,Y),dPy), (C9(X,2),d{,)

and the complete metric space (C (X, R'),d gl()Rl) Denote by Cél)(X) the

set of all functions f € C¥(X, R') which are bounded from below. It is easy
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to see that Clgl)(X) is a closed subset of (C) (X, R'), dg?Rl). We consider the
1

Y )

We equip the space C(p)(X ,Y) with the topology induced by the metric

complete metric space (C’él)(X)

dgg)y (the strong and the weak topologies coincide), the space C(9) (X, Z) with
the topology induced by the metric dg??z (the strong and the weak topologies
coincide) and we equip the space CIEZ)(X ) with the strong topology induced
by the metric dg?le.

We also equip the space C,S”(X ) with the weak topology induced by the
uniformity determined by the base

Ey(e) = {(g.h) € O} (X) x " (X) :

lg(x) — h(x)] < € + emax{|g(x)|, |h(x)|} for all x € X},

where € > 0. It was shown in Section 8.3 (see Lemma 8.3) that for the space
C,Sl)(X ) there exists a uniformity which is determined by the base E,,(¢),

€ > 0. Evidently, the space C’IEZ)(X ) with this uniformity is metrizable.
Set
Ay = C(X), Ay = CPU(X)Y), Ay = C9(X, Z),

Aoz =Y, Agu =7, Ay = Agy X Aga x Aaz X Aga.
For each as = (G, H,y, z) € Az put

Se, ={ze€eX: G)=y, H(x) < z}. (8.166)
For each a = (a1,as) € A; x Ag define J, : X — R! U {co} by
Jo(x) = a1(x), ¢ € Sq,, Jo(x) =00, z € X\ Sq,. (8.167)
We prove the following theorem which was obtained in [125].

Theorem 8.15. Let A be the closure of the set {a € A; X Ay : inf(J,) < oo}
in the space Ay X Ao with the strong topology. Then there exists a set B C A
which is a countable intersection of open (in the weak topology) everywhere
dense (in the strong topology) subsets of A such that for any a € B the mini-
mization problem for J, on (X, ||-||) is strongly well-posed with respect to the
space A with the weak topology.

Let yo €Y, 29 € Z and
A = C(X), Ay = CP(X,Y), Agy = CO(X,Z), Ay = Az X Ags.
For each as = (G, H) € Az set

Sey ={z € X : Gz =yo, Hr < 20} (8.168)
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For each a = (a1,a3) € A; x Ay define j:l : X — R'U{co} by
Jo(x) = ay(z), T € Sy, Ja(z) =00, € X\ S4,. (8.169)

We also prove the following theorem which was obtained in [125].

~

Theorem 8.16. Let A be the closure of the set {a € A; X Ay : inf(J,) < oo}
in the space Ay X Ag with the strong topology. Then there exists a set B C A
which is a countable intersection of open (in the weak topology) everywhere
dense (in the strong topology) subsets of A such that for any a € B the mini-
mization problem for J, on (X, [|-1]) is strongly well-posed with respect to the
space A with the weak topology.

Note that Theorems 8.15 and 8.16 are obtained as realizations of the vari-
ational principles established in Sections 8.1 and 8.2
Clearly, without loss of generality we may assume that Y C X and that
the norm of Y is induced by the norm of X.
It is easy to see that there exists a linear continuous operator Ly : X — Y
such that
Loz =z, z €Y. (8.170)

Put
S=1L;'0)={zr e X: Loz =0}.

For each x € X we have
I:L()£C+($—L(]$) eY +65.

It is easy to see that for each z € X there is a unique pair u,v € X such that
u €Y, v €S and x = u+ v. The linear continuous operator

x — (Lox,x — Lox), x € X

acting from X to Y x S has a continuous inverse operator. Note that S is
equipped with the norm induced by the norm of X. Evidently, we may assume
without loss of generality that

X=8xY (8.171)
where (S, ]| - ||) is a Banach space and
(s, 9l = [lsll + [lyll, (s,9) € Sx Y. (8.172)

8.12 Auxiliary results

Lemma 8.17. There exists a function A\ € C*(X, R") such that
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Ogj\(x)gl,:veX,

supp(\) = {z € X : A(z) > 0} C Bx(0,1), (8.173)
M) =1 for all = belonging to a neighborhood of zero, (8.174)
sup{|[AD(@)]|: 5 =0,...,k z € X} < oco. (8.175)

Proof: We may assume without loss of generality that
sup{A\i(z): z€ X} =1. (8.176)
There exists a monotone increasing C*°-function 1 : R' — R! such that
1(0) =0, n(z) = n(cy) for all = > ¢,

where ¢y > 0 is a constant. We may assume without loss of generality that
there is a ¢; > 0 such that

n(co) =1, co < 1 € A\(Bx(0,1)). (8.177)
Consider the function 7 o A,. Clearly, n o A\, € C*(X, R'),
{reX: (noX)(x)#0} C Bx(0,1), (8.178)

0<(moX)z<1l, zeX

and there exist g € X and a positive number ry for which
(noX)(x) =1 for all z € Bx(xg,70). (8.179)
Fix c5 > 2 and define
AMz) = (70 A\ (2 + x0), = € X. (8.180)
It is easy to see that A € C*(X, R'),
0<Aaz)<1lforalzeX (8.181)

and (8.175) is true. }
Assume that = € X satisfies A(xz) > 0. Then (8.180) implies that

0 < (noA)(caz + x0).

It follows from the inequality above and (8.178) that ||cox + xo|| < 1. By this
inequality, (8.178), (8.179) and the equality = = c5 ' ((cox + x0) — 20),

llzll < 3 ' (llezw + wol | + [|zol)) < e5* + 3 |lwol| < 2¢5" < 1.

Therefore ~
{r e X: AMx) >0} C Bx(0,1).
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Combined with (8.181) this inclusion implies that (8.173) is true.
Let x € BX(O,cglro). Then cox+x0 € Bx(20,70) and (8.179) and (8.180)
imply that

Az) = (o X)(cax + mp) = 1.
Lemma 8.17 is proved.
For each v € (0, 1) set
M(2) =Ay712), z€ X (8.182)

and choose €(y) > 0, €o(y) > 0, §(y) > 0 such that

o(y) <e(y) <7,

(M2 +sup{| A ()l 2 € X, j=0,... . k}] <ely),
d(y) < eoly)v/12. (8.183)

The following lemma is an auxiliary result for (A3) (see Section 8.1).

Lemma 8.18. Let v € (0,1), f € Cél)(X), M be a nonempty subset of X,
x €M and let

f(a?) <inf{f(z): z€ M} +4(y) < cc. (8.184)
Define a function f: X — R' by
F(@) = f(@) + ()1 = A\ (z — 7)), x € X. (8.185)
Then f € CV(X),
dQ o (£ ) < e(v), F(2) = f(2) for all x € X, (8.186)
f(z) = f(z)

and for each y € M satisfying
fly) <inf{f(2): z € M} +26() (8.187)
the inequality ||y — Z|| < v is valid.

Proof: Tt is clear that f € Cél)(X). Evidently, (8.186) is true. Assume that
y € M satisfies (8.187). By (8.184)—(8.187),

F@) + e =My —7) = fly) < f(2) +26(7)
= f(Z) +20(y) < f(y) +35(7). (8.188)
In view of (8.188),
1= (y—2) <35(7)e(7) "
It follows from the inequality above, (8.182) and (8.183) that
Ay My —2) =My —2) > 1-35()eo(y) " > 1—7/4>3/4. (8.189)
By (8.189) and (8.173),
Iy = D)l < 1 and Jly - 3l] < 7. (5.190)
This completes the proof of Lemma 8.18.



8.13 An auxiliary result for hypothesis (A4) 341
8.13 An auxiliary result for hypothesis (A4)

We assume that the infimum over empty set is co.

Lemma 8.19. Let ¢, € (0,1), fo € C,Sl)(X), Ay € CP(X,Y), By €
COX,Z), yo €Y, 20 € Z and let

inf{fo(x): = € X and Aoz =y, Box < 20} < 0. (8.191)
Then there exist
7€ (0,87 %),
AcCcP(XY), BeC9Y(X,Z), zeX (8.192)

such that the following properties hold:
Az =y, Bz < 2p; (8.193)
{Ae CV(X,Y): dP, (A A) <7}
c{AeCP(X,Y): dP) (A, Ay) < 47 lek; (8.194)
{BeC9(X,2): d¢4(B,B) <7}
c{BeCW(X,2): d{,(B,By) <4 'e}. (8.195)

(P2) For each A € CP)(X,Y), each B € C'9(X,Z), each y € Y, each
z € Z and each x € X which satisfy

AP (A, A) <7, dQ,(B,B) <7, |ly — woll <7, |1z — 20|l < 7,

Ar =y, Bx <z (8.196)

the inequality
fo(Z) < fo(x) +~ (8.197)

holds.

(P3) For each positive number A there exists a positive number § < ¥ such
that for each A € C®)(X,Y), each B € C4(X,Z), eachy € Y and each z € Z
which satisfy

AP\ (A, A) <6, dP,(B.B) <6, |ly— ol <6, lz—z0l| <5 (3.198)
there exists x € X such that

Az =y, Bx <z, |[[x — Z|| < A. (8.199)
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Proof: Let a function A € C®M(X,R') be as guaranteed by Lemma 8.17.
Namely, A satisfies ~
0<ANz)<1, z€X,

{x e X: Az) >0} C Bx(0,1), (8.200)
M) = 1 for all z in a neighborhood of 0, (8.201)
sup{|[AD(2)||: z € X, j=0,...,k} < 0. (8.202)

Fix €9 > 0, €1 > 0, €2 > 0 for which
€2 < €1 < ¢ <eand e < y/4 (8.203)
For each r € [0,1] set
Qr={zeX: ||Aox —wol| <r, Box € 20— Zy + Bz(r)} (8.204)

and put
p(r) =inf{fo(x): = € Q,}. (8.205)

It is clear that p(r) is finite for all r € [0, 1] and the function g is monotone
decreasing. There exists a positive number

o < €/64 (8.206)
such that p is continuous at ry. Fix a positive number r; < rg such that
lu(r) — p(ro)| < e (8.207)
There exists £ € X such that
T € Qr, fol@) < p(rr) + €. (8.208)

Let
Z=(579)€SxY, wheres€ S, jeY (8.209)

(see (8.171)). It follows from (8.208) and (8.204) that
[|AoZ — yol| < 71, BoZ € 29 — Z4+ + Bz(r1). (8.210)
Therefore there exists hg € Z such that
||Rol| < 71, BoZ < 20 + ho. (8.211)
Fix ro > 0,73 > 0 such that
re < 167 (rg — 1), 1613 < 419 < 71. (8.212)

Put
o(x) =Nz —Z), z€ X. (8.213)
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By (8.213), (8.200), and (8.201),

0<¢(x)<1, x€X,

{reX: ¢(x) >0} C Bx(7,1), (8.214)
¢(x) =1 for all z in a neighborhood of Z in X, (8.215)
sup{|[¢(2)||: z€ X, j=0,...,k} < 0. (8.216)

Put
A1(s,y) = Ao(s,y) — AoZ + yo, (s,y) € S X Y. (8.217)

Relations (8.217) and (8.210) imply that
AP (A1, Ag) < APy (A1, Ag) = dy (A1, Ag) = ||Aez — yol| < 1. (8.218)

Denote by L(Y,Y) the set of all linear mappings L : Y — Y. For each L €
L(Y,Y) denote by Ly a mapping Ly : X — Y defined by

Ly(s,y) = ¢(s,y)L(y — ), (s,y) €S xY =X, (8.219)

It is clear to see that L, € C®)(X,Y), L € L(Y,Y) and the mapping L — Ly,
L e L(Y,Y) from L(Y,Y) to C¥(X,Y) is continuous. Therefore there exists
a positive number €3 such that

sup{HLEbj)(z)H D j=0,...,k 2€ X} <167 (rg — 1) (8.220)

for each L € L(Y,Y) satisfying ||L|| < es.
There exists L € L(Y,Y) such that

||IL]| < €3 and L + (0A1/90y)(5,y) is invertible. (8.221)

Tt is easy to see that (8.220) holds. For each z = (s,y) € S x Y = X define

Az = A(s,y) = ¢(s,y)[Ao(s,y) — AT + yo + L(y — 9)] (8.222)
+(1 = é(s,9))[Ao(s,y) — AoZ + yol,
B.’I = Bofﬂ - 7"2h* - ho. (8223)
Evidently, - -
AeCW(X,Y), Be CY(X,2Z). (8.224)

Tt follows from (8.222), (8.215), (8.209), (8.223) and (8.211) that
AJ_C = Yo, Bif = Boi‘ — ’/‘Qh* - ho S zZ0 — ’I"gh*. (8225)
By (8.222), (8.215), (8.209) and (8.217)

A(s,y) = Ao(s,y) — AT +yo + Ly — §) = Au(s,y) + Ly —5)  (8.226)
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in a neighborhood of Z in S x Y.

Put
7 =r;3. (8.227)

By (8.223), (8.165), (8.211) and (8.212),
dgg,)Z(R Bo) < Jgg,)z(BaBO) = dS??Z(B, By)

< |lrahal| + |[hol] < ro+11 <11 4+167 (rg —11) < (ro+11)/2.  (8.228)
Relations (8.222), (8.217) and (8.220) imply that
APy (A, A1) = sup{||LY ()|l : 2 € X, j=0,...,k} <167 (rg — ).

(8.229)
Tt follows from (8.229) and (8.218) that

dggy(AvAO) S %’Y(A7A1)+d§’Y(A1,A0) § 16_1(7’0—T1)+T1 S 2_1(7‘(0+7”1).
8.230)

Relations (8.227), (8.212), (8.205), (8.224), (8.225), (8.228), (8.230) and
(8.205) imply that (8.192)—(8.195) are true. We will show that the property
(P2) holds.

Assume that A € C?P)(X,Y), B € C9(X,Z), y € Y, z € Z and that
z € X satisfies (8.196). We show that = € Q.

It follows from (8.196), (8.227), (8.212) and (8.206) that

AP (A, A) < dPy (A, A)(1 - dP, (A, A)7" < 27,

4 (B.B) < d{),(B. B)(1 ~ d¥,(B.B) ™" <2r.
In view of these relations, (8.230) and (8.228),

APy (A, Ag) < APy (A, A) + dP, (A, Ag) < 27 + (ro +11)/2,  (8.231)

A ,(B, By) < d),(B,B) +d\,(B, Bo) < 27 + (ro +11)/2.  (8.232)
Tt follows from (8.231), (8.196), (8.227) and (8.212) that
[[Aoz — yol| < [|Aoz — Az[| +[|Az — yl[ + |ly — yol| < 27 + (ro +71)/2+7 < ro.

(8.233)
Relations (8.165), (8.196), (8.232), (8.227) and (8.212) imply that

Box —zg=Box — Bx+Bx —z+2z— 2

< d% 4(B,Bo)h. + ||z — zol|hs < (27 + (ro +71)/2 + F)hs < 1o

Combined with (8.233) and (8.204) this relation implies that x € Q,,. To-
gether with (8.205), (8.207), (8.208) and (8.203) this inclusion implies that
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fo(@) > p(ro) = p(r1) —e1 > fo(z) — 261 > fo(T) — -

Thus we have shown that the property (P2) holds.
Now we show that the property (P3) holds. Let A be a positive number.
Fix

A1 €(0,4) (8.234)
such that - -
||Bu — Bz|| < ry/8 for all u € Bx(Z, Ay). (8.235)
Put B )
U(s,y) = A(s,y) — yo. (s,y) €S x Y. (8.236)

By (8.236), (8.225) and (8.209),
¥(s,7) = 0. (8.237)
It follows from (8.236), (8.226) and (8.209) that
(0 /0y)(5,5) = (0A/0y)(s,§) = (0A1/9y)(5,§) + L. (8.238)

By (8.221) and (8.238), the operator (0¥ /dy)(s,7) is invertible. It is easy
now to see that the conditions of Theorem 8.13 hold with X = S, Z =Y,
(z0,y0) = (8,7) and W = S x Y. Therefore by Theorem 8.13 there exist 6 > 0
and o > 0 such that the following property holds:

(P4) For each mapping ¥ € C'(X,Y) satisfying CZQ)Y (¥,¥) < 40 and each
s € Bg(5,0) there is D(s) € Y such that

[|D(s) —g|| < Ay and ¥(s, D(s)) = 0.
Fix ~
§ € (0,8 'min{1, o, 6, 7/4}). (8.239)
Assume that A € C?P)(X,Y), B CD(X,Z), y1 €Y, z € Z satisfy
APy (A, A) <5, d07(B,B) <6, llyr —yoll <3, |21 — 2ol < 3. (8.240)
It follows from (8.240) and (8.239) that
APy (A, A) = dP (A, A) (1 — dPy (A, A) L <5(1-8)"1 <25, (8.241)
d¥,(B,B) = d{,(B,B)(1 - d¥,(B,B) ' <3(1-3)"' <25. (8.242)
We show that there exists € X such that
Az =y, Bx < zy, ||z — Z|| < Ay (8.243)

Put
U(s,y) = A(s,y) —y1, (s,y) € SxY. (8.244)
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By (8.244), (8.236), (8.241), (8.240) and (8.239),
APy (0, 0) < APy (A, A) + lys ol [ S35 <o (8245)
By (8.245) and the property (P4), there exists D(5) € Y for which
[|D(5) —y|| < Ay and ¥(5,D(5)) = 0. (8.246)

Put
x = (8, D(3)). (8.247)

It follows from (8.247), (8.244) and (8.246) that
Az = A(5,D(3)) =¥ (3,D(3)) + y1 = v1. (8.248)
By (8.209), (8.247) and (8.246),
|z ==l = I(5,5) — (5, D)l = |ly — D(3))]| < Ar. (8.249)
It follows from (8.165), (8.242), (8.225), (8.235), (8.249) and (8.239) that
Bz = Bx + Bx — Bx < Bx + ||Bx — Bx||h.
< Bx + 26h, = Bx — BT + BT + 20h.,
< Bx — BZ + zy — rohs + 26h,
= Bx — BT + 21 + (20 — 21) — rohs + 26h,
< Bx — BT + 21 + 36hs — rahs
< 21+ (ro/8)hy + 30h. — roh, < z;.

Combined with (8.249) and (8.248) this relation implies (8.243). Thus the
property (P3) holds. This completes the proof of Lemma 8.19.

8.14 Proof of Theorems 8.15 and 8.16

It is easy to see that the set A is nonempty and that (Al) and (H2) hold.
By Theorem 4.1 we need to show that (H1) holds. By Proposition 8.2 it is
sufficient to show that (A2), (A3) and (A4) hold. (A2) follows from Lemma
8.7. Lemma 8.18 implies (A3). By Lemma 8.19 (A4) holds. This completes
the proof of the theorems.
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8.15 Comments

In this chapter we study minimization problems with mixed constraints
minimize f(z) subject to G(x) =y, H(x) < z,

where f is a continuous (differentiable) finite-valued function defined on a
Banach space X, y is an element of a finite-dimensional Banach space Y,
z is an element of a Banach space Z ordered by a convex closed cone and
G:X —Y and H : X — Z are continuous (differentiable) mappings. We
consider two classes of these problems and show that most of the problems
(in the Baire category sense) are well-posed. Our result is a generalization of
a result of Toffe, Lucchetti and Revalski [50] obtained for finite-dimensional
Banach spaces X and Z. Our first class of problems is identified with the cor-
responding complete metric space of quintets (f, G, H,y, z). We show that for
a generic quintet (f, G, H,y, z) the corresponding minimization problem has
a unique solution and is well-posed. Our second class of problems is identi-
fied with the corresponding complete metric space of triples (f, G, H) while y
and z are fixed. We show that for a generic triple (f, G, H) the corresponding
minimization problem has a unique solution and is well-posed. This chapter
is based on the works [124, 125].






9

Vector Optimization

9.1 Generic and density results in vector optimization

We use the convention that co/oco = 1 and denote by Card(E) the cardinality
of the set F.

Let R' be the set of real numbers and let n > 1 be an integer. Consider
the finite-dimensional space R™ with the norm

llz]] = |[(z1,...,2n)|| = max{|z;|: i=1,...,n}, x = (z1,...,2,) € R".
Let {e1,...,e,} be the standard basis in R™:
er=(1,0,...,0),....en = (0,...,0,1).

Let = (1,...,2n), ¥y = (Y1,.-.,yn) € R™. We equip the space R with
the natural order and say that

x>yifx; >y; forallie{l,... ,n}

z>yifr>yandxz#y

and
x>>yifx; >y forallie{1,...,n}.

We say that x << y (respectively, z < y, x < y) if y >> x (respectively,
y>x,y>x).

Let (X, p) be a complete metric space such that each of its bounded closed
subsets is compact. Fix 0 € X.

Denote by A the set of all continuous mappings F' = (fy,..., fn) : X — R"
such that for all ¢ € {1,...,n}

lim i(x) = oo. 9.1
p(z,a)_mf( ) (9.1)

For each F' = (f1,...,fn), G=(g1,--.,9n) € A set

A.J. Zaslavski, Optimization on Metric and Normed Spaces, Springer Optimization 349
and Its Applications 44, DOI 10.1007/978-0-387-88621-3_9,
© Springer Science+Business Media, LLC 2010
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d(F,G) = sup{|fi(z) —gi(z)] : ze X andi=1,...,n},

d(F,G) = d(F,G)(1 +d(F,G))" L.

Clearly the metric space (A, d) is complete.

Note that d(F,G) = sup{||F(z) — G(z)||: z € X} forall F, G € A.

Let A C R™ be a nonempty set. An element z € A is called a minimal
element of A if there is no y € A for which y < x.

Let F' € A. A point x € X is called a point of minimum of F' if F'(z) is a
minimal element of F(X). If z € X is a point of minimum of F, then F(x) is
called a minimal value of F. Denote by M (F') the set of all points of minimum
of F and put v(F) = F(M(F)).

We prove the following proposition obtained in [129].

Proposition 9.1. Let F = (f1,...,fn) € A. Then M(F) is a nonempty
bounded subset of (X, p) and for each z € F(X) there is y € v(F) such that
y <z

Assume that n > 2 and that the space (X, p) has no isolated points.
We prove the following theorem which was also obtained in [129].

Theorem 9.2. There exists a set F C A which is a countable intersection of
open everywhere dense subsets of A such that for each F € F the set v(F) is
infinite.

We also prove the following theorem which was also obtained in [128].

Theorem 9.3. Suppose that the space (X, p) is connected. Let

F=(f1,....,fn) €A

and let € be a positive number. Then there exists G € A such that d(F,G) < e
and the set v(G) is not closed.

It is clear that if X is a finite-dimensional Euclidean space, then X is a
complete metric space such that all its bounded closed subsets are compact
and Theorems 9.2 and 9.3 hold. It is also clear that Theorems 9.2 and 9.3
hold if X is a convex compact subset of a Banach space or if X is a convex
closed cone generated by a convex compact subset of a Banach space which
does not contain zero.

9.2 Proof of Proposition 9.1

Let z € F(X). We show that there is y € v(F') such that y < z. Put

2 ={heF(X): h<z}. (9.2)
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We consider the set {2y with the natural order and show that {29 has a minimal
element by using Zorn’s lemma.

Assume that D is a nonempty subset of {2y such that for each hy,ho € D
either h1 > hg or hy < hy. Since all bounded closed subsets of X are compact
it follows from (9.1) that the set F'(X) is bounded from below. Combined
with (9.2) this implies that the set D is bounded. For each natural number
i€{l,...,n} put

h; =inf{\ € R': there is x = (z1,...,2,) € D for which 2; = A}  (9.3)

and put

h=(hi,...,hy). (9.4)
It is easy to see that the vector h is well defined.
Let p > 1 be an integer. It follows from (9.3) and (9.4) that for each integer
j €{1,...,n} there exists

2(P:d) :(zip’j),...,zr(lp’j)) eD (9.5)
such that ~ (0id
hy > 2P —1/p. (9.6)
It is easy to see that there exists
2P e (2P =1, n} (9.7
such that _
2P < ) forall j=1,...,n. (9.8)

By (9.6), (9.8), (9.3), (9.7) and (9.5), for each j =1,...,n,
h; < 2% < hj+1/p. (9.9)

It follows from (9.7), (9.5) and (9.2) that for each natural number p there
exists x, € X such that
F(x,) = 2P, (9.10)

It follows from (9.10), (9.9) and (9.1) that the sequence {z,};; is bounded.
Since any bounded closed set in (X, p) is compact there is a subsequence
{wp,}52, of the sequence {z,}72; which converges to some point z € X.
Relations (9.9) and (9.10) imply that

F(Z) = lim F(x,,) = lim 2) =h
and h € F(X). Combined with (9.2) and (9.3) this implies that h € 2. In
view of (9.3), h < h for all h € D. Zorn’s lemma implies that there exists a
minimal element y € F(X) for which y < z. Proposition 9.1 is proved.
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9.3 Auxiliary results

Proposition 9.4. Let F = (f1,..., fn) € A and let Card(v(F)) = p where
p > 1 is an integer. Then there exists a neighborhood W of F in (A,d) such
that Card(v(G)) > p for each G = (g1,...,9n) € W.

Proof: Let
Y1s-- -, Yp € 0(F), (9.11)
y; #y; for each (¢,7) € 2:={1,...,p} x{1,...,p}\{(5,9): ¢ =1,...,p}.
(9.12)

For each i € {1,...,p} there exists x; € X such that
F(x;) = ;. (9.13)

It follows from (9.12) and (9.13) that for each (i,5) € {2 there is p(i,j) €
{1,...,n} such that

Fotigy (@) > foiig)(@))- (9.14)
Fix a positive number € such that
TGy (@) > foeig)(T5) 4 4e (9.15)
for all (i,7) € £2. Put
W={GecA: dG,F)<e}. (9.16)
Assume that

For each i € {1,...,p} the inclusion G(x;) € G(X) holds and by Proposition
9.1 there exists
¥i € v(G) (9.18)

such that
i < G(x;). (9.19)

Let i € {1,...,p}. It follows from (9.18) that there exists Z; € X such that
G(z;) = 5. (9.20)
Relations (9.17) and (9.16) imply that
1G(z:) — F(z)l| < e (9-21)

By (9.11), (9.12), the equality Card(v(F')) = p and Proposition 9.1, there
exists k(i) € {1,...,p} such that

F(Zi) > yr(i)- (9.22)

It follows from (9.13), (9.22), (9.21), (9.20) and (9.19) that
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F(zri) = iy < F(7) < G(3;) +€(1,1,...,1)

< Glxi) +e(1,1,...,1) < F(z) + 2¢(1,1,..., 1). (9.23)

By (9.23) and (9.15), k(i) = 4. Together with (9.23), (9.20) and (9.13) this
equality implies that

yi <gi+e(1,1,...,1) <y +2e(1,1,...,1).
By this inequality, (9.15) and (9.13),

g #y; if 6,5 € {1,...,p} satisfy i # j.

Proposition 9.4 is proved.

Proposition 9.5. Assume that F = (f1,...,fn) € A, p > 1 is an integer,
Card(v(F)) = p and that

o(F)={y1,-- - up}, v €X, Flz)) =y, i=1,...,p, (9.24)

y; #y; for alli,j € {1,...,p} satisfying i # j.
Then for eachi =1,...,p the inequality F(x;) < F(x) holds for all x belonging
to a neighborhood of x;.

Proof: 1t is sufficient to consider the case with ¢ = 1. It is easy to see that
for each j € {2,...,n} there exists s(j) € {1,...,n} for which fy¢)(z1) <
fs(jy(x;). Fix a positive number € such that

fsth) (1) < fsy(xj) —2€ for all j € {2,...,n}. (9.25)

There exists a positive number ¢ such that for each 2 € X satisfying p(x, 21) <
9,

1F(2) = F(a)|| < e/2. (9.26)
Let z € X satisfy p(x,21) < 6. Then (9.26) holds. Proposition 9.1 implies
that there exists y € v(F) satisfying

y < F(x). (9.27)

In order to complete the proof it is sufficient to show that y = F'(x1).
Assume the contrary. Then there exists j € {2,...,n} for which y =y, =
F(x;). This relation, (9.26) and (9.27) imply that

F(zj) =y; =y < F(z) < F(z1) + (¢/2)(1,1,...,1)

and
fsiy () < fsgy (1) +€/2.

This contradicts (9.25). The contradiction we have reached proves Proposition
9.5.
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Proposition 9.6. Assume that F'= (f1,..., fn) € A, € is a positive number,
p > 1 is an integer and that

Card(v(F)) =p, x1,...,2p € X, ys = F(z;), i =1,...,p, (9.28)

o(F)y={y;: i=1,...,p}.
Then there exists G = (g1,...,9n) € A such that

file) <gi(z), zeX,i=1,...,n,

gi(zj) = filzy), i=1,...,n, j=1,...,p, (9.29)
d(F,G) <, (9.30)
v(G) ={G(z;): 7=1,...,p} (9.31)

and that for each x € X \ {x1,...,x,} there exists an integer j € {1,...,p}
for which

G(z) > G(zj) + emin{l, p(z,2;) : i =1,...,p}(1,1,...,1). (9.32)
Proof: For each x € X andi=1,...,n put
6i(z) = filz) +emin{l,p(z,2;) - j=1,....p} (9.33)
and set G = (g1,...,9n)- It is easy to see that G € A,
gi(z) > filz), z e X, i=1,...,n,
gi(z;) = fi(x;) for each i € {1,...,n} and each j € {1,...,p}

and that d(F,G) < e. Hence (9.29) and (9.30) are true.
Let j € {1,...,p}. We will show that G(z;) € v(G). Assume that z € X
satisfies

G(z) < G(xj). (9.34)
Relations (9.29), (9.33) and (9.34) imply that
F(z) < F(x) + emin{l, p(z,z;) : i=1,...,p}H1,1,...,1) = G(x)
< G(zj) = F(z;).
Combined with (9.28) this relation implies that
F(z)=F(z;), v €{a;: i=1,...,p} and = = z;,.

Hence
{G(z;): j=1,...,p} Cv(G). (9.35)
Let
ze X\ {z1,...,zp}. (9.36)
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It follows from Proposition 9.1 and (9.28) that there exists j € {1,...,p} for
which
F(z;) < F(x). (9.37)

In view of (9.29), (9.37), (9.33) and (9.36),
G(x;) = F(z;) < F(x)
< F(z)+emin{l,p(z,z;): i=1,...,p}1,...,1) < G(x).
This relation implies that
G(z) > G(zj) + emin{l, p(z,z;) : i=1,...,p}(1,1,...,1)

and G(z) € v(G). Combined with (9.35) this relation implies (9.31). Proposi-
tion 9.6 is proved.

Proposition 9.7. Assume that F' = (f1,..., fn) € A, p > 1 is an integer,
Card(v(F)) =p (9.38)

and that € is a positive number. Then there exists G € A such that d(F,G) < e
and Card(v(G)) =p+ 1.

Proof: Let
o(F) ={y1,--,yp} (9.39)

where y1,...,y, € R". It is easy to see that
y; # y; for each ¢, € {1,...,p} such that ¢ # j. (9.40)

For each i € {1,...,p} there exists z; € X such that

Fla) = . (9.41)

Proposition 9.6 implies that there exists F'(!) = (fl(l), ey fn)) € A which
satisfies

FO(@) > fi(z) forallz € X and all i =1,...,n, (9.42)

@) = filey)i=1,.. o 5 =1,....p, (9.43)

d(F,FV) < ¢/4, (9.44)

o(FO) = {FD(z;): j=1,...,p} (9.45)

and that for each x € X \ {z1,...,x,} there is j € {1,...,p} such that
FW(z) > FO(z;) + emin{l, p(z,2;) : i =1,...,p}(1,1,...,1).  (9.46)

It is easy to see that there exists
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€0 € (0, min{1,€e}/8) (9.47)

and that for each i,5 € {1,...,p} satisfying ¢ # j there exists s(i,j) €
{1,...,n} such that

Pl @) < J3 () = 8eo. (9.48)

Fix a positive number dy < 1/8 such that
p(zi, ;) > 8 for each i,j € {1,...,p} satisfying i # j. (9.49)

There exists a positive number §; < dp/2 such that for each z € X satisfying
ply,z) < 261
[[F® (1) = FU ()] < eo/8. (9:50)

Set
€1 = € /4. (9.51)

There exists xg € X such that
0< p(iE(hCL'l) < 51. (952)

Relations (9.52) and (9.49) imply that

xo E{xi: i=1,...,p}. (9.53)
Fix
€2 € (0, min{egp(zo, x1)/4, €1}). (9.54)
Fix 62 > 0 for which
409 < p(mo,xl), (955)
|fi(1)(;v0) - fi(l)(x)| < ey/d foreach i € {1,...,n}
and each x € X satisfying p(z, ) < 462. (9.56)
Fix A > 0 such that
Ao > 2€1 + 2¢9. (957)
Put
g1(z) = fl(l)(x) for each x € X satistying p(x, zg) > 242, (9.58)
g1(z) = min{f{" (2), f{"(x0) = e1 + Ap(w,70)} (9.5)

for each © € X satisfying p(z, o) < 20s.
For ¢ € {2,...,n} put

gi(z) = fi(l)(x) for each x € X satisfying p(x,xg) > 209, (9.60)

gi(x) = min{f(z), 9 (x0) — €2 + Ap(x,70)} (9.61)
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for each z € X satisfying p(x,xg) < 24s.
Set G = (g1,--.,9n). It follows from (9.56) and (9.57) that for each i €
{1,...,n} and each z € X satistying do < p(z,xo) < 209,
£ (@) — 1+ Aplw, w0) > f1(wo) — €1 + Aoy

> fHo) + 1 + 262 > [V (x) — /4 + €1 + 2e0. (9.62)
Relations (9.62), (9.59) and (9.61) imply that for each ¢ € {1,...,n} and each
x € X satisfying 02 < p(x,z9) < 202,
() — D)
gi(z) = [, (x). (9.63)

By (9.63) and (9.58)—(9.61), G is continuous. It follows from (9.58) and (9.60)
that G € A. By (9.63), (9.58) and (9.60), for each z € X satisfying p(zo, z) >
02

FO(z) = G(x). (9.64)
Relations (9.59) and (9.61) imply that for each « € X satisfying p(zg, z) < 202,
G(x) < Fl(x). (9.65)

Let x € X satisfy
p(@, z0) < b2 (9.66)

It follows from (9.58)-(9.61), (9.54), (9.66) and (9.56) that for each i €
{1,...,n},
17 @) 2 git) = min{ £ (@), £ (o) — 1)
> min{fi(l)(a?), fi(l)(l‘) —€e/d—e} > fi(l)(x) —(5/4)er

and
FO(z) > G(z) > FY () — (¢/2)(1,1,...,1).

Combined with (9.64) this inequality implies that d(F(1), G) < €/2. Together
with (9.44) this implies that
d(F,G) < d(F,FOY + d(FM Q) < /4 + ¢/2. (9.67)

Let z € X. We show that there exists j € {0, ...,p} such that G(z) > G(z;).
There are two cases:
p(x,20) 2 b2; (9.68)

p(z, o) < 2. (9.69)
Assume that (9.68) holds. Then (9.64) implies that G(z) = F()(z). Proposi-
tion 9.1 and (9.45) imply that there exists j € {1,...,p} for which

FO () < FO(2) = G(x). (9.70)
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If j =1, then (9.55) implies that
pzj,zo) = p(xo, 1) > 462.
If j # 1, then it follows from (9.49) and (9.52) that
plxj, o) > p(z;,21) — p(x1,T0) > 809 — §1 > Ty > 405.

Thus in both cases p(z;,z¢) > 49,. It follows from this inequality and (9.64)
that
FO(z)) = G(a).

Combined with (9.70) this equality implies that G(z;) < G(x). Assume that
(9.69) holds. We show that G(x¢) < G(z). In view of (9.59) and (9.61),

G(zo) = (f{V (x0) — €1, f5" (w0) — €2, ., [V (wo) — €2)

= F(l)(xo) —(e1,€2,...,€). (9.71)

By (9.69)
' FO(2) > FMD(z0) — (e2/4)(1,1,...,1). (9.72)

It follows from (9.69), (9.59), (9.61), (9.72) and (9.54) that

g1(x) = min{ f{V (z0) — e2/4, f{"(x0) — e1} = f{"(20) — 1
and for i € {1,...,p} \ {1}

gi(z) > min{ £V (x0) — ea/4, f (z0) — €2} = f1(w0) — ea.

Combined with (9.71) these inequalities imply that G(z) > G(zg). Thus we
have shown that for each x € X there is j € {0,...,p} such that G(x) >
G(J?])
Now assume that ji,j2 € {0,...,p} satisfy
G(xj,) < G(zj,). (9.73)

We will show that j; = ja. Relations (9.49) and (9.52) imply that for each
ie{2,...,p}

p(xi,xo) > p(as, x1) — p(wo, x1) > 859 — 01 > Ty > 405.
By (9.55) p(xo,x1) > 462. Thus for all i € {1,...,p}
p(x;, z0) > 49. (9.74)
In view of (9.74), (9.58) and (9.60),

Glz;) = FW(z;), i=1,...,p. (9.75)
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If j1,j2 € {1,...,p}, then (9.73), (9.75) and (9.48) imply that F()(z;) =

F(l)(sz) and j; = jo. Therefore we may consider only the case with 0 €
{j1,72} Let i € {1,...,p} \ {1}. In view of (9.75),

G(z;) = FW (2,). (9.76)

It follows from (9.48) that

£ @) < £ (1) = 8o, £ (@) < £ (@) —8eo.  (9.77)
By (9.76), (9.77), (9.50), (9.52), (9.51), (9.59) and (9.61),

getiy (@) = [0 (@3) < £ 1 (@) = 8eo < 14) ) (w0) + €0 /4 — 8eo

< {1 @) = 261 < gainy (o) — €1,
9ot (@) = Fiilny (@) > {0 5 (1) + 8o

> fi(li),l)(xo) —€0/4+8¢€0 > gs(1,i) (o) + Teo.

It follows from these inequalities that the inequality G(z;) < G(z0) does not
hold and that the inequality G(z¢) < G(z;) does not hold too. Combined with
(9.73) and the inclusion 0 € {j1, jo} this implies that

{7152} < {0,1}. (9.78)
It follows from (9.75) that
G(z1) = FW(zy) and go(21) = fX(z1), s=1,...,n. (9.79)
By (9.74) and (9.46), there exists an integer ¢ € {1,...,p} such that
FW(z0) > FO(x,) + emin{1, p(zo, i) : i=1,...,p}(1,1,...,1). (9.80)
By (9.52), (9.50) and (9.80),
FD(z,) < FO (o) < FO (1) + (e0/8)(1,...,1).

Combined with (9.48) this implies that ¢ = 1. Together with (9.80) this equal-
ity implies that

FD(z) > FO () + emin{1, p(xo,z) : i=1,...,p}1,1,...,1).

The inequality above, (9.49), (9.52) and (9.79) imply that for alls € {1,...,p}\
{1}

p(xo, i) > p(x1,2;) — p(x1,20) > 859 — d1 > Tdo,

min{1, p(xg,z;): i=1,...,p} = p(xo,21)
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and
FD(z0) > FO (1) + ep(wo, 21)(1,1,...,1)

=GV (z1) + ep(xo, 21)(1,1,...,1). (9.81)
By (9.81), (9.61) and (9.54), for i € {1,...,p}\ {1},

9" (1) + ep(o, 1) < f (20) = gi(wo) + e,

9 (1) < gilwo) + €2 — ep(wo, @1) < gi(wo) — €a.
In view of (9.81) and (9.59),
g1(21) + ep(ao, 21) < f1V(m0) = g1 (wo) + €.

It follows from this relation, (9.52), (9.50), (9.51) and (9.79) that

gi(zo) = i (wo) —e1r < fV(@1) +eo/8—e1 = f1V(21) —€0/8 = g1(a1) — €0 /8.

Then each of the inequalities G(xg) < G(z1), G(x1) < G(xp) does not hold.
Combined with (9.78), the inclusion 0 € {j1,j2} and (9.73) this implies that
j1 = j2 = 0. Thus we have shown that if ji,j2 € {0,...,p} and if G(z;,) <
G(zj,), then ji; = jo. Therefore Card(v(G)) = p+ 1. This completes the proof
of Proposition 9.7.

9.4 Proof of Theorem 9.2

Lemma 9.8. Let F' € A, p be a natural number and let € be a positive number.
Then there exists an open nonempty set

UC{HeA: dF H)<e}
such that for each G € U the inequality Card(v(G)) > p+ 1 holds.

Proof: If for each G € A satisfying d(F,G) < € we have Card(v(G)) > p+1,
then set B
U={HecA: d(F,H) < €}

Assume that there is Go € A such that
d(F,Gy) < € and Card(v(Gp)) < p.
Proposition 9.7 implies that there exists G; € A for which
d(F,G;) < e and Card(v(G1)) =p + 1.

Proposition 9.4 implies that there exists an open neighborhood U of G; in A
for which
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UcC{HeA: d(H,G) < ¢}

and that for each G € U the inequality Card(v(G)) > p+1 holds. Lemma 9.8
is proved.

Proof of Theorem 9.2: Let p > 1 be an integer. It follows from Lemma 9.8 that
for each F' € A and each natural number i there exists an open nonempty set

U(Fi,p) C{H e A: d(F,H) < (2i)"'}
such that for each H € U(F,i,p) the inequality Card(v(H)) > p holds. Define
F=np2 U{U(F,i,p): F € Aand i is a natural number}.

Evidently, F is a countable intersection of open everywhere dense subsets of
A and for each G € F the set v(G) is infinite. Theorem 9.2 is proved.

9.5 Proof of Theorem 9.3

Proposition 9.1 implies that there exists x, € X for which
F(z,) € v(F). (9.82)
There exists a positive number § < 1/4 such that
[|F(z) — F(z,)|| < ¢/8 for each z € X such that p(x,x.) < 26, (9.83)

{z€ X : p(z,z,) =85} #0. (9.84)
Since the metric space X is connected for each ¢ € (0,89] there is z € X such
that p(z,z.) = t.
Evidently, there exists a continuous function 1 : X — [0, 1] such that
Y(x) =1 for each x € X satisfying p(z, z4) < 9, (9.85)
¥(x) = 0 for each x € X satisfying p(x, x.) > 24.
For x € X and i = 1,...,n define
FP @) = (@) filw) + (1= (@) filw), (9.86)
FO = (f7, D). (9-87)
It is easy to see that F'(!) € A and that
FO(z) = F(x,) for all z € X satisfying p(x,z,) < 6. (9.88)

We will show that d(F, F(1) < ¢/8. Let = € X. If p(z, z,) > 26, then ¢(z) = 0
and F()(z) = F(x). If p(x,z.) < 26, then it follows from (9.83) that
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|F(2) = F(2.)] < (¢/8).
Together with (9.86) the inequality above implies that
I1FW (@) = F(2)]] = [[$(2)(F(z) = F2)|| < [|F(x.) = F(x)]| < /8.

Thus ~
d(F,FV) < ¢/8. (9.89)

We will show that F(1)(z,) € v(F(M). Assume that € X and that
FW(z) < FY(x,) = F(x.). (9.90)
It follows from (9.90), (9.86) and (9.87) that
F(z.) > FU() = () F(x.) + (1 = () F(2)). (9.91)
If ¢(x) = 1, then FM)(x) = F(x.,). If 1(x) < 1, then (9.91) and (9.82) imply
that F(z,) > F(z) and F(z,) = F(z) and it follows from (9.86) and (9.87)

that FM)(2) = F(x,). Hence F(x,) € v(FM). For z € X and i € {1,...,n}
put

FP(@) = £V (2) + min{1, max{p(z, .) — 6/2,0}}(¢/8), (9.92)

FO = (£, £

crydn

It is easy to see that
F® e Aand FO(z) > FO(z) for all z € X. (9.93)
Relations (9.92) and (9.88) imply that
FO(z) = FY(z) = F(x,) for all z € X satisfying p(x,z,) < 6/2.  (9.94)

It follows from (9.92) and (9.88) that for each x € X satisfying p(x,z.) €
[6/2,4]

FO(z) = FO(x,) + (¢/8)[p(z, x.) — 6/2](1,1,...,1). (9.95)

In view of (9.92), )
d(F® FWY < ¢/8.

By inequality and (9.89), )
d(F,F®) < ¢/4. (9.96)

Evidently, the inclusion F(z.) € v(F™M), (9.93) and (9.94) imply that
F(z,) € v(F®). (9.97)

We will show that
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if z € X satisfies F® () = F(x.), then p(z,z.) < §/2. (9.98)
Assume that

z e X and FP(z) = F(x,). (9.99)

It follows from (9.93) and (9.99) that F()(z) < F)(z) < F(z,). Combined
with the inclusion F(z,) € v(F()) the inequality above implies that F(!) (z) =
F(x,) > F®(z). Together with (9.92) this relation implies that

pla, ) < §/2.

Hence (9.98) is proved.

Since F(z,) € v(FM) it follows from (9.92) that the following property
holds:

(P1) For each x € X satisfying p(x,x.) > 0/2 there exists an integer
i €{1,...,n} such that

@) > (@) = filas)

and that
(@) = (@) + (¢/8) min{1, p(z, z.) — 6/2}
> 19 (@) + (¢/8) min{1, p(x, z.) — §/2}
= fi(a.) + (¢/8) min{L, p(z,z.) — §/2}.
Fix

do € (0,0/8) and Ao € (0,¢/16). (9.100)
Define functions ¢1, ¢ : [0,00) — R! as follows:
p1(x) =z, x €]0,1], p1(x) =1, z € (1, 2], (9.101)
di(x)=z2—1, z€(2,8], ¢p1(x) =15 — =z, x € (8,14],
d)l(l’) = 1a T e (143 15]7 d)l(gj) = 1671’7 S (157 16]5 ¢1(z) = 07 S (16700)7
¢2(x) =-I,x€ [072]» ¢2(m) =T _4a T e (278]7 (9102)
po(x) =12 —z, x € (8,14], ¢2(z) = —16 + z, = € (14, 16],
¢2(x) =0, z € (16,00).
Evidently, ¢1, ¢ are continuous functions and
sup{|¢i(x)| : z € R' and i =1,2} <8. (9.103)
Define a function G = (g1,...,9n) : X — R™ as follows:
g1(x) = 2 (@) + Mod1(16p(x, 2.)5; 1), = € X; (9.104)

forie{2,...,n}
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gi(@) = £ (@) + Mg (16p(, 2.)d5 1), = € X. (9.105)

It is easy to see that G € A. It follows from (9.105), (9.104), (9.103) and
(9.100) that d(G, F®)) < ¢/2. Combined with (9.96) this implies that

d(G,F) < e. (9.106)
By (9.104), (9.105) and (9.102), for each = € X satisfying p(x, z.) > do,
G(z) = FP(z). (9.107)

It follows from (9.107) and (9.94) that for each x € X satisfying p(x,z,) €
[00, /2] we have
G(z) = F(x.). (9.108)

By (9.107) and (9.95) for each x € X satisfying p(z,z.) € [§/2,4],

G(z) = F(x.) + (¢/8)[p(x, xx) — 6/2](1,1,...,1). (9.109)
Relations (9.104), (9.105), (9.94), (9.101) and (9.102) imply that for each
x € X satisfying p(z,z.) < dp/16 we have

g1(2) = 117 (@) + dop(,2.)05 116 = f1(3.) + Aop(x, 7.)d5 16;

fori=2,...,n

gi(x) = fi(2) (24) — Nop(z, 2.)8 116 = fi(2.) — Nop(z, 2.)d, 16
and
G(x) = F(x.) + Xop(w, 2.)d5 116(1, —1,..., —1). (9.110)

In view of (9.101), (9.104), (9.105), (9.94) and (9.102), for each z € X satis-
tying p(z, x.) = do/8 we have

g1(x) = [P (@) + Md1(2) = fi(@e) + Ao;

fori=2,...,n

gi(@) = F (@) + Mo2(2) = fi(x.) — 2Xo

and
G(z) = F(xy) + Ao(1,-2,-2,...,-2). (9.111)

We will show that for each x € X satisfying p(z,z.) < do the following
property holds:
(P2) There exists z € X such that p(z,z.) € [0,60/16] U {do/8} and
G(z) < G(z).
Let z € X satisfy
plx,x,) < do. (9.112)
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Tt is easy to see that if p(z,z.) < 09/16, then (P2) holds with z = z. We

consider the following cases:
p(x, @) € [00/16,80/8];
plx,x.) € (60/8,80/2];
p(l‘, I*) € (50/27 (7/8)50]7
p(z,z.) € ((7/8)do, (15/16)d0];
p(z,z,) € ((15/16)do, do)-

Let (9.113) hold. Then (9.113), (9.104), (9.105), (9.101), (9.102) and (9.94

imply that

g1(2) = f17 () + Ao (pl, 2)05116) = fa(aa) + Ao;
fori=2,...,n
9i(x) = 11 (@) + doda(p(, 2.)0516)
= fi(z.) = Xol(p(e, 2.)85116) > fi(w.) — 2.
Combined with (9.111) these relations imply that
G(z) > G(z) if z € X satisfies p(z,2.) = dp/8.

Thus property (P2) holds if (9.113) is valid.

Assume that (9.114) holds. It follows from (9.114), (9.104), (9.105),

(9.101), (9.102) and (9.94) that
g1(@) = fr(z) + Xo(p(z, 2.)d5 116 — 1) > fi(z:) + Ao;

fori=2,...,n

9i(x) = filza) + Mo(p(z, 2.)00 116 — 4) > fi(x.) + Xo(—2).

Combined with (9.111) these relations imply that for each z € X satisfying
p(z, ) = 6o/8 we have G(z) < G(x). Thus property (P2) holds if (9.114) is

valid.

Assume that (9.115) holds. It follows from (9.115), (9.104), (9.105),

(9.101), (9.102) and (9.94) that
91(%) = f1(2x) + Ao(15 — p(x,24)5 116) > f1(24) + Ao;
fori=2,...,n

gi(@) = i) + 20(12 — p(x,2.)55116) > fi(x.) — 2.

Combined with (9.111) these relations imply that for each z € X satisfying
p(z, ) = Jp/8 we have G(z) < G(z). Thus property (P2) holds if (9.115) is

valid.
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Assume that (9.116) holds. In view of (9.116), (9.104), (9.105), (9.101),
(9.102) and (9.94) we have

g1(x) = fi(z«) + Ao;
fori=2,...,n
gi(x) = fi(x) + Ao(—16 + p(z, 2.)5; ' 16) > fi(x.) — 2.

Combined with (9.111) these relations imply that for each z € X satisfying
p(z,2.) = 6o/8 we have G(z) < G(x). Thus property (P2) holds if (9.116) is
valid.

Assume that (9.117) holds. In view of (9.117), (9.104), (9.105), (9.101),
(9.102) and (9.94) we have

g1(@) = f1(z.) + Ao(16 — p(z, z..)d; ' 16); (9.118)
fori=2,...,n
gi(2) = fi(w.) + Xo(p(z, 2.)8, 116 — 16). (9.119)

Since the space X is connected relations (9.84) and (9.117) imply that there
is z € X for which

p(z, ) = 0g — p(x,x.) € ]0,80/16]. (9.120)
It follows from (9.120), (9.110), (9.118) and (9.119) that
G(2) = F(z.) + Mop(z,2.)85 116(1, —1,..., 1) =

F(xy) + Ao(do — p(x,x*))éo_lm(l, -1,-1,...,-1) = G(x).

Thus property (P2) holds if (9.117) is valid.

We have shown that (P2) holds in all the cases. We have also shown that
the following property holds:

(P3) For each = € X satisfying p(x, x,) < do there exists z € X such that

p(z,2.) €10,00/16) U {dp/8}, G(z) < G(x).

We will show that the following property holds:

(P4) If x € X satisfies p(z,z.) > §/2 and z € X satisfies p(z,z.) €
{60/8} U0, 60/16], then the inequality G(x) < G(z) does not hold.

Assume that

ze€X, z€X, plax,xs) > /2, p(z,2.) € {00/8}]0, 60/16]. (9.121)

It follows from property (P1) and (9.121) that there exists j € {1,...,n} for
which

[P (@) > fi(@.) + (e/8) min{1, p(w, z.) — 6/2}.
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Relations (9.92) and (9.121) imply that

FP@) > filz), i=1,...,n.

Combined with (9.107) and (9.100) this implies that

9i(x) > fi(xy), i=1,...,n. (9.122)
In view of (9.121),
G(z) € {F(zs) + Xo(1,-1,—1,...,—1)t: t €[0,1]}
U{F(z.) + Mo(1,-2,-2,...,-2)}.

By this inclusion and (9.122), the inequality G(z) < G(z) does not hold.
Therefore property (P4) holds.

Let t € [0,1). We show that F(x.) + Aot(1,—1,—-1,...,—1) € v(G). Since
the space X is connected it follows from (9.84) that there is z € X such that
p(z,2.) = (6p/16)t. (9.123)

Relations (9.123) and (9.110) imply that
G(2) = F(x.) + Xop(z,2.)05116(1, -1 —1,...,—1) (9.124)

= F(z.) +tro(1,-1,-1,...,—-1) € G(X).

Assume that
z € X and G(z) < G(2). (9.125)

We will show that G(x) = G(z). If p(x, x,) > §/2, then it follows from (9.92),
(9.107) and (9.100) that the relation (9.122) is true and combined with (9.125)
this implies that G(z) >> F(x,). This contradicts (9.124). Therefore

plz,xy) < §/2. (9.126)
If p(x,x.) € [00,0/2], then (9.108), (9.125), (9.124) and (9.123) imply that
G(z) = F(xy), t =0, z =z, G(z) = G(x). (9.127)

Assume that
plx,zy) < do. (9.128)

In view of (9.128) and property (P3) there exists y € X such that
G(y) < G(x), p(y, =) € [0,00/16] U {do/8}.
It follows from the relations above, (9.125) and (9.124) that

G(y) < G(x) < G(2) = F(x.) + Aot(1, —1,—1,..., —1). (9.129)
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If p(y,x.) € {do/8}, then in view of (9.111)
G(y) - F($*) + >‘0(17 727 727 SRR) 72)

and since t € [0,1) the equality above contradicts (9.129). Therefore in view
of the choice of y,

P(y,fﬂ*) € [0,50/16]
It follows from the inclusion above and (9.110) that

G(y) = Fla) + dop(w, 2.)05 " (16)(1, ~1,-1,..., ~1).

Combined with (9.129) this equality implies that ¢ = p(z,z.)d; 16 and
G(y) = G(z) = G(z). Thus we have shown that (9.125) implies that
G(z) = G(z). Therefore

F(z.) 4+ Xot(1,-1,-1,...,—-1) € v(G) for all ¢t € [0, 1). (9.130)

Let € X satisfy p(x,2.) = dp/8. (Note that by (9.84) such z exists.) It
follows from (9.111) that

Gx) = F(z.) + Mo(1, 2,2, ..., ~2) < F(z.) + Mo(1,—1,-1,...,—1).

Thus
F(ze)+ Xo(1,—-1,-1,...,—-1) € v(G).

Combined with (9.130) this implies that v(G) is not closed. This completes
the proof of Theorem 9.3.

9.6 Vector optimization with continuous objective
functions

We study a class of vector minimization problems on a complete metric space
X without compactness assumptions. This class of problems is associated with
a complete metric space of continuous bounded from below vector functions
A which is defined below. Let F' € A. An element z € X is a called a solution
of the vector minimization problem F(x) — min, x € X if F(z) is a minimal
element of the image FI(X) = {F(z) : « € X}. The set of all solutions of
the minimization problem above is denoted by Kr. We show that for most
(in the sense of Baire category) functions F' € A the set K is nonempty and
compact.

Let (X, p) be a complete metric space and n be a natural number. For
each vector x = (z1,...,2z,) of the n-dimensional Euclidean space R™ set
||z]| = max{|z;|: i=1,...,n}. Let z = (z1,...,2n), y = (Y1,-.-,Yn) € R™ .
We say that < y if x; < y; foralli =1,...,n. Wesay that z <y ifx <y
and x # y, and say that r <<y if x; <y; foralli=1,... n.
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Let D C R™ be a nonempty set. Recall that an element z € D is called
a minimal element of D if there is no y € D such that y < z. A function
F : X — R"™ is called bounded from below if there is a € R™ such that
F(z) > a for all x € X. Denote by A the set of all continuous functions
F = (f1,...,fn) : X — R™ which are bounded from below. For each F =
(fi,---sfn), G=1(g1,...,9n) € A define

d(F,G) = sup{||F(z) - G(x)|| : = € X},
d(F,G) = d(F,G)(1+d(F,G))"". (9.131)

(Here we use the convention that co/oco = 1.) It is not difficult to see that the
metric space (A, d) is complete. For each © € X and each r > 0 set

Bx(z,7) ={y € X : p(z,y) <r},

Bg(z,r)={ye X : p(z,y) <r}.
For each x € R™ and each r > 0 set
Bre(z,r)={y € R": |z —yl| <1},
Blu(z,r) ={y € R": ||z —y|| <r}.
Set R} = {x = (z1,...,2,) € R" : © > 0} and let e = (1,1,...,1) be an
element of R™ all of whose coordinates are unity. Denote by cl(E) the closure

of aset £ C R"™.
In this chapter we prove the following result obtained in [137].

Theorem 9.9. There exists a set F C (A, d) which is a countable intersection
of open everywhere dense subsets of (A,d) such that for each G € F the
following assertions hold:

1. There is a nonempty compact set Ko C X such that G(K¢) is the set
of all minimal elements of cl(G(X)).

2. For each € > 0 there is § > 0 such that for each H € A satisfying
d(H,G) < 8, each minimal element a of cl(H(X)) and each z € X satisfying
H(z) < a+ de there exists © € Kg such that p(z, z) <e, [|[H(z) — G(2)|| <e,
lla —G@)|| < e

3. For each € > 0 there is § > 0 such that for each x € Kg and each z € X
satisfying G(z) < G(x)+de the inequalities p(z,z) < € and ||G(2) —G(z)|| < €
hold.

The proof of Theorem 9.9 consists of three parts. First we show (see Lemma
9.12) that for each F' € A and each ¢ > 0 there exists G € A such that
d(F,G) < € and the set of minimal elements of cl(G(X)) is finite. Then we
show (see Lemma 9.13) that for each F' € A with a finite set of minimal
elements of cI(F (X)) and each v > 0 there exists F,, € A such that d(F, F,) <
€, the set Kp. is finite and if G is close enough to F, in (A, d) and z is an
approximate solution of the problem G(z) — min, € X, then z belongs to a
small neighborhood of Kf. . Finally using Lemmas 9.12 and 9.13 we construct
the set F and complete the proof of Theorem 9.9.
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9.7 Preliminaries

Zorn’s lemma implies the following result.

Proposition 9.10. Let E C R™ be a nonempty closed subset of R™. Assume
that there is zg € R™ such that zo < y for all y € E. Then for each z € E
there is a minimal element x of E such that r < z.

Proposition 9.11. Let 2 be a nonempty closed subset of R", let z, € R"
satisfy z. < z for all z € 2 and let € be a positive number. Then there exists
M > 0 such that for each x € (2 there is y € §2 satisfying ||y|| < M and
y < x4 ee.

Proof: Let us assume the contrary. Then for each natural number ¢ there exists
2@ = (219, 2{?) € 2 such that

2N ((z'? +ee) — R?) N Bpa(0,q) = 0. (9.132)

Clearly we may assume without loss of generality that n > 1. It is easy to see
that for all natural numbers ¢

D>z, |29 > q. (9.133)

Extracting a subsequence and reindexing we may assume without loss of gen-
erality that there exist subsets I7, I C {1,...,n} such that

]1U12:{1,...,n}7 IlﬂIQZQL
(@)

{xgq)};‘;l is a bounded sequence for all i € I, th& x; = oo for all i € I.

(9.134)
In view of (9.133), I # 0. If I; = (), then lim, . xEQ) = oo for all i €
{1,...,n} and (@ > z, for all sufficiently large natural numbers ¢ where

20 € 2. This contradicts (9.132). Therefore I; # (). Clearly the set {:vgq) NS
I, g is a natural number} is bounded. There exists a natural number ¢ such
that the following property holds:

(P1) For each integer ¢ > 1 there is j € {1,...,qo} such that

|x§q) - mgj)| <e/4forallie . (9.135)

By (9.134) there exists a natural number ¢; > go such that

acgq) > xl(j) for each i € Iy, each integer

q > q1 and each positive integer j < qq. (9.136)
We show that the following property holds:
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(P2) For each integer ¢ > 1 there is j € {1,...,¢} such that z() <
(@ + ee.

Let an integer ¢ > 1. Clearly we may show that (P2) holds only in the
case ¢ > ¢1. By property (P1) there is j € {1,...,qo} such that (9.135) holds.
Since ¢ > ¢ and j < o it follows from the choice of ¢; (see (9.136)) that
xz(-q) > xgj) for all i € Is. Combined with (9.135) this inequality implies that
x() < 209 4 ee. Thus we have shown that property (P2) holds. Now it is not
difficult to see that property (P2) contradicts (9.132). The contradiction we
have reached proves Proposition 9.11.

9.8 Auxiliary results

Lemma 9.12. Let F = (f1,...,fn) € A and € > 0. Then there exist G =
(g1,--,9n) €A, x; € X, i =1,...,p where p is a natural number such that

d(F,G) < € and the following property holds:
For each © € X there isi € {1,...,p} for which G(z) > G(x;).

Proof: Since F' € A there is a € R™ such that
a <y for all y € F(X). (9.137)

Denote by My the set of all minimal elements of the set cl(F(X)). By (9.137)
and Proposition 9.10 the set M; is nonempty. Choose positive constants

v < min{1,€/8}, 6y < 7. (9.138)

By Proposition 9.11 and (9.137) there is ¢y > 0 such that the following prop-
erty holds:

For each x € cl(F(X)) there exists y € cl(F (X)) such that ||y|| < ¢g, y <
T+ (50/64)6

This property implies that there are a natural number p and y1,...,y, €
cl(F(X)) such that the following property holds:

For each z € cl(F(X)) there exists ¢ € {1,...,p} such that y; < = +
(50/32)6.

Clearly, for each i € {1,...,p} there is z; € X such that ||F(x;) — v
00/32. Now it is not difficult to see that the following property holds:

(P3) For each x € cl(F(X)) there is i € {1,...,p} such that F(z;) <
z + (00/16)e.

We may assume without loss of generality that

IN

Fa; # Fa; for each 1,5 € {1,...,p} satisfying ¢ # j. (9.139)
Relation (9.139) implies that there exists a number ey such that

e € (0,¢/4), (9.140)
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||F(z;) — F(x;)|| > 16¢€ for each 4,5 € {1,...,p} satisfying ¢ # j. (9.141)
By (9.139) and the continuity of F' there exists a number d; such that

91 € (0,60/4), (9.142)
p(zi,z;) > 160, for each ¢, € {1,...,p} satisfying i # j, (9.143)
[|F(x;) — F(2)|| <~/8 for all z € Bx(x;,01) (9.144)

and all i = 1,...,p. Choose
5y € (0,61 (9.145)

and define a continuous function ¢ : [0,00) — [0,1] as follows:

d)(t) =0,te [51,00), ¢(t) =1t¢€ [0a62]a

G(t) = (61 — t) (01 — 82) ", t € (62,61). (9.146)
Define a function G : X — R™ as follows:
G(z) = F(2), z € X \ U'_, Bx (;,261), (9.147)
G(z) = (1 = d(p(z, %)) F(2) + ¢(p(z, i) [F (i) + (p(2, 2:) — 7)e],
z € Bx(24,201), i =1,...,p. (9.148)

In view of (9.143) G is well defined. It follows from (9.143), (9.146)—(9.148)
that G € A. By (9.138), (9.142), (9.144) and (9.146)—(9.148),

d(F.G) = sup{||F(2) = G(2)|| : =z € U]_,Bx(:,61)}

< sup sup{[|[F(z;) + (p(z,2:) —7)e = F(2)|| : 2 € Bx (i, 1)}

i=1,...,p
< sup sup{y+ 61+ [|[F(z;) — F(2)||: 2 € Bx(2,61)} <v+d1+7/8<e.

i=1,...,p
(9.149)
Assume that z € X. We show that there is j € {1,...,p} such that G(z;) <
G(z). There are two cases:

x € X \U_,Bx(zi,61), (9.150)

S UleBx(l'i,(sl). (9151)
Assume that (9.150) is valid. By (9.150) and (9.146)—(9.148)

G(z) = F(x). (9.152)

In view of (9.152), (P3), (9.148) and (9.138) there exists j € {1,...,p}
such that

G(z) = Faj — (60/16)e = G(x;) + (v = do/16)e > G(x;).
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Therefore if (9.150) is valid, then there is j € {1, ..., p} such that G(z) > Gz;.
Now assume that (9.151) is true. Then there is j € {1,...,p} such that

plx, ) < o1 (9.153)
It follows from (9.146), (9.148), (9.153) and the choice of §; (see (9.144)) that
G(x) = G(z;) = (1 = d(p(z, 25))) F () + d(p(x, 2;)) [F(25) + (p(z, ;) — 7)e]

—[F(x;) —vel = ¢p(z, x5))p(x, 25)e + (1 = ¢(p(x, 25)))[F () — F(x;) + ve]
> (1= o(p(z, 25))[F(x) = Fx;) +ve] = (1= d(p(x, 2;)))[(—=7/8)e + el = 0.

Thus we have shown that if (9.151) is true, then there is j € {1,...,p} such
that G(x) > G(x;). This completes the proof of the lemma.

Lemma 9.13. Assume that F' = (f1,..., fn) € A, p is a natural number and
that x1,...,2, € X satisfy the following conditions:

(C1) For each x € X there isi € {1,...,p} such that F(x) > F(z;).

(C2) If i,j € {1,...,p} and F(x;) < F(x;), theni=j.

Let v € (0,1) and let

F,(z) := F(z) + ymin{l, p(x,z;) : i=1,...,p}te, z € X. (9.154)

Then F, € A, d(F,, F) <~ and for each € > 0 there exists § > 0 such that
the following assertion holds:

If G € A satisfies d(F,,,G) < 6, a is a minimal element of cl(G(X))
and x € X satisfies G(z) < a + de, then there is j € {1,...,p} such that
pla,z;) <€ [|G(x) = Fz;)l| <€ [la— F(z))|| < e

Proof: Clearly F, € A and d(F, F,) < ~. Let € > 0. In view of (C2) we may
assume without loss of generality that ¢ < 1 and that the following condition
holds:

(C3) For each i,5 € {1,...,p} satisfying ¢ # j the relations

Bx (xi,4€) N Bx (z,4¢) = 0, ||F(x:) — F(x;)|| = 8¢

hold and there is s(i,j) € {1,...,n} such that fy; ;) (i) < fsq. ) (z;) — 8.
There exists
51 € (0,¢/8) (9.155)

such that for each i € {1,...,p}

[|F(x) — F(z;)|| <e€/2 for each € Bx(x;,2d1). (9.156)

Choose a positive number
€ < ’}/(51/2 (9157)

There exists a positive number
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do < min{éh 61}/4 (9158)

such that for each ¢ € {1,...,p}

[|F(z) — F(x;)|| < e for each x € Bx(x;,2d0). (9.159)
Choose a positive number
§ < (v60)/8. (9.160)
Let G € A satisfy )
d(Fy,G) <4, (9.161)

a be a minimal element of cl(G(X)) and let x € X satisfy
G(z) < a+ de. (9.162)
There exists a sequence {y;}52, C X such that

a= lim G(y;). (9.163)

11— 00

We show that for all large enough natural numbers ¢
Y; € U?lex(iﬂj7 (5()). (9164)

Let us assume the contrary. Then extracting a subsequence and reindexing
we may assume without loss of generality that

yi € X\ (U)_, Bx(x;,9)) for all natural numbers i. (9.165)

(C1) implies that for each natural number ¢ there is ¢(i) € {1,...,p} such
that
F(yi) > F(xqe))- (9.166)

Extracting a subsequence and reindexing we may assume that

q(?) = ¢(1) for all natural numbers i. (9.167)

It follows from (9.154), (9.155), (9.158), (9.160), (9.161) and (9.165)—(9.167)
that for each natural number ¢

G(yi) = Fy(yi) — de = F(y;) + ymin{L, p(x;, 4:) - j=1,...,p}e —de

> F(yi) +vdoe — e > F(xq1)) + (v00 — 0)e > F (2q4(1)) + (v0 — 0)e
> G(z4(1)) — e+ (V0o — b)e = G(zq(1)) + (V0o — 26)e > G(z4(1)) + (vd0/2)e.
Combined with (9.163) this relation implies that

a = hm G(yl) > G(ifq(l)) + (’7(50/2)6

11— 00
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Since a is a minimal element of cl(G(X)) we obtained a contradiction. The
contradiction we have reached proves that (9.164) is true for all sufficiently
large natural numbers . Extracting a subsequence and reindexing we may
assume without loss of generality that there is ¢ € {1,...,p} such that

p(yi, z4) < dp for all integers i > 1. (9.168)
Relations (9.168) and (9.159) imply that
[|F(y;) — F(zq)|| < € for all integers ¢ > 1. (9.169)
By (9.154), (9.161) and (9.169) for each natural number ¢
Gys) < Fy(yi) + d(Ga Fy)e < Fy(yi) + de

= F(yi) +ymin{L, p(ys,z;) : j=1,....,p}e+de

< F(zq) + (1 +0)e +ymin{l, p(y;,z;) : j=1,...,ple. (9.170)
In view of (9.168), (C3), (9.158) and (9.155) for each natural number i
p(y“mq) :mln{]-vp(y“xj) : ] = 171p} (9171)

Tt follows from (9.161), (9.170) and (9.171) that for each natural number ¢
Fy(y) — b < Gly) < Flag) + (e + 6 +plgzge.  (9.172)
Relations (9.171), (9.154) and (9.172) imply that for each natural number 4
F(yi) +vp(yi, xg)e = F(y:) +ymin{1, p(z;,9:) - j=1,...,p}e

= F,(y;) < F(zy) + (e1 + 26 + vp(yi, 74))e

and
F(y;) < F(zq) + (€1 + 20)e. (9.173)

Let ¢ > 1 be an integer. By (C1) there exists j € {1,...,p} such that F(z;) <
F(y;). Combined with (C3), (9.173), (9.160), (9.158), (9.157) and (9.155) this
inequality implies that j = ¢ and

F(z4) < F(y;) for all natural numbers 1. (9.174)
Relations (9.163), (9.170) and (9.168) imply that

a=lim G(y;) < F(zq) + (1 + 6)e + vdge. (9.175)

11— 00

It follows from (9.154), (9.161), (9.162) and (9.165) that
F(z) +ymin{l, p(z,z;) : i=1,...,pte = F,(x) < G(x) + de

<a+20e < F(zq) + (e1 + 35 + vdo)e. (9.176)
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By (C1) there is m € {1,...,p} such that
F(zp) < F(2). (9.177)
In view of this inequality and (9.176), (9.160), (9.158) and (9.155)
F(zp) < F(zp) +ymin{l, p(z,2;) : i=1,...,p}e
< F(zq) + (61 +30 +vdp)e < F(zg) + €. (9.178)
Combined with (C3) and (9.177) this inequality implies that m = ¢ and
F(x) > F(xg). (9.179)
Tt follows from (9.178), the equality m = ¢, (9.160) and (9.158) that
F(zq) +ymin{l, p(z,z;) : i=1,...,p}e

< F(zq) + (€1 4+ 30 +vdp)e < F(zq) + 2e€e,

min{1, p(z,2;): i=1,...,p} <277 L.

Together with (9.157) and (9.155) this inequality implies that there is [ €
{1,...,p} such that
plx, ;) < 277 <6y (9.180)

By (9.180) and the choice of 41 (see (9.156))
IP() — F@)|| < e/2. (9.181)

In view of (9.179) and (9.181) F(z,) < F(z) < F(x;) +2 'ee. Combined with
(C3) this inequality implies that [ = ¢q. Together with (9.180) and (9.155) this
equality implies that

plz,zq) <61 <e. (9.182)
In view of (9.154), (9.161), (9.181), equality [ = ¢, (9.182), (9.160), (9.158)
and (9.155)

|G(@) = F(zq)ll = [|G(x) = Fy(x0)l| < [|IG(x) — Fy (@) + [|Fy (2) = Fy(24)]|

< O+|[Fy (z) = F(2)||+]|F(2) = F(zq)|| < 0+7p(z,29)+€/2 < 6+701+€/2 <e.

It follows from (9.179), (9.161), (9.162) and (9.175) that 1%
F(z,) — 20e < F(z) — 26e < G(x) — e < a < Flxg) + (€1 + 0 + 100 )e.

Together with (9.160), (9.158), (9.157) and (9.155) this inequality implies that
[la — F(x4)|| <e. This completes the proof of the lemma.
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9.9 Proof of Theorem 9.9

Denote by Eq the set of all F = (fy,...,fn) € A for which the following
property holds:

(P4) There exist a natural number pp and zp; € X, 4 = 1,...,pp such
that: if i, € {1,...,pr} and F(zF;) < F(xp;), then i = j; for each z € X
there is j € {1,...,pr} such that F(zp;) < F(x).

By Lemma 9.12 Ey is an everywhere dense subset of (A, d). Let F =
(fi,---, fn) € Eg, v € (0,1) and let

F,(z):=F(z) +ymin{l, p(z,zp;): i =1,...,prte, x € X. (9.184)
Lemma 9.13 implies that F), € A and

d(F,F,) < 7. (9.185)

In view of property (P4) there exists 6 € (0,1) such that the following
condition holds:
(C4) Foreachi,j € {1,...,pr} satistying i # j we have p(zr;,zr;) > 80F
and there is s(i, ) € {1,...,n} for which
Jsty(@rs) < fs@g)(@r ) — 80F.
Let ¢ > 1 be an integer. By Lemma 9.13 there exists
6(F> v Q) € (Oa (4q)715F) (9186)

such that the following property holds:

(P5) If G € A satisfies d(F,,G) < 6(F,7,q), a is a minimal element
of cI(G(X)) and x € X satisfies G(z) < a + 6(F,~,q)e, then there is j €
{1,...,pr} such that

max{p(z,zr;), [|G(@) — Fy(xp)ll, [la = Fy(zp)|l} < 0p(4q) 7"
Define
F=n2,U{{GeA: d(F,,G) <5(F,v,q)}: F € Ey, ve (0,1)}. (9.187)

In view of (9.187) and (9.185) F is a countable intersection of open every-
where dense subsets of (A, d). Let

GeF. (9.188)
Relations (9.188) and (9.187) imply that for each natural number ¢ there exist
g € (0,1), F@ = (f{7,. f{9) € By (9.189)

such that
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d(FD),,,G) < 5(FD, ;). (9.190)
For each natural number ¢ set
Uy = {H e A: d(H,(FID),) < 5(FD,~,,q)}. (9.191)

By (P5), (9.189) and (9.191) the following property holds:

(P6) If ¢ is a natural number, H € U, a is a minimal element of cl(H (X))
and = € X satisfies H(z) < a+6(F@,v,,q)e, then there is j € {1,...,ppw }
such that

max{p(z, 2y ;), | H (@) = (FD)y, (@pw )l [la = (FO)y, (@pw )}

< Spw (4q) "

Proposition 9.10 implies that the set of minimal elements of cl(G(X)) is
nonempty.
Assume that

a is a minimal element of cl(G(X)), {y:}i2; C X, lim G(y;) = a. (9.192)

Let ¢ > 1 be an integer. It follows from (9.192) that there is a natural number
1o such that for each integer ¢ > ig

G(yi) < a+5(FD 5y, q)e. (9.193)

Combined with property (P6) and (9.190)—(9.192) the inequality (9.193) im-
plies that for each integer i > iy there is k(i) € {1,...,ppw } such that

P(Yi T (i) < Opw (49) ™0 [1G(W:) = (F9), (2 p ki)l < Ope (49) 71,

lla = (FD), (@p@ ko)l < 6pig)(dg) " (9.194)
In view of (9.194), (9.184) and condition (C4)
k(i) = k(ip) for all integers i > ip. (9.195)

Set
k = k(ig). (9.196)

Relations (9.194)—(9.196) imply that for all integers i > ig
i rw i) < pw (40) 7 [1GW:) — (F D)y, (@pw 1)l < Spw (4g)

la = (FD), (@p@ 1)l < 0pw(4g) 7" (9.197)

Since ¢ is any natural number it follows from (9.197) that {y;}$2, is a Cauchy
sequence. Therefore there exists

y = lim y;. (9.198)
71— 00



9.9 Proof of Theorem 9.9 379
By (9.198)7 (9.197), (9.192) and (9.186)

P, 2p@ k) < Spw (dg) Y IG(Y) = (F9),, (@pw i)l < 6pw (49) 7,
G(y) = lim G(y;) < a. (9.199)

Since a is a minimal element of cl(G(X)) we conclude that G(y) = a. Thus
we have shown that for any minimal element a of cl(G(X)) there is y € X
such that G(y) = a.

Denote by K¢ the set of all y € X for which G(y) is a minimal element of
cl(G(X)). We have shown that

G(Kg) is the set of all minimal elements of cl(G(X)). (9.200)

It follows from property (P6), (9.190), (9.191) and (9.200) that the following
property holds:

(P7) For each x € K¢ and each integer ¢ > 1 there exists k, €
{1,...,ppw } such that

P, Tpw@ k,) < dp@ (497", [|IG(z) — (F(q))vqxﬂq),kqn < b (49) 7"

Property (P7) implies that any sequence of elements of K¢ has a conver-
gent subsequence. Thus the closure of K is compact. Now we show that the
following property holds:

(P8) For each integer ¢ > 1 and each j € {1,...,ppw } there is z € K¢
such that

P, Tp@ ) < 0pw(49) 7, [IG(@) — FO (2 pwm ;)| < pw (49) 7"

Assume that ¢ is a natural number and j € {1,...,ppw }. In view of Propo-
sition 9.10, (9.190) and (9.184) there is a minimal element a of cl(G(X)) such
that

a< G(mFm’j) < F(Q)(me’j) + (5(F(q),7q,q)e. (9.201)

By (9.190) there is € K¢ such that G(z) = a. Together with (9.201) and
(9.186) this equality implies that
G(z) < F(zpw ;) + 0pw (49) e (9.202)

Since z € K¢ it follows from property (P7) that there exists k € {1,...,ppw }
such that

P, zpw k) < 0pw (4g) Y [|G(@) = (FO)y, (2pw p)l| < Spw (4g)

Combined with (9.202), (9.184) and property (C4) these inequalities imply
that k& = j. Therefore we have shown that property (P8) holds.

Let us show that the set K is compact. Since we have already shown that
the closure of K¢ is compact it is sufficient to verify that Kg is closed.
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Assume that
{yitiz: C Kg, y = lim y;. (9.203)

We show that y € K. Let us assume the contrary. Then by Proposition 9.10
there is y, € K¢ such that
Gy. < Gy. (9.204)

Let € > 0. Choose a natural number ¢ such that
¢t <e (9.205)

By property (P7), (9.200) and (9.203) extracting a subsequence and reindexing
we may assume without loss of generality that there is j € {1,...,ppw } such
that for each natural number ¢

P(?ﬁﬂF(q),j) < dpw (4Q)_17 HG(%) - F@ ($F<Q>,j)” < Op@ (4Q)_1~ (9.206)
In view of (P7) and the inclusion y, € K¢ thereisl € {1,...,pp } such that
P(Ysr T 1) < Sp (40) 74 G (ys) — FO (2 pw )| < 6pw (4g) ™1 (9.207)

It follows from (9.203) and (9.206) that

P(y,fUFtn,j) = }g& P(yi,me,j) <dpw (4(1)71, (9.208)
G(y) = Jim G(yi) < F(2pw ;) + 0pw (49) e (9.209)

Relations (9.204), (9.207) and (9.209) imply that
F9(zpw ) < Gy.) + 0pw (49) e < Gy) + pw (49) e

< F9(zpw ;) + dpw(29) e

Combined with (C4) this inequality implies that [ = j. By this equality,
(9.205), (9207) and (9.208)

P, Y) < oW, Tpw ) + p(Tpw@ i, Ys) < Spw(29) ' < g <e

Since € is an arbitrary positive number we conclude that y = y.. This contra-
dicts (9.204). The contradiction we have reached proves that y € K¢, the set
K¢ is closed and therefore compact. Thus the first assertion of Theorem 9.9
is proved.

Let € > 0. Choose a natural number ¢ > 1/e. Assume that H € U, a is
a minimal element of cl(H (X)) and z € X satisfies Hz < a + §(F@,v,, q)e.
Combined with property (P6) this implies that there is j € {1,...,ppw } such
that

p(z T pw ;) < Opw (49) 7" [[Hz = FO (zpw ;)|

< S (49) " fla = F(epa )l < 6pw (49) " (9.210)
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By property (P8) there is x € K¢ such that
P2, T ;) < Opw(4g) ", [|G(2) = F9 (wpw ;)| < 0pwm (4g) "
In view of these inequalities and (9.210)

plza) < g7t <e [[H(z) - G@)[| <¢7' <e

la—G@)<q ' <e

Thus Assertion 2 holds.
We prove Assertion 3. Let € > 0. Choose a natural number ¢ > 1/e. Let

€ Kg, 2€ X, G(2) <G(z) + 5(FD ~,,q)e. (9.211)

By (9.211), (9.190), (9.191), (9.200) and (P6) there exist k,7 € {1,...,ppw }
such that

(22w ;) < Spw (49) Y, [|G(2) = F 9 (2 pw )| < dpw(4g) ", (9:212)

p(@, 2 1) < Opw (49) " ||G(@) = FO(2pm i)l < 0pw (g) " (9.213)
Relations (9.186), (9.211)—(9.213) imply that

F(Q)(.TF(Q)J-) < G(Z) + 0@ (4(])716 < G(Z‘) +0pwe < Fq(JCF(q)’k) + 26y €.

Combined with property (C4) this inequality implies that k = j. In view of
this equality, (9.212) and (9.213)

p(z2) < g7t < ||G(2) - Ga)|| < /g <e

Thus Assertion 3 is proved. This completes the proof of the theorem.

9.10 Vector optimization with semicontinuous objective
functions

We study a class of vector minimization problems on a complete metric space
X which is identified with the corresponding complete metric space of lower
semicontinuous bounded from below objective functions A. We establish the
existence of a G5 everywhere dense subset F of A such that for any objective
function belonging to F the corresponding minimization problem possesses a
solution.

Let (X, p) be a complete metric space. A function f: X — R' U {oo} is
called lower semicontinuous if for each convergent sequence {zx}7°, in (X, p)
the inequality

fllim zy) < hkrggff(xk)

k—o0
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holds. For each function f: X — R' U {oo} set
dom(f)={z e X: f(z) < 0}.

We use the convention that co + 0o = 00, 0o — 00 =0, co/oo =1, £+ 00 = o0
and x—oo = —oco forall z € R', A\-0o0 = oo for all A > 0 and that A\-co = —oc0
for all A < 0. We also assume that —oo < z < oo for all z € R'.

Set R = R' U {00, —co} and let n be a natural number. For each z =
(1,...,2,) € R™ set

[|z|] = max{|z;|: i =1,...,n}.

Let 2 = (z1,-..,2n); (Y1,---,Yn) € R™. We say that » < y if x; < y; for all
t=1,...,n. We say that x < y if ¢ < y and x # y and say that z << y if
x; <y; foralli=1,...,n. Set

RE={z = (21,....,2,) € B": @ >0}

and let e = (1,1,...,1) be an element of R™ all of whose coordinates are
unity.

Let D C R™ be a nonempty set. Recall that an element z € D is called
a minimal element of D if there is no y € D such that y < x. A function
F: X — (R*U{oo})" is called bounded from below if there is a € R™ such
that F(z) > a for all x € X.

Denote by A the set of all functions F = (f1,..., fn): X — (R U {cc})"
which are bounded from below and such that the function f; is lower semi-
continuous for all ¢ = 1,...,n and such that the following condition holds:

(C1) For each z € F(X) and each ¢ > 0 there exists y € F(X) N R™ such
that y —ee < z.

For each F'= (f1,...,fn), G=1(91,...,9n) € A define

d(F,G) = sup{||F(z) — G(2)|| : = € X},

d(F,G) = d(F,G)(1+d(F,G))"". (9.214)

It is not difficult to see that the metric space (A, d) is complete. The topology
induced by d in A is called the strong topology. For each x € X and each
r > 0 set

Bx(z,r) ={y e X: plz,y) <r},
Bk (z,r)={y e X: p(z,y) <r}
and for each x € R™ and each r > 0 put
Bro(a,r) = {y € R": [}z — ]| <),

B (z,r)={y e R": ||z —y|| <r}.
Denote by cl(E) the closure of a set E C R".
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Let F'= (f1,..., fn) € A. Set
epi(F) = {(y,a) € X x R" : a > F(y)}.

Clearly, epi(F') is a closed subset of X x R™. Define a function Ap : X x R" —
R! by

Ap(w,a) = inf{p(e,y) +la—b]l: (4,b) € epi(F)}, (,a) € X x R". (9.215)
For each integer ¢ > 1 put
E(q)={(F,G) e Ax A:

|Ap(z,u) — Ag(z,u)| <1/q, (z,a) € X x R™}. (9.216)

We equip the space A with the uniformity determined by the base £(q), ¢ =
1,2,.... The topology in A induced by this uniformity is called the weak
topology. It is clear that this topology is weaker than the strong topology.
Let G = (g1,---,9n) € A. A sequence {z;}32, C X is called (G)-
minimizing if there exist a sequence {a;}2; C R™ of minimal elements of

cl(G(X)N R™) and a sequence {A4;}2, C (0,00) such that

lim A; =0, (9.217)

G(z;) < a; + A;e for all integers i > 1.

For each ' € A denote by £2(F) the set of all z € X such that F(x) is a
minimal element of cI(F(X) N R™).
We prove the following theorem which was obtained in [144].

Theorem 9.14. There exists a set F C A which is a countable intersection of
open (in the weak topology) everywhere dense (in the strong topology) subsets
of A such that for each F = (f1,..., fn) € F the following assertions hold.

1. Any (F)-minimizing sequence of elements of X possesses a convergent
subsequence.

2. For each minimal element a of cl(F(x) N R™) there is x € X such that
Fz=a.

3. F(£2(F)) is the set of all minimal elements of cl(F(X) N R™).

4. Any sequence of elements of 2(F) has a convergent subsequence.

5. Let € > 0. Then there are 6 > 0 and an open neighborhood U of F in A
with the weak topology such that the following properties hold:

(a) for each G € U, each minimal element a of cl(G(X) N R™) and each
z € X satisfying G(z) < a + de the inequality inf{p(z,2) : z € 2(F)} <e
holds;

(b) for each G € U and each z € 2(F) there exists a sequence {z;}5°, C X
such that p(z;, z) < € for all natural numbers i and that there is lim;_, o G(z;)
which is a minimal element of cl(G(X) N R™).

6. For each x € X there is y € 2(F) such that F(y) < F(x).



384 9 Vector Optimization

Remark 9.15. Assume that F = (f1,..., fn) : X — (R' U {oo})" is bounded
from below and that f; is lower semicontinuous for all ¢ = 1,...,n. Then (C1)
holds if the following condition holds:

(C2) For each z € F(X) there is y € F(X) N R™ such that y < z.

Note that if the space X is compact, then the conditions (C1) and (C2)
are equivalent and if they hold, then the sets F'(X), F'(X) N R™, the closure
of F(X) and its intersection with R™ have the same minimal points. We are
interested in solutions x € X of the vector minimization problem with the
objective function F' such that F(z) is finite-valued. By this reason we con-
sider functions F satisfying condition (C1) and solutions of the minimization
problems which are minimal points of the closure of F'(X) N R™. By assertion
6 of Theorem 9.14, a generic function F € A satisfies condition (C2).

Now we present an example of a function F' € A with a noncompact space
X which does not satisfy (C2) and such that the set F(X) possesses a minimal
point which does not belong to R™.

Assume that X is the set of nonnegative integers, p(x,y) = |z — y|, z,y €
X, n=2, F=(f1,f2) where

F00)=0, f1(i))=—1/i,i=1,2,....

f2(0) = 00, foi) =4, i=1,2,....

Clearly, F' € A, F does not satisfy (C2), F(0) is a minimal point of F(X)
which does not belong to R? and the set F(X) N R? is closed.

9.11 Auxiliary results for Theorem 9.14

Lemma 9.16. Let F = (f1,...,fn) € A and let € > 0. Then there ezist
G =(91,--,9n) € A, x; € X, i =1,...,p, where p is a natural number,
and 01 > 0 such that d(F,G) <€, G(z;) € R, i =1,...,p and that for each
z e X\{x1,...,xp} there isi € {1,...,p} which satisfies G(x) > G(x;)+d1e.

Proof: Since F € A there is a € R™ such that
a <yforall y e F(X). (9.218)

Denote by M the set of all minimal elements of the set cl(F(X) N R™). By
(9.218), (C1) and Proposition 9.10 the set My is nonempty. Choose positive
constants

do < €, 01 < 60/16 (9219)

By (9.218), (C1) and Proposition 9.11 there is ¢g > 0 such that the following
property holds:

For each = € cl(F(X)NR™) there is y € cl(F(X)NR™) such that ||y|| < ¢o
and y < x + (do/64)e.
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This property implies that there are a natural number p and y1,...,y, €
cl(F(z) N R™) such that the following property holds:

For each x € cl(F(X) N R™) there exists i € {1,...,p} such that y; <
x + (dp/32)e.

Clearly, for each i € {1,...,p} there is x; € X such that ||F(z;) — || <
00/64. Now it is not difficult to see that the following property holds:

(P1) For each z € cl(F(X)NR") thereis ¢ € {1,...,p} such that F(z;) <
T+ [(50/32 + 50/64}6.

(P1) and (C1) imply that the following property holds:

(P2) For each x € F(X) there is ¢« € {1,...,p} such that F(z;) < z +
(6o/16)e.

Clearly,

F(z;) €ER™, i=1,...,p. (9.220)

Define G = (g1,...,gn) : X — (R' U {oc})™ as follows:
G(z)=F(x) forallz € X \ {z1,...,2p}, (9.221)

G(Z‘Z) = F(xl) - ((50/8)6, 1= 1,...,p.

Clearly, G € A. In view of (9.211) and (9.219) d(F,G) < e. By (9.221) and
(9.220), G(x;) € R",i=1,...,p. It follows from (P2) and (9.221) and (9.219)
that for each x € X \ {x1,...,2p} there is i € {1,...,p} such that G(z) =
F(z) > F(x;) — (00/16)e > G(z;) + d1e. Lemma 9.16 is proved.

Lemma 9.17. Let F = (f1,..., fn) € A, v > 0, p be a natural number and
z1,...,%p € X satisfy F(x;) € R", i =1,...,p and the following conditions:

(P3) For each x € X \{x1,...,zp} thereisi € {1,...,p} such that F(z) >
F(CCZ) + ~ye.

(P4) If i,5 € {1,...,p} and F(z;) < F(x;), theni=j.

Then for each € > 0 there exists an integer ¢ > 1 such that the following
assertions hold.

1. If G € A satisfies (G, F) € £(q), a is a minimal element of c1(G(X) N
R™) and x € X satisfies G(z) < a+ q te, then there is j € {1,...,p} such
that p(x,x;) <e.

2.IfGe A, (G,F)€&(q) and j € {1,...,p}, then there is {z}72, C X
such that p(zi,x;) < € for all integers k > 1 and there exists limy_.oc G(2)
which is a minimal element of cl(G(X) N R™).

Proof: Let € > 0. By (P4) there is ¢y € (0, €) such that
p(zi, x;) > 4eg for each pair ¢, € {1,...,p} such that ¢ # j; (9.222)
€0 < max{ fs(x;) — fs(z;): s=1,...,n}
for all pairs 4,j € {1,...,p} such that i # j. (9.223)
Choose an integer ¢ > 1 such that
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8¢~ < min{y/2, ¢} (9.224)
Assume that

Ge A, (G, F)e€é&(q). (9.225)

Let j € {1,...,p}. Then (x;, F(x;)) € epi(F) and in view of (9.225), (9.216)
and (9.215), Ag(z;, F(z;)) < 1/q. Together with (9.215) this implies that
there exists

such that
p(xj,y;) + [1bj — F(z;)|] < 2/q. (9.227)

By (9.226) and (9.227),
Gly;) <bj < F(xj) + (24 e
Therefore for all j =1,...,p we have defined y; € X such that
p(j,y;5) < 2/q, Gly;) < Flz;) + (2/q)e. (9.228)

Assume that
z € X and Gz € R". (9.229)

By (9.229), (9.225), (9.215) and (9.216), Ap(z,G(z)) < 1/q. In view of this
inequality, (9.229) and (9.215) there exist Tx € X, b € R™ such that

(Tz,b) € epi(F), p(Tz,z)+ ||b — Gz|| < (3/2)/q. (9.230)
Relations (9.230) imply that
F(Tz) <b< G(x)+(3/2)q e, p(Tz,z) < (3/2)/q. (9.231)

Thus we have shown that the following property holds:
(P5) For each z € X satisfying (9.229) we defined Tax € X satisfying

(9.231).
Let j € {1,...,p}. Then (9.228) holds. By (9.231)
F(Ty;) < G(y;) + (3/2)q e, ply;, Ty;) < (3/2)/q. (9.232)
By (9.228) and (9.232),
plaj Ty;) < (7/2)/q. F(Ty;) < F(x;) + (7/(29))e. (9.233)

We will show that T'y; € {x1,...,2p}. Assume the contrary. Then by (P3)
there is i € {1, ..., p} such that F(Ty;) > F(x;)+~ye. Combined with (9.224)
and (9.233) this implies that

F(z;) < F(x;) + ((7/2)¢7 " = v)e < F(zj) — (7/2)e << Fz;.
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Together with (P4) this implies that ¢ = j, a contradiction. The contradic-
tion we have reached proves that T'y; € {z1,...,x,}. Together with (9.233),
(9.224) and (9.223) this implies that F(Ty;) << F(z;) + ¢oe and Ty, = ;.
Thus

Ty; =x; forall j € {1,...,p}. (9.234)

Relations (9.228), (9.232) and (9.234) imply that
|F(x;) — G(y;)]] <2¢ e forall j € {1,...,p}. (9.235)
Assume that
a is a minimal element of cl(G(X) N R"), z € X, G(x) < a+q ‘e. (9.236)
We will show that there is j € {1,...,p} such that Tz = z,;. Assume that
Tx & {x1,...,2p} (9.237)

By (P3) thereis j € {1,...,p} for which F(Tz) > F(z;)+~e. Combined with
(9.236), (P5), (9.231), (9.235) and (9.224) this implies that

a>G(z)—q te>F(Tx) - (3/2)g ‘e —q'e > F(zj) + ve — 3¢ 'e

> Gy;) — (29) 'e+ve—3¢ e =Gly;) + [y —5q 'le > G(y;) + 2 'e.

This contradicts (9.236). The contradiction we have reached proves that Tz €
{z1,...,x,} and that there is j € {1,...,p} such that Tz = z;. Combined
with (P5), (9.236) and (9.231) this implies that p(x,z;) < (3/2)¢7' < e.
Now it is clear that assertion 1 holds. Moreover, we showed that the following
property holds:

(P6) If a € R™ and = € X satisfy (9.236), then Tz € {z1,...,zp}.

Let j € {1,...,p}. By (C1) and Proposition 9.10 there is a minimal element
a of cI(G(X) N R™) such that a < G(y;). Clearly there exists a sequence
{z}%2, C X such that @ = limy_. o G(2z). Then we may assume that

G(zr) < a+ (2¢9)"'e for all natural numbers k. (9.238)

In view of (9.238), (P6) and the choice of a, {Tz,}72 | C {x1,...,zp}.
Extracting a subsequence and reindexing we may assume without loss of
generality that there is s € {1,...,p} such that

Tz, = x, for all natural numbers k. (9239)

We will show that s = j. By (9.235), (9.239), (P5), (9.231), (9.238) and the
inequality a < G(y;) we have that for all natural numbers k,

F(zg) < F(Tz,) < G(z) +(3/2)g te < a+2¢ e < G(y;) +2¢ 'e. (9.240)

By (9.240), (9.224) and (9.235), F(x,) < G(y;) +2¢~ e < F(z;) + (4g~ e <
F(z;)+e€pe. Combined with (9.223) this implies that s = j. In view of (9.239)
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Tz, = x; for all natural numbers k.
Together with (P5), (9.224) and (9.231) this implies that
p(zk, ) < (3/2)g " < € for all natural numbers k.

We have shown that for each j € {1,...,p} there exists a minimal element a
of cI(G(X)N R™) and a sequence {z}3>,; C X such that p(zx,z;) < € for all
natural numbers k and a = limg_,, G(zk). Therefore assertion 2 holds. This
completes the proof of Lemma 9.17.

9.12 Proof of Theorem 9.14

Denote by L the set of all F = (f1,..., fn) € A for which there exist v > 0,
a natural number p and x1,...,2, € X such that F(z;) € R", i =1,...,p
and conditions (P3) and (P4) hold. By Lemma 9.16 £ is an everywhere dense
subset of A with the strong topology.

Let F = (f1,...,fn) € L. By (P3), (P4) and the definition of £, there

exist () > 0, a natural number p(¥) and a:gF), . ,xl(fg) € X such that
FayeRrr, i=1,...p"; (9.241)
for each z € X\ {ng), . ,xij))} there is i € {1,...,p")}
such that F(IEF)) < F(z) —yFe; (9.242)
it i,j € {1,...,p"} and F(z{")) < F(z'"), then i = j. (9.243)

Let k be a natural number. By (9.241)—(9.243) and Lemma 9.17 there exist
0(F,k) > 0 and an open neighborhood U(F,k) of F in A with the weak
topology such that:

(P7)If G € U(F, k), ais a minimal element of cI(G(X)NR™) and if x € X
satisfies G(z) < a + §(F, k)e, then

min{p(w,xEF)) ci=1,...,p%}

< k7' min{1, p(a, 2y s i e {1, pTY, i £ )

]

(P8) If G € U(F,k) and j € {1,...,p)}, then there is a sequence
{#:}72, C X such that

p(zs,xg-F)) < (4k)~t min{l,p(ng),x§F)) caje{l,...,pY, i # 5

for all integers s > 1 and there is lim;_, ., G(z;) which is a minimal element
of cI(G(X) N R").
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Put
F=n2,U{U(F,k): FeL} (9.244)

It is easy to see that F is a countable intersection of open (in the weak
topology) everywhere dense (in the strong topology) subsets of A.

Let H = (hy,...,h,) € F, € > 0. Choose a natural number k such that
16/k < e. Assume that {z;}32; C X is an (H)-minimizing sequence. Then
there exist a sequence {a;}$2; C R™ of minimal elements of cl(H(X) N R™)
and a sequence {A;}2, C (0,00) such that

lim A; =0, H(z;) < a; + A;e for all integers ¢ > 1. (9.245)

By (9.244) there exists F' € £ such that
H € U(F, k). (9.246)

It follows from (P7), (9.245) and (9.246) that there exists a subsequence
{zi; 132, of {zi}72, such that p(z;,2:;,) < 2/k < e for all natural numbers
s, 7. Since € is an arbitrary positive number and {z;}°, C X is an arbitrary
(H)-minimizing sequence we obtain using induction and diagonalization pro-
cess that there exists a convergent subsequence of {z;}32, in (X, p). Thus any
(H)-minimizing sequence possesses a convergent subsequence and assertion 1
holds.

Assume that a is a minimal element of cI(H(X) N R™). There is an (H)-
minimizing sequence {z;}5°; C X such that lim; .., H(z;) = a. By assertion
1 the sequence {z;}$2, possesses a convergent subsequence which converges
to z € X. Since the functions h;, ¢ = 1,...,n are lower semicontinuous we
have H(z) < a. Since a is a minimal element of c1(H (X)NR™) we obtain that
H(z) = a. Therefore for each minimal element a of cl(H(X) N R™) there is
z € X such that H(z) = a and assertion 2 holds. It is clear that assertion 2
implies assertion 3 and that assertion 4 follows from assertion 1.

By (P7) and (9.246) for each z € 2(H),

min{p(z,2\"): i=1,...,pF)} < (4k)~". (9.247)

Let j € {1,...,p)}. By (9.246) and (P8) there is a sequence {z;}32; C X
such that

p(zi,xg-p)) < (4k)~! for all integers i > 1 (9.248)
and that there exists lim;_,o, H(z;) which is a minimal element of cl(H(X) N
R™). By assertion 1 the sequence {z;}5°, possesses a convergent subsequence.
Extracting a subsequence if necessary we may assume without loss of gener-
ality that there exists z = lim;_,, 2;. Since the functions h;, ¢ = 1,...,n are
lower semicontinuous and lim;_,~, H (%;) is a minimal element of cl(H(X)NR™)
we conclude that H(z) < lim;_,o H(z;), H(z) is a minimal element of
cl(H(X) N R™) and z € 2(H). In view of (9.248) p(z,z\")) < (4k)~". Thus
for each j € {1,...,p")},
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min{p(c!"”,2) : z € QH)} < (4k) L. (9.249)

Assume that G € U(F, k), a is minimal element of cl(G(z) N R") and x € X
satisfies G(z) < a + §(F, k)e. By (P7),

min{p(x,xEF)) ci=1,...,p"Y < (4k)7L
Together with (9.249) this implies that
inf{p(x,2): z2€ QH)} < (2k) <e¢

and the property (a) of assertion 5 holds.
Let z € 2(H). In view of (9.247) there is j € {1,...,p)} such that

p(z,al") < (3k) 7L (9.250)

By (P8) there exists a sequence {z;}52, C X such that p(z;, ng)) < (4k)~! for
all integers ¢ > 1 and that there is lim;_ ., G(z;) which is a minimal element
of cl(G(X) N R™). Combined with (9.250) this implies that p(z;,2) < 1/k < e
for all integers ¢ > 1 and the property (b) of assertion 5 holds.

Now we prove assertion 6. Let x € X. By (C1) for any natural number 4
there is x; € X such that

F(x;) € R, F(x;) —i ‘e < F(x).

By Proposition 9.10 for any natural number 4 there is a minimal element a;
of cI(F(X)NR™) such that a; < F(x;). In view of assertion 3 for each natural
number ¢ there is y; € £2(F) such that F'(y;) = a;. By assertion 4 we may
assume without loss of generality that there is y, = lim; .~ y;. Now it is not
difficult to see that F(y.) € R"™ and F(y.) < F(z). By Proposition 9.10 and
assertion 3 there exists y € 2(F) such that F(y) < F(y.) < F(x). Assertion
6 is proved. This completes the proof of Theorem 9.14.

9.13 Density results

We use the notation and definitions introduced in Section 9.10. Suppose that
the complete metric space (X, p) does not contain isolated points, that n > 2
and that e; = (1,0,0,...,0), e = (0,1,...,0),...,en = (0,0,...,1) is the
standard basis in R™. We prove the following result obtained in [144].

Theorem 9.18. There exists an everywhere dense (in the weak topology) set
F C A such that for each F € F the set of all x € X such that Fx is a
minimal element of cl(F(X) N R™) is nonempty and not closed.



9.13 Density results 391

Proof: Let
F=(f,...,fa) €A, aninteger ¢ > 1, v € (0,(8¢)" ). (9.251)
By Lemma 9.16 there exist F(1) = (fl(l),..., ,Sl)) ceAz;eX,i=1,...,p,
where p is a natural number, such that
FO(x)eR", i=1,...,p, (9.252)
d(F,FV) < ~/8 (9.253)

and the following property holds:
(D1) For each « € X there is i € {1,...,p} for which FM)(z) > F) (z;).
We may assume without loss of generality that the following property
holds:
(D2) If 4,5 € {1,...,p} satisfy FV(x;) < F()(z;), then i = j.
Clearly,
(F,FM) e £(8q). (9.254)

It is easy to see that there exists a sequence {y;}$°; C X such that
y; # y; for all pairs of integers ¢,j € {1,2,...} such that ¢ # 5,  (9.255)
x1 # y; for all integers ¢ > 1 and Zlggo p(x1,y;) = 0. (9.256)
We may assume without loss of generality that for all integers i > 1,
FO(y;) = FW (1) = (v/16)e, p(yi, 1) < 7/16. (9.257)
Set
FO(z)=FD(z) forallz e X\ ({z1}U{y; - i=1,2,...}),  (9.258)
F®(zy) = FO(21) = (v/8)e,
F@(y;) = FO(z1) — (v/8)e + (160) 'y(er — e2), i = 2,3,4, ...,

F®(y1) = FY(21) = (v/8)e = (v/16)er.

Clearly, F® ¢ A and (FM, F)) € £(2q). Together with (9.254) this implies
that (F,F®) € &(q). Tt is not difficult to see that for all integers i > 1,
F®)(y,) is a minimal element of cl(F®)(X) N R"), F®)(y,) < F®(2;) and
F®)(z,) is not a minimal element of cI(F?)(X)NR™). Theorem 9.18 is proved.

Proposition 9.19. Assume that F = (f1,...,fn) € A, F(z) € R™ for all
v € X, the mapping F' : X — R" is continuous and v € (0,1). Then there
exists G = (g1,...,9n) € A such that d(F,G) <~ and that the set

{r € X : G(x) is a minimal element of c1(G(X)}

18 nonempty and not closed.
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Proof: By Lemma 9.16 there exists F(1) = (fl(l),...,ffll)) € A such that
FO(X) C R™ and that
d(F,FV) < /8 (9.259)

and there exist z; € X, ¢ = 1,...,p, where p is a natural number, such that
the property (D1) holds. We may assume without loss of generality that the
property (D2) holds. Clearly, there exists a sequence {y;}?2; C X such that
(9.255) and (9.256) hold. We may assume without loss of generality that for
all integers ¢ > 1,

F(l)( i) > >rFM® (z1) — 64" ve, plyi,z1) < 647 1.

)
Define F®) : X — R™ by (9.258) and put G = F(?). Tt is not difficult to see
that G € A, d(G, F) < ~v/4, G(y;) is a minimal element of cl(G(X)) for all
integers 4 > 1 and that G(z1) < G(y1). Proposition 9.19 is proved.

Proposition 9.20. Assume that F = (f1,...,fn) € A, v € (0,1) and

that a natural number q satisfies v < (4q)~*. Then there exists F(O) =
(fl(o), ce éo)) € A such that (F,F) € £(q), the set of all minimal ele-
ments of cl(FO(X) N R"™) is a nonempty finite subset of F(O(X)N R" and
that the following property holds:

For any natural number k satisfying 1/k < ~/64 there exist G € A and
Z € X such that (G, F©) € £(k), G(Z) is a minimal element of c1(G(X)NR™)
and

|G(&) — z|| > /64 for all minimal elements z of cl(F°(X) N R™).

Proof: By Lemma 9.16 there exist F(1) = (fl(l)7 R fy(Ll)) ceArx,eX,i=
1,...,p, where p is a natural number, such that F()(z;) € R*, i =1,...,p,
d(F,F) < /8 and (D1) holds. We may assume without loss of generality
that the property (D2) holds. Clearly, x; # x; for all pairs i.j € {1....,p}
such that 7 # j. There is r > 0 such that

FM(2) > FO(z1) — 647 1e for all z € X satistying p(z,21) <7 (9.260)
Choose xg € X such that

0 < p(zg, 1) < 16~ min{y, r, min{p(z;,z;): 4,5 € {1,...,p}, i # j}},

(9.261)
xoAxi, i=1,...,p. (9.262)

Define F(©) = ( 1(0), e (O)) € A by
FO)=FWY(2), z€ X\ {z0,...,2p}, (9.263)

FO(z;) = FW(;) = (v/16)e, i € {1,....p} \ {1},
FO(z1) = FW(a1) = (7/8)e = (v/8)ez,
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FO(z) = FW (1) = (7/8)e — (v/8)ex
It is not difficult to see that (F(O, FM) € £(4q), (FO, F) € £(q), the
set {F(x;) : i = 0,...,p} contains the set of all minimal elements of
A(FO(X)NR™) and {F©)(2;): i =0,1} is a subset of the set of all minimal
elements of cl(F©(X) N R™).
Let a natural number k satisfy

k=t <6471y (9.264)
Choose T € X such that

p(T,10) < 64~ min{r, vy, k™", min{p(z;, ;) : 4,5 €{0,...,p}, i # j}}.
(9.265)
Define a mapping G : X — (R' U {co})" b

G(z) = FO(z), z € X\ {z}, (9.266)

G(z) = F(l)(zl) — (v/8)e — (v/8)er + 647 yer — (4k) teo

It is not difficult to see that G € A and G(Z), G(x;), i = 0,1 are minimal
elements of cI(G(X) N R™). By (9.260), (9.261), (9.265) and (9.266)

FO(z) = FM(z) > G(7). (9.267)
In view of (9.266) and (9.267)

epi(F©) C epi(@), epi(GQ) \ epi(FO) c {(Z,a) : a € [G(Z), FV(2)]}.
(9.268)
) and (9.263) for each (z,a) € epi(G) \ epi(F(?)
1. Together with (9.263)—(9.266) and (9.268) this
). By (9.263) and (9.266),

By (9.268), (9.266), (9.265
we have Apo) (2, o) < (2k)~
implies that (G, F(©)) € £(k
inf{||G(z) — z|| : z is a minimal element of cI(F(®(X) N R")}
> min{||G(z) — FO(z)||: i=0,...,p}

> min{y/8, 6471y, min{||G(Z) — FO(z)||: i=2,...,p}}.  (9.269)
By (9.266), G(z) < FW(zy) — (v/8)e. It follows from (D2) that for each
i €42,...,p} there is s(i) € {1,...,n} such that fg(l)(xl) < fs((li))(mi) and in
view of (9.263)

FO @) = £ @) = (1/16) > £ (1) = 7/16 > 9. (3) +7/16.

Thus for all i € {2,...,p} we have ||F(©)(z;) — G(z)|| > /16. Together with
(9.269) this implies that

inf{||G(z) — z|| : z is a minimal element of cI(F(®(X) N R")} > ~/64.

This completes the proof of the proposition.
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9.14 Comments

In this chapter we use the generic approach in order to study vector minimiza-
tion problems on a complete metric space. We show that solutions of vector
minimization problems exist generically for certain classes of problems. Any
of these classes of problems is identified with a space of functions equipped
with a natural complete metric and it is shown that there exists a Gy ev-
erywhere dense subset of the space of functions such that for any element
of this subset the corresponding vector minimization problem possesses so-
lutions. We also study the stability and the structure of a set of solutions
of a vector minimization problem. It should be mentioned that recently the
existence of minimizers for general multiobjective problems with values in
partially ordered spaces was established in [9] using advanced tools of vari-
ational analysis and generalized differentiation and a refined version of the
subdifferential Palais—-Smale condition for set-valued mappings.
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Infinite Horizon Problems

10.1 Minimal solutions for discrete-time control systems
in metric spaces

Let (X,d) be a complete metric space. We equip the set X x X with the
metric d; defined by

di((z1,22), (y1,92)) = d(z1,91) + d(z2,y2), x5,y € X, i =1,2.
Clearly the metric space (X x X,d;) is complete. For z € X and A C X set
d(z,A) = inf{d(x,y) : y € A}
For (z1,22) € X x X, AC X x X set
di((z1,22), A) = inf{d1 (1, 22), (y1,92)) : (y1,92) € A}.

Denote by A the set of all continuous functions v : X x X — R which satisfy
the following assumptions:
(i) (uniform boundedness)

sup{|v(z,y)|: z,y € X} < oo; (10.1)
(ii) (uniform continuity) for each € > 0 there exists § > 0 such that
[v(z1,22) —v(y1,92)| < € (10.2)

for each x;,y; € X, i = 1,2 which satisty d(z;,y;) < 0,1=1,2.
Define a metric p: A x A — R! by

p(v,w) = sup{[v(z,y) —w(z,y)|: 2,y € X}. (10.3)

Clearly the metric space (A, p) is complete.
We consider the optimization problem

A.J. Zaslavski, Optimization on Metric and Normed Spaces, Springer Optimization 395
and Its Applications 44, DOI 10.1007/978-0-387-88621-3_10,
© Springer Science+Business Media, LLC 2010
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ka—1
minimize Z v(x;, i+1) subject to {z;

i=k1

k2
i=

g CX, g, =y, 71, =2 (P)
where v € A, y,z € X and ko > ki are integers.

The interest in these discrete-time optimal problems stems from the study
of various optimization problems which can be reduced to this framework, e.g.,
continuous-time control systems which are represented by ordinary differential
equations whose cost integrand contains a discounting factor [62], the infinite-
horizon control problem of minimizing fOT L(z,2")dt as T — oo [63] and the
analysis of a long slender bar of a polymeric material under tension in [64].
Similar optimization problems are also considered in mathematical economics
[67, 130].

If the space of states X is compact, then the problem (P) has a solution for
each v € A, y,z € X and each pair of integers ks > k;. For the noncompact
space X the existence of solutions of the problem (P) is not guaranteed.

For each v € A, each natural number m and each y1,y2 € X we set

]| = sup{lo(z,y)| : =,y € X}, (10.4)
N-1
p(v) = inf{liminf N7' 3 " o(as, wig1) 0 {2i}2 € X}, (10.5)
N —oco =
m—1
o(v,m) = inf{z v(xg, Tip1) » {Tidiny, C X}, (10.6)
i=0
m—1
Oper(V, M) = inf{z V(X Tip1) : {xititg C X, o =Tm} (10.7)
i=0

and

m—1
J(U7m7y17y2) = Hlf{z U($i7$i+1) : {%‘}1‘10 C X? o = Y1, Tm = y2}
=0

(10.8)
The following optimality criterion for infinite horizon problems was intro-
duced by Aubry and Le Daeron [4] in their study of the discrete Frenkel-
Kontorova model related to dislocations in one-dimensional crystals.
Let v € A. A sequence {z;}32__ C X is called (v)-minimal if for each
pair of integers mo > my

mzfl

Z U(xivxi-i-l) = U(UamQ - mlvzmuzmz)'

T=m1

If the space of states X is compact, then a (v)-minimal sequence can be
constructed as a limit of a sequence of optimal solutions on finite intervals. For
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the noncompact space X the problem is more difficult and less understood.
The difficulty is that for any problem of type (P) the existence of its solution
is not guaranteed and that a (v)-minimal sequence is an exact solution of a
countable number of optimization problems of type (P). We show that for a
generic function v taken from the space A there exists a (v)-minimal sequence.

A sequence {x;}°, C X is called (v)-good if there exists a number M > 0
such that for each natural number m

m—1
E v(2i, Zit1) < o(v,m, zg, Tmy) + M.
=0

It is not difficult to see that the following proposition holds.

Proposition 10.1. Let v € A and {2;}32, C X be a (v)-good sequence. Then
for each x € X there is a (v)-good sequence {x;}5°, C X such that xo = .

For each {z;}2, C X denote by w({z;}2,) the set of all y € X for which
there exists a subsequence {z;, }72 ; such that limg oo i, =Y.
We prove the following result obtained in [116].

Theorem 10.2. There exists a set F C A which is a countable intersection
of open everywhere dense subsets of A such that for each v € F there exists a
nonempty compact set 2(v) C X which satisfies the following conditions:

(i) There is a (v)-minimal sequence {:17( )}Z_foo C 2(v).

(i) For each (v)-good sequence {y;}2, C X there exists a (v)-minimal
sequence {x;}5° _ o C 2(v) Nw({y:}52,)-

10.2 Auxiliary results

Proposition 10.3. Assume that v € A and € is a positive number. Then
there exists a positive number 0 such that for each integer m > 1 and each
Y1,Y2, 21,22 € X which satisfy d(y;,z) < 0, i = 1,2 the following inequality
holds:

lo(v,m, y1,y2) — o(v,m, 21, 22)| < e. (10.9)

Proof: Since the function v is uniformly continuous (see (10.2)) there is a
positive number § such that for each 1,2, 21, 22 € X satisfying d(y;, z;) < 0,
t = 1,2, the inequality

[v(y1,y2) — v(21, 22)| < €/8 (10.10)

holds.

Let m > 1 be an integer and let y;,2; € X, ¢ = 1,2 satisfy d(y;,2;) < 4,
i = 1,2. We show that (10.9) holds. It is easy to see that we need only to
consider the case with m > 1. There exists {x;}7~, C X such that
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To = Y1, Tm = Y2
and
m—1
ZU (i Tit1) < o(v,m,y1,y2) +€/8.
=0
Put
530:2:1, fim:ZQ, ii:xi,izl,...,m—l. (10.11)

It follows from the definition of {Z;}™,, the choice of 0, the inequalities
d(y;,z;) < d,4=1,2 and the choice of {x;}, that

m—1 m—1
cr(v,m, 21, 2’2) S E ”U(Ii?i, 531'_;,_1 E v SC“JJH_l
1=0 =0

+|U(ZL’0,SU1) — U(fo,.’zl)‘ + |v(xm_1,xm) — ’U(fm_l,i'm”

[

m—

IN

v(@i, Tit1) +€/8+¢€/8
=0

S U(v7m,y1ay2) + 6/8 + 6/4
Proposition 10.3 is proved.
Let v € A. Clearly, for each integer m > 1,

o(v,m) < p(v)m < oper(v,m) < o(v,m) + 2||v]] (10.12)

and
o(v,m,y1,y2) < o(v,m) + 4||v]| (10.13)

for each integer m > 1 and each y;,y2 € X.
For each v € A and each positive number € put

Np(€) =sup{d > 0: |v(z1,z2) —v(y1,92)| < €

for each x1,22,y1,y2 € X such that d(z;,y;) <6, i = 1,2} (10.14)

For each set A denote by Card(A) its cardinality.
Let v € A and let ¢ be a natural number. Fix

e(v,q) € (0,27*¢ * min{1,7,(27%¢?)}) (10.15)
and an integer
n(v,q) > 642(8||'UH + 48)42q+1qe(v,q)71. (10.16)

There exists a sequence {z;(v, q)}ﬁ(v’q) v,q C X such that

i=—n(v,
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n(v,q)—1
S w(v.0), 21 (0,0) < 00, 20(0,0)) + 2792 (1017)
i=n(v,0)

We define a function v(*9 : X x X — R! by
ulv D (2, y) = v(z,y)

+(4q>_1 min{dl((xa y)? {<Z1 (U’ q>7 Zi+1(va q)) :
i=-n(v,q),...,n(v,q) — 1}),1}, (10.18)

where (z,y) € X x X.
Evidently, u(*? € A. Fix

1(v,9) € (0,¢(v,q)(64n(v, )) ™) (10.19)
and define
Uv,q) = {w e A: p(w,u™?) <~(v,q)}. (10.20)
Set
F=no_1U{U(v,q): ve A, an integer ¢ > m}. (10.21)

It is easy to see that F is a countable intersection of open everywhere dense
subsets of A.

Lemma 10.4. Assume that v € A, ¢ > 1 is an integer, {zi}n(v7q) c X

i=—n(v,q)
and

n(v,q)—1
> w2, 2i41) < 0@, 2n(v,q)) + 8(|Jv]] + 2). (10.22)

i=—n(v,q)

Then
Card{i € {—n(v,q),...,n(v,q) — 1} :

dl((zi’ Zi+1)7 {(ZJ (U7 Q)v Zj-‘rl(vv q)) : .7 = —n(v, Q)7 s 7n(va Q) - 1}) > 6(”7 q)}
< 8(][vl| + 3)4ge(v,q) " (10.23)

Proof: Tt follows from (10.18), (10.22) and (10.17) that

n(’”:‘])_l
Z (2, Zit1)
iz_n(’“?‘])
n(qu)71
+(49)7! Z min{1, di1((2i, zi+1), {(2 (v, @), 241 (v, @) :
iz*n(’”f‘])

j = _n(UaQ)’ ce ,n(v,q) - 1})}
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n(v,q)~1
= Y uC(z,z40) < 0w, 2n(v,9)) + 8(||v]| + 2)
i=—n(v,q)
n(v,q)—1
< Y u (0,0, 20 (v,0) + 8(1Jol [ +2)
i=—n(v,0)
n(v,q)—1
= D 0(z(v,), 741 (v,0) + 8(][0][ +2)
i=—n(v,q)
< o(v,2n(v, ) + 27107 + 8(||v]| +2)
n(v,q)—1
< D oz ze) 42707+ 8(1[v]| +2),
i=—n(v,q)
n(v,q)—1
> min{1,di((2i, 2i01), {(2(v,0), 2541 (v,9)) :
i=—n(v,q)

J=-n(v,q),...,n(v,q) — 1})} < 32q(|[v]| + 3)
and
Card{i € {-n(v,q),...,n(v,q) — 1} :

di((zi, zi+1): {(2j (v, 0), zj41(v, @) + §=—n(v,q),...,n(v,q) —1}) > €(v,q)}
< 8(][vl| + 3)4qe(v, q) ™.
This completes the proof of the lemma.

Lemma 10.4, (10.19) and (10.20) imply the following lemma.

Lemma 10.5. Assume that v € A, ¢ > 1 is an integer, w € U(v, q),

(i € X

and
n(v,q)—1
Z w(zi, ziy1) < o(w,2n(v, q)) + 8[lw|| + 1.
i=—n(v,q)

Then the inequality (10.23) holds.
Lemma 10.5, (10.23) and (10.16) imply the following result.
Lemma 10.6. Assume that v € A, ¢ > 1 is an integer, w € U(v,q) and a

sequence

satisfies
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n(v,q)—1
Z w(zi, zit1) < o(w, 2n(v,q)) + 8||w|| + 1.
i=—n(v,9)

Then there exists an integer iy such that
Jio| < 8(|[v]] + 3)4ge(v, q) ",
d(zp, {zi(v,q) : i =—n(v,q),...,n(v,q)}) < e(v,q),
p = 4%, ..., 4% + 49,
For v € A and an integer ¢ > 1 put

E(v,q) ={zi(v,q) : i=—-n(v,q),...,n(v,q)}. (10.24)

10.3 Proof of Theorem 10.2

Let w € F. In view of (10.21) there exist a natural number s; and v; € A
such that
w € U(vy, $1)- (10.25)

Using (10.21) we construct by induction a strictly increasing sequence of nat-
ural numbers {s;}7°; and a sequence {vy}7°,; C A such that for each natural
number k

Spe1 > [16(1 + s + n(sg, vx))]? and w € U(vg, sp). (10.26)
Lemma 10.7. Let k be a natural number integer and let a sequence

) oy € X

—n(vk,sk)
satisfy

n(vg,sk)—1

> wiyir1) < 0w, 2n(0k, $8), Yen(orsn)s Yn(ons) + B (10.27)

i=—n(vk,sk)
Then there exists an integer i such that
lik| < 8([[wl]] + 4)4spe(vy, 5) 7!
and

Ad(yp, E(vk, sk)) < €(vg, si), p =44, ..., 4% + 4°%. (10.28)
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Proof: By (10.13) and (10.27),

n(vg,sg)—1
w(yu yi+1) < O’(U), 2n(vk7 Sk:)7 yfn(vk,sk)v yn(vk,sk)) + k_l

i=—n(vk,sk)

< o(w, 2n(vy, si)) + 4|[w|| + k"

It follows from the relation above, (10.26) and Lemma 10.6 that there exists
an integer iy for which

Jir| < 8(|[vkll + 3)4ske(vk, sx) ™"
and (10.28) holds. By the inequality above, (10.26) and (10.20),
|ik| < 8(||’LU|| + 4)48}66(1116,5]6)71.

This completes the proof of Lemma 10.7.

Lemma 10.8. Let g > 1 be an integer, {yi}n(v"’s") C X and let

i=—n(vq,Sq)

n(vg,8q)—1

Z w(yi7 yi+1) < O’(w, 2”(”(1, sq)a Y—n(vg,sq)> yn(vq,sq)) + qil' (1029)

i=—n(vg,sq)

Then there exists an integer p such that for each natural number k =1,...,q,
[p— 4571 p+ 4571 C [=n(vy, 84),1(vg, 54)] (10.30)
and
d(Ypris E(vg, s1)) < €(vg, 8g), 1 = =457 . 4571 (10.31)
Proof: By induction we define a sequence pg, ..., p; such that
[pg —2- 4Sq_1apq +2-4%71 C [=n(vg, Sq), (g, Sq)]; (10.32)
A +is By 54)) < €(vg:50), (10.33)

i=—2-4%1 9. 4%
for each integer j satisfying ¢ > j > 1,
lpj — pj—1| < 2%647" (10.34)
and
[pj1—2-4%1" i 1424517 C[p; —2-4%1 p;+2-4%71]; (10.35)

forj=1,...,q,
d(yijrivE(vj’Sj)) < G(Ujasj)» (10.36)
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i=—2.4%"1 2.4%71

Let j = g. It follows from Lemma 10.7 and (10.29) that there exists an integer
iq which satisfies

lig| < 8(|[wl] +4)4sqe(vg, 54) 71, (10.37)
Ay, E(vg, 50)) < €(vg,5q), i = 450y, 4500, + 4%, (10.38)

Put
Py = 4%, +2 4% L (10.39)

By (10.39), (10.37), (10.26), (10.20) and (10.16),
[pgl < 245071 4 4% - 8([[w]] + 4)4sqe(vg, 54) 7 (10.40)

Ipg| +2 - 4571 < 4%[8(||w|| + 4)4dsg€(vy, 54) 7" + 1] < n(vy, 54)/64. (10.41)

Inequality (10.41) implies (10.32). It follows from (10.38) and (10.39) that
(10.33) holds.

Assume that a natural number k satisfies ¢ > k > 1 and we have defined
integers p;, i = ¢, . .., k such that (10.32) and (10.33) hold, (10.34) and (10.35)
are true for all integers j satisfying ¢ > j > k and (10.36) holds for j =
1,..., k.

In order to define pi_1 we use Lemma 10.7 with the sequence

n(vg—1,5k—1)

{ypk+i}i:—n(yk71,sk71)'

By (10.26),
458 > s > [16(1 + sp_1 +n(sp_1,v5-1))]°. (10.42)

By (10.42), (10.29), (10.35) and (10.32),

n(vk_1,55—1)—1

Z W(Ypy+is Ypy+i+1)

i=—n(Vk—1,5k—1)

S O'(’U), 27’L(Uk_1, Sk—l); ypk_n(vk—hskfl)’ ypk'i‘”(vk—hsk,l)) + qil. (1043)
Lemma 10.7 and (10.43) imply that there exists an integer i, for which

li—1| < 8(||w|| + 4)4sp_1e(vk_1,56-1) ", (10.44)
Ad(Yp+i> E(Ve—1, 5k—1)) < €(Vk—1, Sk—1), (10.45)
G AT, ATy 4% (10.46)
Put
Ph—1 = P + 4% Vipg 2 4% (10.47)

By (10.47), (10.44), (10.26), (10.16) and (10.20),

Ipp—1 — pr| < 4% 1712 4+ 4)ig_q]) < 4% (1 + Jig_1])
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< 451 (1 + 8(||w|| + 4)4sp_1e(vp_1,8-1)" ")
< 451 (14 8(||vg—1|| + 5)4sr—_1€(vr_1,56-1)" ")
< n(vk_l,sk_1)4fs’“—16471 < s /64

and
Ipk—1 — Pi| < si/64 < 2°% /64. (10.48)

Therefore (10.34) holds with j = k and this implies that (10.35) holds with
j = k. It follows from (10.45) and (10.47) that (10.36) is valid with j = k — 1.
Therefore by induction we have defined integers pg,...,p1 such that
(10.32) and (10.33) are true, (10.34) and (10.35) hold for each natural number
Jj satisfying ¢ > j > 1 and (10.36) holds for j =1,...,q.
Assume that an integer k satisfies 1 < k < ¢. It follows from (10.34),
(10.35) and (10.32) that

k k

ok =1l < lpy —pioal < 3296471 < 64T l2s L < 2% /32,
j=2 j=2

pr—2- 4% <pp432712% — 2. 4% < pp — 2. 4!
+327M4% < pyp — 47! 4%k = py — 4T
Pk + 2. 48;@71 2 p1— 327125;C + 2. 4sk71 2 P _|_4sk71

and
[pr — 4% py + 4% C [ — 2 4% p 42 4% 7]

C [-n(vg, 8¢), n(vq, Sq)]- (10.49)

It follows from (10.49) and (10.36) that for each integer i € [p; — 4°*~1 p; +
171),
d(y;, E(vk, sk)) < e(vg, Sk). (10.50)

We conclude that for each natural number k=1,...,¢q,
[p1 — 4 pr + 4Sk71] C [=n(vg, 5¢),n(vg, 5q)]

and that for each k = 1,...,q the inequality (10.50) is valid for all integers
i € [p1 — 4%~ p; + 4%~1]. This completes the proof of the lemma.

For each integer k > 1 define
2y ={z€X: d(z,E(vg, sx)) < e(vg, sx)}, (10.51)

Q. = N5, 2. (10.52)

It is easy to see that (2, is a compact subset of X.
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Lemma 10.9. Assume that for each integer ¢ > 1 a sequence

{yzq)}n(qubq) cX

i=—n(vq,Sq)
satisfies

n(vq,8q)—1
Z U)(y( )7 yi(j.)l) < 0’(’LU, 2n(vqa Sq>7 yfn(vq,sqﬁ yn(vq,sq)> + q_l- (1053)

i=—n(vq,Sq)

Then for each integer q¢ > 1 there exists an integer p, such that
[pg — 4Sq71apq +4%71 C [=n(vg, $q); n(vg; Sq)] (10.54)

and there exist a strictly increasing sequence of natural numbers {qi}3>, and
a (w)-minimal sequence {x} C 02, such that for each integer i,

Z——OO

= lim y\%) . (10.55)

koo ~ParT1

Proof: Let ¢ > 1 be an integer. In view of Lemma 10.9 and (10.53) there exists
an integer p, such that for each integer j =1,...,q,

[pq — 48]'71an + 4Sj71] C [=n(vg, s¢),n(vg, 8¢)],

Ay, v, 57)) < elvg,s5), i = —4%71, 40, (10.56)

Let [ be an integer. Fix an integer kg > 1 such that
1] < 4%+~ for all k > ko. (10.57)

It follows from (10.56) and (10.57) that for each integer k > k¢ and each
integer q > k,

d(y?,;, E(vr, 51)) < e(vk, 5). (10.58)

Let {¢;}5°, be a strictly increasing sequence of natural numbers. Using (10.58)

we construct by induction for each integer k > k¢ a subsequence {q } °, of
the sequence {¢;}5°; such that the following properties hold:

(a) for each integer k > ko the sequence {q( +1)}

k)
{qz( }2 15
(b) for each integer k > ko and each pair of natural numbers i, j

°, is a subsequence of

(k) (k)
d(( ) (g;77) )

yp (k)+l’yp (k).H < 26(Uk75k)'

These properties imply that there exists a subsequence {g;}$2; of the
sequence {g;}2, such that the sequence {ypql ‘182, is a Cauchy sequence.
Therefore there exists



406 10 Infinite Horizon Problems

By (10.58) for each natural number k > ko and each §; > k,

d(yl(’zlll’E(”ka sk)) < €(vi, sk)

and

Thus we have shown that for each strictly increasing sequence of natural
numbers {g;}52, there exists a subsequence {g;}5°, such that there is

Since [ is an arbitrary integer this fact implies that there exists a strictly
increasing sequence of natural numbers {g;}$2; such that for each integer I
there is

lim yg‘h | € .. (10.59)
For each integer [ set
2 = lim g\, . (10.60)

It follows from (10.59) and (10.60) that x; € {2, for all integers .
Let j1 < j2 be integers. By (10.60), (10.53) and Proposition 10.3,

= M@
Y wlf ) = lim Y wly,r sy, )
i=h =i

< limsupo(w, jo = 1, ys 5wyt ) + 4 ']

1—00
- . . * *
_U(w7]2 _]hleazjg)
and _
Jj2—1
w(xjawj—&-l) - U(wan _]1a$j17xj2)‘
J=i1

This completes the proof of the lemma.

Completion of the proof of Theorem 10.2. Put 2(v) = {2,. Lemma 10.9 implies
that £2(v) is nonempty. Part (i) of Theorem 10.2 follows from Lemma 10.9.

Now we prove part (ii). Let {y;}52, C X be a (w)-good sequence. Since
{v:}52, is (w)-good for each positive number € there exists an integer n. > 1
such that for each pair of integers mq, mo satisfying mo > mq > ne,

mgfl

Z w(yiayi-‘rl) S U(wme - mlvy’mlaymz) + €.

i:m1
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This property implies that there exists a strictly increasing sequence of natural
numbers {m,}o2; such that for each integer ¢ > 1,

Mg+1 > Mg + 4n(vg, sq) (10.61)

and

mg+2n(vg,sq)—1
w(yza yi+1) < O’(’lU, 271(1)(1, Sq)7 Ymys qu+2n(vq,sq)) + qil'

(10.62)
By (10.62) and Lemma 10.9, for each integer ¢ > 1 there exists an integer p,
such that

[pq - 4Sq71apq + 45‘171] C [_n(vm 5q)7 n(vq, Sq)]

and there exist a strictly increasing sequence of natural numbers {q;}7>, and

a (w)-minimal sequence {g;}2_ . C f2. such that for each integer 7,

gi = klingo yi-&-qu +n(vg,s5q)+mgq-
It is easy to see that {7;}52_ . C w({yi}$2,). Theorem 10.2 is proved.

1=—00

10.4 Properties of good sequences

Let v € A. Tt follows from (10.12) that for each integer m > 1
o(v,m) < p(v)m < o(v,m) + 2||v||. (10.63)
(10.63) implies the following result.

Proposition 10.10. For each v € A, each {x;}2, C X and each natural
number n

n—1
Z['U(xi;xi-H) — p(v)] 2 o(v,n) — nu(v) = =2[|v||.
i=0

Proposition 10.10 implies the following proposition.

Proposition 10.11. For each v € A and each sequence {z;}2, C X either
the sequence {Z?;Ol [v(xs, zi41) — p(v)]}22, is bounded or diverges to oo.

Proposition 10.12. A sequence {z;}52, C X is (v)-good if and only if the
sequence {Z?:_()l (@i, 2i11) — (V)] 322 is bounded.
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Proof: Assume that {z;}3°, is (v)-good. There exists a positive number M
such that for each integer m > 1,

m—1
E v(2i, Zit1) < o(v,m, zg, Tpy) + M.
=0

By this inequality, (10.13) and (10.12), for each integer m > 1,
m—1
Z v(i, xig1) < o(v,m, xo, xm) + M < o(v,m)+ M + 4||v||
i=0

<mp(v) +4 +4||| + M

and by Proposition 10.11 the sequence {Z?;Ol[v($i,wi+1) — p()]}Se, is
bounded.

Assume that the sequence {Z:-:Ol [v(2s, Tip1) — p(v)]}22, is bounded.
There exists a positive number M such that for each natural number n

n—1 n—1
D [o(@i,mivn) — p(v)] < M, Y v(@i,wiga) < M+ np(v)
i=0 i=0

and then in view of (10.12) for each natural number n,

|
—

n

V(X Tip1) S M +npw) <M +o(v,n) + 2] <

s
I
=)

M + ||UH + U(U7 n, xo, mn)
Thus {z;}32, is (v)-good. The proposition is proved.

10.5 Convex discrete-time control systems in a Banach
space

Let (X,|| - ||) be a Banach space and let K C X be a nonempty closed
convex bounded set. Denote by A the set of all bounded convex functions
v: K x K — R! which are continuous at a point (z,z) for any = € K. Denote
by A; the set of all lower semicontinuous functions v € A, by A, the set of all
continuous functions v € A and by A, the set of all functions v € A which
satisfy the following assumption:

(uniform continuity) for each positive number € there exists a positive
number § such that for each z1,29,y1,y2 € K satisfying ||z; — vil] < 6,
i = 1,2, the inequality |v(z1,22) — v(y1,y2)| < € is true.

We equip the space A with the metric

p(u,v) = sup{\v(x,y) - u($7y)| HEANTAS K}a u,v € A (1064)
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Evidently the metric space (A4, p) is complete and A;, A, and A, are closed
subsets of (A, p). We equip the sets A;, A. and A, with the metric p.
We investigate the structure of “approximate” solutions of optimization

problems
n—1

minimize Z v(Zi, Tit1) (P)
i=0

subject to {z;}1_g C K, zo=vy, Tn =2
where v € A, y,z € K and n is a natural number.

For each v € A, each pair of integers my, ms > my and each y1,y2 € K
we define

ma—1
o(v,m1, mg) = inf{ Z v(2is zi1) T {zitiom, € K}, (10.65)
i=mq
mo— 1
o(v,m1, ma,y1,y2) = inf{ Y w(zi,2i41) : {z:}72,, C K,
i=mq
Zmy = Y1, Zmsy = y2}, (1066)
and the minimal growth rate
N-1
p(v) = inf {lim inf N7 oz zig1) {252 € K (10.67)

=0

We show (see Proposition 10.15) that for any v € A,
w(v) =inf{v(z,2) : 2z € K}. (10.68)

We construct a set F (F;, Fe, Fu, respectively) which is a countable inter-
section of open everywhere dense subsets of A (A;, Ac, A, respectively) and
such that

FICANF, FoC ANF, FuC AuNF. (10.69)

We prove the following two theorems obtained in [117].

Theorem 10.13. Let v € F. Then there exists a unique y, € K such that
(Yo, Yu) = p(v) and the following assertion holds:

For each positive number € there exist a neighborhood U of v in A and
a positive number § such that for each w € U and each y € K satisfying
u(y,y) < p(u) + 6 the inequality ||y — yo|| < € holds.

Theorem 10.14. Let w € F and € be a positive number. Then there exist
0 € (0,€), a neighborhood U of w in A and a natural number N such that for
each u € U, each natural number n > 2N and each sequence {z;}", C K
satisfying
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|
—

n

u(x;, ¢iv1) < o(u,0,n,20,2,) + 0

s
I
=)

there exist 1 € {0,...,N} and 7o € {n — N,...,n} such that

|zt —yul| <€, t=71,...,70.

(10.70)

Moreover, if ||zo — yu|| < 0, then 71 =0, and if ||yw — zn|| < 9, then 72 = n.

10.6 Preliminary results

Put
Dy = sup{||z|| : x € K}.

For each bounded function v : K x K — R! we set
[lv]| = sup{[v(z,y)| : z,y € K}.

Proposition 10.15. Let v € A. Then

w(v) =inf{v(z,2) : z € K}.
Proof: Tt is easy to see that

inf{v(z,z) :x € K} > p(v)
and that for each natural number m and each y1,y2 € K,

o(0,0,m, y1,y2) — 4l[v]| < o(v,0,m) < mp(v).
Let € be a positive number. Fix an integer m > 4 such that
Aljv|| + 1)ym™ ! < e

There exists a sequence {y;}", C K such that

m—
Yo = Ym and U(U’ Oa may07y0 Z yuyz-‘rl
=0

Tt follows from (10.76) and (10.74) that

m—1
S vy yie1) < mp(w) + dlfol] + 1.
=0

Put

m—1

20 = m~? Z Yi.

=0

(10.71)

(10.72)

(10.73)

(10.74)

(10.75)

(10.76)

(10.77)

(10.78)
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It follows from (10.75)—(10.78) and the convexity of v that

m—1 m—1
-1 -1
(ZOaZO m § ymyz+1 <m g v yzayi—i-l
1=0 1=0

m™H (mp(v) + 4l[v]] + 1) = p(v) + 4l + Hm™! < p(v) +e
and
v(z0,20) < p(v) +€

Therefore
inf{v(z,2): z€ K} < p(v) +e.

Since € is an arbitrary positive number we conclude that
inf{v(z,2): z € K} < p(v).
Combined with (10.73) this completes the proof of Proposition 10.15.

In [104] Proposition 10.15 was proved for v € A,. In the proof we used
uniform continuity of v.

Proposition 10.16. Let v € A, ¢ € (0,1). Then there exist § € (0,¢€), u € A
and zg € K such that

0 <u(z,y) —v(z,y) <e x,y € K, p(v)+ 38 > v(zo, 20) (10.79)

and for each y € K satisfying u(y,y) < p(u) + 6 the inequality ||y — zo|| < €
holds.

Moreover, if v € A; (A., Ay, respectively), then uw € A; (A., Ay, Tespec-
tively).

Proof: Fix a pair of positive numbers §, such that
¥(8Dp +4) <€, <8 Mve. (10.80)

In view of Proposition 10.15 there exists zg € K such that v(zo, z9) < p(v)+4.
Define u : K x K — R as

u(@,y) = v(z,y) +v(lz = 20l + [ly = 2l]), 2,y € K. (10.81)

Clearly, (10.79) is valid.
Assume that y € K and

u(y,y) < p(u) + 6. (10.82)
By Proposition 10.15, (10.81), (10.82), (10.80) and the choice of zp,
p(v) < p(u) < u(zo, 20) = v(20,20) < pu(v) + 0,

29]ly — 2ol +v(y,y) = w(y,y) < p(u) +9
p(v) +26 <oly,y) +26, |ly—2l <6v7' <e

The proposition is proved.
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Proposition 10.17. There exist sets F(O C A, .7:1(0) c ANFO, .7:50) c AN
FO gnd .7-'&0) C Ay N FO such that FO (.7-'1(0),.7:50) and .7-'750), respectively)
is a countable intersection of open everywhere dense subsets of A (A;, A. and
Ay, respectively) and such that for each v € FO) the following assertions hold:

(i) there exists a unique y, € K such that v(yy, yy) = p(v);

(ii) for each positive number € there exist a neighborhood U of v in A and
a positive number § such that for each w € U and each y € K satisfying
u(y,y) < p(u) + 6 the inequality ||y — yo|| < € holds.

Proof: Let w € A and i be a natural number. In view of Proposition 10.16
there exist §(w,) € (0,47%), u(®? € A and z(w,i) € K such that

0<u(z,y) —w(z,y) <47, z,y €K, (10.83)

w(z(w, i), z(w,1)) < plw) + §(w, i),

if we A; (Ae, Ay, respectively), then () € A; (A., Ay, respectively), and
for each z € K satisfying

w9 (z,2) < p(uD) + 8w, i)

the inequality ||z — z(w,)|| < 47 is true.
Define )
Uw,i) = {ue A: plu,u™?) <8 1(w,i)}. (10.84)

It is not difficult to see that the following property holds:
(a) For each u € U(w, ) and for each z € K satisfying

u(z,2) < p(u) +8 15 (w, 1)

the inequality ||z — z(w,)|| < 47% holds.
Define
Fo =Ny U{U(w,i) :we A, i=qq+1,...}. (10.85)

It is clear that Fy is a countable intersection of open everywhere dense subsets
of A. Set

FO = 4nFO FO = AN FO, FO = 4, nFO. (10.86)

Assume that v € Fy. We show that assertions (i) and (ii) are valid. There
exists a sequence {z;}32; C K such that

lim v(zj,z;) = p(v). (10.87)

J—00

By the definition of 7y and property (a), {z;}72 is a Cauchy sequence. There-
fore there exists lim;_, x; and

o(lim zj, lim z;) = p(v). (10.88)

J—o0 J—00
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Since any sequence {x;}52, C K satisfying (10.87), converges in K, we
conclude that there exists a unique y, € K such that v(y,,y,) = p(v).
Let € be a positive number. Fix a natural number ¢ such that

471 < 87 e, (10.89)

In view of the definition of Fj there exists w € A and a natural number i > ¢
such that v € U(w, 7). It follows from property (a) that

g — 2(w,7)|| <477 (10.90)

By (10.90), property (a) and (10.89), for each u € U(w,i) and each y € K
satisfying
u(y,y) < p(u) + 8716 (w, i)

the inequality ||y—vy,|| < € is true. This completes the proof of the proposition.

10.7 Proofs of Theorems 10.13 and 10.14

Let the sets F(©), .’Fl(o), ]—"C(O) and .7-"750) be as guaranteed in Proposition 10.17.
For each w € F(©) there exists a unique y,, € K such that

w(ywayw):,u(w)- (1091)

Let v € F© and v € (0,1). Define

v (@,9) = v(a,y) + (7 = yoll + lly = v, 2,y € K. (10.92)

It is easy to see that v, € A, if v € A; (A., Ay, respectively), then v, € A,
(Ae, Ay, respectively).

Lemma 10.18. Let € € (0,1). Then there exists a natural number n such that
for each sequence {z;}7_, C K which satisfies

n—1

Z Uy (4, ig1) < 0(vy,0,n, 20, 2p) + 4
i=0

there exists j € {0,...,n — 1} such that
lz; = yoll,  llzjr —wll <e
Proof: Fix a natural number
n > (€9) 7 (5 + A(l[vy ] + [[ol])-

Clearly,
ni(v) < o(v,0,n) + 2/[o]].
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Assume that {z;}]", C K satisfies

n—1

Z Uw(xhxiJrl) < O'(U“wounvaaxn) +4.
i=0

Define {y;}?, C K by
Yi = Ty, i=0,n, Yi = Yo, i=1,...n—1

By the relations above,

n—1 n—1
a(v,0,n) +5 Y (2 = goll + |21 = vol) < Y vy(@s, wi41)
=0 1=0
n—1
<D0y yin) +4 < dllos ]| + 4+ no(y,, u0)
=0

=4+ 4f|vy[| + np(v) <4+ 4fJvy][ +o(v,0,n) + 2[[v]],
inf{||z; — yol| + [|Tix1 — yol| :4=0,...,n — 1}
< ()M A+ 4oy ||+ 2]u]]) < e
This completes the proof of the lemma.

Lemma 10.18 implies the following auxiliary result.

Lemma 10.19. Let € € (0,1). Then there exist a neighborhood U of v, in A
and an integer n > 1 such that for each u € U and each sequence {x;}? o C K
which satisfies

|
_

n

w(i, wip1) < o(u,0,n,z0,7,) + 3

s
I
o

there is j € {0,...,n — 1} such that ||z; — o], ||zj41 — vol] L e
It is not difficult to see that

o(v,0,m, Yy, y») = mu(v) for all integers m > 1, (10.93)
.LL(U’Y) = pu(v) = v(Yp, Yo) = U'y(yvv Yo) (10.94)

and
o (vy,0,m, Yy, Yo) = mu(vy) for all integers m > 1. (10.95)

Lemma 10.20. Let € € (0,1). Then there exists 6 € (0,€) such that for each
natural number n and each sequence {z;}7_, C K which satisfies

n—1

2o = Tn = Yo, Z Uy (T, Tig1) < 0(vy,0,1, Yo, Yo) + 6, (10.96)
i=0

the following inequality is true:

llzi —yol| <€ i=0,...,n. (10.97)
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Proof: Fix
0 € (0,¢ey). (10.98)

Assume that n > 1 is an integer and a sequence {z;}?_, C K satisfies (10.96).
Then it follows from (10.94)—(10.96), the definition of v, (see (10.92)) and
(10.93) that

nyu(v) = np(vy) = o (vy, 0,n, 4o, y) =

n—1 n—1
Z U’y(xi; Z‘i+1) —0=—-0+ Z 1}(.231‘,.231‘4_1) +
1=0 1=0

n—1

VZ(H%‘ = Yoll +llzivr —woll) 2
i=0
54 00,0150, 50) 473l — sl = =8 473 i — ol + ()

=0 1=0

and .
5> Iz -yl
i=0
Together with (10.98) this implies that
e —goll <67 <6 i=0,....m.
This completes the proof of Lemma 10.20.
Lemma 10.21. Let € € (0,1). Then there exists 6 € (0,€) such that for each

natural number n and each sequence {z;}7_, C K which satisfies

n—1
||mz - yv” < 57 1= 0,’11, Z v’y(wi,xi+1) < U(U’yv Ovnwaaxn) + 5, (1099)
=0

the following inequality is true:
llz; —yol| <€ i=0,...,n. (10.100)

Proof: In view of Lemma 10.20 there exists §; € (0,27 !¢) such that for each
integer ¢ > 1 and each sequence {z;}7_, C K which satisfies

g—1
To = Tq = Yo, Zv’y(‘riaxiﬂ) < 0(v4,0,¢,yv,yv) + 201 (10.101)
i=0

the following inequality holds:

[lzi —yol] <€ i=0,...,q. (10.102)
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Since v, is continuous at the point (v, y,) there exists a positive number
0<01/4 (10.103)

such that
‘U’Y(ZlaZQ) 7vv(yvayv)| < 61/4 (10104)

for any (21, 22) € K x K satisfying
2 — yol| <6, i =1,2. (10.105)

Assume that n > 1 is an integer and a sequence {z;}?_, C K satisfies
(10.99). We will show that (10.100) is valid. Define

Yo = X0, Yn = Tn, Yi = Yo for all i € {0,...,n}\ {0,n}, (10.106)

2 =Yp, 1=0,...,0. (10.107)
It follows from (10.107), (10.91), (10.94), (10.95) and (10.93) that

n—1

D vy (26 zi1) = nu(vy) = np(v) = (10.108)
=0
0'<’U"/7 Oa Tl, yvv yu) = 0'(’0, O? n7 y’Ua yU)

By (10.106), (10.107), (10.99) and the definition of & (see (10.103), (10.105)),

n—1

n—1
| Zvv(%ziﬂ) - Zvv(yi,yi+1)| <27%0.
=0

i=0
Combined with (10.108) this implies that

n—1

Z Uy (Yis Yir1) < 27101 + np(v). (10.109)
i=0

It follows from (10.99), (10.106) and (10.109) that

n—1

Zv'y(xi7xi+l) S O'(U’yao7nax07xn) + 5 S
=0

n—1

S+ vy (i yir1) < 27101+ 6+ np(v),
=0
n—1

Z Oy (T4, 2i41) < 27101 + 6 + np(v). (10.110)
i=0

Define
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g():yva gizmifh 7::1,...,7’L+17 gn+2:yv~ (10111)
By (10.111), (10.99) and the definition of § (see (10.103), (10.105)),

|vv(g07g1)_‘v7(yvayv”,|Uv(gn+1vyn+2)_‘Uw(yv,yv)|5251/4~ (10~112)
In view of (10.111), (10.112), (10.94), (10.110) and (10.103),

n+1
Z Uy (Ti, Jit1) = Uy (Jos J1) + Uy (U1, Unt2) +
i=0
n—1 n—1
D vy (@i, miga) < 2061 /44 p(v) + Y vy (@i, wiga)
i=0 1=0

<np(v)+61/2+ 6+ 61/2+2pu(v) =
(n+2)u(v) + 6+ 61 <261 + (n+2)p(v)

and
n+1

>0y (@i Gir1) < (n+ 2)p(v) + 261 (10.113)
=0

Relations (10.113), (10.111), (10.94) and (10.95) imply that

ﬂi:ym Z:O7n+27
n+1

Zv'y(gi,gi—Fl) S 261 + O—(v’yaoan + 2ayvayv)'
=0

By these relations and the definition of §; (see (10.101), (10.102)),
T: —yull <€, i=0,...,n+2.
Combined with (10.111) this implies that
llzi —yul| <€ i=0,...,n.
This completes the proof Lemma 10.21.
Lemma 10.22. Let € € (0,1). Then there exist § € (0,¢€), a neighborhood U

of vy in A and a natural number N such that for each v € U, each integer
n > 2N and each sequence {x;}"_, C K satisfying

n—1

> ulwi, wir) < o(u,0,m,20,2n) + 6 (10.114)

i=0
there exist 11 € {0,...,N}, 7o € {—=N +n,n} such that
Hxl _y’UH S €, t= Tly.--T2,

and moreover, if ||to — yu|| < 9§, then 71 = 0, and if ||z, — yol|| < 0, then
T2 = N.
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Proof: In view of Lemma 10.21 there exists 6 € (0,47 '¢) such that for each
natural number n and each sequence {x;}7_, C K which satisfies

n—1
[lzi — yol| <46, i =0,n, Z Uy (T4, Tit1) < 0(vy,0,n, 20, 2,) + 46 (10.115)
i=0

the following inequality holds:
|z, —yol] <€, i=0,...,n.

It follows from Lemma 10.19 that there exist a natural number N and a
neighborhood U of v, in A such that for each u € U; and each sequence
{z;}}, C K satisfying

N-1
Z w(zy, 1) < o(u,0, N, zo,zn) + 3 (10.116)
i=0

there exists j € {0,..., N — 1} for which
25 = woll, [l2j41 = ol < 0. (10.117)
Define
U={uecl:plu,v,) < (16N)" 14} (10.118)

Assume that v € U, an integer n > 2N and a sequence {z;}, C K satis-
fies (10.114). By (10.114) and the definition of U;, N (see (10.116), (10.117))
there exist integers 71, 7 such that

7 €{0,...,N}, me{n—N,...,n}, ||z, —y|| <, i =1,2; (10.119)

if ||zo — yu|| < 6, then 7, = 0; if ||z, — yp|| < 6, then 75 = n.
We show that
||xl_y’u|| Sev tle?"'77—2-

Assume the contrary. Then there exists an integer s € (71, 72) such that
l|zs — yol| > €. (10.120)

In view of (10.114), (10.119) and the definition of U;, N (see (10.116),
(10.117)) there exist integers ¢y, t3 such that

sup{m1,s — N} <t; <s, s <ty <inf{m,s+ N}, ||z, — || <9, i =1,2.
(10.121)
Tt follows from (10.118), (10.121) and (10.114) that

to—1
Z Vo (Tiy Tig1) < 0(vy,t1, b2, T4y, Ty, ) + 20. (10.122)

1=t
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By (10.121), (10.122) and the definition of ¢ (see (10.115)),
lze —yel| <€, t=t1,... ¢
This is contradictory to (10.120). The contradiction we have reached proves

the lemma.

Let v € F©, 4 € (0,1) and let j be a natural number. There exist a
natural number N (v,7,7), an open neighborhood Uy(v,7, j) of v, in A and
5(v,7,7) € (0,277) such that Lemma 10.22 holds with v,y and € = 277,
0= 5(077’j)’ U= Z/{O(Ua'}/vj)v N = N(’U,’y,j).

There are an open neighborhood U(v, 7, j) of v, in A and a natural number
Ni(v,7,7) such that U(v,~,7) C Up(v,7,J) and Lemma 10.19 holds with v,y
and U = U(v,7,5), n = N1(v,7,5), € =4796(v,7, j).

Define

F =[NgZU{U(v,7,5) s v € FO € (0,1),5 =q,q+1,... }]ﬂ]—'(o), (10.123)

Fi=[n Ui,y g) sve FO v e (0,1),5 =qq+1,... ) n A,

Fe=[N2 U{U@,7,5) v e FO v €(0,1),5 =qq+1,... )] nFD
and

Fu=[N2 U{U(v,7,5) v e FO v €(0,1),j=qq+1,... JnFL.

It is easy to see that F (Fy, F., Fu, respectively) is a countable intersection
of open everywhere dense subsets of A (A;, A., A, respectively).

Theorem 10.13 follows from Proposition 10.17 and the definition of F.
Proof of Theorem 10.14: Let w € F and € be a positive number. We may
assume that € < 1. Fix a natural number ¢ such that

64277 <e. (10.124)
There exist v € FO), ~ e (0,1) and an integer j > ¢ such that
w e UW,7, ] ). (10.125)

It follows from (10.125), Lemma 10.19 which holds with & = U(v,v,5), n =
Nl(%%f)v €= 4_j(5(1},’}/,j)7 U,7, and the equahty
U(wvole(va’yvj)vywayw) = Nl(“a%])ﬂ(w)

that A
[yw — yol| < 4776(v,7, 7). (10.126)

Put
U=U(v,7,7), N=N(v,7,7), 6§ =4795(v,v,7). (10.127)
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Assume that v € U, an integer n > 2N and a sequence {z;}I~, C K

satisfies
n—1

w(zi, xip1) < o(u,0,m,x0,T,) + 0. (10.128)
i=0
By (10.128), (10.127), the definition of Uy(v,~,7), N(v,v,7), 6(v,7,7) and
Lemma 10.22, there exist 71 € {0,...,N}, 72 € {n — N,...,n} such that

|z —yol|| <277, t=11,..., 7.

Moreover if ||zg — yu|| < §(v,7,7), then 7 = 0, and if ||z, — yo|] < 6(v,7,J),
then 75 = n. Combined with (10.126), (10.124) and (10.127) this implies that

[|z: — ywl| < <€ i=1,..., T

if [lzo — ywll < 6, then |lzo — yu|| < 6(v,7,7) and 7 = 0; if [[zn — yul| <6,
then ||z, — yo|| < d(v,7,7) and T2 = n. This completes the proof of Theorem
10.14.

10.8 Control systems on metric spaces

Let (X, p) be a metric space. Denote by A the set of all bounded functions
v:X xX — R'.Set A=X x X.
We equip the set A with the metric

d(u,v) = sup{|v(z,y) —u(z,y)| : z,y € K}, u,v € A. (10.129)

Evidently (A, d) is a complete metric space. Denote by A; the set of all lower
semicontinuous functions v € A, by A. the set of all continuous functions
v € A and by A, the set of all uniformly continuous functions v € A. Clearly
A, A and A, are closed subsets of the complete metric space (A, d).

Let v € A. Define a minimal growth rate

p(v) = inf {lim inf Nt Nzlv(zi, ziv1): {252, C X} (10.130)
=0
Clearly
p() <inf{v(z,z): v € X}. (10.131)
Denote by A, the set of all v € A such that
wv) = inf{v(z,x): € X}. (10.132)
Clearly A, is a closed subset of (A, d). Set
Ag=ANA, Aie = A NA., Ay = AN A,y (10.133)

Clearly A, # 0. For example, if v(z,y) = ¢ for all (z,y) € X x X where ¢
is a constant, then v € A,..
The following proposition was obtained in [131].
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Proposition 10.23. Let v € A,. Then for each x € X there is a sequence
{z:}529 C X such that xo = x and

N-1
limsup N ! Z V(@i Tig1) = p(v).
N—o0 =0

For each v € A set

oIl = sup{Jo(z, y)| + =,y € X}.

For each x € X and each subset B C X set

p(z, B) = inf{p(z,y) : y € B}.

Denote by Card(A) the cardinality of a set A.

Denote by F the set of all v € A, which have the following property:

(P) For each € > 0 there exists § > 0 and a neighborhood V of v in A such
that for each u € V and each sequence {x;}°, C X which satisfies

N-1
limsup N ! Z u(wi, wip1) < p(u) +6
N—oo i=0

the following relation holds:

limsup N~ 'Card{i € {0,...,N — 1} : p(zi,zi41) > €} <e.

N—oo

If v € A, has property (P), then all good programs spend most of the time
in a small neighborhood of the diagonal A.

We show that most elements of A, (in the sense of Baire’s categories)
have property (P). Moreover, we show that the complement of the set of all
functions which have property (P) is not only of the first category, but also
o-porous.

We prove the following result obtained in [131].

Theorem 10.24. The set A, C F (Auq\F, Ac\F, A, \ F, respectively) is
a o-porous subset of A (A, Ascy Asu, TeSpectively).

10.9 Proof of Proposition 10.23
Let z € X. For each natural number n there is z,, € X such that

V(2n, 2n) < p(v) +277. (10.134)
Define a sequence {z,}22, C X as follows:

Lo, L1 =, Tn =25, n=2F 2" 1 k=12 ... (10.135)
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We show that

N-1
limsup N~ Z (@4, ig1) = p(v). (10.136)
N—oo =0
Clearly
N-1
limsup N~ Z (i, Tip1) > p(v). (10.137)
N—o0 i—0

Let N > 9 be a natural number. There is a natural number k = k(N) such
that

2P < N < 2k FL (10.138)
Set
p=N —2F, (10.139)
Then by (10.135), (10.138), (10.139) and (10.134)
N-1
Z v(xi, wip1) = v(x,x) +v(x, 21) + v(z1,21)
=0

k—1
+ 3 [0(z-1,2) + (27 = Doz, )] + (0(2k-1, 26) + Po(28: 28))
j=2

k—1
<3|l + > _[270(z5, 2;) + 2l + [(p + Vv, z) + 2| [v]]]
j=2
k—1 ‘
<> 20(zj,25) + (p+ Dvo(zr, 2x) + 2[|v]|(k + 1)
j=2
k—1
<3 2 (u0) +27) + (p+ Dla(v) + 27 + 2ol (k + 1)

k—1
— (@)Y + (p-+ D] + b+ 2Afol|(k + 1)

< p()[2" =1 =3+ (p+ 1))+ (k+1)(2v]| +1)
< pu()(N = 3) + (logy N + 1)(2]||v]| + 1). (10.140)

This relation implies that

N—1
limsup N ~* E v(i, Tit1) <
N—o0 i—0

lim sup[N " p(v)(N — 3) + (2||v]| + 1)(logy N + 1)N 1) = p(v).

N—o0

Proposition 10.23 is proved.
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10.10 An auxiliary result for Theorem 10.24

Let
veE A, ve (0,1 (10.141)
Define
vy(z,y) = v(z,y) + ymin{l, p(z,y)}, =,y € X. (10.142)
Clearly
0y € e, u(oy) = u(v), (10.143)

if v € Ay (Asc, Ay, respectively), then vy, € Ay (Asc, Asy, respectively).

Lemma 10.25. Let § > 0, u € A, satisfy

d(u,vy) <6 (10.144)
and let {x;}2, C X satisfy
N-1
limsup N ! Z w(wi, xip1) < p(u) + 0. (10.145)
N —oo i—0

Then for each € € (0,1],

limsup N~ *Card{i € {0,...,N — 1} : p(xi, zi11) > €} < (38)(ve) .

N—oco
(10.146)
Proof: Let € € (0,1]. By (10.144)
N-1 N-1
limsup N1 u(x;, x; —limsup N~} U~ (T4, T4 <¢§ (10.147
| N_)OOP ; ( +1) N_)OOP ; M +1)] ( )
and
() = ()| < 6. (10.148)
In view of (10.145), (10.147), (10.148) and (10.143)
N-1
lim sup N ~* Z Uy (4, ig1) < pvy) + 36 = p(v) + 36. (10.149)
N—oo i=0

It follows from (10.149), (10.142) and the definition of p(v) that

N-1
w(v) 4+ 38 > limsup N ! Z [v(zi, xig1) + ymin{l, p(x;, xi41) }]

N—oo i=0
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N—1
> limsuprl[Z v(xi, xi41) +yeCard{i € {0,...,N—1}: p(x;, xiy1) > €}]
N=eo =0

> limsup N~ 'yeCard{i € {0,...,N — 1} : p(x;, xi11) > €}

N—oo
N-1
+ 1}\1{1;1({10fo1 ; (T, Tit1)
> li]IVnsupyeNACard{i €{0,...,N—1}: p(z;,xi41) > €} + p(v). (10.150)
This inequality implies that
limsup N~ *Card{i € {0,...,N — 1} : p(xi, zi11) > €} < (38)(ve) ™ .

N—oo

Lemma 10.25 is proved.

10.11 Proof of Theorem 10.24

For each natural number n denote by F,, the set of all v € A, which have the
following property:

(P1) There exist § > 0 and a neighborhood V of v in A, such that for each
u € V and each sequence {z;}$2, C X which satisfies

N-1
limsup N ! Z u(zi, xig1) < p(u) +9 (10.151)
N—oc0 i—0

the following relation holds:

limsup N~ 'Card{i € {0,...,N — 1} : p(zi,zit1) >n" '} <1/n. (10.152)
N—o0
It is not difficult to see that F = N)2;F,. In order to prove Theorem 10.24 it
is sufficient to show that for each integer n > 1, A, \ Fp, (A \ Fn, Asc \ Fin,
A \ Fr, respectively) is a porous subset of A, (A.;, Asc, Awy, respectively).
Let n be a natural number. Set

a=(32n%)"" (10.153)
Assume that
ve A, re(0,1]. (10.154)
Put
v = 6arn® < r/4 (10.155)

and define
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vy(z,y) = v(z,y) + ymin{l, p(z,y)}, =,y € X. (10.156)

Clearly v, € A,,
(vy) = (o) (10.157)

and if v € Ay (Ase, Asy, respectively), then v, € Ay (Ase, Asy, respectively).
By (10.156) and (10.155)

d(v,vy) <y <r/4 (10.158)
Assume that
u € A, d(u,v,) < 2ar, (10.159)
N-1
{z;}22, C X, limsup N~* Z w(wi, xip1) < p(u) + 2ar. (10.160)
N—o0 i—0

In view of (10.158), (10.159) and (10.153)
d(u,v) <. (10.161)

Tt follows from (10.159), (10.160), Lemma 10.25 (with 6 = 2ar, e = 1/n) and
(10.155) that

limsup N *Card{i € {0,..., N — 1} : p(xi,xi11) > 1/n}

N—o0

< (6ar)(y/n)"! = 6ary™'n < 1/n. (10.162)

We have shown that each v € A, satisfying d(u,v,) < ar belongs to F,, and
satisfies (10.161). This completes the proof of Theorem 10.24.

10.12 Comments

In this chapter we consider infinite horizon minimization problems. It should
be mentioned that the study of properties of solutions of these problems de-
fined on infinite intervals has recently been a rapidly growing area of research.
See, for example, [4, 11, 12, 62, 63, 64, 67, 69, 78, 89, 101, 102, 107, 130] and
the references mentioned therein. These problems arise in engineering [130],
in models of economic growth [67, 69, 89, 130], in infinite discrete models of
solid-state physics related to dislocations in one-dimensional crystals [4, 101]
and in the theory of thermodynamical equilibrium for materials [64].
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